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Abstract
Reflection principles are of central interest in the development of axiomatic theories.
Whereas they are independent statements they appear to have a specific epistemologi-
cal status. Our trust in those principles is as warranted as our trust in the axioms of the
system itself. This paper is an attempt in clarifying this special epistemic status. We
provide a motivation for the adoption of uniform reflection principles by their analogy
to a form of the constructive ω-rule. Additionally, we analyse the role of informal
arithmetic and the conception of natural numbers as an inductive structure, also with
regard to extra conceptual resources such as a primitive truth predicate.

1 Background

Ever since Gödel’s famous incompleteness results there has been an ongoing discus-
sion about the status of reflection principles. On the one hand these principles are
independent of the underlying theory. On the other hand they seem to be on a par with
its theorems when it comes to questions of acceptability.

To get a better understanding of the issues involved it proves fruitful to distinguish
formal arithmetical theories from informal or intuitive arithmetic. Wheres the former
are understood as recursively enumerable sets of sentences closed under a notion
derivability, the latter is supposed to capture our, possibly implicit, mathematical
knowledge.

Consider a formal arithmetical theory �, such as Peano arithmetic, PA, as a first
approximation to capture explicitly our arithmetical knowledge. Under the assumption
that PA is contained in our mathematical knowledge, we also consider it to be sound.
Therefore it is reasonable to understand the soundness of PA as also part of our math-
ematical knowledge. On this understanding it appears warranted to expand our theory
PA with the explicit reflection principles expressing this soundness. This relation has
sometimes been claimed to be a form of implicit commitment, i.e. if somebody is
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willing to accept an arithmetical theory (as sound), then she is thereby also committed
to accept reflection principles for this theory.

In the following, we will focus on the epistemic issues involved in motivating the
idea that we are warranted to expand our basic formal theories of arithmetic by suitable
proof-theoretic reflection principles. However, we cannot avoid touching other issues
as well that have been influential in the discussion.

In the remainder of the introduction, wewill first provide a short historical overview
of the discussion. Then we will distinguish several questions and point out the focus
of this paper, which will be an argument for the acceptability of uniform reflection for
arithmetical theories under specific circumstances. In the second section we prepare
the ground for our proposal and take a look at our reasons to accept weak forms of
arithmetical reflection in an arithmetical setting. We sketch the background assump-
tions involved and the mathematical conceptions in which reflection is most naturally
acceptable. In the third section, we will discuss one of the central principles of reflec-
tion, uniform reflection. We will provide an original form of motivation that builds on
an understanding of uniform reflection as a formalised and constructive ω-rule. The
fourth section is then concerned with the underlying conception of natural numbers
as a structure in which induction holds in an open-ended fashion. We will provide an
informal argument, why under such a conception adding uniform reflection is war-
ranted. The last section contains an outlook on pursuing this reflection strategy by
allowing the extra conceptual resources not only in the informal part, but by introduc-
ing the relevant metamathematical notions, such as truth within the formal theories
and reflections on those.

1.1 Historical Overview

Gödel’s incompleteness theorems have several important consequences. Not only do
they refute Hilbert’s program(s) at least in its original form, but they also show that
it is impossible to formulate a formal system that is axiomatizable and correct and
that contains all of the correct arithmetical statements. So according to the second
incompleteness theorem it appears impossible to prove the consistency of infinitary
mathematics with finitary means. However, there are also positive aspects of Gödel’s
theorems, as they give rise to natural expansions of theories.

At the time it was quite surprising that the incompleteness already arises at the level
of �0

1-sentences, i.e. sentences with a single universal quantifier, such as the consis-
tency statement. Those independent �0

1-sentences are in several respects of interest.
They have the form ∀x B(x), where B(x) is a formula with one free variable and no
unbounded quantifiers. In a sense they are natural universal versions of all its substi-
tution instances B(n) for all n ∈ N. The �0

1-sentences are closer to being finitarily
acceptable than their counterparts, the �0

1-sentences, sentences with a single existen-
tial quantifier in front. Another disanalogy is that for the�0

1-sentences completeness is
possible, basically every sufficiently strong arithmetical theory is�0

1-complete. Com-
bining these two facts one realizes that the relevant independent statements ∀x B(x)
cannot be false, in cases where the formal system is correct. Moreover, if all the
instances B(n), for all n ∈ N are derivable, but not their universal closure, then there
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are good reasons to believe in the correctness of the independent principles. If the start-
ing system is correct, then so will be the expansion of the system by its consistency
statement.

Gödel in his Gibbs lectures interprets his theorem as follows:

It is this theorem [the second incompleteness theorem] which makes the incom-
pletability of mathematics particularly evident. For, it makes it impossible that
someone should set up a certain well-defined system of axioms and rules and
consistently make the following assertion about it: All of these axioms and rules
I perceive (with mathematical certitude) to be correct, and moreover I believe
that they contain all of mathematics. If someone makes such a statement he con-
tradicts himself. For if he perceives the axioms under consideration to be correct,
he also perceives (with the same certainty) that they are consistent. Hence he has
a mathematical insight not derivable from his axioms. (Feferman et al. 1995, p.
309)

In his work on axioms of infinity he states it even clearer1:

Let us consider, e.g., the concept of demonstrability. It is well known that, in
whichever way you make it precise by means of a formalism, the contemplation
of this very formalism gives rise to new axioms which are exactly as evident and
justified as those with which you started, and that this process of extension can
be iterated into the transfinite. (Feferman et al. 1990, p. 151)

In this paper, we try to argue in a novel way that for a certain conception of natural
numbers it is warranted to expand a correct formal theory of arithmetic by suitable
reflection principles. Whereas the argument will be innovative, it heavily relies on
the work of Feferman, who was very much interested in questions of reflection and
also sketched an interesting conception of natural numbers. Feferman characterizes
reflection principles in the following way:

By a reflection principle we understand a description of a procedure for adding to
any set of axioms A certain new axioms whose validity follow from the validity
of the axioms A and which formally express, within the language of A, evident
consequences of the assumption that all the theorems of A are valid. (Feferman
1962, p. 274)

We will consider four versions of reflection, distinguishing local from global and con-
ditionals from rules. Starting with a suitable formal theory of arithmetic � (possibly
EA, PRA, PA) containing enough arithmetic to develop a reasonable theory of syn-
tax, we employ standard proof and provability predicates, proofσ and Prσ , with a
standard coding and with an adequate �1-representation σ of the axioms of �. The
formal consistency statement conσ is an abbreviation of ¬∃xproofσ (�0 = 1�, x) or
¬Prσ (�0 = 1�).

1 In his remarks in 1972 Gödel is primarily concerned with large cardinal axioms motivated by set theoretic
reflection principles. There he understands the set theoretic axioms of infinity as a way of deciding more
and more �0

1-sentences and not the continuum hypothesis as originally envisioned.
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Local reflection principle:

Prσ (�A�) → A (Rfn�)

Uniform reflection principle:

∀x(Prσ (�Aẋ�) → A(x)) (RFN�)

Local reflection rule:

� Prσ (�A�)

� A
(Rfnr�)

Uniform reflection rule:

� Prσ (�Aẋ�)

� A(x)
(RFNr

�)

Besides the technical questions concerned with reflection, where a lot of progress
has been achieved, we focus on some more philosophical questions that are still unre-
solved. These questions are interdependent and in the following we will state some of
the problematic issues that we address in this paper.

1.2 Status of the Reflection Principles

The first issue concerns questions about the interpretation of reflection principles.
Reflection principles are sometimes understood as making explicit our implicit com-
mitments in accepting a theory. There are different versions, how to understand the
role of reflection principles. In a radical formalist reading they are just independent
statements from the point of view of a formal system �. Only the knowledge of the
formal system is not sufficient for knowledge of the reflection principles. In this form
there seems to be no pressure whatsoever to accept the reflection principles as correct.

In a second version we are able to see the correctness of the reflection principles,
but in order to see this we need a justification. The principles should be derivable
in stronger formal theory �+, which is itself acceptable. Mostowski (1952) can be
interpreted in this way. According to Mostowski it is ‘the insufficiency of the methods
of proof admitted in S’2 that is the reason for the independency. If we allow for
additional resources we can see the correctness of the reflection principles for example
by deriving them in a second-order arithmetic or assuming transfinite induction for ε0.

The version that we want to argue for takes the reflection principles as basic princi-
ples, because there are no more basic principles that would justify them. They are as
evident and justified as other axioms. Gödel’s formulation suggests that the reflection
principles have the status of axioms. They are intrinsically motivated in analogy to
other axioms, by our understanding of the structure of the natural numbers. What we

2 See Mostowski (1952, p. 107).
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do not intend to adopt is Gödel’s understanding of structure and our access to it. So
whereas we think that our warrant to accept the reflection principles stems from our
conception of the natural numbers we want to connect it to a form of conceptual-
structuralism that allows for a more naturalistic interpretation.

There is an alternative view of taking reflection principles as basic principles,
namely as presuppositions or cornerstone principles of a cognitive project to which we
are entitled without having a justification. This is a version based on Wright’s under-
standing of entitlement as in Wright (2004a).3 We do not intend to pursue this line
here for the case of arithmetical reflection, as we think that it is difficult to understand
reflection principles as presuppositions for arithmetical knowledge. Rather, they are
better understood as being intrinsically warranted by our conception of the structure
of natural numbers.

