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Abstract The existing literature deals with the optimal investment strategy of

defined benefit (DB) or defined contribution (DC) pension plans. This article’s

objective is to compare the optimal policies of different types of pension plans. This

is done by first defining an original framework, which is based on the distinction

between the nature of the guarantee—which can be internal or external—offered by

or to a pension fund. This framework allows to establish links between optimization

programs of DC, DB and targeted money purchase schemes. The case of an internal

guarantee appears as a standard portfolio insurer’s problem. The second kind of

guarantee, not analyzed in the literature yet with regard to the resulting optimal

policy, is characterized by the existence of an option in the final wealth definition.

Four funds are present in the internal guarantee optimal allocation: the speculative

component, the preference independent guarantee- and contribution-hedge terms

and the preference dependent state variable-hedge fund. The external guarantee

program, solved with an original method using the principles of standard options

theory, yields an optimal policy incorporating the delta of the option embodied in

the final wealth definition. The conclusion is that the resulting optimal portfolio

policy becomes riskier.
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1 Introduction

Pension funds cannot generally be managed in the way standard funds are. The

heavy regulation governing the pension fund functioning is one of the reasons.

Defined benefit (DB) funds often have to observe some rules as to the funding of

future liabilities. As the pension fund performance largely determines the standard

of living in the retirement period, the defined contribution (DC) fund management

can be subject to minimum performance constraints.

This article seeks to determine the optimal asset allocation for the main types of

pension plans, in a continuous-time stochastic framework. We consider the case of a

fund manager maximizing the expected utility of final wealth, his control variable

being defined as the proportion of wealth to invest in the risky asset.

This framework, based on the seminal papers by Merton [1971]—for the

stochastic dynamic programming approach—and Cox and Huang [1989, 1991]—for

the martingale approach, is often used in the literature dealing with the pension fund

asset allocation issue. The most obvious classification of the papers results from the

type of scheme analyzed: The articles study DC or DB plans. In a DB scheme, the

participant receives a pension depending mainly on his wage (final or averaged) and

the number of years of service. In a DC scheme, his pension depends solely on the

value of the assets accumulated at the time of retirement. As outlined by Blake

[1998] and Boulier et al. [2001], the DC fund program strongly resembles an

individual saving decision, whereas the DB fund management can be characterized

as an asset-liability management issue.

In a DB scheme, the fund manager is obliged to conduct a policy guaranteeing

that the final asset value lies above the final liability value, which leads the investor

to maximize the expected utility of the surplus of assets over the liabilities of the

fund. A new term then appears in the optimization program solution: a preference

independent liability-hedge fund [Sundaresan and Zapatero, 1997; Rudolf and

Ziemba, 2004].

Concerning the DC fund management issue, the general model of Menoncin

[2002] constitutes the starting point of the first branch of the literature. The main

contribution of the paper is the analysis of the role of background variables, which

are outside the financial market, yet affect directly the individual’s wealth. Their

existence leads to the presence, in the optimal allocation, of a preference

independent term, linked to the background variable diffusion parameter. Battoc-

chio and Menoncin [2004] focus on two background risks: inflation and salary.

While these authors analyze the accumulation phase, Menoncin and Scaillet [2003]

and Battocchio et al. [2007] generalize this approach by treating both the

accumulation and decumulation phases in a unique setting. Although it is not

based on the model of Menoncin [2002], the framework by Cairns et al. [2006]

resembles the one adopted in the previous papers, except for the use of a salary-

related numeraire as argument of the utility function: Such a definition models the

fact that the participant would like to preserve his standard of living after retirement.

The second branch of the literature considers the problem of a fund subject to a

minimum guarantee to be met at retirement [Boulier et al., 2001; Deelstra et al.,

2003].
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Menoncin and Scaillet [2003] stress that their model (which appears as the most

general and complete) can be applied to both DB and DC plans: As contributions

and pensions are set as stochastic variables, by equating the diffusion term of

pensions (respectively contributions) to zero, the framework becomes the one of a

DB (respectively DC) plan. Yet this distinction is questionable when the salary is

assumed to be stochastic: Neither the DB pension, which depends in general on the

level of the final salary, nor the DC contributions, which generally take the form of a

proportion of salary (in either a DB or a DC plan), can be then considered as

deterministic.

One can thus conclude that there exists a need for developing a unified

framework in which the optimal asset allocation policies of the main types of

pension funds could be compared.

