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Abstract

Timed Event Graphs (TEGs) are a graphical model for decision free and time-invariant
Discrete Event Systems (DESs). To express systems with time-variant behaviors, a new
form of synchronization, called partial synchronization (PS), has been introduced for TEGs.
Unlike exact synchronization, where two transitions #1, t can only fire if both transitions are
simultaneously enabled, PS of transition #; by transition #, means that #; can fire only when
transition #, fires, but #; does not influence the firing of #,. This, for example can describe
the synchronization between a local train and a long distance train. Of course it is reasonable
to synchronize the departure of a local train by the arrival of long distance train in order to
guarantee a smooth connection for passengers. In contrast, the long distance train should not
be delayed due to the late arrival of a local train. Under the assumption that PS is periodic,
we can show that the dynamic behavior of a TEG under PS can be decomposed into a time-
variant and a time-invariant part. It is shown that the time-variant part is invertible and that
the time-invariant part can be modeled by a matrix with entries in the dioid M [y, 8], i.e.
the time-invariant part can be interpreted as a standard TEG. Therefore, the tools introduced
for standard TEGs can be used to analyze and to control the overall system. In particular,
in this paper output reference control for TEGs under PS is addressed. This control strategy
determines the optimal input for a predefined reference output. In this case optimality is in
the sense of the “just-in-time” criterion, i.e., the input events are chosen as late as possible
under the constraint that the output events do not occur later than required by the reference
output.
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1 Introduction and motivation

TEGs are a subclass of timed Petri nets where each place has exactly one input and one
output transition and all arcs have weight 1. Timed Event Graphs under Partial Synchro-
nization (TEGsPS) are an extension of TEGs introduced in David-Henriet et al. (2014). A
similar extension was introduced in De Schutter and van den Boom (2003), where TEGs
with hard and soft synchronization are studied. TEGsPS can express some time-variant phe-
nomena which cannot be expressed by standard TEGs. For instance, partial synchronization
(PS) is useful to model systems where particular events can only occur in a specific time
window. E.g., at an intersection, a vehicle can only cross when the traffic light is green.
Clearly this describes a time-variant behavior, since the vehicle is delayed by a time that
depends on its time of arrival at the intersection. If an earliest functioning rule is adopted,
the behavior of a TEG can be modeled by linear equations in a specific algebraic structure
called dioid. Based on such dioids, a general theory has been developed for performance
evaluation and control of TEGs, e.g. Baccelli et al. (1992) and Heidergott et al. (2005). In
particular, the problem of output reference control for TEGs was studied in Baccelli et al.
(1992); Cohen et al. (1989); Menguy et al. (1998, 2000). Recently, in David-Henriet et al.
(2014, 2015, 2016), dioid theory has been applied to TEGsPS and first results have been
obtained for performance evaluation and controller synthesis for TEGsPS. In David-Henriet
et al. (2014) output reference control was introduced for TEGsPS. There, the earliest evo-
lution of a Timed Event Graph under Partial Synchronization (TEGPS) is modeled as a
(max,+)-system with additional constraints. The control problem is then solved for a finite
reference output by solving the backward equation for this (max,+)-system. In Hamaci et al.
(2006) and Trunk et al. (2017b) output reference control was studied for TEGs with positive
integer weights on the arcs. These TEGs exhibit event-variant behavior and can therefore be
seen as the counter-part to TEGsPS.

In this paper we investigate TEGsPS where partial synchronization is periodic. To con-
sider only periodic partial synchronization is not overly restrictive as periodic schedules are
common in many applications. E.g. in transportation networks: many public transportation
system as well as freight railway services work with a periodic schedule. Similarly in manu-
facturing systems: there are many production processes, where a resource is shared between
several machines on the basis of a periodic schedule. We show that for TEGsPS with peri-
odic PS the dynamic behavior can be modeled in a specific dioid called 7, [y 1. A specific
time-variant operator is introduced to take PS into account. Similar to transfer functions
for standard TEGs in the dioid ./\/ll“,j [y, 81, the transfer behavior of TEGsPS is described
by ultimately cyclic series in the dioid ’7;,8, [y 1. These transfer functions are useful, for
instance, for computing the output for a given input of a system, for system composition
and for control synthesis.

This paper is organized as follows: Section 2 summarizes the necessary facts on TEGsPS
and dioid theory. In Section 3, modeling of TEGsPS in the dioid 7;,” [y1 is introduced.
Section 4 discusses a decomposition method for elements in 7;,er|[y]] and provides tools to
handle operations on ultimately cyclic series in 7p.-[¥]. In particular, we show that basic
operations on ultimately cyclic series in 7. [y ] can be reduced to operations between
matrices in Mf,f [y, é1. In Section 5, transfer functions for TEGsPS in 7;” [y1 are used
to solve the optimal output reference control problem for this system class.

A preliminary version of this work has been reported in Trunk et al. (2018), where the
modeling process of a TEGPS in the dioid 7;,” [y 1 was established and a decomposition
into an invertible time-variant and a time-invariant part was discussed. The purpose of this
paper is to introduce optimal output reference control for TEGsPS based on the model in
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the dioid 7y, [y¥ 1. As a prerequisite, results on the residuation of the product in the dioid
Tperlly 1 are obtained.

2 Timed event graphs and dioids
2.1 Timed event graphs

In the following, we briefly recall the necessary facts on TEGs. For details, see Baccelli et al.
(1992) and Heidergott et al. (2005). A TEG consists of a set of places P = {p1, -, pu},
a set of transitions 7 = {t1,--- ,t,} and asetof arcs A C (P x T) U (T x P), all with
weight 1. Place p; is an upstream place of transition ¢; (and transition ¢; is a downstream
transition of place p;), if (p;,t;) € A. Conversely, p; is a downstream place of transition
tj (and t; is an upstream transition of place p;), if (¢;, p;) € A. For TEGs, each place
pi has exactly one upstream transition and exactly one downstream transition. Moreover,
each place p; exhibits an initial marking (M); € Ny and a holding time (¢); € Np. A
transition ¢; is said to be enabled, if the marking in every upstream place is at least 1. When
t; fires, the marking (M); in every upstream place p; is reduced by 1 and the marking
(M), in every downstream place p, is increased by 1. The holding time (¢); is the time a
token must remain in place p; before it contributes to the firing of the downstream transition
of p;. The set T of transitions is partitioned into input transitions, i.e., transitions without
upstream places, output transitions, i.e., transitions without downstream places and internal
transitions, i.e., transitions with both upstream and downstream places. We say that a TEG
is operating under the earliest functioning rule, if all internal and output transitions are fired
as soon as they are enabled.

2.2 Timed event graphs under partial synchronization

TEGsPS provide a suitable model for some time-variant discrete event systems. In the fol-
lowing, we give a brief introduction. For further information the reader is invited to consult
(David-Henriet et al. 2014). Considering the TEG in Fig. 1a, assuming the earliest function-
ing rule, incoming tokens in place p; are immediately transferred to place p; by the firing
of transition #,, as the holding time of place p; is zero. Note that zero holding times are,
by convention, not indicated in visual illustrations of TEGs. In contrast, Fig. 1b illustrates a
TEG with PS of transition , by transition #,. This means that #, can only fire if 7, fires, but
the firing of #, does not depend on 5.

w _ ps
&
ta §w
b1 D2 P1 : P2 P1 : D2
—O—1—0— OO [~O—-1—0O—
ty ta t3 t1 ta t3 t1 ta t3
(a) standard TEG. (b) TEG with PS. (c) PS by signal S,,.

Fig.1 a standard TEG. b PS of 1, by ¢, triggered every w time units. ¢ equivalent PS expressed by a signal
Se
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In this example, place p3 (equipped with a holding time of w) and transition #,, together
with the corresponding arcs, constitute an autonomous TEG. Under the earliest functioning
rule, the firings of transition 7, generate a periodic signal S,, with a period @ € N. Therefore,
the PS of #; by #, can also be described by a predefined signal S,,: Z — {0, 1}, enabling the
firing of #, at times ¢ where S,,(t) = 1. In particular, S,,(1) = 1 if t € {jw with j € Z} and
0 otherwise.