The issue of reflection principles has sometimes been framed as the statement of
an implicit commitment. For example Dean’s formulation of the implicit commitment
thesis in Dean (2014) is as follows:

(ICT) Anyone who accepts the axioms of a mathematical theory S is thereby also
committed to accepting various additional statements � which are expressible
in the language of S but which are formally independent of its axioms. (Dean
2014, p.32)

The implicit commitment thesis is a thesis just like any other and has to be argued for.
The arguments for the implicit commitment thesis itself usually depend on background
assumptions that are not shared by everybody. Some of the key proponents of the thesis
share a predicativist view. Dean has convincingly argued in Dean (2014)4 that there
are alternative foundational views that do not share some of the crucial assumptions
for the implicit commitment thesis and Feferman seems to admit that much.5

The different readings of reflection appear to be connected to convictions about the
foundational status of mathematical knowledge. This dependence makes it unlikely
that there will be a general answer to the question whether one ought to accept the
reflection principles. Especially the question of implicit commitment seems to be not
independent of foundational issues as Dean correctly observes and states as ‘there
seems to be little reason why we should expect ICT to hold for arbitrary agents’.6

3 Fischer et al. (2019) for example connect reflection with Wright’s story of cognitive projects.
4 Dean uses the examples of finitism as understood via Tait’s thesis and first-orderism, a view that takes PA
to be complete with respect to first-order arithmetical statements (Isaacson’s thesis). Both of these examples
are not clear cut. Finitism is a difficult topic that we do not intend tomake a substantial contribution. Just two
minor remarks. Finitism only becomes an inherently unstable position if it is understood as incorporating
some completeness claim. In contrast to Dean there are other positions that take also in the case of finitism
some form of reflection as appropriate. Whereas Kreisel’s view is not very convincing, more subtle versions
such as Ignjatović’s 1994 are not unattractive. Also in the case of first-orderism some reservations are
appropriate. One could also take ICT to undermine the proposed division of first-order and second-order
content, as one of the referees pointed out.
5 In Feferman’s introduction in Feferman (1991), it reads: “To what extent can mathematical thought
be analyzed in formal terms? Gödel’s theorems show the inadequacy of single formal systems for this
purpose, except in relatively restricted parts of mathematics.” It is reasonable that Feferman included in
these restricted parts, finitism as PRA and maybe first-orderism of PA. It is also interesting to note that
Feferman himself seems not to have used the term ‘implicit commitment’, as far as is known to the author.
6 See for Dean (2014, p. 35).
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In my opinion it would be helpful to relativize the implicit commitment thesis as
follows: If a (...) accepts a theory S, then she ought to accept reflection principles for
S, where the blank is to be filled with different foundational positions, such as finitist,
predicativist, set-theoretic platonist and others.7

Rather than point-wise answering the question for each position, we try to anal-
yse sufficient conditions for a shared conception of natural numbers that allows for
a positive answer. Moreover, we will replace the ‘ought to’ by a less committing ‘is
warranted to’. Also here the question arises in which cases a warrant is given. We try
to provide some tentative answers by sketching a coherent version of informal mathe-
matical knowledge in which acceptance of the reflection principles is warranted. The
coherence claim is intended to include restrictions on the side of informal arithmetic,
such that no special abilities on the side of our mathematician are required. So we do
not assume some special access to ‘the natural numbers’. In the terminology of Button
and Walsh (2018) we require a form of moderation.

Another problematic issue with ICT as a general claim is that there are different
forms of acceptance of a formal theory.8 A very modest form of acceptance is taking
the theory to be consistent. Acceptance of � as consistent is the assumption that there
is no sentence A for which � � A and � � ¬A. This reading of acceptance does not
support ICT and therefore will not be our intended reading of acceptance. Rather we
want our acceptance of a theory to be understood as acceptance as sound, correct or
valid.9

Arithmetical theories are of special interest. On the one hand they are basedwithin a
setting in which we have quite strong intuitions about the structure of natural numbers
that might allow for an informative answer to our main question. On the other hand the
reflection principles are substantial extensions at least of the proof-theoretic strength
of the systems under consideration. With these caveats we reformulate the issue as a
question of implicit warrant:Whichminimal assumptions (on our implicit arithmetical
knowledge I ) are sufficient to warrant an extension of a formal theory� by a reflection
principle? In Sect. 4 we are more explicit about these background assumptions by
considering a specific conception of natural numbers.

1.3 Mathematical KnowledgeVersus Explicit Theories

Authors like Mostowski, Gödel and others distinguish between our mathematical
knowledge and formal systems. The formal systems can be understood as attempts
to make our mathematical knowledge explicit. We will follow this distinction to see
whether it helps to resolve some problematic issues. We will call the mathematical
knowledge also implicit, informal and intuitive. Implicit in the sense that we do not

7 Implementing a relativization to predicativism in Feferman’s quote would be a possibility to make Fefer-
man’s remarks coherent, especially as he seems to admit that there are positions that are not committed
to the acceptance of reflection principles. Dean seems to take this interpretation as he writes ‘Feferman’s
use of normative terms like ‘ought’ and ‘should’ to describe the reflective closure of a theory should be
interpreted from the standpoint of predicativism’ (p. 48).
8 Compare the discussion in Franzen (2004).
9 We could try to make use of Wright’s (2004b) explanation of acceptance (of a proposition) as ‘trusting it
(or the theory) or to act on the assumption that it is true’.
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require awareness of this knowledge. Informal, because we think of it as not neces-
sarily recursive in the relevant sense, but rather semi-formal. Intuitive only in so far
as we think that the knowledge stems from a concept of natural number and not in the
sense of being quasi-concrete as for example Parsons uses the notion. So we will use
I to denote our implicit mathematical knowledge.

Whereas the formal systems are bound to some very specific criteria, such as
recursive axiomatizability and others, the mathematical knowledge is less rigorously
restricted. We still take mathematical knowledge to be propositional knowledge, a
form of ‘knowledge that’ in contrast to ‘knowledge of’, so that we can still think
of our mathematical knowledge as collections of sentences. However, in contrast to
formal theories we will allow for closure principles that enable us to consider also
extensions of theories. We will consider different semi-formal principles that could
be assumed for the implicit knowledge side.

Another difference is that for the implicit knowledge we do not need to be able
to claim this knowledge, whereas in the case of the explicit formal theory we do
want to be able to state it as a form of knowledge that we realize to have. This opens
the possibility that we are only entitled, in Burge’s sense of entitlement, to rely on
the mentioned closure principles, without requiring a justification for claiming their
validity. However, in the case of reflection we intend to add the reflection principles
to our formal theory as acceptable principles. In order to be warranted to do this we
do not only need to know the principle as a first-order claim, but we should be able to
claim this knowledge, as a second-order statement that we know that we know.

One of the usual requirements for this implicit knowledge is that it is true. A
seemingly attractive explication of the notion of truth in involved is to understand it
as truth in the standard model. However, there are several reasons why we should not
proceed this way and we will later on explain these reasons. At this point, we will
leave open what understanding of truth is assumed. The importance of the notion of
truth is obvious as it is deeply entrenched with our implicit knowledge and the issue of
accepting a theory as correct. For the acceptance as correct or sound we have several
options, but themost straightforward is that if� � A, then A. But already herewe have
two readings. In the first reading we take it as being allowed in hypothetical reasoning
in the other case not. In case where it is important to distinguish the two readings we
will refer to the first as the conditional form and the second the admissible rule form.
We will subsume all these versions for the time being as acceptance as correct without
more information on the use of correctness.

2 The Basic Setting: Pure Reflection

Before looking at expansions we first choose a purely arithmetical setting as our back-
ground and starting point. There are several reasons for using this framework. First of
all it is suited for the metamathematical considerations at hand. Secondly, we seem to
have a clearer understanding of the relevant notion of truth in this setting. This is con-
nected with the conviction that the structure of natural numbers is a unique structure.
Already in the purely arithmetical setting we have different forms and formalizations
of reflection. There will be even more options if we allow for additional resources,
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such as employing a notion of truth. In this section, we focus on purely arithmetical
principles without a truth predicate.

Because of the limited expressive resources in a first-order arithmetical setting
the unrestricted principles are usually formulated schematically. As formalizations
of our soundness statements the schematic principles of local and uniform reflection
correspond to our conditional soundness assumptions that allow for applicationswithin
hypothetical reasoning. The rules on the other hand correspond to the soundness
rules. Whereas the local rule is conservative and admissible the uniform rule is a real
strengthening and equivalent to the uniform reflection principle itself. The uniform
rule is sometimes also called Kleene’s rule.10

Our first task is to consider different argument forms that try to establish the correct-
ness of the reflection principles.11 We distinguish between strategies that will provide
an informal argument for the plausibility of the principles and formal derivations of
the principles.

In the first case we look at possible semi-formal principles that could be assumed
for the intuitive mathematical knowledge and that would suffice to argue for the cor-
rectness of reflection. These will be mostly metamathematical assumptions.

In the second case we look at extensions of the formal system � that are sufficient
for a derivation of the relevant principles. The metamathematical character of the
reflection principles and the restricted expressive resources in first-order arithmetic
point towards expansions in order to accommodate natural derivations.

2.1 Motivations of Reflection

A naive version of the argument for accepting con� is as follows: by accepting �

we implicitly believe in the correctness and also in the consistency of �. Since conσ

expresses that � is consistent, we should make this implicit commitment explicit by
extending our theory � with the formal principle conσ . Similarly Prσ (�A�) → A
expresses the correctness (or soundness) of�. So we should also accept Prσ (�A�) →
A and add it to our formal theory.

This appears to be a very naive story. Various examples in the history of logics
and mathematics show that such a method is in general not reliable, just think of
naive set theory or naive truth. However, there is a difference between the settings. In
our setting we start with a basic assumption of correctness and the claim is not that
we are guaranteed to have a correct system in the end, but rather that the addition
of the relevant statement does not decrease the reliability of the original system. The
plausibility of the story is then clearly dependent on a suitable reading of ‘correctness’,
but not completely naive anymore.