This is done by first proposing a new classification based on the nature of the

guarantee—internal or external—linked to the pension fund performance. In the

internal guarantee case, the fund itself is obliged to generate a minimum return.

When an external guarantee is granted, an institution external to the fund covers the

possible positive difference between the guaranteed return and the one actually

generated. The nature of the guarantee then determines the form of the optimization

program: Whereas the program characteristic of an internal guarantee resembles the

one of a portfolio insurer, the one linked to an external guarantee takes an original

form, characterized by the presence of an option in the final wealth definition. The

possible programs of DC, DB and targeted money purchase (TMP) schemes are then

discussed, with regard to the person responsible for the deficit, the nature of the

guarantee and the presence of a surplus sharing rule, and the links between the

optimization programs of the different types of plans are clearly identified.

Finally, the optimization programs are solved with the stochastic dynamic

programming technique. The internal guarantee optimal strategy is characterized by

four components : the speculative term, two preference independent terms—the

guarantee-hedge fund and the wage-hedge fund (resulting from the contribution

process) and a preference dependent state variable-hedge component. The solution

of the external guarantee case, obtained with an original method based on the

principles of standard options theory, shows that the investor adopts a riskier policy:

As the speculative term is divided by the delta of the call incorporated in the final

wealth definition, its absolute value increases when compared with the internal

guarantee case.

The article is organized as follows. Section 2 defines the optimization programs

of the main types of pension funds. The model is presented in Section 3. Optimal

policies are derived and discussed in Section 4. Section 5 concludes.

2 The optimization programs of the main types of pension funds

The chosen setting builds on the distinction between internal and external

guarantees. Internal guarantees concern a minimum performance constraint: The

fund has to generate a minimum return. External guarantees are given by an
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institution independent from the fund: When the guaranteed return exceeds the one

actually generated, the institution covers the difference.

One analyzes the optimization programs of three kinds of pension plans: the DC

plan, which offers a pension corresponding to the fund asset value A at the time of

retirement T, the DB plan, whose pension equals the retirement value of the fund

liabilities L, and the TMP scheme, where the participant receives a pension equal to

the maximum of the DC pension and the targeted one. Three subcases are

considered in the case of a DC fund: without guarantee and with an internal or

external guarantee, both guarantees being denoted by G. In the case of a DB fund,

the article studies the subcases without guarantee or with a (possibly partial)

guarantee, the guarantee G possibly offered in a DB fund being in fact equal to the

fund liabilities L. For the two DB subcases, one analyzes the consequences of a rule

of surplus sharing between the employee and the employer: The participant receives

a and the firm 1-a of the generated surplus, with a a constant satisfying 0 < a < 1.

It is throughout assumed that the participant (or the employee) and the manager

are a single agent, the purpose of the manager being defined as the determining of

the optimal strategy from the participant’s point of view. The employer (or the firm)

does not intervene in the definition of the investment strategy.

The optimization programs incorporate three constraints. First, the argument of

the utility function must be strictly positive at the initial date. One takes into account

the future flow of contributions by adding, to the initial value of the fund capital, the

expected discounted value of future contributions [Merton, 1990]. Furthermore, the

argument of the utility function must be non-negative at the time of retirement.

Finally, the dynamics of the variables form the last constraint.

Depending on the case under scrutiny, the optimization program of the fund

manager, on a date t preceding the retirement date T, can take two forms:

MaxEt½UðAðTÞ � GðTÞÞ� ð1Þ
or

MaxEt½UðGðTÞ þ aMaxðAðTÞ � GðTÞ; 0Þ� ð2Þ

with Et the expectation, conditional on the information available in t, U the utility

function and 0 < a � 1.

Let us emphasize that the presence of a surplus sharing rule is characterized by

0 < a < 1, while when a = 1, the programs just defined are characteristic of the

general cases of an internal and an external guarantee respectively. The manager’s

choice between these two types of programs results from the nature of the person

directly responsible for the possible deficit (which occurs when A(T) < G(T)). If the
participant, the fund or an institution influencing management decisions is

responsible, program (1) is chosen. Program (2) characterizes a guarantee given

by an institution external to the fund and its management decisions.

Program (1) applies for numerous configurations.

First, the caseG(T) = 0 corresponds to the one of a DC fundwithout guarantee. The

program then takes the standard form, proposed by Merton [1971]: MaxEt[U(A(T))].
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Second, a DC fund with an internal guarantee uses this program. The fund asset

value must be at least G(T) at the date of retirement. The program becomes

MaxEt[U(A(T))] under the solvency constraint A(T) � G(T). Following Basak

[2002], we adopt the program (1) formulation.1

Third, when G(T) = L(T), the program is characteristic of a DB fund without

guarantee or with a partial guarantee, and in the same time using a surplus sharing rule.

