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As guest editors, we are delighted to introduce this special issue devoted to Probabilistic
Model Checking to the wider readership. Probabilistic modelling dates back to the work of
Markov in early 1900s, and over the years has established itself as a fundamental methodol-
ogy in science and technology, with numerous applications across several domains. Marko-
vian models feature in probabilistic programming; wireless communication, anonymity and
security protocols; performance, reliability and dependability analysis; robotics and plan-
ning; scheduling and optimisation; predictive modelling of biological systems; population
models of epidemic spread; and techniques such as page ranking of search engines. Proba-
bilistic model checking aims to achieve automated analysis of probabilistic models against
specifications given in temporal logic, and involves an intricate combination of conventional
model checking algorithms with the computation of probabilities or expectations via the so-
lution of linear equations or linear programming problems.

The origins of probabilistic model checking are rooted in the work of Hart, Sharir and
Pnueli [10] and Vardi [16] in the mid-1980s, who were mainly concerned with verify-
ing qualitative, almost sure, probabilistic properties for Markov chains and Markov de-
cision processes. Quantitative model checking algorithms, where the actual probability
value is computed, were formulated in 1990s by Courcoubetis and Yannakakis [7], Hans-
son and Johnsson [9], Bianco and de Alfaro [4] and Baier and Kwiatkowska [1], for both
branching- and linear-time variants of temporal logic, along with the first prototype tools.
The first BBD-based symbolic approach was proposed in 1997 by Baier, Clarke, Hartonas-
Garmhausen, Kwiatkowska and Ryan [2], paving the way to a scalable implementation in
the PRISM model checker [14] released in 2001. In the same decade, two further model
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checkers, MRMC that supports bisimulation minimisation and LIQUOR based on partial
order reduction, were released, which stimulated the wide adoption of quantitative, prob-
abilistic model checking techniques for research and teaching. Notably, several flaws and
unusual trends were automatically discovered in real-world case studies, for example the
Crowds anonymity protocol [15].

In the last few years, probabilistic model checking became established as a mature and
highly active research field, opening up new and exciting lines of enquiry. A variety of
more expressive models were formulated and novel methodologies put forward, for example
statistical model checking, where the computation of the probability is based on statistical
inference over execution paths rather than an exploration of the state transition graph. This
special issue is devoted to a selection of papers which demonstrate the tremendous progress
made in recent years, while at the same time highlighting the challenges that remain.

The first group of three papers is concerned with generalisations of Markovian mod-
els. First, in [5], the authors consider probabilistic models which arise from Markov chains
enhanced with recursion, called probabilistic pushdown automata. In [13], a tutorial-style
overview is given for model checking of probabilistic timed automata, which arise as con-
ventional timed automata extended with discrete probability distributions to model transi-
tions between the locations. Several model checking approaches have been developed for
probabilistic timed automata, now implemented in PRISM, and the paper illustrates their
use for verification and scheduler synthesis by means of modelling case studies. In a dif-
ferent direction, [8] consider a probabilistic extension of hybrid automata, where the con-
tinuous variables are not just clocks, as is the case with probabilistic timed automata, but
are endowed with dynamics expressed in terms of (linear) differential equations. A process-
algebraic modelling language called HModest, an extension of the Modest language with
hybrid features, is proposed, and a compositional reduction from the terms of the language
to subclasses of stochastic hybrid automata is formulated. The paper then summarises recent
advances concerning safety verification of industrially-relevant case studies.

The next group of two papers focuses on extensions of the methods that go beyond the
status-quo of finite-state, fully observable, closed systems. [3] consider infinite-state proba-
bilistic systems, and prove finite-time convergence for mu-calculus formulas based on well-
quasi-orderings. This work has applications to the verification of probabilistic lossy channel
systems. In [6], a stochastic extension of parity games is considered, which is important for
controller synthesis in robotics. The authors survey the complexity results for verification
problems for such games under partial observability.

The final group of three papers represents methodological advances. In [11], game se-
mantics is applied to obtain a compositional fully-abstract method for establishing equiva-
lence between probabilistic call-by-value programs. The techniques have been implemented
and applied to several case studies, with encouraging results. [12] consider the setting of
large continuous time Markov chains, for which properties are specified using deterministic
timed automata, and formulate an on-the-fly method to combat the state-space explosion
problem when maximising the probability of the property being satisfied. The techniques
successfully scale up to biological case studies. Finally, [17] overview Bayesian statistical
model checking techniques, which avoid the need to construct the transition graph by sim-
ulating execution paths and applying statistical inference on those paths, and apply it to a
Stateflow/Simulink case study.

We hope that readers will find this volume informative, and that it stimulates more re-
search and eventual breakthroughs in probabilistic model checking that overcome the dif-
ficulties of state-space explosion and integration of discrete, continuous and stochastic dy-
namics, leading to effective, usable software tools.
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