Let us look at a well known complication for the reading of correctness as simple
consistency. In the case that we only presuppose that � is consistent, we have no
guarantee that the resulting system that we get by adding the consistency statement
will be also consistent, because there are consistent systems that are not correct. More

10 One of the first papers concerning such a rule according to Ignjatović is Rosser’s paper Rosser (1937).
11 In this respect the status of the consistency statement conσ is also relevant. But the equivalence to
�0
1-reflection allows us to subsume this under the heading of reflection.
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concretely, if we consider the system � + ¬conσ , then the assumption that � is
consistent implies that also � + ¬conσ is consistent. If we now look at the extension
of � + ¬conσ by its consistency statement conσ+¬conσ we arrive at an inconsistent
theory. So the acceptance of a theory as consistent is no guarantee for the consistency
of its reflective extension. The consistency statement conσ+¬conσ itself is not the
source of the problem. It is correct and the addition should also be fine, provided that
the theory we extend is itself correct. The problem is that � + ¬conσ is not correct,
assuming that � is correct.

The strangeness of the example disappears, if we read correct as �1-sound in the
commonmodel-theoretic sense, i.e. every provable�1-sentence is true in the standard
model of arithmetic. By our assumption that � is consistent ¬conσ is a �1-sentence
not true in the standard model. The theory � + ¬conσ is therefore only satisfied in
a non-standard model. The lesson to draw is that if we employ a form of acceptance
of � as mere consistency, then we cannot be sure that the consistency extension is
acceptable as well.12 In order to guarantee the preservation of reliability, we have to
understand acceptance as correct in a stronger form. At this point we do not want to
draw other conclusions, especially not from our reference to the standard model. This
leaves us with the more important task of singling out sufficient reasons for accepting
the consistency statement.

A second point of discussion concerns the assumption that conσ ‘expresses’ the
consistency of �.13 The sentence conσ is short for ¬∃xproofσ (�0 = 1�, x) stating
that there is no proof of a contradiction in �. Since the relation of being a proof is
decidable, and in Q all the decidable predicates are strongly representable the proof
predicate itself should be unproblematic and express the relation asked for. We will
provide a more detailed argument without relying on the notion of standard model
later on. Moreover, we assumed a standard representation σ of the axioms of � and
therefore the problem of extensional versus intensional appears not to be relevant for
our case.

One possible reason for the doubt might be that in the formal consistency claim
the universal quantifier is unbounded. So whereas in the informal claim we would
only consider standard proofs with standard lengths, we have to ensure that we only
quantify over natural numbers. In the model-theoretic terminology we have to take
into account non-standard proofs, that we get by overspill. A general worry towards
universal statements not being able to express their informal counterparts appears
exaggerated. However, we admit that an argument is required that warrants the claim
that the universal quantifier ranges over ‘the’ natural numbers and we provide it in
Sect. 4.2.

For consistency itself it is difficult to doubt that conσ expresses the consistency of
� and also the requirements on the metamathematical side to enable an understanding
of this fact are not very far reaching and rather basic assumptions on our understanding
of language.14

12 Compare Franzen (2004) who is very explicit on this point.
13 Ketland (1999) and others seem to be doubtful.
14 As far as the author is aware of, not even finitists tried to avoid Gödel’s theorems by exploiting this
worry of expressiveness.
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2.2 Consistency

One of the most straightforward ways to establish the correctness of the consistency
claim is to use the �1-completeness of �. In our choice of � we have taken care to
have some basic arithmetic so at least Q. As Q is �1-complete any extension � will
be. Now in the case of consistency we can then argue as follows:

Assume that the consistency statement conσ is not true. Then its negation ¬conσ

is true. Since the consistency statement is a �1-sentence the negation will be a �1-
sentence and therefore by �1-completeness of �, � � ¬conσ . But by Gödel � �

¬conσ under the assumption that � is �1-sound. Then we can conclude that ¬conσ

is not true and therefore conσ is true.
So in order to know that conσ is true it is sufficient to know that � is �1-sound.

Here we think of �1-soundness in the conditional form. In general we can conclude
that �1-soundness is preserved by consistency extensions. So if we accept a theory as
�1-sound, then we should also accept its consistency extension as �1-sound.

It is possible to formalize this argument by using an explicit form of �1-soundness
employing the definable partial truth predicate T�1 for �1-sentences.

∀x(�1(x) ∧ Prσ (x) → T�1(x)) (�1-GRFN�)

Then it is possible to show that � + �1-GRFN� � conσ .15 In this explicit form
of the argument it is questionable whether we arrive at an epistemologically relevant
reduction, as the explicit assumption of �1-soundness is far from being more obvious
or evident than the consistency statement itself. The problem for explicit justification
is that as usual the assumptions motivating the formal principles are more committing
than the theorems, unless there is an equivalence. Only in the rare cases where we have
a good intuition to prefer some axioms over theorems there is a real epistemological
gain. However, the explicit principle of �1-soundness of a theory is not an obviously
evident axiom for a first-order arithmetical mathematical theory.

Let us compare this to another way of formally deriving conσ . It is well-known
that conσ is provably equivalent to �1-GRFN� . Moreover, �1-GRFN� is provably
equivalent to�2-GRFN� , a proper extension of�1-GRFN� .16 So in the formal repre-
sentation itwould be sufficient for a justification of the consistency statement to assume
that�1-GRFN� is contained in our implicit knowledge.17 But this is different fromour
informal argument, as can be seen by considering the informal�1-soundness assump-
tion. If we assume that our implicit knowledge is �1-sound, we are not guaranteed
that the consistency statement conσ is true, but rather only the informal consistency
assumption for �, which is not sufficient to argue that � � ¬conσ .

What this argument shows is that it is perfectly possible to argue for the truth of the
consistency statement from informal metamathematical assumptions. So the informal
argument at least circumvents the circularity problem by pushing the assumption of
�1-soundness on the informal level of our mathematical knowledge. Whether this

15 Alternatively we could have also used Rfn�1 (�) which is stronger than conσ .
16 Compare Smorynski (1977, p. 849).
17 Apparently Tennant is arguing in this direction, compare Dean (2014) footnote 31.
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resolves the issue or just shifts the problem is up for discussion. That is we still have
to answer the question how these informal soundness assumptions are motivated and
on what our warrant to the corresponding closure principle is founded.18

2.3 Local Reflection

In the case of reflection we can use the strategy of�1-completeness only for restricted
versions, such as �1-reflection. The argument that shows that the consistency state-
ment implies�1-reflection exactly employs this strategy. In the general casewe cannot
use the �1-completeness directly. But what about using a stronger notion of accep-
tance as correct, specifically a notion of full soundness? If we think that for all A ∈ I ,
A is true (orN |� A) and that� ⊆ I , we could try to argue for the warrant to explicitly
accept also local reflection.

We know that if � is sound (in the conditional form), then � + Rfn� will also be
sound. So if we think that � ⊆ I and I is sound, then we are warranted to consider
� +Rfn� ⊆ I . Again we have to consider the warrant for taking I to be sound in the
conditional form.

Franzen (2004 p. 207) draws the conclusion that ‘if we don’t know T to be sound,
there is no obvious reason why we should accept every autonomous extension by
reflection’. On the other hand, if we know that � is sound, then there is no obvious
reason why we should not accept every autonomous extension by reflection.

One of the shortcomings here is the fact that we cannot simply state this knowl-
edge in a single arithmetical sentence. Because of Tarski’s undefinability of truth the
formalized version has to either rely on first order-approximations of the soundness
claim, or we have to expand the expressive resources appropriately.

If we think of the reflection principles as adequate first-order approximations for
expressing the informal soundness claim, the circularity of the argument becomes
obvious. So the question remains whether the reflection principles are explicit for-
mulations of the soundness claim and whether we have to justify these principles, or
not.

In case of the local rule of reflection we are able to provide an argument, by assum-
ing only the informal �1-soundness in its conditional form. In general, the rule is
admissible for �1-sound theories �, although this admissibility is not provable in �

itself. So adding the local rule of reflection to � will not provide new theorems.19 In
contrast to the local reflection principles, we have an informative way to argue for the
acceptability of the rule.

The distinction between the conditional form and the rule form is also connected
with the question of correctly expressing, because in the case of reflection principles,
we might have the additional concern that the material conditional gives a stronger

18 Piazza and Pulcini (2015) claim that this strategy is not satisfactory as it relies on the derivation of �1-
completeness of� and that this derivation already uses a form of generalization on arbitrary objects. I do not
see this as a general problembecause the�1-completeness proof can be formalized in systemswith restricted
induction such as I�1. So for accepted theories extending I�1 the argument should be unproblematic. A
closer inspection is needed for weaker theories. Horsten (2021) provides a phenomenological story for the
process of reflection in the case of accepting the consistency statement.
19 Parikh (1971) showed that there will be substantial speed-up.
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formalization than intended. There is also a dependence on the question, what the
informal soundness claim amounts to. The informal soundness claim is usually also
supposed to support hypothetical reasoning. For example in the incompleteness theo-
rems we usually argue by the assumption that for the Gödel sentence Gσ , its negation
¬Gσ is derivable.Under that assumptionwe employ the soundness claim.Although the
conditional form is commonly in use, this does not preclude an understanding of accep-
tance of a theory in rule form. In terms of our implicit knowledge the difference would
amount to our implicit knowledge containing all the conditionals I (Prσ (�A�) → A)

or being closed under the rule, i.e. I (Prσ (�A�)) → I (A).
The conditional not only implies an unproblematic local reflection rule, which is a

form of conecessitation � Prσ (�A�) ⇒� A. With the contraposition of the reflection
principle we also get a rule of the following form � ¬A ⇒� ¬Prσ (�A�), labelled
(¬Rfnr�). Whereas � � ¬A ⇒ � � Prσ (�¬A�) is derivable by �1-completeness of
�, the negated version (¬Rfnr�) establishes new �1-sentences, such as conσ and is
therefore independent. However, in the light of our consistency or correctness assump-
tion regarding �, a principle such as ¬(Pr��A� ∧ Prσ �¬A�) appears plausible and
this is sufficient to derive the rule (¬Rfnr�).20

Whereas an argument for the local reflection rule seems promising, there are several
reasons for not being satisfiedwith local reflection itself. The argument from soundness
is not as convincing as one might wish. Also the full soundness statement is not fully
expressible in the purely first-order arithmetical setting. Moreover, local reflection is
rather weak. The expectations in case of the assumption of full soundness is much
higher and should provide us with reasons to accept stronger reflection principles.
Let us therefore take a closer look at uniform reflection, one of the most important
reflection principles in the discussion.

