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Abstract The quantum mechanical phase distribution and the quantum oscillations of pop-
ulation are studied for a cavity field togetherwith a driven classical field. The atom is sent
through the cavity and driven by a classical field. Also the time evolution of the system
including decay is obtained. The graph showing the Rabi oscillations for this system is
changed into a bit pattern from the system without decay. The phase probability function is
also affected due to the presence of cavity decay.
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1 Introduction

It is well-known that electromagnetic field at resonance with a two-level quantum mechan-
ical system gives rise to coherent oscillations in the populations of the two levels known
as Rabi oscillation [1]. Rabi-flopping concept stands for a basic model on which virtually
all subsequent theories and experiments on coherent optical pulses interacting with two-
level atoms [2] depend. Again, quantum bits (qubits) are the fundamental building blocks of
quantum information processors, such as quantum computers. A qubit which can be manip-
ulated with a high-speed voltage pulse controls the energy and decoherence of the system.
As the ability to produce Rabi oscillations in a given system indicates whether that system
is a candidate for more elaborate coherent manipulation or not, we are interested to study
the quantum collapse and revival phenomena in details.

Recently, Deng et al. [3] proposed a scheme for generating the n-qubit W state in the
presence of cavity decay by resonant interaction between atoms and the cavity with initial
single-photon cavity field and all atoms initially in the ground state. We take into account this
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idea and apply it to find out the influence of cavity decay on different physical properties
of an atom-field system. Theoretical studies of Rabi oscillations have already been made
[4–6]. But they did not take into account the effect of cavity decay. Conditioned on no
photon leakage from the cavity, we analyze the influence of decay to the Rabi oscillation.

Here a two-level atom is sent through the cavity and driven by a weak classical field. The
atom interacts with the cavity field. The frequency for atomic transition is to be tuned in res-
onance with the frequency of the classical field and it can be observed that Rabi oscillations
can occur subject to some constraints. Also we have investigated the effect of cavity decay
onto the Rabi flopping.

Pegg and Barnett (1989) constructed a Hermitian phase operator [7], the eigenstates of
which, in an appropriate limit, generate the correct phase statistics for arbitrary states. The
phase distribution provides a useful insight into the structure of quantum states. Though
several authors investigated the phase properties of different states but less attention has been
paid to the influence of cavity decay on phase distribution. We discuss here this interesting
feature for the atom-field interaction for both without and with decay of the field according
to Peng and Li’s approach [8]. We observe that the cavity decay term leads to some changes
to the probability density function.

The paper is organized as follows. In Sect. 2, we discuss the entanglement without decay.
In Sect. 3, we study the same with decay of the field. And finally we give conclusion and
discussion in Sect. 4.

2 Entanglement without Decay

We first consider a two-level atom interacting with a single mode cavity and driven by a weak
classical field in the absence of any decay. The Hamiltonian (assuming � = 1) describing the
atom-field interaction in the rotating-wave approximation is [9]

H = ω0Sz + ωaa
†a + g(a†S− + aS+) + ε(S+e−iωt + S−eiωt )

where a† and a are, respectively, the creation and annihilation operators for the cavity field,
Sz, S+, S− are the inversion, raising and lowering operators for the atom respectively, g is the
coupling constant between the atom and the cavity field, ε is the coupling constant between
the atom and the classical field. ω0, ωa and ω are the frequencies for atomic transition, cavity
mode and classical field respectively.

If the reference frame of the system is rotated with respect to the driving field frequency
ω, the Hamiltonian is given by

Hr = �Sz + δa†a + g(a†S− + aS†) + ε(S+ + S−) (1)

where � = ω0 − ω, δ = ωa − ω. For the sake of simplicity, taking � = 0, the Hamiltonian
in the interaction picture is

HI = eiHr0 tHr1e
−iHr0 t

= 1

2
g[|+〉〈+| − |−〉〈−| + ei2εt |+〉〈−| − e−i2εt |−〉〈+|]ae−iδt + H.c. (2)

where

Hr0 = δa†a + ε(S+ + S−) (3)
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and

Hr1 = g(a†S− + aS†) (4)

where the dressed states |±〉 = 1√
2
(|g〉 ± |e〉) are eigenstates of (S+ + S−) with eigenval-

ues ±1. In the strong driving regime ε � {δ, g}. So the terms that oscillate with high fre-
quencies can be eliminated. The effective Hamiltonian under the rotating-wave approxima-
tion is [10]

Heff = 1

2
g(|+〉〈+| − |−〉〈−|)(ae−iδt + a†eiδt )