Definition 1 A periodic signal S : Z — {0, 1} is defined by a string (ng, ny, - -+ , ny), with
n; € Ng,0 <i <[ and a period w € N, such thatVj € Z
soy=l1 irelnotojntoj . ntoj)
—]10 otherwise,
where the string (ng, n1, - - - , ny) is strictly increasing, i.e., Vi € {1,---, 1}, nj_1 < nj,

andn; < w.

Example 1 The signal

_J1lifre{--,-4,-3,0,1,4,5,8,9, -},
Si0) = { 0 otherwise,
is a periodic signal with a period @ = 4 and a string (0, 1). Therefore Vj € Z,
_J1ifre{0+4j, 144},
Sil) = { 0 otherwise. M

Definition 2 A Timed Event Graph under periodic partial synchronization is a TEG where
the firings of some internal and output transitions are synchronized with periodic signals.

Note that the assumption that only internal and output transitions are subject to PS is
not restrictive since we can always add new input transitions and extend the set of internal
transitions by the former input transitions. In David-Henriet et al. (2015), ultimately periodic
signals are considered for PS of transitions. It was shown that the behavior of a TEGPS
with such synchronization signals can be described by recursive equations in state space
form. In this work, we focus on (immediately) periodic signals for PS of transitions. To
consider only periodic PS allows us to define a dioid of operators to describe the behavior
of TEGsPS. In particular, we can show that the transfer behavior of a TEGPS is described
by a rational power series of an ultimately cyclic form. Let us note that focusing on periodic
signals for a PS of a transition is not overly restrictive as periodic schedules are common in
many applications.

Example 2 Let us consider a simple supply chain between two factories. Factory 1 is a
supplier for factory 2. The products of factory 1 are transported via a train connection to
factory 2. This simple supply chain is modelled by the TEG under periodic PS shown in
Fig. 2, with periodic PS of transition #, by the signal, Vj € Z

1ifr e {14 20j},
0 otherwise.

S (1) = {

Transition #; models the issue of the goods at factory 1 and transition #4 the receipt
of goods at factory 2. Transition 5, t3 and places pz, p3 model the train line between the
factories. The holding time of 10 time units of place p3 models the travel time of trains
between the factories. The 2 initial tokens in place p, describe the maximal capacity of the
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Fig.2 Example of a TEGPS

trains. The schedule of the trains is modelled by the signal S;, hence every 20 time units
there is a train leaving from factory 1. We will recall this example again in Section 5 and
demonstrate how “just-in-time” control for this supply chain can be computed using the
methods developed in this paper.

2.3 Dioids

A dioid D is an algebraic structure with two binary operations, & (addition) and ® (multi-
plication). Addition is commutative, associative and idempotent (i.e. Va € D, a & a = a).
The neutral element for addition, denoted by ¢, is absorbing for multiplication (i.e., Ya €
D, a ® ¢ = ¢ ® a = ¢). Multiplication is associative, distributive over addition and has a
neutral element denoted by e. The element e (resp, ¢) is called unit (resp. zero) element of
the dioid.

Note that, as in conventional algebra, the multiplication symbol ® is often omitted. A
dioid D is said to be complete if it is closed for infinite sums and if multiplication distributes
over infinite sums. A complete dioid is a partially ordered set, with a canonical order >
defined by a ® b = a < a > b. The infimum operator can then be defined by a, b € D,
anb =@P{x € D|xda < a, x®b < b}. Moreover, in a complete dioid, the Kleene star of
an element a € D, denoted a*, is defined by a* = @;’20 a' witha® =eandad'™ = a®d'.
Let C € D then C is a subdioid of D if e and ¢ are in C and C is closed for @ and ®.

Theorem 1 (Baccelli et al. 1992) In a complete dioid D, x = a*b is the least solution of
the implicit equation x = ax @ b.

Here, the adjective “least” refers to the canonical order in the dioid described above.

Both multiplication and addition on a (complete) dioid D can be readily extended to the
matrix case: for matrices A, B € D™*" C € D"*? and a scalar A € D, matrix addition
and multiplication are defined by

(A®B), ; == (A)i; ®(B)ij, (A®A);:=r®(A)j,
n

(ARC); =D ((Air® ().

k=1

Moreover, the order relation on matrices of the same dimension is understood elementwise,
ie. A > Biff (A); ; = (B); , Vi, j. The identity matrix, denoted by I, is a square matrix
with elements e on the diagonal and ¢ otherwise.
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2.4 Complete dioids and residuation theory

Residuation theory is a formalism to address the problem of approximate mapping inversion
over ordered sets (Baccelli et al. 1992). It applies to complete dioids, since a complete dioid
D is a partially ordered set.

Definition 3 (Baccelli et al. 1992) A mapping f : D — L, with D and £ complete dioids,
is residuated if Vb € L the inequality f(x) < b has a greatest solution in D, denoted f 1(b).
The mapping f* : £ — D, is called the residual of f.

Theorem 2 (Baccelli et al. 1992) A mapping f : D — L, with D and L complete dioids,
is residuated iff f (&) = € and f is lower-semicontinuous, that is

f (@x) =P s,

xeX xeX

for every (finite or infinite) subset X of D.

On a complete dioid the mapping R, : x +— xa, (right multiplication by a) resp.
L, : x — ax (left multiplication by a), is lower-semicontinuous and therefore residuated.
The residual mappings are denoted RY,(b) = bda = @{z|xa =< b} (right division by a)
and L% (b) = ayb = @{z|az < b} (left division by a). Left and right division can be
extended to the matrix case. For matrices A € D"*", B € D"*4, C € D"*4

q

(A%B), ; /\ B);), (BJC)i, /\ B)ixf(C)n).  (2)

In the following some useful properties of left and right division are summarized, for a
proof see Baccelli et al. (1992) or the recent summary paper (Hardouin et al. 2018). For
a,b,x € D and D a complete dioid,

(ab)yz = bk(atz)  xf(ba) = (zfa)f (D) (3)
(a@b) ke = (afz) A (b8z)  zf(a®b) = (zfa) A (27D), (4)
(a}z) #b = aX (z7b) . ()

3 Modeling of TEGs under PS in the Dioid 7 [y ]

To model TEGsPS, a dater function x; : Z — Zy,q, := {Z} U {00} U {—00} is associated to
each transition 7;. The value x; (k) gives the date (time) when transition ¢; fires the (k + 1)*
time. Naturally, dater functions are nondecreasing functions, i.e., x; (k + 1) > x;(k). The
set of dater functions is denoted by X. On ¥, addition and multiplication by a constant are
defined as follows:

x,y € X, (x@y)(k) := max(x(k), y(k)),

A € Zinax, ()\®x)(k) = A+ x(k).
The zero element & on ¥ is defined by §(k) = —oo, Yk € Z. The & operation induces an
order relation on X, i.e., forx,y € £, x < y < x@®y = y. In this order, the top element
T is defined by 'T'(k) = 400, Yk € Z. An operator, i.e., amap, o : ¥ — X is linear if (a)
Vx,y € X :0o(x®y) = o(x)®o(y) and (b) A®o(x) = o(A&x). An operator is additive if
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(a) is satisfied. Let O denote the set of all operators 0 : ¥ — X. Moreover, let O, denote
the subset of all additive operators in O.

Proposition 1 (Cottenceau et al. 2014) The set O, equipped with addition and multiplica-
tion: x € X,Vo1, 0, € O,

(01 ® 02)(x) 1= 01(x)D02(x), (01 ® 02)(x) = 01(02(x)), (6)

is a noncommutative complete dioid. The identity operator (unit element) is denoted by e :
Vx € X, e(x) = x, the zero operator (zero element) is denoted by ¢ : Vx € X, elx) = g
and the top operator (top element) is denoted by T : Vx € X\{e}, T(x) = T.