3 Motivating Uniform Reflection

A direct argument for the uniform reflection principle appears to be difficult. It will
inherit not only the problems we encountered in the case of local reflection, but also
some additional obstacles. Luckily there is an alternative path that will bring us to
the same conclusion. The idea is basically to motivate the uniform reflection rule as
a generalization of the local reflection rule. For a clarification of this step, we will
take a detour via the infamous ω-rule. Although this rule would clearly justify the
step from the local to the uniform rule, it is impossible to add it to the formal theory.
Moreover, it is problematic to assume the ω-rule as a warranted closure principle for
our informal knowledge. Therefore we will focus on more constructive versions of the
rule. Finally, we can employ a variant of Feferman’s equivalence result, establishing
that the uniform rule is equivalent to the uniform reflection principle.

20 Even if we grant that soundness should support hypothetical reasoning, the conditional form might not
be the best version. One of the problems with the conditional is that it is completely based on the deduction
theorem and the classical setting, where the conditional works fine. For sequent systems a rule form might
be preferable, such as �, Prσ (�A�) ⇒ A, �. The difference will appear substantial in the case of sentences
which are neither determinately true nor false.
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3.1 The Reflection Rule

Before we dig into the acceptability of the uniform rule we take a look at the equiva-
lence as proved by Feferman (1962) Theorem 2.19. The central step in the argument
establishes that the uniform reflection principle in the form ∀x(Prσ (�Aẋ�) → A(x))
is derivable from the reflection rule. The proof is a clever argument employing differ-
ent facts. Besides the usual properties of formal provability predicates it relies on a
formalized version of Craig’s trick that allows Feferman to employ a proof predicate
proofσ ′ that binumerates the proof relation of a recursively enumerable theory � rep-
resented by a formula σ . Reformulating the uniform reflection principlewith this proof
predicate as ∀x∀y(proofσ ′(�Aẋ�, y) → A(x)) allows him to see it as the result of
applying the reflection rule to the premise ∀x∀y(Prσ (�proofσ ′(�Aẋ�, ẏ) → Aẋ�)),
which is itself derivable in Peano arithmetic. The proof of this latter fact, Lemma
2.18 in Feferman (1962), makes use of the formalized�1-completeness. Although the
proof applies the law of excluded middle, the application would also be justified in an
intuitionistic setting as its instance is concerned with the decidable proof predicate.

The equivalence proof makes only use of basic facts and relying on the equivalence
should really be unproblematic. Therefore, it would be a suitable justification for the
reflection principle, if we could argue for our warrant to claim the uniform reflection
rule to be admissible. In a way, we can interpret the equivalence as establishing that
the use of the conditional within the uniform reflection principle is unproblematic. If
we are entitled to claim the admissibility of the rule for our mathematical knowledge
I , then we are also warranted to accept the conditional claim.

To argue for the correctness of the uniform reflection rule and our entitlement to
claim its admissibility, will be a greater challenge. If we intend to rely on the correct-
ness of the local reflection rule we have to analyse the similarities and differences.
Especially we have to explain how the step from Prσ (�Aẋ�) to A(x) is different from
the step from Prσ (�A�) to A and why it is nevertheless unproblematic. Besides an
argument for the correctness of the rule we will analyse the background assumptions
that are needed for the correctness argument.

To avoid a possible misinterpretation of the uniform reflection rule we remind
the reader that it is not just a generalization of the local rule in allowing formulas
instead of sentences. It is crucial that �Aẋ� is a complex term with a free variable
and not a constant denoting the open formula, such as �A(x)�. Officially �Aẋ� is an
abbreviation for sub(�A�, �x�,num(x)), where sub is a function symbol representing
the primitive recursive substitution function for terms in formulas and num a function
symbol representing the primitive recursive function that sends a number n to #n, the
Gödelnumber of its numeral.

If we look at the premise of the uniform reflection rule, we see that from
� Prσ (�Aẋ�) we can derive all the ‘standard’ instances � Prσ (�A(n)�) for numerals
n. Applying the local reflection rule would give us � A(n) for all n ∈ N. Assuming an
understanding that the numerals exhaust all the natural numbers we could argue that
∀x A(x) has to be correct.

Clearly there are several moves in this argumentation, that are question begging,
but let us try to make them more reasonable as we go along. There are two basic
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problems: first of all we have infinitely many inferences, as well as an inference with
infinitely many premisses. A second problem lies in the assumption that the numerals
exhaust the natural numbers. This seems to presuppose a conception of the natural
numbers that is in need of some further explanation. From an external perspective
and the assumption of an intended interpretation in which ∀x is intended to run over
the natural numbers N the argumentation appears to be trivially sound. If we fix
our interpretation as given by the standard model, then we don’t have any problems
with the validity of this move. However, this presupposes a prior understanding of
‘standard model’ or ‘natural number’ itself, an assumption we are reluctant to make
from our more moderate perspective, as it would undermine our undertaking. We have
to address this concern in detail in the next section, but for the moment we will focus
on the infinity problem.

3.2 The!-Rule

One way to argue for the plausibility of the inference step is to consider a form
of ω-rule and taking uniform reflection to be a ‘constructive’ counterpart. Clearly
the ω-rule is not adoptable in the case of our explicit formal theory. However, is it
reasonable that our informal arithmetical knowledge is closed under the ω-rule? Also
this version is rather implausible, as it would make unrealistic assumptions regarding
the abilities of the average mathematician. By accepting or assuming the ω-rule we
seem to subscribe to a pretty realist picture, which is in contrast to a more naturalistic
picture that assumes some form of moderation. Not much is gained in contrast to
employing a standard interpretation of the ‘natural numbers’. Since this system is
complete for arithmetical sentences all models of PAω are elementary equivalent to
the standard modelN . This fact and the implausible demands on the mathematicians
abilities show the unsuitability of the ω-rule as a reasonable motivation for uniform
reflection.

So far we haven’t considered the possibility that these strong assumptions are not
necessary. Especially, we are wondering whether there is a less committing under-
standing of the concept of natural number that still provides sufficient reason to accept
uniform reflection. Let us try to be more modest by considering alternative ways to
argue for uniform reflection. The strategy that we will consider concerns more con-
structive forms of the ω-rule. This constructiveness requires that we have a uniform
proof strategy that works for all natural numbers. This also means that we are able
to establish a formalized version of it. We will argue that the premiss of our uniform
reflection rule almost directly expresses this.21

3.3 The Constructive!-Rule

One of the problems of theω-rule is its infinitary character and therefore its unsuitabil-
ity to function as an effective rule in a formal system. Instead of using the full ω-rule

21 An alternative strategy for avoiding the ω-rule could be by introducing a rule of generalization, working
with arbitrary natural numbers. We will not pursue this strategy here further.
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one could try to use a constructive version of the ω-rule. Piazza and Pulcini (2015)
recently suggested to employ a constructive version of the ω-rule for these purposes.

So let us look at the strategy of using a constructive ω-rule. The use of the term
‘constructive ω-rule’ seems not to be uniform in the literature. For concreteness we
will therefore focus our discussion on Shoenfield’s version in Shoenfield (1959). The
main ingredient of the constructivization of the ω-rule is the extra requirement for the
premiss, in Shoenfield’s words: that there is ‘an effective method of obtaining a proof
of A(n) when n is given’.

Basically we require that there is a recursive function, that for every n will provide
a code of a proof of A(n). So we want a recursive function f such that for all n ∈ N,
(#A(n), f (n)) ∈ PROOF� or in its representation as proofσ (�A(n)�, f (n)). In a
first order setting we cannot existentially quantify over functions and therefore it is
difficult to literally state it as a rule of inference. Even if we cannot quantify over
functions in a first-order setting we can quantify over indizes for partial primitive
recursive functions. We can formulate it as ∃eproof (�A(n)�, {e}(n)). This is closer
to

∃eproof(�Aẋ�, {e}(x))
∀x A(x)

In Shoenfield (1959) the official definition is an inductive definition of a set of
sentences Z∗, closed under the constructive ω-rule. Surprisingly as it turns out Z∗
contains true arithmetic, i.e. the set of first-order arithmetical sentences true in the
standard model and therefore the constructive ω-rule has the same strength as the
full ω-rule with respect to first-order arithmetic. Therefore, also in this case it is not
plausible to assume that I is closed under the constructive ω-rule.

Despite its name the constructive ω-rule therefore inherits several of the features of
the ω-rule. One of them is its informal character, we cannot employ it as an effective
rule in a formal system. However, we can define the set of codes of proofs in Z∗ via
an inductive definition, along the notations in Kleene’s O. Comparing it with the sit-
uation of Feferman’s completeness results for transfinite progressions it appears that
this inductive definition is not only of the complexity �1

1 as the set of true arithmeti-
cal sentences, but at least �1

1. Moreover, it seems to inherit all the epistemological
problems that apply to Feferman’s completeness results in Feferman (1962).22 It is
well known that these completeness results are of limited value for the search of cap-
turing intuitive arithmetic.23 The problem is that employing progressions along paths
through Kleene’s O to extend our formal theories would presuppose knowledge that
undermines the approach.