When no guarantee is given, the participant bears the consequences of a possible

deficit, while the possible surplus is owned by the firm. The participant will thus

receive the minimum of L(T) and A(T), so that he is not preoccupied about the

generation of a surplus. He will thus invest his entire wealth (the initial fund capital, as

well as the contributions which accumulate into the fund) in the asset L, directly or by
replication.2 Yet when a surplus sharing rule is introduced, the participant’s program

will be Max Et[U(L(T) + a Max(A(T)�L(T),0))] under the fund solvency constraint

A(T) � L(T), with 0 < a< 1. The solvency constraint is then determining for the form

of the participant’s program. His main purpose is the generation of a surplus: The

participant will then be certain to receive at least the liability value at the date of

retirement, and will in the same time benefit from a proportion of the generated

surplus. Program (1), withG(T) = L(T), thus applies. In the case of a partial guarantee,
the employee prefers to obtain L(T) rather than a proportion of L(T), so that the

optimization program includes the solvency constraint. The case of a DB fundwithout

guarantee applies: If the participant does not benefit from the surplus, he will invest in

L; In the case of a surplus sharing rule, he will maximize Et[U(A(T)�L(T)].
Fourth, the allocation policy of a DB fund with a guarantee, and without a surplus

sharing rule, is defined by this program. The employer now owns the possible

surplus, but is in the same time responsible for the payment of the possible deficit.

As the participant knows that he will receive the liability value at the retirement

date, independently of the fund asset value, this situation could become dangerous

for the employer, because the participant is not preoccupied about the adopted

strategy. To neutralize the risk of an inappropriate allocation, the firm will take the

responsibility of defining the fund policy. The employer’s program writes:

MaxEt[U(A(T)�L(T))].
Finally, Max Et[U(A(T)�G(T))] defines the program of a TMP fund targeting the

value G(T) at the date of retirement. The TMP plan participant maximizes

1 In the program (1) formulation, the utility function argument implicitly contains the condition of a final

wealth above the chosen level, provided that limA!Gþ U0ðA� GÞ ¼ þ1 [Karatzas et al., 1986; Merton,

1990], a condition which we impose on the utility function. According to Basak [2002], this alternative

modeling approach has two advantages, when compared with the initial program formulation. Beyond the

fact that the calculations are largely facilitated because the explicit constraint disappears, the properties of

the utility function describe the portfolio insurer’s preferences in a more exact way. Basak [2002] stresses

that, in the formulation using the explicit constraint, when the terminal wealth of the insurer hits the

guaranteed level, his marginal indirect utility of wealth jumps discontinuously to infinity. In the proposed

formulation (and under the condition on the utility function given above), the marginal utility goes

smoothly to infinity at the floor, so that the optimal final wealth is automatically above the final guarantee

value.
2 The feasibility of this policy results from the completeness of the financial market and from the initial

constraint, which states that the initial fund capital and the expected discounted value of future

contributions strictly exceed the initial value of the liabilities.
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Et[U(Max(A(T),G(T)] under the solvency constraint A(T) � G(T), because the

policy must be conducted in a way guaranteeing that he receives at least G(T) at the
retirement date. Because of this solvency constraint, the participant will always

receive A(T). One more time, the solvency constraint is determining for the form of

the participant’s program. His main purpose is the generation of a surplus, which

will guarantee that the constraint is met, and in the same time an amount received

A(T) larger than the minimum G(T). The program thus takes the form (1).

As to program (2), when a = 1, it corresponds to a DC fund with an external

guarantee. The participant’s program then is MaxEt[U(Max(A(T),G(T))] without the
solvency constraint, because the participant knows that he will receive the maximum

of A(T) and G(T), whatever the relative value of A(T) with respect to G(T).
When 0 < a < 1 and G(T) = L(T), the program is the one of a DB fund

characterized by the presence of a guarantee and a surplus sharing rule.