To simplify notation, we write ox instead of o(x) wherever clear from the context.

Definition 4 (Basic operators in () Dynamic phenomena arising in TEGsPS can be
described by the following basic operators in O:

teZ,§":VxeX, (8°x)k) =xk)+ T, @)
nezZ, ym:Vxex, (yTx)k)=xk—n), (8)
w,m €N, Ay :Vx € X, (Ayjwx)(k) = [x(k) /o] w, )

where [a] is the smallest integer greater than or equal to a.

It can be easily checked that all these operators are additive, i.e., 87, y7, Ay € O,.The
time- and event-shift operator § and y are used to model the dynamic behavior of standard
TEGs, e.g., Baccelli et al. (1992). In addition we introduce the A, operator to consider
phenomena caused by PS.

Proposition 2 (Trunk et al. 2018) The basic operators satisfy the following relations

Y@ yn’ — J/min(n,r]’)’ ST sT = Smax(r,r’)’ (10)
yﬂ ® y’l/ — y’H"I/’ 8T ® 61/ — 6‘E+‘L’/’ )
Avlo ® 87 =68“Q® Apjw - (12)

Remark 1 Equation 12 implies that for —b < t <0, Apé* Apjw = Aw|w since,

[x(k)/@1b+ T x(k) T
[*b 1‘”: Hﬂ*ﬂ‘”

x (k) .
— |w since — 1 <1/b <0,

(Awp8® Ap|r x) (k)

w
(Aw\zzrx)(k)-

3.1 Dioid of time operators 7~

In the following, we introduce a dioid of specific time operators in order to model the
time-variant behavior of periodic PS.
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Definition 5 (Dioid of T-operators 7)) We denote by 7 the dioid of operators obtained by
addition and composition of operators in (¢, €, 8%, Ay|w, 1) With ¢ € Z, and w, w € N.
The elements of 7 are called T-operators (T is for time).

For example, 83A4|481 Az € T. Since a T-operator only describes a time relation in a
system, e.g., a delay, we can associate a function R, : Zygx —> Zmax to a T-operator v.
This function, when evaluated on ¢, is obtained by replacing x (k) by ¢ in the expression of
v(x) (k). For example, ((A3|461 ® 82A3|3)x)(k) = max([(x(k) + 1)/413,2 + [x(k)/313)
and therefore RA3|451®52A3‘3 (r) = max([(r +1)/413, 2+ [t/313). The interpretation of R,
is as follows. Let x1, respectively x, be the dater functions associated with transitions #1,
respectively ;. If v maps x; to x3, then R, maps the time of the (k+ 1)*! firing of #; into the
time of the (k + 1) firing of #,. R, is therefore called the release-time function associated
to the T-operator v. We denote by % the set of functions R, generated by all operators
v in 7. Clearly, there is an isomorphism between the set of T-operators and the set Z.
The order relation over the dioid 7 corresponds to the order induced by the max operation
onZ.

Forvi, v, € T,

V=V S v Dy =1 & vxdux =vix, Vx € X,
< max ((v1x)(k), (v2x)(k)) = (vix)(k), Vx € X, Vk € Z,
& Ry (1) = Ry, (t), Yt € Zimax- (13)

Definition 6 (Periodic T-operators) A T-operator v € 7T is said to be w-periodic if its
corresponding function R, is quasi-w-periodic, i.e., 3w € N such that V¢ € Zqx, Ry(t +
®) = w + Ry (#). The set of w-periodic T-operators is denoted by 7,,. Moreover the set of
periodic operators is defined by Tper = ey To-

T and Tp,, are subdioids of 7.

Example 3 The operator A4 is 4-periodic and the operator A3|352 is 3-periodic as
Ray(t) = [t/414 and RAmsz(t) = [(t + 2)/313. Therefore A4z € Ta, A3|382 € Ts.

Evidently, both operators are also 12-periodic and therefore Ay4, A3‘382 € T.
Proposition 3 (Trunk et al. 2018) An w-periodic T/—operator v € T, has an w-periodic
canonical form given by a finite sum @{:1 8% Aplw8i, where t; < T Vi e {l, -, I—-1},

I <wand —w <1/ <0,Vie{l,--- I}

Remark 2 Clearly each w-periodic operator v € Tp, is also nw-periodic with n > 1 and
can be represented as EBil:l STfA,,w‘anTi/ and I < no.

Proposition 4 The I-periodic identity operator e = Ay|1 can be represented in the specific
form,

w—1
e = P57 Auud' . (14)
i=0
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Proof Recall the isomorphism between T-operators and the set %. Hence it is sufficient to

show that R, = R@w—l 571 Ay H—0" Moreover, since Vt € Zyax, Re(t) = t, it remains to
i=0 |

show that Vt € Zax, 72@?:01 51 A1 +—0 t) =t.

t+1—-—w t+2—w
R@;U:_Ol g—iAwlwrglJri—w(t) = max <’V o —‘a), ’V o —‘0) -1,

: F}U—(a)— 1)). (15)
w

Because R@w—l 51 Ajd !+ () is a quasi w-periodic function, Definition 6, it is sufficient
i=0 w|w
to evaluate Eq. 15 fort = {1 — w, - - -, 0}. This leads to,

Rayots o ©®  =max ([52]o. [ 2 )o-1, [ 2]o-@-1)
=0

Rt siaupisio (D =max([Z2]o, [ 152 o= 1 [Zo-@-1)
=-1

Rty 1, sl — ) = max ([222] 0 [120] 01, [122] 0~ (0 1)

=1—-ow.

Example 4 The identity operator € = Aj; can be represented as e
A33872 @ §7'Asps™! @ 872433, Figure 3 illustrates that indeed Re(r) =
RA3\3572€9571A3‘35’l®5’2A3‘3 ) = maX(RA3‘35*2 ®), R5*1A3‘3371 (1), R8’2A3‘3 (t))

The time-variant behavior caused by a periodic PS of a transition can be conveniently
modeled in the dioid 7.

6 e oo

5 A A A

4 oo

3 e oo I

2 A A A AZ5_1A3\36_1
1{ oo o 8672453

>t
A 1 234567389

Fig.3 Re() = max(R ,5-2(0), Ryt ag5-1 (1), Ry-2,4, (1))
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For this, recall the definition of a periodic signal S (Definition 1). We associate with
a periodic signal S : Z — {0, 1} characterized by (ng, - --n;) and period w a function
Rs : Zmax —> ZLmax- This function Rg(7) is defined by, Vj € Z,

—00 ift = —o00
ng+wj it (n; —w)+wj <t <ng+ wj,

ni+oj if no+wj <t <n| + wj,
Rshy=1{ . (16)

ny+owjif nj_1 +wj <t <nj+ wj,
o0 if t = o0.

Example 5 The function Ry, (¢) (Fig. 4b) associated to the signal S; (Fig. 4) given in
Example 1 is

—oo ift=—o0

04+4jif —34+4j <t <044y,
14+4jif 04+4j <t <1+4j,
o0 if t = oo.

RS] (t) =

The value of R () can be interpreted as the next time when the signal S enables the fir-
ing of the corresponding transition. Clearly, an w-periodic signal S leads to a corresponding
function R (#) which satisfies V¢ € Z,;0x, Rs(t + ) = w + Rs(1).

To prove that a periodic PS of a transition (i.e., the PS is specified by a periodic signal S)
admits an operator representation in the dioid 7, we must show the existence of an operator
v € T such that R, = Rs.