These are reasons enough to also give up on ‘the’ constructive ω-rule as providing
a warrant for accepting uniform reflection, at least in Shoenfield’s version. Besides the
complexity issues of the definition we still have a reliance on a substantial notion of

22 Compare Franzen (2004, 378f).
23 Turing, Feferman and others seem to agree on this. For a discussion of these issues compare also Franzen
(2004).
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‘natural number’.24 The problem is not that relying on a notion of natural number is in
principle problematic, rather it is invoking concepts or structures that are even more
demanding and therefore unnecessarily strong. In this specific case it is Kleene’s
O itself, which is a more complex structure than the inductive structure of natural
numbers.

3.4 From the Constructive!-Rule to the Uniform Reflection Rule

As we have seen Shoenfield’s constructive ω-rule is in several respects not suitable for
our purposes. It is not directly formalizable as an effective rule in the first-order setting
and it is not acceptable as a closure principle for our arithmetical knowledge. In order
to circumvent these problems we will formalize the idea behind the rule, i.e. we will
not only require that there is a recursive function that provides for any n a proof of
A(n), but additionally that this is recognizable or provable. There are three problems
to be fixed:

First, we need to decide which proof system is represented by our proof predicate,
especially we have to decide whether it includes the additional rule or not. The former
option has an air of circularity and requires an inductive definition that is too complex
for finding a system that is closed under a reflection rule for itself and appears to
require already some form of reflective closure. The latter option on the other hand is
unproblematic and it is standard in these settings to settle for this more modest option
and we follow this practise. However, also in the latter version it points towards an
iterative process that can be repeated and leading to a hierarchy of stronger and stronger
systems. To avoid possible confusion, it is preferable to treat it as a closure principle
stating that if the premiss is derivable in the base system �, then the system closed
under the rule �r contains the conclusion of the rule. If � is recursively enumerable,
then �r is as well, so we can treat it in the usual fashion as an axiomatizable theory in
contrast to the closure under Shoenfield’s constructiveω-rule.Also in the formalization
we will distinguish proof σ and proof σ r .

Second, we need to ensure that e is a total function and moreover that it can be
recognized to be total, i.e.we require it to be provably total in�. In order to simplify the
presentation we make some unproblematic simplifications. Rather than quantifying
over indices for partial recursive functions we will assume that our theories contain
function symbols f for all primitive recursive functions and prove the recursive clauses
for them. Basically, we assume that the theories of interest are extensions of the non-
equational version of PRA, also known as QF-IA.

Thirdweneed tomake the position forn arbitrary. This is achievedwith the primitive
recursive num function.

24 Piazza and Pulcini at this point give it a twist. In order to circumvent a dependence on a prior under-
standing of natural number, they just take the rule as basic and state that natural number is everything that
conforms to such a rule. It is difficult to understand this move as it requires a primitive understanding of the
rule. We have seen that it is not easy to grasp the rule itself and a characterization of the rule employs the
notion of recursive function as well as that of inductive definition. Both notions are closely connected to
the notion of natural number. We think it is a serious undertaking to explain the constructive ω-rule without
relying on the notion of ‘natural number’.
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We therefore focus our attention on rules of the form:

� � ∀xproofσ (�Aẋ�, f (x))
(UR) for f a primitive recursive function

�r � ∀x A(x)

For simplification we onlymentioned the rules for 1-ary primitive recursive functions,
but we assume the rules for arbitrary arity. Officially, the theory �r is the deductive
closure of � ∪ {∀x Ax | � � ∀xproofσ (�Aẋ�, f (x)) for some primitive recursive
function f }.25

Since � � ∀xproofσ (�Aẋ�, f (x)) implies � � Prσ (�Aẋ�) our rules (UR) are
contained in the rule of uniform reflection. In the other direction we show that we
can derive all the instance of uniform reflection in �r . We proceed by following the
structure of Feferman’s equivalence proof. We can replace the provability predicate
by a suitable proof predicate for a specific primitive recursive function. For the crucial
step employing the formalized�1-completeness, we rely on the fact that for a primitive
recursive formula A(x, y), there is a primitive recursive function f , such that � �
A(x, y) → proofσ (�Aẋ, ẏ�, f (x, y)).26

Let B(x, y) be an abbreviation for the formula proofσ+(�Aẋ�, y) → A(x)), where
proofσ+ is the proof-predicate that we get by using Craig’s trick. Then the argument
runs as follows:

proofσ+ (�Aẋ�, y) → proofσ+ (�Aẋ�, f (x, y)) for f p.r. with f (x, y) = y

proofσ+ (�Aẋ�, y) → proofσ+ (�Bẋ, y�, f ′(x, y)) by weakening

¬proofσ+ (�Aẋ�, y) → proofσ+ (�¬proofσ+ (�Aẋ�, ẏ)�, g(x, y)) by �1-completeness

¬proofσ+ (�Aẋ�, y) → proofσ+ (�B(ẋ, ẏ)�, g′(x, y)) by weakening

Since proofσ+(�Aẋ�, y) is decidable, we can construct a primitive recursive function
h by cases from f ′, g′ to get:

� � ∀x∀yproofσ+(�B(ẋ, ẏ)�, h(x, y)).

Applying our primitive recursive rule for h we receive

�r � ∀x∀y(proofσ+(�Aẋ�, y) → A(x)),

which is provably equivalent to an instance of uniform reflection, so we get

�r � ∀x(Prσ (�Aẋ�) → A(x)).

The conclusion of this argument is that Shoenfield’s constructive ω-rule is not
needed for the uniform rule of reflection, but a much more modest form, such as our

25 Ignjatović (1994) uses similar rules with additionally restricting it to primitive recursive formulas A,
which is a substantial restriction. He also remarks that the other restriction, that the proofs have to be given
by a primitive recursive function is an inessential difference to Feferman’s uniform reflection rule. Compare
his remark in fn. 24 on p. 340.
26 See for example Lindström (1997 Fact 9, p. 17).
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(UR) suffices. At best it can be seen as a heuristic intermediary step, but it plays no
substantial role, similar to the full ω-rule. Once we have understood the motivation
for (UR) we can drop these intermediary steps that are much more demanding on
their presuppositions. Whereas the ω-rule presupposes a standard understanding of
numerals, the constructive ω-rule presupposes the impredicative notions of inductive
definitions. Our (UR) on the other hand seems only to presuppose an understanding
of provably recursive function and the totality of the num function. But let us take a
closer look at the presuppositions.

We have on the one hand the presuppositions for the equivalence, which are as
we have seen minimal. They include formalized �1-completeness. More pressing are
questions concerning our constructive reflection rules (UR). As we want to employ it
for claiming the acceptability of the uniform reflection principles, we should argue
that we can claim the admissibility of (UR) for our informal knowledge. The strategy
will be to argue that there are coherent conceptions of natural number that not only
provide a warrant for the acceptability of an arithmetical theory �, but moreover for
the admissibility of (UR).

A specific concern has been put forward by Franzen (2004, p. 217), who claims that
the uniform rule of reflection is not an expression of trust. The reason he provides is
supported by an example of a derivation of the consistency of a theory from the theory
together with the uniform reflection rule. In the example the consistency is derived via
a specific assumption and the rule appears to be used in an unintended way. Franzen
takes this as the basis for the claim that every use of the rule is unintended. However,
there are examples in the literature, where such a rule is employed in the intended way
and moreover plays an important role. A specific example is given by Schwichtenberg
(1977) in his proof of Theorem 5.2 on p. 892f., where he uses an instance of the rule
to establish the schema of transfinite induction up to ε0, TIε0 . Together with the fact
that transfinite induction for ε0 is equivalent to uniform reflection over PA, this also
shows that our rules (UR) are equivalent to uniform reflection.

4 Informal Arithmetic and the Natural Numbers

In the previous sectionwe have argued that there are suitable rules (UR) thatwarrant the
adoption of uniform reflection principles in the arithmetical setting. In other words,
if we assume that we are warranted to claim that our informal arithmetic is closed
under the rules (UR), then it is reasonable to explicitly add the uniform reflection
principles to our best formal theories of arithmetic that we have. Now it is time to
look at our warrant to claim the admissibility of those reflection rules. Since we rely
on a strong form of acceptance, which is not forced on us in general and as the status
of the reflection principles is not independent of the more general views concerning
mathematics and metamathematics we have to take a closer look at these foundational
conceptions.

We have argued that an explicit justification of reflection principles in form of
derivations from epistemically more basic principles is unmotivated. The formal
attempts of justification provide some technical insights into the strength of the
principles itself and possibly also connections to other principles, such as induction

123



Another Look at Reflection 497

principles. However, it appears unlikely that there is an informative way to reduce the
reflection principles to principles that are epistemically more basic. The acceptance
of the principles that allow for a derivation of the reflection principles is at least as
committing as accepting the reflection principles themselves. This is especially telling
in the pure arithmetical setting, where the close analogy to transfinite induction points
towards an understanding of the status of the reflection principles in close analogy to
other axioms.27

The reflection principles are not obviously true. It takes amoment of ‘reflection’ and
some ingenuity on Gödel’s side to see their truth.28 Not all axioms are obviously true.
For example the set theoretic axioms are often motivated via the iterative conception
of set. In the case of arithmetic the concept of ‘natural number’ is involved in the
formulation of axioms or axiom schemata. It is one of the tasks of a philosopher
to clarify what assumptions on the side of informal arithmetic suffice to motivate
reflection principles.