3 The model

3.1 Assumptions

The pension fund manager can invest in N risky assets. The dynamics of the price

Si(t) of the ith risky asset is described by the following stochastic differential

equation (SDE):

dSiðtÞ ¼ SiðtÞlSiðt; ZðtÞÞdt þ SiðtÞrSiðt; ZðtÞÞdBðtÞ ð3Þ

where lSiðt; ZðtÞÞ denotes a bounded function of t and Z, rSiðt; ZðtÞÞ a bounded

(1 · M) vector valued function of t and Z, B(t) an (M · 1)-dimensional Wiener

process in RM, Z(t) a (K · 1)-dimensional vector of state variables.

The compacted form of the dynamics of the N risky asset prices then writes:

dSðtÞ ¼ ISlSðt; ZðtÞÞdt þ ISrSðt; ZðtÞÞdBðtÞ ð4Þ

with IS defined as an (N · N) diagonal matrix valued function of S(t) with Si(t) as its
ith diagonal element, lS(t, Z(t)) an (N · 1)-dimensional vector with lSiðt; ZðtÞÞ as
its ith element, rS(t, Z(t)) an (N · M) matrix valued function with rSiðt; ZðtÞÞ as its
ith element.

K stochastic state variables influence the evolution of the economy. Their

dynamics obey:

dZðtÞ ¼ IZlZðt; ZðtÞÞdt þ IZrZðt; ZðtÞÞdBðtÞ ð5Þ

where IZ stands for a (K · K) diagonal matrix valued function of Z(t), lZ(t, Z(t)) a
bounded (K · 1) vector valued function of t and Z, rZ(t, Z(t)) a bounded (K · M)

matrix valued function of t and Z.3

3 The definition of the dynamics of the risky assets and the state variables is comparable to the

framework proposed by Lioui and Poncet [2003].
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The pension fund manager can also invest in the riskless asset, whose price g(t)
evolves according to the dynamics:

dgðtÞ ¼ gðtÞrðt; ZðtÞÞdt ð6Þ

where r(t, Z(t)) is defined as the instantaneously riskless interest rate, which is

assumed to depend on the state variables Z.4

The pension fund management can be subject to a minimum guarantee which is

to be met internally by the fund or is offered by an external institution.

A contribution is brought continuously into the fund. It corresponds to a constant

proportion f of the employee’s salary.

The dynamics of the guarantee G and the wage Y take the form of the following

SDEs:

dGðtÞ ¼ GðtÞlGðt; ZðtÞÞdt þ GðtÞrGðt; ZðtÞÞdBðtÞ ð7Þ
dYðtÞ ¼ YðtÞlYðt; ZðtÞÞdt þ YðtÞrYðt; ZðtÞÞdBðtÞ ð8Þ

where lG(t, Z(t)) and lY(t, Z(t)) denote bounded functions of t and Z, rG(t, Z(t)) and
rY(t, Z(t)) bounded (1 · M) vector valued functions of t and Z.

Standard assumptions about the financial market apply. In particular, it is

assumed to be complete, which is mathematically translated by N = M.

3.2 The investor’s program

The utility function of the participant, assumed increasing and concave in X, takes
the terminal form U(X(T)), where X(T) = A(T)�G(T) or X(T) = G(T) + a Max(-

A(T)�G(T), 0) with 0 < a � 1, depending on the case under scrutiny. It is further

assumed that the utility function respects the Inada conditions: limX!1 UX ¼ 0 and

limX!0 UX ¼ 1; with UX the derivative of U with respect to X.
The manager’s program writes:

MaxxSEt UðXðTÞÞ½ �
s:c:dXðtÞ ¼ XðtÞlXðt; xS;XðtÞ; ZðtÞÞdt þ XðtÞrXðt; xS;XðtÞ; ZðtÞÞdBðtÞ

dZðtÞ ¼ IZlZðt; ZðtÞÞdt þ IZrZðt; ZðtÞÞdBðtÞ
Xð0Þ [ 0

XðTÞ� 0

ð9Þ

with xS an (N · 1) vector of the proportions of X invested in the risky assets (xSi
being the proportion of X invested in the ith risky asset), the variable X dynamics

being written in a general form, where lXðt; xS;XðtÞ; ZðtÞÞ stands for a function of t,

4 Menoncin [2002] opts for a similar modeling of the riskless asset dynamics.
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xS, X and Z and rXðt; xS;XðtÞ; ZðtÞÞ a (1 · M) vector valued function of t, xS, X and

Z.5

4 Definition of the optimal policy

Stochastic dynamic programming is used when solving the optimization programs.