Proposition 5 (Trunk et al. 2018) A periodic partial synchronization of a transition by the
signal S in Definition 1 has an operator representation given by

V=08 A8 B8 T A8 O D - @ 8™ T Ay D, (17)

Example 6 Consider the TEGPS shown in Fig. 5, where the signal S is given in Eq. 1
(Example 1) and dater function x (k) (resp. x»(k)) is associated with transition 1 (resp. #2).

g4 Rsi(t) e o o
7
6
5 °
4 e oo
3
9 Sl(t) 9
° 1% ° o0 ° 11 ®
e-® o o o o ' —O—O—T t
—3—2—1‘12345678 —-3-2-1 1 2 3 4 5 6 7 8
(a) S1 (b) Rs,

Fig.4 Signal S| and the associated function R,
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Fig.5 Simple TEGPS with a
periodic PS of

LS

t1 p1 to

According to Proposition 5, the behavior of the periodic PS of transition #; is modeled by
the following operator:

vs, = 50A4|457l @ 573A4|4570 = 373A4\4 @ A4|4571,

where the latter equality holds as §° = e.

Since the holding time of place p; is 0 and there are no initial tokens in the place p; this
operator describes the firing relation between #; and 17, i.e., x; = (8_3A4\4 (&) A4|48_1)x1.
Therefore, x2 (k) = max(—3 + [x1(k)/414, [(x1(k) — 1)/4714).

Remark 3 Due to the influence of the PS, this firing relation between #; and #; is time-
variant. For instance, if the (k+1)*' firing of #; is at time instant x (k) = 1, then the (k+1)*’
firing of #; is at xp (k) = 1, i.e., we have no delay. In contrast, if the (k + 1)% firing of #; is
at time instant xj (k) = 2, then the (k + 1)*' firing of 7, is at x, (k) = 4, and the delay is 2.

3.2 Dioid 7Ty 1

Since the y operator commutes with all T-operators, i.e., Vv € 7, vy = yv, we can define
the dioid 7 [y ] as follows.

Definition 7 (Dioid 7 [y]) We denote by 7] the quotient dioid in the set of formal
power series in one variable y with exponents in Z and coefficients in the noncommutative
complete dioid 7 induced by the equivalence relation, Vs € 7T,

s =s(). (18)

Hence we identify two series 51, s with the same equivalence class, if s;y* = sop™*. It
is helpful to think of s * as the representative of the equivalence class of s. Note that we can
interpret elements in 7 [y ] as nondecreasing functions s : Z — T, where s(n) refers to the
coefficient of y". Hence, Vn € Z, s(n) < s(n + 1). For a fundamental mathematical back-
ground on quotient dioids, the reader is invited to consult (Baccelli et al. 1992). Moreover,
in Hardouin et al. (2018) quotient dioids are studied from a didactic point of view.

Definition 8 Let 51, s € 7], then addition and multiplication are defined by

s1@s52 == Psim) & 2y,

neZ
51 ® sy 1= @ @ (s1(n) ®s2(n’)) Y.
neZ \n+n'=n
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We denote by T[] the subdioid of Ty 1], obtained by restricting the coefficients v
to periodic operators, i.e., v € 7;,”. As before, @ defines an order on 7y ], i.e., a,b €
Tlyl: a®b=b<% a =<b.HenceVsy,s0 € Tyl, s1 <52 & s1(n) < s2(n), n € Z.
A monomial in 7 [y] is defined by vy", where v € T and € Z. The ordering of two
monomials viy™, vay™ € T[[y] can be checked as follows,

vl 2 v,

19
n = n2. (19

vy 2 uny™ & {
A polynomial is a finite sum of monomials, i.e., @1»1:1 vy,

Proposition 6 Ler p € Tperlly]l be a polynomial, then p has a canonical form p =

/
EB,J':l v}y"i such that Vj € {1,---,J}, the w-periodic T-operator V', is in the canon-
ical form of Proposition 3, and coefficients and exponents are strictly ordered, i.e., for

je{l,---,J—1}, r/}<n}+landv;~<v}+l.

Proof Without loss of generality we can assume that p = @{:1 viy™,withn; < niy1, I =
1, -1 —1.In Tper[¥], we identify all elements s with s*, hence can also identify p and

———
v
13
% Ik ’ ’ ro_ . . ni / Nitl —
as py* = p'y*. Hence, v, < v/ . If v = v] , we can write vy @ v/ y"+ =
’
vi(y" @ y"itt) = vly" . Therefore, we can write p’ as @le v}y"/ with v; < vj41 and
J <1 (I

Definition 9 (Ultimately Cyclic Series in Tper[y1 ): A series s € Tper[¥] is said to be
ultimately cyclic if it can be written as s = p @ q(y"8%)*, where n, 7 € N and p, ¢q are
polynomials in T, [y 1.

Anelement s € T [y] has a three dimensional graphical representation in Z, 4y X Zpax X
Z. Given a series s = €D); v;y' € Tly]1, this graphical representation is obtained by depict-
ing for every i the release-time function Ry, : Zmax —> Zpax of the coefficient v; in the
(input-time x output-time)-plane of i.

Example 7 For the graphical representation of the polynomial p = (8]A4‘4(S_1 @
872 A4)7" @ (8% Auad T D52 Agya) Y2 ® (8% Agja D85 Auad ™) y* € Tper [y 1, respectively
its representative

py* = (8'A4u87 @677 Aqa)y’ @ (8" AgusT @ 82 Ana)y
(83 Agu8™ ' @ 8 Ay @ (35A4|4<371 ® 82 A)y’
B8 Ay ®8°A448™ )y @ (B Ass @8 Aus Ny @ -

see Fig. 6. The slices in the (I/O-time)-plane for the event-shift values k = 0, 1 are illustrated
in Fig. 7a. These slices correspond to the release-time function TR41 4 446162 Agy4 of the

coefficient §! A4|48‘1 &) 5‘2A4‘4 for yO (resp. y]) in p. The slices for k = 2,3 and k > 4
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Fig.6 3D representation of

polynomial

p=("Aus @572 Ay’ @
(8 Aqud ™ ® 82 Mgy’ @
(8% Agja @ 8% Aqus— 1y,

SR>
R, o
HEEENS o
e N
B oo N NN
@ SR K
2 Nt
£ S
I N2 NN 2
a 6<22 ..”’ >///
= R e
NN i’.o.::’ ggls
NN
2278 s 43 y &,0
2 Y RN

are shown in Fig. 7b and c. To improve readability, the graphical representation for elements
s € Ty has been truncated to non-negative values in Figs. 6 and 7.

An important subdioid of Ty ] is the dioid M [y, 8]. This dioid is obtained by
restricting the coefficients v to the set {g, 87} of T-operators, i.e., an element in M7 [y, 8]
is written as €, 8%y" with t;,n; € Z. This dioid has been extensively studied, e.g.
Gaubert and Klimann (1991) and Baccelli et al. (1992). The product of two monomials

144 R®)
12
10
8
6 .
el
2|

0 2 4

(a) k€ {0,1}

>t

144

R()

(b) k € {2,3}

14
12

10

Rt

)

(c) k>4

Fig.7 Slices of the coefficients of p in the (I/O-time)-plane. a Rsi o, 5-1@5-24,,0 D Rss ay45-1@52 44, a0d

¢ Rss Aga®80 Agps~!
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y"sn, yms e MY [y, 81 is obtained by, y"18" ® y™287 = y"1 2§11 Moreover,
Eq. 19 is simplified to 18" < ™8 & (n] > ny and f; < 1), and as a consequence of
Eq. 10,
yn511 ® yn512 — J/n(smax(tl,tz)’ an(S’ ® yn28t — 7/min(nl,nz)(st. (20)
A comprehensive description of calculations with series in M [y, 8] can be found
in Baccelli et al. (1992). It is well known that the input-output behavior of a standard
TEG can be described by a transfer function matrix composed of ultimately cyclic series
in M [y, 8]. Moreover, based on M¢* [y, 8], methods for performance evaluation and
controller synthesis have been introduced for TEGs, e.g. Gaubert and Klimann (1991), Maia
et al. (2003), and Hardouin et al. (2017). In (Hardouin et al. 2009), software tools have been
made available for computations in M [y, 8]. The dioid M" [y, 8] plays a key role
in this paper. In particular, in Section 4, we show that all relevant operations on ultimately
cyclic series s € 7;,” [ 1 can be reduced to operations on matrices in ./\/l?rf [y, é1. We can
therefore use the existing tools for M [y, 8] to study TEGs under periodic PS.