4.1 The Inductive Conception of ‘Natural Number’

There are two extreme positions that will not concern us here further. On the one
hand there are foundational views taking the connection between the formal system
and the implicit mathematical knowledge to be very close or even identifying the two.
Sometimes their understanding of arithmetic is tied to specific formal systems, such as
PRA, PA or others. In such a case there is no reason to ask of the holder of such a view
to be committed to reflection principles for that system. Therefore the strong version of
ICT as a general claim is implausible.29 These conceptions are not sufficient to provide
awarrant for reflection, namely those that are based on the view that everything that we
know about the natural numbers has to be expressed in a fixed first-order arithmetical
language.30 On the other hand there are positions that trivialize the role of reflection,
i.e. positions that presuppose a special access to ‘the’ unique structure of the natural
numbers. In order to have a point of reference we follow partially the distinctions used
in Button andWalsh (2018). In their terminology we consider ‘moderate’ conceptions.
Therefore we exclude very realistic or platonistic versions of the concept of natural
number.31

A coherent conception of natural numbers providing a warrant to accept reflection
is conceptual-structuralism, as argued for by Parsons and Feferman.32 The structure of
natural numbers is understood as anω-sequence or an inductive set. Our knowledge of

27 Although labelling such an analogy as ‘justificatory equivalence’, as Dean (2014) does, appears to be in
need of an argument.
28 Compare Horsten (2021) for an interesting analysis of this notion of ‘reflection’.
29 Dean (2014) and Horsten (2021) seem to share this view.
30 It is not obvious whether those ‘formalist’ conceptions are very attractive and their coherence has also
been questioned, but it is not the place to provide an argument.
31 Also here there a different shades of realism. Bernays (1935) was one of the first to distinguish different
forms of Platonism.Whereas Bernays sees strong forms of Platonism threatened by paradoxes, he considers
weaker forms of Platonism. One of the ingredients is the acceptance of the natural numbers as a completed
totality, in contrast to constructive conceptions.
32 We distinguish it from object-structuralist positions.
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the concept of the natural numbers goes beyond a fixed first-order theory in a language
with a fixed signature. A conception of the natural numbers as an ω-sequence allows
us for example to claim induction not only for formulas of the specific language of
arithmetic built on 0, Sc,+,×, but for any definite property of the natural numbers
expressible in a suitable language expansion.33 This is a coherent position, even if we
do not have a clear delineation of the concept of definite property. It is sufficient, to
accept the induction principle for a predicate P , if we come to accept the predicate
as expressing a definite property of the natural numbers that we could not express
with the standard PA-signature. These expansions need for every case a judgement
of the mathematician and it is therefore itself not given as a definite collection.34 In
order to understand this we do not need to presuppose the set of all subsets as a ‘given
totality’. This would undermine our undertaking as it requires an understanding of a
more complex structure than the structure of the natural numbers itself.

The intuition that there is only one structure of natural numbers is very strong.
Arithmetic is a ‘univocal’ theory in contrast to algebraic ones and there is good reason
for this kind of uniqueness and it also plays part in the motivation for reflection. In
the following, we will see the connection more clearly, but let us first mention one of
the central issues for conceptual-structuralism: the doxological challenge35, i.e. the
challenge to explain how it is possible to access a ‘unique’ structure of natural numbers.
The challenge is a real challenge because in the light of moderation our access to the
structure is restricted, so that we can assume only access by description and not by
acquaintance.36

Another obvious task is to provide an explication of structure itself. An attractive
option is to conceive of structures as model-theoretic structures, a position which we
label ‘modelism’, again following Button and Walsh. In this case, uniqueness boils
down to a class of isomorphic models and the doxological challenge in the case of
arithmetic is to find a way to single out the class of structures that are isomorphic to
the standard model.

It is well-known that there are several properties that make the standard model
special. First of all, it is the initial segment of all PA-models and therefore unique.
Secondly, according to Tennenbaum’s result it is the only model in which addition and
multiplication are computable.37 There are more ways to characterize the standard
model. This seems to be a good indication that there are ways to differentiate between
the intended structure and non-standard models.

These characterizations require not only additional resources that go beyond a fixed
first-order arithmetic describing the concept of the natural numbers, but also introduce

33 Views in this direction have been expressed by Parsons (2008), Feferman (2014), Lavine (1994) and
others.
34 Compare Feferman (2014).
35 The term doxological is introduced by McGee and taken over by Button and Walsh (2018).
36 Excluded are therefore forms of platonism as expressed for example by Gödel, as well as forms of
intuitive arithmetic as expressed by Parsons (2008). Even if the story of Parsons concerning intuitive
arithmetic might have some appeal, this kind of access is not sufficient to provide a warrant for reflection
principles, because only a limited amount of primitive recursive functions is intuitable.
37 Halbach and Horsten (2005) sketch a form of computational structuralism employing Tennenbaum’s
theorem.
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an additional dimension to the structure of natural numbers, such as the domain of
second-order quantifiers. In principle, we think that it is not a problem to allow for
additional expressive resources, representing properties of natural numbers and this
will also be the way that we proceed. However, to single out the standard interpretation
among all the PA-models it is not sufficient to add predicates, but additional structural
components or semantic restrictions are required. This is reason enough to dismiss
modelism, at least for questions concerning reflection. Improving our understanding
of the natural numbers by excluding some non-standard interpretations by the addition
of new predicates is possible. For the motivation of reflection principles, however, it
is not necessary to uniquely determine the standard model.

A similar conclusion is reached by considering an argument given in Button and
Walsh (2018). They argue convincingly that there is a serious problem for moderate
modelism. The argument has well-known predecessors and in simplified form it runs
as follows. In order to fix an isomorphism type for arithmetic wewould have to employ
‘full’ second-order logic, in the semantic sense, which is not justified bymoderation.38

Button andWalsh conclude that onewould have to give up onmoderation ormodelism.
In our case giving up moderation seems to grant also reflection. For us therefore, the
interesting case is giving up on modelism.

In the case of arithmetic there are additional considerations that provide reasons
for giving up on modelism. By looking at the presuppositions of model-theory itself
we realize that already on the language side of model-theory we are making use
of an inductive structure, such as the formulas, conceived as types. These inductive
structures are structurally equivalent to the structure of natural numbers.Model-theory
therefore itself presupposes an understanding of an inductive structure, so that it is not
suitable to provide a reduction in the relevant sense.39

This leaves uswith two open problems: Explicating the structure of natural numbers
and the uniqueness issue. For the first we follow Parsons and others in characterizing
the structure of the natural numbers as one that satisfies induction (and recursion) in an
open-ended way. Therefore the natural numbers are such that for any definite property
that is expressible via some predicate P in some suitable expansion of the arithmetical
language, we have induction for P .

According to Button and Walsh, there is also a solution to the second problem,
at least if we allow for second-order arithmetical theories, not requiring a standard
semantics but also allowing for a Henkin semantics. By internalizing the categoricity
result we can argue within second-order arithmetic even without restricting attention
to ‘full’ second order logic in the semantic sense. The internal categoricity result
is less demanding40 and therefore also the conclusion of the internal categoricity is
weaker than the external categoricity theorem. According to Button and Walsh, it

38 Isaacson (2011) on the other hand seems to give up on moderation and argues for the adoption of full
second-order logic as the only option to get an external categoricity result and with it uniqueness.
39 A similar point can be made with respect to set theoretic reductionism.
40 The requirements depend on the formulation of the internal categoricity result. What is definitely suffi-
cient, is the axiomatic theory of second-order arithmetic, without assuming a ‘full’ second-order semantics,
see for example Väänänen and Wang (2015). Simpson and Yokoama show that for a specific version, that
WKL0 is sufficient, whereas Feferman argues that his version is directly formalizable in a conservative
extension of PRA.
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is still sufficient to argue for a univocal structure of natural numbers and provide a
solution to the doxological challenge. They label the relevant corollary to the internal
categoricity, intolerance. Intolerance states that for an arbitrary arithmetical sentence
either all the internal structures satisfying the axioms of PA2 make the sentence true
or all structures make it false. Even if we cannot externally establish categoricity the
non-standard models do not really pose a threat for a non-modelist.41

There is a rather peculiar point about the use of the second-order version of arith-
metic. Even if we do not presuppose ‘full’ second-order in the semantic sense, we still
quantify over ‘arbitrary’ subsets of the natural numbers. Conceptually this appears to
be a non-trivial step in addition to the concept of natural numbers as an ω-sequence.
From a foundational point of view it is coherent, if not plausible, to assume that the
concept of natural numbers is understandable without presupposing an understand-
ing of the concept of arbitrary subset of natural numbers. We focus on positions that
take arithmetic as the very starting point, i.e. positions that take the structure of the
natural numbers (ω, ...) as more basic than the structure of second-order arithmetic
(ω, M, ....). The latter structures are implicit in employing impredicative second-order
arithmetic and with it second-order quantifieres. These reservations about impredica-
tive comprehension are not connected to questions of semantics or the missing of
compactness, but rather about a second-order quantifier as presupposing the concept
of arbitrary subset of natural numbers. These second-order quantifiers rely on a col-
lection of subsets of natural numbers as a completed totality. Even if someone does
not share these predicativist worries, employing second-order arithmetic is not useful
in our setting, because the axioms go way beyond adding uniform reflection principles
to PA. Already �1

1-CA is far stronger than the reflective closure of PA.
The alternative route that we proceed, is to give up on the formality and allow for

an informal understanding of arithmetic and induction as an open-ended schema.42

The price we have to pay is that we do not have one formal theory of arithmetic, but
a series of acceptable theories. In this picture the acceptance of reflection principles
emerges as very natural.