4.1 Solution in the general case

Let us define the indirect utility function J, increasing and strictly concave in X, by
the following equation:

Jðt;XðtÞ; ZðtÞÞ � max
xS

Et½UðXðTÞÞ�

The Hamilton–Jacobi–Bellman (HJB) equation takes the form:

max
xS

DJ ¼ 0 ð10Þ

where D denotes the Dynkin operator, the Dynkin of J being defined by:

DJ ¼ Jt þ JXXlX þ 1

2
JXXX

2RXX þ ðIZlZÞ0JZ þ
1

2
tr IZRZZI

0
ZJZZ

� �þ XRXZI
0
ZJXZ

ð11Þ

where subscripts on J denote partial derivatives6, the prime 0 stands for a transpose

and Rij � rir0j the covariance matrix of the variables i and j, the dependence with

respect to time t, xS, X and Z having been omitted for ease of exposition.

From now on, we shall omit this kind of dependence, except when a risk of

confusion occurs.

4.2 The case of an internal guarantee

4.2.1 Optimization program solution

The fund assets A are invested in the risky assets Si (i = 1,2,...,N) and in the riskless

asset g, XSi denoting the number of asset Si acquired and Xg the amount of riskless

asset held.

In the case of an internal guarantee, X = A�G. The composition of X follows:

5 lX and rX, which have different formulations depending on the variable X definition chosen, will be

precisely defined later.
6 We assume that the function J is twice differentiable with respect to X and Z. Let us note that, in the

literature, authors often set a specific form for the function J, allowing to meet the assumptions and to

derive explicit solutions [Menoncin, 2002].
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X ¼
XN
i¼1

XSiSi þ Xgg� G ð12Þ

The variable X is invested in the risky asset Si in the proportion xSi � XSi
Si

X ; in the

riskless asset g in the proportion xg � Xgg
X and (negatively) in the guarantee G in the

proportion xG � G
X ; with the following identity:

PN
i¼1

xSi þ xg � xG ¼ 1:
The variable X dynamics writes:

dX

X
¼

XN
i¼1

xSi
dSi
Si

þ xg
dg
g
þ f

Y

X

dY

Y
� xG

dG

G

the term f Y
X
dY
Y resulting from the accumulation of the contribution process.7 These

contributions take the form of a proportion f of the employee’s salary. They

accumulate continuously into the pension fund assets. As soon as the contributions

are integrated, they are invested in the assets Si and g.
By replacing the dynamics (3), (6), (7) and (8) and by using the identityPN

i¼1

xSi þ xg � xG ¼ 1; one obtains:

dX

X
¼ x0SðlS � r1NÞ þ r þ f

Y

X
lY � xGðlG � rÞ

� �
dt

þ x0SrS þ f
Y

X
rY � xGrG

� �
dB

ð13Þ

The system of first order conditions, obtained by deriving the Dynkin of J with

respect to xS, writes:

0N ¼ ðlS � r1NÞJXX þ RSSxS þ RSYf
Y

X
� RSGxG

� �
JXXX

2 þ RSZI
0
ZJXZX ð14Þ

The optimal vector of proportions xS follows:

xS ¼� ðRSSÞ�1 lS � r1Nð Þ JX
JXXX

� ðRSSÞ�1RSYf
Y

X
þ ðRSSÞ�1RSGxG � ðRSSÞ�1RSZI

0
ZJXZ

1

JXXX

ð15Þ

4.2.2 Result interpretation

Four funds form together the optimal investment strategy: the usual speculative

fund, two preference independent terms—the contribution- and the guarantee-hedge

portfolios and a preference dependent state variable-hedge component.

The standard mean-variance speculative component goes back to Merton [1971].

Yet his framework is the one where G = 0. As a consequence, instead of defining

7 Battocchio and Menoncin [2004] propose a similar modeling.
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the optimal proportion to invest in the risky assets with respect to A�G, Merton

[1971] defines it relative to A. When one sets our speculative fund with respect to A
(i.e. as a proportion of A, and not of X anymore), one obtains

�ðRSSÞ�1 lS � r1Nð Þ JX
JXXA

: When going from the case without guarantee to the one

with guarantee, the speculative fund is modified by exchanging JA
JAA

for JX
JXX

: A utility

function of the CRRA type thus gives divergent speculative fund formulations,

depending on whether a guarantee is granted or not.

Preference independent, the second term hedges against variations in the wage.