3.3 Modeling of TEGSPS in Tpe [y ]

A TEG under periodic PS operating under the earliest functioning rule admits a representa-
tion in 7per [y 1 of the form

x = Ax @& Bu, y =Cx. 21)

This is reminiscent of the state space form in “classical” systems theory. In the sequel, we
will therefore refer to this representation as a state space model. x (resp. u, y) refers to
the vector of dater functions of internal (resp. input, output) transitions. The matrices A €
TperllyT™", B € Tperly1"*8 and C € Ty [y TP*" describe the influence of transitions
on each other, encoded by operators in 7;,” [ 1. Hence, n refers to the number of internal
transitions of the TEGPS, while p and ¢ are the number of output and input transitions.
Let us consider a path constituted by the arcs (¢;, p;) and (p;, t,) with a synchronization of
transition #, by a periodic signal S,. The influence of transition ; on transition ¢, is coded

as an operator
v, 5@ % (Mo)i

where v, is the operator representation of the signal S, corresponding to the PS of 7, (see
Example 6), (¢); is the holding time of place p; and (M); is the initial marking of p;.

Example 8 Recall the TEGPS in Fig. 2 with PS of transition #, by the signal, Vj € Z

1ifr e {1 4+20j},
0 otherwise.

S (1) = {

Asw = 20,1 =0,n¢ = 1, according to Proposition 5, vs, = 5! A20|208_] . The influence of
t3 on transition #, via the path (#3, p2)(p2, t2), is coded by the operator USZSOJ/Z = vszy2 =
8 1A20|208_1y2. Moreover, by assigning a dater function u (resp. xi, x2, y) to transition
t (resp. 12, 13, t4), the earliest functioning of the TEGPS is described in state space form
x = Ax @ Bu; y = Cx, where

1 —1.,2 1 -1
A:[gloiAzopot? 14 ] B:[i 420120 ] C=[ece].

According to Theorem 1, the least solution of equation x = Ax @ Bu is x = A*Bu.
Therefore, the transfer function matrix H of a TEGPS can be obtained by y = Hu =
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CA*Bu. In Trunk et al. (2018) it was shown that the entries of the transfer function matrix
are ultimately cyclic series in Tpe, [y 1. In order to compute this transfer function matrix, to
compute system compositions, and to obtain control, we have to perform addition, multipli-
cation and the Kleene star operation of series in 7 .- [y 1. In the next section, we show how
these operations between series in 7;,” [ 1 can be reduced to operations between matrices

in M%¥ [y, 81).

4 Corerepresentation of a series in 7per[[¥ ]l

In this section, we propose a specific decomposition of ultimately cyclic series in Tper [y 1.
We show that such series s € 7Tper[¥] with period w can always be represented as s =
m,Qb,, where Q is a square matrix in M [y, 8] of size w x w, m,, is a row vector defined
as

My =[Aui § ' Aun - 81704 ] 22)

and b,, is a column vector defined as
_ _ T
by :=[A168'™ -+ Apud™! A ] (23)
This representation is called core representation with core matrix Q. We first demonstrate

how to obtain this form on a small example and then provide a formal proof.

Example 9 Consider the following series in 7Tper[y 1,
s =A@ 5]A2\25_1 D 82A2|2y2(82y2)*.
Because of Ay| = AwpApjr (Remark 1) and 6°Ay)r = A d”, see Eq. 12, and as y
commutes with all T-operators, this series can be rewritten as
=A Ap @8 Ay 81 ApsT' @ Ay 8126 YD A
s 1 e A ® 21 > 1287 @Ay 6 vy (6 vy Al
M, 2 S

Clearly My, M and S; are elements in ./\/lf,’l‘ [y, dé1. We now can rewrite s in the core
representation,

_ ~1 e e®sy2@yH)* [ A1ps!
S—[Azu 8 Azu][al . Al ,

my
Q by

which is in the required form.
Proposition 7 Let s = P, viyi € 7;,” [y 1 be an w-periodic series, then s can be written

as s = m,Qb,, where @ € M{Y [y, 81°*“ and my,, by, have the form Eqs. 22 and 23.

Proof s being an w-periodic series implies that all coefficients v; of s are w-periodic T-
operators. Then, due to Proposition 3, all coefficients can be expressed in canonical form

’
J; Ti. T . .
v = @/:1 8 Ay i with J; < wand —w < ri’j < 0. Then s can be rewritten as

Ji ,
s:@ @Sri-wa‘w(Sri-f yh.

i j=l1
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By using Ayjw = Aw|1A1jw (Remark 1), A, = Aa,HSI Eq. 12 and vy = yv, Vv € T,
the series s is written as

i . ,
Rl

i \j=1
where —w < fl-j =1; — [1;/w]o < 0and fi_,. = [7;;/w]. Observe that —» < fl-j, ri/j <0
hence we can express s by
Al\wal_w
_ -1 e () a
= [ 7t 5 (@1 (81090)) | orse |
Aljw

where the entry (Q; N=% ot =98 i yi and all other entries of Q; ; are equal to &. Hence,
J’ ij

J
s is in the required form s = m,,Qb,,, where Q = ), (@]J‘:l Q,-J.). O

Let us note that the core Q of a series s € 7;,” [y 1 is not unique. In other words, we can

express the same series with differ~ent cores, i.e., we may have s = m,Qb,, = mwdbw with
Q, Q € M [y, 81“* but Q # Q. We illustrate this in the following example.

Example 10 Recall the series s = Az @ 8! A28~ @ 82y2(82y?)* Agpp given in Example
9. The series s can be expressed by myQb, where,

_ |:e 6@81)/2(8]]/2)*]
Q= 1 .
5 €

Clearly Q # Q see Example 9. However, Q is a valid core of s since

ApsTle A @ 51)/2(51)/2)*&2}

myQb; = m; [51A1|28_1

Because of Eq. 10 Ajp87! @ Ajp = A12(87! @ 8°) = Ay, and therefore
Ap @826 yH* A

51A1|25_1

= A1 A1 ® A8y 'y A1p @87 A8 Apps!
Aop ® 8" 22p87 " @ 8%y (8% YD)  Aapp = 5.

m26b2 = [A2|1 5_1A2|1 ]|:

To show how the core form can be used to perform basic operations between ultimately
cyclic series in 7 .- [y ] we first elaborate some properties of the m,,-vector and by,-vector.
The scalar product my,b,, of these two vectors is the identity e:

m, ®b, = 50Aw|1A1|w51_w D---D 51_wAa)|1A1\a)50
= 89,8 ® @8 ?AHL" =e, (24)
where the latter equality holds because of Proposition 4. The dyadic product b, ® m,, is a
square matrix in M [y, 8] denoted by N. For i, j € {1, - - , w}, the entry (b, ® m,,); ;
is given by,
(N)ij = (by ®my,); j = Appd 07204 .
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Then, because of Ay, 67 = 8’1A1|w and A11,8" Ay = Ay =efor —w < n <0, see
Remark 1,
e =4
N);,j = { 5L, P>
ie.,
es 1 ...51
N=b,®m,=|" "~~~ | 25)
. 8_1
e e .. e

Proposition 8 (Trunk et al. 2018) The following relations hold:

N& I =N,
N®N =N,
N®b(u:b(u7

m, ® N=m,,.
4.1 Greatest core matrix

From Example 10 it is clear that a series s € 7;,” [y Il may have several core representations.
In the following, we show that a series s € 7;,6, [y ] admits a unique greatest core, denoted
6, ie, s = mwébw and Q > Q for all core matrices Q such that s = m,Qb,,. Note that,
the inequality is in the sense of the dioid M{; [y, 8]]. This decomposition s = mwébw is
particularly useful to compute residuation of series in 7per [y 1.