From the perspective of open-ended theories we have to answer at least two chal-
lenges.43 Even if we do not pose the problem of uniqueness as a question of standard
versus non-standard models of arithmetic, we have to address the related issue in form
of the doxological challenge, solving the conflict between our intuition or desire that
there is a uniqueness or definiteness about the structure of natural numbers and our

41 Button and Walsh (2018) call the intermediate position internalism, which is close in spirit to what
we sketch here. However, they connect internalism with a claim that disallows the internalist semantic
reflections in form of semantic ascent. We do not follow this identification. Whereas we do not allow for
a model-theoretic reductionist position we still allow for ‘semantic reflections’ in form of semantic ascent,
at least as provided by a deflationary notion of truth.
42 Whether this open-endedness should be made explicit along the lines of Feferman’s conception of open-
endedness as captured by a rule of substitution as for example in Feferman (1991) is a different question
and will not be answered here.
43 A challenge that we will not address here is the claim that schematic induction is not understandable
without the second-order induction axiom, a claim made for example by Kreisel (1967). For foundational
goals such a view appears to be problematic, because it presupposes an understanding of second-order
quantification, which is relying on an understanding of ‘arbitrary’ subset of natural numbers that is again
question begging.
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abilities to single out a unique structure. The situation is clearly different to the alge-
braic case where we do not have the uniqueness, but also to the case of set theory.44

Since we cannot use the strategy of Button andWalsh via second-order arithmetic and
intolerance we are forced to give a different answer more in line with Parsons. Parsons
asks us to imagine two mathematicians, Kurt and Michael, who share some arithmeti-
cal background assumptions for their specific arithmetical vocabulary. Assuming an
understanding of the open-endedness that allowsKurt to use induction and recursion on
the concepts of Michael and vice versa, enables Parsons to use an internal categoricity
result. Whether this internal categoricity result is acceptable is up to debate.45

Even if we can solve the doxological issue in this way, it is not clear whether the
argument provides sufficient reason for the acceptance of an analogue of intolerance.
In order to formulate intolerance for the full language and for internal structures of
schematic theories of arithmetic we would have to expand our expressive resources.
The appropriate notion appears to be truth itself, but as long as we are not able to estab-
lish the definiteness of all our arithmetical notions we are not warranted to introduce
a truth predicate for the full language.

4.2 WhyWe Can Agree on Correctness Statements

Luckily we do not have to settle this question in full, but a partial answer will suf-
fice. Moreover, we will not need the full schematic version of intolerance for all the
sentences. It is unproblematic to argue for the absoluteness of the �0-formulas. The
escape route is provided by our restriction of the premise in our rules (UR), especially
by our requirement of the primitive recursive function. All mathematicians sharing the
picture of the natural numbers as given by open-ended induction and recursion should
agree on the acceptability of (UR) and with it uniform reflection.

The starting point is the simple observation that we have an internal absoluteness
for �0-formulas A: If we have two vocabularies that agree on at least the axioms of
Q, then we have to agree on the recursive concepts.

Proposition 1 If A(�x) is an arithmetical formula in which all the quantifiers are
restricted, then for any vocabularies (N1, z1, S1), (N2, z2, S2), if they satisfyQ, then they
agree on the status of A. If we allow for induction and recursion for both vocabularies,
then we can prove:

Q(N1z1S1) ∧ Q(N2z2S2) → (A(N1z1S1) ∧ A(N2z2S2)) ∨ (¬A(N1z1S1) ∧ ¬A(N2z2S2))

Here Q(N1z1S1) stands for the conjunction of the axioms of Q formulated for the
vocabulary (N1z1S1) and A(N1z1S1) for the replacement of N, 0,Sc in A by N1, z1, S1.
For simplification we will just write A1.

44 Feferman for example takes the structure of natural numbers to be clear and definite, whereas for set
theory there is no determinate truth-value. The question whether set-theory has a unique definite structure
will not be addressed here.
45 For a criticism of the appropriateness of using induction and recursion in such a way see Field (2001).
Field argues that it is not appropriate for Kurt to use induction to establish the surjectiveness of the function
from his numbers to the numbers ofMichael. Feferman establishes the bijectiveness by additionally defining
a function from Michael’s numbers to Kurt’s numbers by recursion on Michael’s numbers.
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The argument basically follows Parsons’ and Feferman’s suggestions.46 Since we
allow recursion for both vocabularies, we can define two primitive recursive functions
g : N1 → N2 with g(z1) = z2 and g(S1(x)) = S2(g(x)) as well as h : N2 → N1
with h(z2) = z1 and h(S2(x)) = S1(h(x)). Then we can show that g(h(x)) = x and
h(g(y)) = y, establishing basically the existence of an isomorphism, between the two
structures of natural number. Based on this it is easy to show that for an arithmetical
formula A(�x)with restricted quantifiers A1(�x) → A2( �g(x)) and A2(�x) → A1( �h(x)).
Therefore, it is reasonable that mathematicians are able to agree on �0-formulas
without relying on the concept of the standard model, but on a concept of natural
numbers based on induction and recursion.

So far wemade a case for the agreement on�0-formulas and especially the premise
of our constructive reflection rules (UR). Let us try to connect this with our informal
arithmetic as given by the open-ended schematic understanding of induction and recur-
sion. Let us assume that for a formula A(x) and a primitive recursive function f , we
have established � proofσ (�Aẋ�, f (x)).

This does not only provide us with a reason to believe in the correctness of
Prσ (�A(n)�) for all our ‘natural numbers’, but that anybody having a similar inductive
conception of natural numbers will agree that for all his numbers Prσ (�A(n)�) will
be the case.

We would like to have an inductive argument for the correctness of ∀x(N(x) →
A(x)). Let us try to argue informally in a metatheory and assume that f (z) is given
by the primitive recursive function g(z) and f (Sc(x)) by h( f (x)):

1. � proofσ (�Aẋ�, f (x))
2. � proofσ (�Az�, g(z))
3. � A(z)
4. � proofσ (�ASc z�, h(g(z)))
5. � A(Sc z)

...
6. � proofσ (�ASc Sc ... z�, h( f (Sc ...z)))
7. � A(Sc Sc ... z)

By ‘reflecting’ on the argument it appears that we can turn it into an informal inductive
argument. The primitive recursive function allows us to argue inductively that A(n) →
A(Sn). In contrast to a metatheoretic argument that establishes A(n) for all n ∈ N, we
do not have to assume a specific understanding ofN, but the inductive structure allows
us to argue for all structures of natural numbers that agree on the inductive build up. If
we try to phrase the crucial steps in structure theoretic terms we can argue as follows:

1. � proofσ (�Aẋ�, f (x)),
2. for my structure (N,Sc,z) for all n in N, (N,Sc,z) |� proofσ (�Aẋ�, f (x))[n],
3. for my structure (N,Sc,z) (N,Sc,z) |� ∀x A(x),
4. since there is an (primitive recursive) isomorphism i from my natural numbers to

any other inductive structure (N’,S’,z’) we have: (N’,S’,z’) models A′(z’) as well as
A′(n′) implies A′(S′n′),

5. so for all n′ in N’ (N’,S’,z’) |� A′(x)[n′],
46 See for Parsons (2008) and Feferman (2014).
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6. and since (N’,S’,z’) is an arbitrary inductive structure: ∀x(A(x)) is true.

This argument establishes that our entitlement to the open-ended induction and
recursion principles provides reasons for the admissibility of our (UR)-rules and with
it the uniform reflection principles. A conclusive argument for the entitlement to these
principles based on the inductive conception of natural numbers however, is beyond
the scope of this paper.

5 Additional Conceptual Resources

To carry out the previous argument as a formal argument, we are missing the expres-
sive resources. This is mainly due to our restriction to first-order arithmetical theories.
Now as a further layer we could make these missing expressive resources explicit by
formulating some axioms for a primitive notion of correctness or truth. The reflec-
tion principles are naturally based within metamathematical investigations. We have
argued that modelism is not attractive for our purposes and for this reason we do not
want to frame the discussion in model-theoretic terms. Alternatively giving up on
any kind of ‘semantical’ considerations seems premature.47 A promising alternative
is to introduce some primitive notions, such as truth in order to state the correctness
claim explicitly. Understood as expressions of soundness, it is natural to formulate the
reflection principles with the help of extra conceptual metamathematical resources. So
again, rather than using second-order resources it is convenient to accept these meta-
mathematical concepts as primitive and employ them in the formulation of reflection
principles. The most obvious candidate is truth itself. However, it might be interesting
to consider also notions of validity, and intensional notions.

So far our observation of internal absoluteness of recursive concepts warrants the
expansion by a typed truth predicate for these primitive recursive notions. We would
like to expand this notion to a wider class of sentences. At first glance, it might appear
to be a small step from intolerance to definite truth for all arithmetical statements.
However, as often, things are much more complicated and it is not obvious that we
have a good argument for the introduction of a full blown typed truth predicate in the
fashion of the compositional theory CT.48 If we are not relying on an interpretation
of truth as truth in the standard model, we have to give a different argument for
the definiteness of the introduced notion. It might be possible that Parsons’ strategy
via an internal categoricity can be turned into a reliable argument, also in the case
of schematic first-order theories. We have already mentioned several critical points
concerning Parsons’ strategy. In order to circumvent these problems we stick to a less
committing notion of truth with more modest principles than CT itself.

We assume the following principles for our primitive notion of truth:

1. (T-in) B(x) → T(�Bẋ�) for B ∈ �0
1;

2. (U-Inf) ∀x(N(x) → T(�Aẋ�)) → T(�∀x(N(x) → A)�);
3. (Conec) �T(�A�)

�A for A an arithmetical sentence.

47 Button and Walsh connect their internalism with a rejection of semantic considerations.
48 Compare Button and Walsh ch. 12 for more on this.
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Now we could reformulate our reflection rules as:

(URT)
N(x) → T(�proofσ (�Aẋ�, f (ẋ))�)

N(x) → (T(�Aẋ�) → T(�A ˙Scx�))

In this case the assumptions about our new predicate are minimal. (T-in) is justified
by internal absoluteness. Since we use a typed truth predicate, (Conec) appears to be
harmless, but we have to be careful as this rule is for sentences of arbitrary complexity.
Considering our possibilities of introducing T(�A�) either by (T-in) or (U-Inf) via
(URT) there seems to be no real issue, as we have no other compositional principles.
More demanding is the (U-Inf) principle, but for a truth predicate for arithmetic it
appears motivated.49 Overall this provides enough reasons to accept this weak notion
of truth as definite and therefore allow it within the induction schema.