= 1

2
g(aS+e−iδt + a†S−eiδt ) (5)

We are now going to solve the Schrödinger equation of motion

i
∂|ψ(t)〉

∂t
= Heff|ψ(t)〉

for any arbitrary state |ψ〉 [11]. The equations of motion for the probability amplitudes ce,n

and cg,n+1 are

ċe,n = − ig

2

√
n + 1e−iδt cg,n+1

ċg,n+1 = − ig

2

√
n + 1eiδt ce,n

⎫
⎪⎪⎬

⎪⎪⎭

(6)

These equations can be solved exactly subject to certain initial conditions. If the atom enters
the cavity in its excited state |e〉 then

ce,n(0) = cn(0) and cg,n+1(0) = 0

where cn(0) is the probability amplitude for the field alone. With these initial conditions, a
general solution for the above system is

ce,n(t) = cn(0)

{

cos
�nt

2
+ iδ

�n

sin
�nt

2

}

e
−iδt

2 (7)

and

cg,n+1(t) = −cn(0)
ig

√
n + 1

�n

sin
�nt

2
e

iδt
2 (8)

where �2
n = δ2 + g2(n + 1).

2.1 Phase Distribution

Here we investigate the phase-probability distribution of the radiation field in the model we
discussed above using the formalism of Pegg and Barnett.

For the exact resonance case, (7) and (8) change into

ce,n(t) = cn(0)

2
{e−iγnt + eiγnt } (9)

cg,n+1(t) = cn(0)

2
{e−iγnt − eiγnt } (10)
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where γ 2
n = g2

4 (n + 1).
With the help of (9) and (10), the evolution of the state vector is described in the interac-

tion picture. We change it into the Schrödinger picture as

|ψ(t)〉 =
∞∑

n=0

[ce,n(t)|e,n〉 + cg,n+1(t)|g,n + 1〉] exp{−i(n + 1/2)ωat} (11)

The Pegg–Barnett phase operator operates on an (s + 1) dimensional subspace spanned
by the number states |0〉, |1〉, . . . , |s〉. The value of s can be made arbitrarily large. A com-
plete orthonormal basis of the (s + 1) phase state is defined on the finite subspace by

|θm〉 = (s + 1)−1/2
s∑

n=0

exp(inθm)|n〉 (12)

with

θm = θ0 + 2mπ/(s + 1), m = 0,1,2, . . . , s

The value of θ0 is arbitrary. These states form a complete orthonormal set on the truncated
(s + 1) dimensional Hilbert space. These states are the eigenstates of the Pegg–Barnett
Hermitian phase operator

� =
s∑

m=0

θm|θm〉〈θm| (13)

One should take the limit s → ∞ and recover an Hermitian phase operator on the full Hilbert
space. Thus the state vector |ψ(t)〉 of the atom-field coupling system is spanned as

|ψ(t)〉 =
s∑

m=0

[〈e, θm|ψ(t)〉|e, θm〉 + 〈g, θm|ψ(t)〉|g, θm〉] (14)

We assume that the radiation field is initially in coherent state. Then

cn(0) = αne−n̄/2

√
n!

where

α = (n̄)1/2eiθα

n̄ is the mean photon number and θα is the phase angle of α. For large |α|2, we may use the
Gaussian approximation for a Poisson distribution

cn(0) ≈ (2πn̄)−1/4 exp

[

− (n − |α|)2

4n̄

]

einθα (15)

Recalling the saddle-point approximation method, we get

γn =
√

g2

4
(n + 1) ≈ gn

4
√

n̄
(16)
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We now use (15) and (16) to write the phase-probability distribution as

P (θm, t) = |〈e, θm|ψ(t)〉|2 + |〈g, θm|ψ(t)〉|2

= 1

8

2π

(s + 1)

(
4n̄

2π

)1/2[

exp

{

−2n̄

(

θα − θm − ωat − gt

4
√

n̄

)2}

+ exp

{

−2n̄

(

θα − θm − ωat + gt

4
√

n̄

)2}]

(17)

When s → ∞, θm is a continued variation.
The phase-probability distribution is normalized as

∫

P (θ, t)
4(s + 1)

2π
dθ = 1

where 4(s+1)

2π
is the density of the states.

If we consider g

4
√

n̄
	 ωa then we can neglect the term g

4
√

n̄
compared to ωa . Using (17),

we obtain the phase fluctuation as in [8]

〈��〉2 = 〈�2〉 − 〈�〉2 = 1

4n̄

If the photon number distribution is Poissonian we have

〈�N〉2 = n̄

so that the uncertainty product is

〈��〉2〈�N〉2 = 1

4

i.e. neglecting the influence of the atomic Rabi oscillation on the phase-probability distribu-
tion we can show that the field which is initially in a coherent state remains coherent.