Proposition 9 For D € T[[y1'*” and P € Ty1°*" one has:

m, 3D =b, ® D, (26)
Pib, = P m,,. (27)
For O € Tyl"*® and G € Ty1“*" one has:
(ON)¢§m,, = ON ® b,,, (28)
b, 4(NG) = m,, @ (NG). (29)

Proof By definition, m,, § D is the greatest solution of inequality
m, ® X < D. (30)

Clearly since m,b,, = e, b, D satisfies Eq. 30 with equality. It remains to be shown that
b, D is the greatest solution of Eq. 30. For this, assume that there exists X’ > b, D solving
Eq. 30, i.e., m, X’ < D. Multiplication is order preserving, hence left multiplication by by,
results in
N® X’ <b,D.
Furthermore, X’ < N® X’ as N = I & N. Hence, X’ < b, D and therefore X’ = b, D.
This proves that b, D is indeed the greatest solution of Eq. 30. Similarly, X = Pm,, solves
Xb, =< P with equality. Suppose X’ > Pm,, is a solution, i.e., X’ ® b, < P. Right
multiplication by m,, gives
X <X @N<PQ@m,.
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Therefore X’ = P ® m, and P ® m, is indeed the greatest solution, and hence
P @m,, = P¢b,,.. To prove Eq. 28, note that by Proposition 8 ON ® b, ® m,, = ON.
Therefore ON ® b,, is a solution of X ® m,, < ON. Assume that X’ > ON ® by, is
another solution, i.e., X'm,, < ON. Right multiplication by b,, results in X’ < ON ® b,,.
Hence, ON ® b, is the greatest solution of X ® m,, < ON and ON ® b,, = ON¢m,,.
Equation 29 is shown analogously. O

Proposition 10 Let m,Qb,, € Tper [y 1 be a decomposition of s € Tper [y 1. The greatest
core matrix is given by Q = NGN.

Proof Consider the inequality m,Xb,, < s. Because of Proposition 9, its greatest solution
X = m,§s¢b, = m, §m,Qb,¢b, is given by

X = b,m,Qb,m,, = NQN = Q.
Moreover, because of (Proposition 8)

m,,Qb,, = m,NQNb,, = m,Qb,, = s.

4.2 Operations between core matrices

To perform addition and multiplication of two ultimately cyclic series s; =
my, Qib,,, s2 = m,,Qb,, € 7;,6, [y1 in core form, it is necessary to express the core
matrices Q; € M [y, 8] and Qy € M [y, 8]*2*“? with identical dimensions.
This is possible by expressing both series with their least common period @ = lcm (w1, w2).

Proposition 11 (Trunk et al. 2018)

A series s = m,Qb,, € Tper [y ] can be expressed with a multiple period nw by extend-
ing the core matrix Q, i.e., s = m,Qb, = m,,Q'b,,, where @' € M [y, 81" is
given by
A8 7"NQNA, 1 - A 8TTNQNS T A

Q=|: :
A”,,NQNA"“ A”nNQNSI_nAn“

Proposition 12 (Sum of series (Trunk et al. 2018)) Let s = m,Qb,, s’ = m,Qb, €
Tperlly1l. Then s & s" = m,Q"b,,, where @ = Q& Q.

Proposition 13 (Product of series (Trunk et al. 2018)) Let s = m,Qb,,, s' = m,Q’b,, €
Tperly 1. Then s ® s’ = m,Q"b,, where @' = QNQ'.

Proposition 14 (Kleene star of series (Trunk et al. 2018)) Let s = m,Qb,, € Tpe [y ]
Then,
s* = m,(QN)*b,. 31

Proposition 15 Lets = m,Qb,,, s’ = mwé/bw be ultimately cyclic series in Tpe, [y 1| with

A . A/ . .
Q, respectively Q, their greatest core matrices. Then,

$xs =m,(Q8Q)b.,  sfs’ = m,(Q/Q )b,
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Proof
(mo@b) & (mo@b.) = (@'b.) & (mk(muQb.)) . (because of (3))
= (@'b.) & (bum.@b.)),  (because of (26))
= (@'b.) % (Qb.),  (as NQ = Q, Proposition 10)
= (@'b.) ¥ (@/m.)  (from (28) and Proposition 10)
— b, 0’§(Q¢mw)) . (because of (3))

Il
o
€
o e

&Q)%mw> (because of (5))
)

b,, (because of Proposition 9).

The proof of the second part of Proposition 15 is analogous. O

Due to Propositions 12, 13, 14 and 15, it is clear that computation of the sum and product,
Kleene star operation and product residuation of ultimately cyclic series in 7p.-[y 1 can be
done based on the core of the series, i.e. in the dioid Mf’,f [y, 61. Finally, let us note that this
core form of series s € Tper[y] is similar to the core form of series s € E[[8]], see (Trunk
et al. 2017a). More generally the dioid 7p.,[y 1 with periodic time-operators can be seen
as the counter part of the dioid £[[8]), introduced in Cottenceau et al. (2014), with periodic

event-operators. The dioid £[[8] is useful to obtain transfer function matrices for WBTEG.

5 Output reference control

In this section, we address the following control problem for TEGs under periodic PS. A
reference dater function Z is given for the output y. We want to determine the greatest input
dater function u that leads to an output y < 7. The reference dater specifies that the firings
of the output transition (which in a manufacturing context, may for example correspond to
completion of workpieces) should occur no latter than given instants of time. This has to be
achieved by firing the input transition as late as possible. In a manufacturing context, this
may correspond to feeding raw material as late as possible. This kind of optimal output refer-
ence control is often called just-in-time” control. For standard TEGs the problem of output
reference control was studied in Baccelli et al. (1992), Cohen et al. (1989), Menguy et al.
(1998), and Menguy et al. (2000). It is well known for standard TEGs, that the output to an
arbitrary input dater function can simply be computed by using the transfer function model
h € My, 8] of the TEG and expressing the input dater as a series u € M [y, 8]
Then y = h ® u. Hence, the optimal control problem for standard TEGs simply amounts
computing Uopt = h¥z, see Baccelli et al. (1992) and Cohen et al. (1989) for a detailed
description. In the following, we show how the earliest response of a TEG under periodic
PS can be computed based on its transfer function 1 € 7T, [y and then how the optimal
just-in-time control problem for a TEG under periodic PS can be addressed. For this, we
first need to provide some additional algebraic background.
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5.1 Subdioids of Tper[¥ 1

Recall that an operator v € 7T is called w-periodic if 3w € N such that Yk € Z4y, Ry (k +
) = w + R, (k) (Definition 6) and that the set of w-periodic T-operators is denoted by 7.
Analogously we say s €D; viyl € Tperlly1 is an w-periodic series, iff all coefficients are
w-periodic T-operators, i.e., Vi, v; € T,,. The set of w-periodic series is denoted by T, [y 1.

Proposition 16 The sest of w-periodic series T, [y 1| with addition and multiplication given
in Definition 8 is a complete subdioid of the dioid Tpe, [y 1.

Proof According to Propositions 12 and 13, 7, [y ] is closed under (infinite) addition and
multiplication. O

Remark 4 The subdioid Ti[y] of 7;,6, [y ], i.e. the set of 1-periodic series, is the dioid
M [y, 811 Moreover, as any 1-periodic series is also w-periodic (w € N), M [y, 8] is
subdioid of 7,[[y] for any w € N.