The third component constitutes a preference independent hedge against variations

in the guarantee. By writing it with respect to A, one obtains ðRSSÞ�1RSG
G
A : By

further noting that, in the case of a DB fund, the guarantee equals the liabilities of

the fund, which take the form of the salary multiplied by a factor c: G(T) = L(T) =
cY(T), one can rewrite the guarantee-hedge fund: ðRSSÞ�1RSY

cY
A : The liability-

hedge term thus depends on the ratio L
A ; which is representative of the financial

health of the fund [Rudolf and Ziemba, 2004]. The higher this ratio, and thus the

worse the fund financial health, the higher the value of this hedge portfolio (in

absolute value). Let us finally note that, in the case of a DB fund, the salary appears

in both the contribution and the pension definition. As a consequence, the second

and the third terms of the optimal strategy depend on the variable Y. One concludes
that, in a DB fund, the role, for determining the optimal investment strategy, of the

salary variable is more pronounced than in the standard case.

The fourth portfolio component defines a preference dependent state variable-

hedge fund, which is standard when introducing state variables influencing the main

variable dynamics.

4.3 The case of an external guarantee

4.3.1 Optimization program solution

The case of an external guarantee has not been analyzed in the literature yet. We

propose an original method for solving the optimization program, based on standard

results of options theory.

The variable X now takes the following form: X(T) = G(T) + a Max(-

A(T)�G(T),0), with 0 < a � 1. Let us denote by C the call incorporated in X,
defined by its payoff at maturity T: C(T) = Max(A(T)�G(T),0). C defines an

exchange option, whose valuation method in the benchmark framework of Black

and Scholes [1973] has been proposed by Margrabe [1978]. The variable X can be

reformulated:

XðTÞ ¼ GðTÞ þ aCðTÞ

The variable X is invested in the guarantee G and in the call C, in the proportions

xG and xC � C
X respectively, with xG þ axC = 1. The dynamics of X then writes:

dX

X
¼ xG

dG

G
þ axC

dC

C
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Let us first define the dynamics of the call Cðt;A;G;Z1; Z2; . . .; ZKÞ: By applying

Ito’s lemma to the function C, one obtains:

dC ¼ Ctdt þ
X
j

Cjdjþ 1

2

X
j

X
k

Cjkdjdk ð16Þ

with j; k ¼ A;G; Z1; Z2; . . .; ZKf g and Cj denoting the partial derivative of the

call with respect to the variable j, Cjk its second derivative with respect to j
and k.

By adapting the non-arbitrage portfolio of Black and Scholes [1973] to the case

of an option depending on more than one stochastic variable, the risk-free portfolio

p takes the form:

p ¼ �C þ
X
j

Cjj ð17Þ

Due to the self-financing condition:

dp ¼ �dC þ
X
j

Cjdj ð18Þ

By combining the equations (16) and (18), one obtains:

dp ¼ �Ctdt � 1

2

X
j

X
k

Cjkdjdk ð19Þ

The portfolio p being riskless, it earns the riskless rate r. Thus the dynamics of p
writes:

dp ¼ rpdt ð20Þ

The combination of the equations (17), (19) and (20) implies:

�Ctdt � 1

2

X
j

X
k

Cjkdjdk ¼ rð�C þ
X
j

CjjÞdt

By replacing in the equation (16), the dynamics of the call can be rewritten in the

following form:8

8 The referee proposed a more direct method for obtaining these call dynamics. Instead of creating a non-

arbitrage portfolio of the kind proposed by Black and Scholes [1973], one just needs to note that, under

the risk neutral probability measure, the drift of the call dynamics must be r. Then simply applying

Girsanov’s theorem, one obtains the proposed dynamics.
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dC

C
¼ r þ

X
j

Cj
j

C
ðlj � rÞ

" #
dt þ

X
j

Cj
j

C
rjdB ð21Þ

Let us derive the dynamics of the assets A. The composition of A writes:

A ¼ PN
i¼1

XSiSi þ Xgg: A is invested in the risky assets Si and g, in the proportions

vSi �
XSi

Si
A and vg � Xgg

A respectively, with the following identity:
PN
i¼1

vSi þ vg ¼ 1:

While xSi ; xg and xG were defined as proportions of X, vSi and vg are defined as

proportions of A, xSi and vSi being related by vSi ¼ xSi
X
A : Thus the dynamics of A

writes:

dA

A
¼

XN
i¼1

vSi
dSi
Si

þ vg
dg
g
þ f

Y

A

dY

Y

the introduction of the term f Y
A
dY
Y resulting from the contribution accumulation.