2.2 Population Inversion

The population inversion W(t) which is very useful in probing the effect of the quantum
nature of the driving field is related to the probability amplitudes ce,n(t) and cg,n(t) by the
expression

W(t) =
∑

n

[|ce,n(t)|2 − |cg,n(t)|2]

=
∑

n

ρnn(0)

[
δ2

�2
n

+ g2(n + 1)

�2
n

cos�nt

]

(18)

where ρnn(0) = |cn(0)|2 is the probability that there are n photons present in the field at
time t = 0. For an initial coherent state, ρnn(0) = n̄ne−n̄

n! where n̄ is the mean photon number,
α = (n̄)1/2.

In Fig. 1, W(t) is plotted as a function of time for an initial coherent state. Each term in
the summation (18) represents Rabi oscillations for a definite value of n. At the initial time,
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Fig. 1 Time-dependence of the population inversion W(t) for an initially coherent state with n̄ = 25, δ = 0,
g = 1, n ranging from 0 to 100

t = 0, the atom is prepared in a definite state and therefore all the terms in the summation are
correlated. As time increases the Rabi oscillations associated with different excitations have
different frequencies and therefore become uncorrelated leading to a collapse of inversion.
As time increases the Rabi oscillation collapses to zero and revival occurs. This behavior of
collapse and revival of inversion is continued with increasing time, with the amplitude of
Rabi oscillations decreasing and the time duration in which revival takes place increasing
and ultimately overlapping with the earlier revival.

3 Entanglement with Decay

Now we introduce the cavity decay. As long as there is no photon decay from the cavity, the
evolution of the system is governed by the non-hermitian Hamiltonian [3]

H ′ = H − ik

2
a†a

where k is the cavity decay rate.
In strong driving regime, the effective Hamiltonian as in Sect. 2 is given by

H ′
eff = 1

2
g(aS+e−iδ′t + a†S−eiδ′t ) (19)

where δ′ = δ − ik/2.
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Solving the equation of motion for any arbitrary state

|ψ ′〉 =
∞∑

n=0

[de,n|e,n〉 + dg,n|g,n〉]

and simplifying we get the equation for de,n as

d̈e,n + iδ′ḋe,n + g2(n + 1)

4
de,n = 0 (20)

This is a second order equation with complex coefficients. Assuming that the atom is initially
in the excited state we obtain

de,n(t) = dn(0)

2
{D1e

vt + D2e
−vt }e −iδ′ t

2 (21)

and

dg,n+1(t) = − ig
√

n + 1

2

dn(0)

2

{
D1e

(v+ iδ′
2 )t

(v + iδ′
2 )

− D2e
−(v− iδ′

2 t)

(v − iδ′
2 )

}

(22)

where

D1 = 1 + iδ′
u

e−iθ/2

D2 = 1 − iδ′
u

e−iθ/2

v = ueiθ/2

2

u = (λ2
n + δ2k2)1/4

θ = tan−1( δk
λn

)

λn = k2

4 − �n
2

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(23)

For exact resonance case we get finally

de,n(t) = e− kt
4 dn(0)

[

cosh

(√
λnt

2

)

+ k

2
√

λn

sinh

(√
λnt

2

)]

(24)

and

dg,n+1(t) = −ig
√

n + 1
dn(0)√

λn

e
kt
4 sinh

(√
λnt

2

)

(25)

3.1 Phase Distribution

Using Pegg and Barnett formalism we now investigate the phase-probability distribution of
the radiation field in the model discussed above.

For exact resonance case we use the approximation

√
λn = ig

√
n + 1

√

1 − k2

4g2(n + 1)
≈ ig

n

2
√

n̄
. (26)
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With this approximation, (24) and (25) change into

de,n(t) = e−kt/4 dn(0)

2

[

exp

(

−i
gnt

4
√

n̄

)

+ exp

(

i
gnt

4
√

n̄

)]

(27)

and

dg,n+1(t) = ekt/4 dn(0)

2

[

exp

(

−i
gnt

4
√

n̄

)

− exp

(

i
gnt

4
√

n̄

)]

(28)

Assuming that the radiation field is initially in a coherent state and using the Gaussian
approximation as in (15) we finally obtain the phase probability as