Due to the subdioid structure of ’Em [¥1, one can define the canonical injection Inj :
My, 81 = Tperlly1, with Inj(x) = x. For a graphical illustration of this canonical
injection see the following example.

Example 11 Let us consider the series s = y!62 @ (8% @ y°8%) (y38%)* € M4 [y, 51,
with a graphical representation given in Fig. 8a. The graphical representation of the canon-
ical injection Inj(s) € T,e [y ] is shown in Fig. 8b. The series s € M7 [y, 8] (Fig. 8a)
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(a) Graphical representation of s € (b) Graphical representation of Inj(s) €
MET [ 9] Tper[n]-

Fig. 8 Illustration of the canonical injection Inj : M [y, 8] — Tper[¥1 of the series s = y'6? @
()/353 1) }/554) (7352)* c Mla'); Ly, 81
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corresponds to the event-shift/output-time plane for the input-time value O of the 3D rep-
resentation of the series Inj(s) € 7;,”[[)/]] (Fig. 8b). Moreover, the canonical injection
Inj(s) € Tperlly1 is 1-periodic, this means the coefficients v; of y! are 1-periodic, i.e.,
Ry, (t) are quasi 1-periodic. Therefore, the event-shift/output-time plane for the input-time
value 1 corresponds to the series sls € M Ty, 8] and for the input-time value 2 to the
series 825 € My, 81, etc.

Lemma 1 Ler vy" € T,[[y] be an w-periodic monomial. Then the residual Injn(vy") is
given by

min,l(R”(t)_’)

Inj* (vy") = §'=0- Y (32)

Proof By definition, Inj*(vy™) is the greatest solution x € M Ty, 8] of the following

inequality:
n ; — Tni nigsi) — ni §%i
vy" > Inj(x) = Inj (EB ylis ) =P, v (33)
Clearly, the least n; such that inequality Eq. 33 holds are n and thus,
vy = @D, ("85 = y"s". (34

where the latter equality holds for 7 = max(¢;), because of Eq. 20. Since the inequality
1

vy™ > y"8" in T,[[y] holds iff the inequality v > 87 in 7, holds, it remains to find the
greatest T such that v > 87 holds. By considering the isomorphism between T-operators and
release-time functions, see Eq. 13, this is equivalent to R, (¢) > Rst (¢), Vt € Zpax-

By using R (t) = t + ¢, see Eq. 7, one obtains

Ro@®)>t+t e 1t <R,0@)—t, Vt€E Zpmax- (35)

Since R, is a quasi w-periodic function it is sufficient to evaluate the function for V¢ €
{0, - - -, @ — 1}. Therefore the greatest t such that Eq. 35 (resp. Eq. 34) holds is

T = t:()r?}g_l (Ry(t) —1).

O

Lemma 1 can be extended to arbitrary series in 7, [y ]I. To do this, note that the canonical
representation in Proposition 6 can be generalized to infinite sums.

Proposition 17 Let s = D, viy™ € Tollyl be an w-periodic series in canonical
representation. Then

min (Rvi (t)—t) .
In(s) = €D, =0 ym. (36)

Proof Consider s = @; v;y"™ in the canonical form, i.e., n; < n;41 and v; < v;41 and

let R, be the release-time function associated with v;. Recall that Inj*(s) is the greatest

solution x in M [y, 8] of inequality Inj(x) < s. This is given by €p; 8% y™ where t; is

the greatest integer such that §% < v;. Repeating the first step of the proof of Lemma 1, this

is given by 7; = in 1(Rvi ) —1). O
w—
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5.1.1 Zero slice mapping ¥, : To[ly 1 - M2 [v.4]

Recall that M [y, 8] is a subdioid of 7, [ ], hence we can define a specific projection
from 7, [y ] into M [y, 8] as follows.

Definition 10 Let s = @; viy™ € T,y ] be an w-periodic series, then

Wols) = Wo (@D, visr™) = €, v 6™ . (37)

This projection ¥, has an intuitive graphical interpretation. For a given s € 7,[y] the
series W, (s) € ijl‘ [y, 81 corresponds to the slice in the event/output-time plane of the 3D
representation of s € 7T, [y ] at the input-time value 0. Thus, this projection is also called
zero-slice mapping.

Example 12 Consider the polynomial p = (8'A4ad~! @ 672 A40)y° @ (5 A4us™! @
82A4|4)y2 (&) (85A4‘4 (&) 86A4|45_1)y4 S 7;,6,[[)/]] from Example 7 with graphical
representation given in Fig. 6. Then,

wu(p) =8y @ 8%y @ 55"

The series W4(p) corresponds to the slice in the (event-shift/output-time)-plane for the
input-time value # = 0 in the 3D representation of p, see Fig. 9a and b.

The projection ¥, is by definition lower-semicontinuous, therefore ¥,, is residuated.

A time-shift

7
6 oo o
5 o o
4
8 ? 3
6 7 e)(/ 2
1% o 10 ®
23 Q\)V event-shift k
= 12346567
(a) 3D representation of p (b) ¥4(p)

Fig.9 Illustration of Projection ¥4 (p)
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Proposition 18 Let s = @), y"i8% € M{~ [y, 81. The residual lllf,(s) € Tollyl of s is

v () =, v"87 Avjo = 5 Aujo- (38)

Proof By definition of the residuated mapping, lII (s) € Tolly1 is the greatest solution of
inequality

s = @i Y8t = W, (x). (39)
We first show that Eq. 38 satisfies Eq. 39 with equality.

o Ry, (0) o
" (@ e Awlw) — @Dy — @y,
i i i

since Rsu Aol 0) =1 + [0/w]w = 1, see Egs. 7 and 9. Taking into account that ¥,, is
isotone, it remains to show that @, " 8% A, is the greatest solution of

s =Pyt = v (40)

For this, let x = EBj v;y" be an arbitrary series in 7, [y 1. Then ¥, (x) = @j y"-/’SR”/ O
Clearly, to achieve equality we need n; = n; and R, ;(0) = 7;. Furthermore, we are looking
for the greatest v; € Tw, such that 7; = Rvj (0). Due to the canonical form (Proposition
3) we can write an w-periodic T-operator v; as @), 8% Aw|wy§i, with —w < ¢/ < 0. This
operator corresponds to the release-time function

Ry (t)_ max (;z lrﬂ—‘ a)).
()

Now we examine R, ; (1) fort = 0, thus

RUI(O) = max <§, ’72—‘w>

Recall that —w < {i/ < 0, hence Rvj (t) =17 + [(0+ 1)/w]w is the greatest quasi w-
periodic release-time function such that R, (0) = 7;. The corresponding greatest T-operator
is accordingly 6% Ay . O

5.1.2 Dater functions and series in M2 [, §]]

A convenient way to compute the output of a TEG under periodic PS is to express its input
and output dater functions as series in M{ [y, 6]). The following proposition gives a link
between dater functions and series in M7 [y, 6].

Proposition 19 (Baccelli et al. 1992) A dater function d : 7. — Zypax can be expressed as
a series d € M [y, 81, such that,

d= D vkl | @ P . (41)
{k€Z|—o0<d <400} {k€Z|d=-+00}

For a more detailed description of the link between dater functions and the associated
series in M [y, 81, see e.g. Baccelli et al. (1992) and Cohen et al. (1991). The impulse is
a specific dater function, namely Z(k) = —oo if k < 0 and 0 otherwise. Hence, an impulse
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as the input of a TEG corresponds to an infinity of firings of its input transition at time 0.
The M [y, 8] series corresponding to an impulse is the unit element e € M [y, 81,
see Baccelli et al. (1992) and Cohen et al. (1991).

Moreover, a dater function d and its series representation d € M Ly, 8] are related by

d(k) = (dT) (k)

The impulse response of a TEG can be readily expressed via the TEG transfer function
h € M [y, 81. The dater function y7 is the impulse response is characterized by

yz(k) = (hZ) (k)
while the corresponding series is obtained by
yvT=h®e=h.
Similarly, the response to an arbitrary input series # (with dater function i) is
y=hQ®u,

respectively
y(k) = (hu) (k) = (h (uL)) (k).