By replacing the dynamics (3), (6) and (8) and by using the identityPN
i¼1

vSi þ vg ¼ 1; the dynamics of A becomes:

dA

A
¼ v0S lS � r1Nð Þ þ r þ f

Y

A
lY

� �
dt þ v0SrS þ f

Y

A
rY

� �
dB ð22Þ

By combining the equations (21) and (22), the dynamics of the call writes:

dC

C
¼ r þ CA

A

C
v0S lS � r1Nð Þ þ f

Y

A
lY

� ��
þCG

G

C
ðlG � rÞ þ 1

C
C0
ZIZðlZ � r1KÞ

�
dt

þ CA
A

C
v0SrS þ f

Y

A
rY

� �
þ CG

G

C
rG þ 1

C
C0
ZIZrZ

� �
dB

ð23Þ

Let us remind that dXX ¼ xG
dG
G þ axC dCC : By using the definitions of xG and xC,

the identities xG þ axC ¼ 1 and vSi ¼ xSi
X
A ; and after rearranging terms, one finally

obtains the dynamics of the variable X:

dX

X
¼ rþaCAx

0
SðlS�r1NÞþaCAf

Y

X
lY

�
þð1þaCGÞxGðlG�rÞþa

1

X
C0
ZIZðlZ�r1KÞ

�
dt

þ aCAx
0
SrSþaCAf

Y

X
rYþð1þaCGÞxGrGþa

1

X
C0
ZIZrZ

� �
dB

ð24Þ

The system of first order conditions for an optimum follows:
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0N ¼ aCAð ÞðlS � r1NÞ½ �JXX

þ
"
aCAð Þ2RSSxS þ aCAð Þ2f Y

X

� �
RSY :þ aCAð1þ aCGÞxGð ÞRSG

þ a2CA
1

X

� �
RSZI

0
ZCZ

#
JXXX

2 þ aCAð ÞRSZ½ �I0ZJXZX

ð25Þ

The optimal vector of proportions xS then writes:

xS ¼� RSSð Þ�1 lS � r1Nð Þ JX
JXXX

1

aCA
� RSSð Þ�1RSYf

Y

X

� RSSð Þ�1RSGxG
1þ aCG

aCA
� RSSð Þ�1RSZI

0
ZCZ

1

CA

1

X

� RSSð Þ�1RSZI
0
ZJXZ

1

JXXX

1

aCA

ð26Þ

4.3.2 Result interpretation

Five components form the optimal investment strategy: the modified speculative

fund, the preference independent wage-hedge term, the modified preference

independent guarantee-hedge fund and two modified state variable-hedge terms,

from which one depends on the investor’s preferences and the other does not.

Let us begin with the modified speculative component, and first assume that

a = 1, which allows to compare the general cases of internal and external

guarantees. When going from the first to the second one, CA appears in the

denominator of the speculative component. The delta of a call taking a value

between 0 and 1, the absolute value of the speculative term increases. The granting

of an external guarantee thus leads to a riskier behavior of the investor.

We now turn to the analysis of the case of 0 < a < 1. One observes that the

riskiness of the investor’s behavior increases when a decreases, a being defined as

the proportion of the fund surplus belonging to the participant. Adopting a surplus

sharing rule will thus have crucial implications for the optimal asset allocation of

the investor. We conclude that, when the participant does not include the solvency

constraint in his optimization program, such a rule should not be introduced,

because it proves to be dangerous for the institution guaranteeing the payment of the

possible deficit.

The preference independent wage-hedge fund is the only portfolio component to

remain unchanged when turning form the case of an internal guarantee to the case of

an external one. Neither the presence of the call in the scheme final payoff, nor the

surplus sharing rule do not influence its value.

As to the modified preference independent guarantee-hedge fund, let us first note

that its sign changes, when going from the internal guarantee case to the external

guarantee one: The impact of an external guarantee on the participant’s behavior, as

to the guarantee-hedge term, proves to be opposite to the one characteristic of an

internal guarantee. Second, one observes that the term is now multiplied by 1þaCG

aCA
:
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The transition to an external guarantee once again leads to the presence of CA in the

denominator and the guarantee-hedge term also increases (in absolute value) when a
decreases.