P (θm, t) = |〈e, θm|ψ(t)〉|2 + |〈g, θm|ψ(t)〉|2

= n̄π

s + 1

(2πn̄)−1/2

4

[
e−2n̄(A2− k2 t2

4 )(e−kt/2 + ekt/2) + e−2n̄(B2− k2 t2
4 )(e−kt/2 + ekt/2)

− 2e−n̄(A2+B2− k2 t2
2 ) cos n̄(A − B)kt (ekt/2 − e−kt/2)

]

= 1

8

2π

(s + 1)

(
4n̄

2π

)1/2{[
e−2n̄(A2− k2 t2

4 ) + e−2n̄(B2− k2 t2
4 )

]
cosh

(
kt

2

)

− 2e−n̄(A2+B2− k2 t2
2 ) cos n̄(A − B)kt sinh

(
kt

2

)}

(29)

where

A = θα − θm − ωat − gt

4
√

n̄

B = θα − θm − ωat + gt

4
√

n̄

If we choose g

4
√

n̄
	 ωa then we can neglect the term g

4
√

n̄
compared to ωa . Hence

P (θm, t) = 1

4

2π

(s + 1)

(
4n̄

2π

)1/2

e−2n̄(θα−θm−ωat)2
e

n̄kt
2 (kt− 1

n̄
) (30)

Proceeding as in Sect. 2, we obtain that for presence of cavity decay, the phase fluctuations
are changed and the field, which is initially in a coherent state, does not keep the phase-
number product.

If further we take the interaction time to satisfy t = 1
kn̄

then corresponding success prob-
ability is

P (θm, t) = 1

4

2π

(s + 1)

(
4n̄

2π

)1/2

e−2n̄(θα−θm−ωat)2
(31)

and we have
∫

4(s + 1)

2π
P (θ, t)dθ = 1 (32)

Thus we see that the phase probability increases with the increase of k in general but for
a certain interaction time, the cavity decay rate k has no effect on the distribution.
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Fig. 2 The population inversion W(t) versus the interaction time for an initially coherent state with n̄ = 25,
δ = 0, g = 1, k = 0.0001, n ranging from 0 to 100

3.2 Population Inversion

We are now interested in the atomic population inversion considering the decay of the field.
Under the condition of exact resonance, a closed expression for W(t) can be calculated as

W(t) =
∑

n

ρnn(0)

[

e− kt
2

{

cosh

(√
λnt

2

)

+ k

2
√

λn

sinh

(√
λnt

2

)}2

− g2(n + 1)

λn

e
kt
2 sinh2

(√
λnt

2

)]

(33)

where λn is given by (23). Each term of (33) represents Rabi oscillations for a definite value
of n. The photon distribution function ρnn(0) stands for the relative weight for each n.

Figure 2 shows the comparison between the population inversion W(t), considering the
decay effect, and the time period. This figure exhibits the existence of periodic spontaneous
collapse and revival for the above model.

4 Discussion and Conclusion

We have studied phase distribution of the radiation field through the Pegg–Barnett phase
formalism. We have investigated the effect of cavity decay on a two-level atom interacting
with a single-mode cavity and driven by a classical field. The general expression shows the
dependence of the phase probability on the cavity decay but for a particular interaction time,
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Fig. 3 The population inversion W versus the cavity decay rate k for an initially coherent state with n̄ = 25,
δ = 0, g = 1, n ranging from 0 to 100

this phase probability is tuned with the phase probability of without decay case. Another
point we would like to mention that, in absence of cavity decay, the field which is initially
in a coherent state, retains coherence with time development if one neglects the influence of
the atomic Rabi oscillations on the phase probability distribution. But the presence of cavity
decay leads to phase fluctuation of the radiation field i.e. the coherent field cannot keep its
phase-number-minimum-uncertainty product.

While studying the population inversion we have observed that the decay term makes a
contribution to the population inversion, thus changes the ideal Rabi oscillation into a bit
pattern. We have numerically calculated equation (33) for some particular values and shown
the dependence of population inversion on cavity decay rate k in different cases in Fig. 3.
For a certain time, the population inversion decreases, slowly when k ≤ 2 and rapidly after
k = 2, with increase of k, implying that we spend more time to achieve the inversion in
the decay case than in the ideal case. The plotted graph clearly demonstrates that the curve
corresponding to t = 4 drops more sharply than that of t = 2. Therefore the cavity decay has
larger impact on the curve as time increases.

In conclusion, our approach presents analytical expressions for the influence from cav-
ity decay on phase distribution and population inversion. Our study would be helpful for
experimental work dealing with problems of cavity decay.
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