The introduction of the truth predicate illustrates the motivation for the adoption of
(UR).We are not trying to hide the fact thatwe still rely on a strong notion of correctness
of � in form of the rules (URT). What is now more explicit is that for every natural
number we have a witness, namely its proof, for the truth of its substitution instance in
A. Moreover, these witnesses are not provided in a piecemeal fashion for each n, but
they are given by a primitive recursive function along the inductive structure of our
natural numbers. In order to argue now for the truth of A(x) for arbitrary substitution
instances, we need a form of the correctness assumption. The local reflection rule
alone is not sufficient, but our understanding of the natural numbers as an inductive
structure and the way that the witnesses are provided, we have good reasons to accept
T(�Aẋ�) → T(�A ˙Scx�). Thenwe are able to argue by induction to get ∀xT(�Aẋ�). By
(U-Inf) and (Conec)we receive∀x A. This concludes our argument for the acceptability
of our reflection rules (UR) for suitable arithmetical theories� relying on a conception
of the natural numbers that transcends � and is captured as our informal arithmetical
knowledge I .

5.1 Truth as an Explicit Concept

So far the notion of truth played a minor role in motivating arithmetical reflection. The
notion of truth appears on many other occasions in the debate on reflection. On the
one hand the notion of truth appears in the informal unrestricted soundness statements
as well as their formal counterparts the global reflection principles. On the other hand
truth functions crucially in a well-known argument for a justification of reflection. We

49 This appears to be much less demanding than Feferman’s understanding of reflection principles as based
on a notion of validity in Feferman (1962)

(3) A concept of validity is available for the sentences of K, such that

(a) for any φ ∈ StK0 , φ is valid if and only if it is true,
(b) for any φ ∈ FmK , if Fv(φ) = {x}, then (∀x)φ(x) is valid if and only if φ(n) is valid for each n, and
(c) if φ ∈ A1, then φ is valid.

(Feferman 1962, p. 268)

.
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take the opportunity to distinguish our use of truth here from other applications and
sketch possible extensions of our view.

In our case the introduction of the truth predicate was motivated by the desideratum
of having an expressive device that allows us to make an informal argument for the
plausibility of the rules (UR)more explicit. The role here is a verymodest one and does
not presuppose that all arithmetical sentences have a definite truth value. In this case
the truth predicate has a purely instrumental role, we only reflect on our arithmetical
knowledge and use a truth predicate to express this. In this case it suffices to trust
our mathematical theory and accept the additional resources as expressive devices.
The situation is similar if we use global reflection principles, such as ∀x(sentA(x) ∧
Prσ (x) → T(x)), to express our trust in the underlying formal theory. Also in this case,
the relevant function of the truth predicate is primarily its expressive one. We do not
think that we can only understand the schematic version of uniform reflection, because
we understand the universal statement of global reflection, rather our mathematical
knowledge is such that we can make sense of schemata directly as our disposition to
accept the instances once we realise that the relevant preconditions are satisfied.50

The situation is different in the case of a fully compositional truth predicate for
arithmetic, especially if we aim for a justification of reflection via a formal derivation.
It is well-known thatCT derives the global reflection principle aswell as all the uniform
reflection principles. However, in order to motivate the introduction of such a truth
predicate, we have to argue for the definiteness of arithmetical truth which is a non-
trivial undertaking. It is implausible to take this route in order to justify reflection as
it is more demanding to justify CT itself, than reflection for PA. CT itself is much
stronger than just adding uniform reflection to PA. The theory CT is as strong as ACA,
more concretely CT is mutually interpretable with ACA preserving the arithmetical
vocabulary. The theory CT does not only prove the uniform reflection principles for
PA, but also iterations of uniform reflection. So expanding the resources via a typed
truth predicate along the lines of CT is much more than is really needed. To clarify
the point, the previous is not an argument that CT itself is unacceptable. It might well
be that there is a convincing argument, maybe even internal, for the definiteness of
arithmetical truth and CT. However, this has to be argued for, presumably by relying
on a conception of natural numbers. Along the way we will also be able to argue for
the acceptability of reflection, as it is only a small step on the way to definite truth.

So far we have only been concerned with purely arithmetical theories. Once we
have accepted a truth predicate, expanded our expressive resources and introduced a
truth theory connected with it, the question arises, whether we are warranted to accept
reflection principles also for the theory of truth. This clearly depends on the notion of
truth as we have argued that we need a strong form of acceptance as correct to motivate
reflection for the underlying theory. This requires a certain trust in our notion of truth.
In the typed case, there are no extra complications in addition to the required argument
for the univocal structure and the definite truth values. If we accept Parsons’ argument
and Feferman’s claim of determinate truth for arithmetics, then we could also argue
for reflections on typed truth theories, such as UTB or CT. For example, we can use

50 The issue is not easily resolved here and deserves more attention. Nevertheless, there is something
deeply puzzling about the view that our understanding in schemata has to be based on an understanding of
a universal statement. A comparison with our understanding of Modus Ponens might be relevant here.
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uniform reflection for UTB for the full language, and derive all the principles of CT.51

In this case the extra resources of truth significantly expand our basic mathematical
knowledge.

At this stage we encounter a slight incoherence. We introduced a typed truth pred-
icate in order to make the correctness assumption explicit. Then we realised that the
theory of truth is itself correct. Unfortunately, the typed truth predicate cannot be used
to make the correctness claim for our theory of truth explicit. In the case of global
reflection the problem is obvious, because sentences containing the truth predicate
are not allowed to occur within the scope of the truth predicate in the consequent of
global reflection. Employing the ramified truth hierarchy is subject to the usual points
of criticism attached to the hierarchical strategy.

The introduction of a type-free truth predicate would be more coherent. In this
case, the global reflection principle could be employed to make the correctness claim
explicit. However, we have an additional concern and this is the Liar. The correctness
assumption becomes non-trivial, especially ifwe have abandonedmodelism.Referring
back to a model-theoretic construction for a soundness proof becomes unavailable.52

Thus, to close a type-free theory of truth under reflection we have to provide good
reasons for accepting it as correct. At this point it it also relevant that we did not take
reflection as an implicit commitment, but rather as a warrant for acceptance. In every
case we have to decide whether the type-free theory of truth is acceptable in the sense
of being correct.

One possible continuation of this reasoning could be as follows. If we trust our
mathematical theory � and if we trust in our metamathematical theory T[�], then we
should be warranted to adopt the following global reflection principle for it:

∀x(sentT[�](x) ∧ PrT[�](x) → T(x))

If we follow this reasoning, then we can also make use of the contrapositive claim.
If we cannot close our theory of truth under global reflection, then we should not
accept the correctness claim for the theory. Several classical truth theories are not
compatible with their own global reflection principle, such as the usual formulations
of KF or FS.53 In the simple case of FS we have a theory known to be ω-inconsistent.
Even without referring to the standard model, the inadequacy of FS is evident. Just by
adding uniform reflection, it already becomes inconsistent. FS is therefore not only
incompatible with a standard interpretation of arithmetic, but also with an open-ended
conception of arithmetic as an inductive structure.

Not all the cases are as clear as the case of FS. In order to resolve these issues in
general, we would need an informative answer to decide whether we should reject the
truth theory or the strong reflection principle, which we do not attempt in this paper.
To pursue this line of reflection, it appears more promising to reflect on positive type-

51 This is based on results by Halbach (2001) and a strategy along this line has been proposed by Horsten
and Leigh (2017).
52 Alternatively, we could try to provide proof-theoretic consistency proofs via cut-elimination.
53 Feferman’s use of type-free truth in Feferman (1991) appears to be more pragmatic. It appears to be
a way to finitely characterize predicativism. Feferman exploits the type-free truth predicate to simulate
enough uniform reflection. In his case the theory of truth is not reflected on.
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free T-biconditionals.54 An alternative strategy would be to retreat to non-classical
principles, such as those used in Fischer et al. (2019).

5.2 More Resources

One of the best suited conceptual resources for a strategy of reflection expansions
is a primitive notion of truth. The truth predicate allows for explicit formulations of
soundness statements. The truth predicate is not the only notion that could be useful
for reflection. Also intensional notions such as mathematical necessity could play
an important role in the expansions of sound theories. We will just briefly state two
examples for a fruitful use of intensional notions for reflection.

The first example concerns a non-classical setting. Consider the application of
the logic of HYPE to truth, as suggested in Leitgeb (2019). In this case, we have
an intensional conditional and a truth predicate that is local as it does not interact
appropriately with the conditional. In the intended interpretation we have a complete
lattice of Kripkean fixed-point, where truth is interpreted locally at a state, whereas the
conditional is interpreted via the structure of the states. It appears natural to consider
expansions by intensional notions that are non-local and interact with the conditional
in a suitable way.

The second example concerns potentialism. In the potentialist literature reflec-
tion principles are in use that employ modal notions. For example Parsons (1983)
and Linnebo (2013) invoke such principles to recover modal versions of ZF. But
also Reinhardt (1980) introduces modal reflection principles to obtain large cardinals.
These principles are employed in a set theoretical setting and closer to set theoretic
reflection principles and therefore not directly transferable to the arithmetical setting
and proof-theoretic reflection principles. Nevertheless, there are potentialist versions
of arithmetic. It is possible to understand second-order arithmetic as not fully deter-
mined and give predicativism for example a potentialist reading.Without a convincing
argument for the definiteness of arithmetical truth, there might even be room for first-
order potentialist versions.An investigation ofmodal reflection principles in the setting
of arithmetic especially second-order arithmetic is a fruitful field for further research.
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