Let us now decompose this modified guarantee-hedge term in two sub-elements:

� RSSð Þ�1RSGxG
1

aCA
� RSSð Þ�1RSGxG

CG

CA
: The first sub-element then refers to the

variable G defining the first term of the variable X definition. It reproduces the

structure of the guarantee-hedge fund characteristic of the internal guarantee case,

except that it is multiplied by the term 1
aCA

: The second sub-element results from the

presence of the variable G in the definition of the call incorporated in the final

payoff of the scheme. It also reproduces the structure of the guarantee-hedge term

characteristic of the internal guarantee case, except that it is multiplied by CG and

divided by CA. a vanishes, which means that this second sub-element is independent

from the surplus sharing rule. To conclude, � RSSð Þ�1RSGxG
CG

CA
is a hedge portfolio

against variations in a variable determining for the value of the call. The presence of

an option in the objective function thus leads to the presence of a specific term in the

optimal investment strategy, which is absent from the no-option case.

The two last terms in the optimal investment strategy define modified hedging

components against state variable variations. The first component, preference

independent, exists because state variables influence the value of the call; The

second one, preference dependent, is present because the indirect utility function has

state variables as its argument. The call-related component, inexistent in the no-

option (or internal guarantee) case, has a structure similar to the one of the second

sub-element of the guarantee-hedge term. The preference-dependent component

reproduces the structure of the corresponding element in the internal guarantee case,

except that it is multiplied by 1
aCA

:

5 Conclusion

This article defines the optimal asset allocation of the main types of pension funds.

It proposes a new framework for comparing the strategies of the different funds,

which is based on the nature of the minimum guarantee offered by or to pension

funds. If the guarantee is internal (i.e. the fund has to generate a minimum return),

the fund manager must conduct an investment policy guaranteeing that the final

asset value lies above the final guarantee value: The utility function argument then

takes the form of the surplus of the fund assets over the guarantee. The resulting

optimal policy resembles the one adopted by a portfolio insurer. In the case of a

guarantee offered by an external institution, the investor receives the maximum of

the final asset value and the final guarantee value. The solvency constraint is absent

from the optimization program. As a consequence, an option appears in the utility

function argument.

The topic of external guarantees with regard to their consequences for the

optimal portfolio policy has not attracted attention in the literature yet. One of the

reasons seems to lie in the pension fund-specific character of this sort of guarantees.

As pension funds manage a wealth whose purpose is to maintain an adequate
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standard of living during the retirement period, it seems natural for the employer or

the State to become involved in order to guarantee that this standard is sufficiently

high.

The optimization programs of DB, DC and TMP schemes are analyzed. The

program definition shows that the type of the plan constitutes only one of the

determining factors. It also depends on the person bearing the responsibility for

the possible deficit, the presence and the nature of guarantees and the

introduction of a surplus sharing rule. By comparing the programs, one notices

some interesting similarities between the different types of schemes. First, it

turns out that the optimal policy structure of a constrained DB plan (i.e. subject

to the solvency constraint), of a DC plan subject to an internal guarantee and of

a TMP plan is similar, because the three plans follow a portfolio insurance

strategy. The difference concerns the nature of the variable the variations of

which one must hedge against. Furthermore, if a TMP plan targets the value of

the DB pension, the constrained DB plan and the TMP plan conduct an identical

allocation policy.

The analysis made in this article shows that it is not necessary to study the

portfolio choice behavior of each type of fund separately. By choosing an

adapted framework, one has the possibility to analyze and compare the policies

of the different types of funds in a unique setting. The one chosen here, based on

the differentiation between the guarantee nature, seems well suited for such a

purpose.

The internal guarantee optimal allocation has the four following components: the

speculative term, two preference independent terms—the salary-hedge portfolio

(resulting from the definition of the contributions) and the guarantee-hedge one—

and a preference dependent state variable-hedge component. An interesting result is

that the case of a DB scheme leads to an increased role of the wage in defining the

optimal policy, because this variable determines the second as well as the third term

of the optimal strategy.

The derivation of the external guarantee optimal policy, which uses the principles

of standard options theory, constitutes a contribution of this article. When compared

with the internal guarantee strategy, all the components, except the salary-hedge

term, are divided by the delta of the call incorporated in the final wealth definition.

The speculative term absolute value increases: The investor’s behavior becomes

riskier. Furthermore, the guarantee-hedge term changes its sign. Finally, the

presence of the call in the objective function leads to the presence of two additional

hedge terms in the investment strategy, covering against guarantee and state

variable variations.

One of the main results of this article states that the optimal strategy becomes

riskier when the guarantee is external. This confirms the view of Tamburi and

Chassard [2002]: ‘‘Too many compensatory guarantees do not encourage a

prudential behavior of actors.’’ We emphasize that the analysis of the behavior

induced by this type of contracts should precede the introduction of such guarantees.
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