In contrast, the transfer function i € Tp.r[y] of a TEG under periodic PS is not entirely
characterized by the impulse response. As the impulse corresponds to an infinity of firings
at time 0, the impulse response of a TEG under periodic PS is characterized by the slice
in the (event-shift/output-time)-plane at the input-time value O of the 3D representation of
its transfer function & € 7;,6, [y 1, see e.g., Example 12. Hence, for a TEG under periodic
PS with transfer function £, the impulse response y = (hZ) corresponds to the series y =
v, (h) e Mf’,’f [y, 81, see Definition 10 and Example 12. It should be clear that in contrast
to standard TEGs, the impulse response of a TEG under periodic PS only provides partial
information of its transfer function. For TEGs under periodic PS, the above duality between
representing the output as dater function and series in M7 [y, 8] reads as follows. Let
h € Tperlly 1 be the transfer function of the TEG under periodic PS and u € X, respectively
u € M¢ [y, 81, be the input. Then we obtain the output dater function y € X by

y(k) = (hu)(k),
and the corresponding output series y € M [y, 8] by
y =¥, (h ® Inj(u)). (42)

Example 13 Recall the simple supply chain in Example 2 with the TEGPS model shown in
Fig. 2. The transfer function is & = § 11 (yzézo)*Azopo(S —1 This transfer function was com-
puted with the ETVO toolbox (Cottenceau et al. 2019) available online at: http://perso-laris.
univ-angers.fr/~cottenceau/etvo.html, this toolbox implements the algorithms given in this
section. Moreover, consider the following input dater function:

—oo fork < O
0 fork =0;
uk)=45 fork=1,2; 43)
35 fork=3,4,5,6;
oo fork >17.

This dater function is interpreted as follows: the first product available for transport from
factory 1 to factory 2 is ready at time instant 0. The second and third at time instant 5. The
4th 5th gth and 7% at time instant 35. According to Eq. 41, the series u € My, 81
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corresponding to this dater function is u = %% @ 18> @ 36 @ y78*. The output
y € M¢* [y, 8] of the system is computed as

n

y = ¥ (h ®Inj(u))

= ¥, (8" A201208 7" @ 831 A20208 10! @ 851 Anpp08 0 2) (1 25°0)*

=, (811A20|208‘1(y2820)* ® (y060 o y155 @ y3835 @ 7/78*))
695”A20|205_]J/7()/252)*5*)

=Y, ((311A20\205_1 ® 831 2201208 10! @ 81 A201p08 0 7) (¥ 28°0)*
@5“A20|20571V75*)

(811 @ 831)/1 @851]/3 @871)/5 @ 591)/7 @ .. ) @8118*)/7

with associated dater function y

—o0 fork < 0;

11 fork =0;
_ 31 fork=1,2;
YO =151 fork =34
71 fork =25, 6;

oo fork>17.

Hence, this implies that the first product is available at factory 2 at time instant 11, the
second and third at time instant 31, the 4’ and 5" at time instant 51, and the 6" and 7" at
time instant 71.

5.2 Optimal Output Reference Control

The optimal output reference control problem for a TEG under periodic PS with a transfer
function i € Tper[¥1 is to find the greatest input dater u such that, Vk € Z

2(k) = (hu) (k), (44)

where 7 is a given reference dater.
If, instead, we represent the unknown input and the reference as series in Mfr’f [y, a1,
Eq. 44 is rephrased as

7 = Yy (h ® Inj(u)), (45)
where the series z, u € M7 [y, 8] correspond to the dater functions Z and u.
Theorem 3 Let hh € Ty, [y 1l be the transfer function of a single-input single-output (SISO)

TEG under periodic PS and z € M{; [ly, 8] a given output reference for the system, then
the optimal input u,p,, i.e., the greatest solution of Eq. 45, is

Uopr = Inj* (R {TE(2)). (46)
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Proof As ¥, is a residuated mapping (see Proposition 18), Eq. 46 is equivalent to 7 ®
Inj(u) < WS5(z). This, in turn, is equivalent to Inj(u) < h{¥!(2) as left multiplication in
Tperlly 1 is residuated. Finally as Inj is residuated (Proposition 17), the greatest solution of
the latter inequality is Eq. 46. O

Equation 46 is often referred to as the just-in-time solution. Note that the notation of
greatest is in the sense of the order > in the dioid MY [y, 8]

Example 14 Recall the supply chain of Example 2, which is modelled by the TEG under
periodic PS given in Fig. 2 and has transfer function

h = 8”A20‘20(S_1(y2820)* € %er[[)’]]-

Let us consider the following dater function (see Fig. 10), which describes at which instants
of time goods from factory 1 need to be available at factory 2 at the latest.

—00 for k < 0,
z(k) = ¢ 25 fork =0, 1,
45+ 15 fork =2+ j with j € Np.

The control problem is now, to compute i, i.e. the maximal time when goods from fac-
tory 1 are ready to be shipped to factory 2, such that Eq. 44 respectively Eq. 45, holds. To
apply Eq. 46, the dater function 7 is expressed by the series z = 6% @ Y26 (y!819)* €
M [y, 8]. Then according to Proposition 18, lllzuo(z) = zAypo = 825A20‘20 &)

(y1813)*(y28% Asojp0) and
uope = Injf (M35, (2)) = (8" @ 776% @ ~°6"")(716%)".

where the latter equality has been computed using ETVO toolbox (Cottenceau et al. 2019).
The response y of the TEGPS to the optimal input u,,; is

y =W (h @ Inj(ugp)) = (8" & y?6*! @ 387" (y*8%)".
This series corresponds to the dater function,

—00 fork <O,

11460 fork =4j and k =144 with j € Ny.
31+ 60j fork =2+ 4; with j € Np.

51460, fork =3+ 4 with j € Np.

y(k) =

Figure 10 illustrates the output reference z and y resulting from the optimal input ;.
Clearly, as required, z > y. This means, the goods are shipped from factory 1 as late as
possible, but arrive in factory 2 in time to meet the production deadlines there.

Remark 5 Output reference control can be readily extended to multiple-input multiple-
output (MIMO) TEGs under periodic PS. In this case the earliest behaviour of a TEG under
periodic PS is modeled by a transfer function matrix H € T, [y 17*$. Then the optimal
output reference control problem is, forall j = 1,--- p,

14
= Y (@(H)_,»,,-Injw,-)) : @7)

i=1
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Fig. 10 Output reference z and 130 4 time
system response y to optimal
input it 120 ®

110 ]
100
90 ® O
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70 [ |
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20® ® o output (k)

0@ O

e reference z(k)

count
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where z; € M{ [y, 8] represents the reference for the 7' output and u; € M Ty, 81 is
i'" input of the system. As ¥,, is a lower semi-continuous mapping we can write Eq. 47 as,
forj=1,---p,

g
zj = @ Yo ((H) jilnj () , (48)
i=1
The latter set of p inequalities, can be written as a set of p * g simpler inequalities, i.e.,
Vje{l,---ptandVi € {1, -- g},

2j = Yo ((H) jiInj(u;)) . 49)

Observe that each of these inequalities has the form of Eq. 45. Hence, the optimal i’ input
Ui opr € M [y, 8], i.e., the greatest u; that satisfies Eq. 49 for j =1, --- p, is

Ui opt = /P\ (Illju((H)j,i§W£(zj)))~

Jj=1

Hence, the only difference to the SISO case is an additional infimum operation between
series in M{ [y, 81

6 Conclusion

In this paper, we have introduced algebraic tools to obtain transfer function matrices for
a subclass of Timed Event Graphs under Partial Synchronization, namely the case where
partial synchronization of transitions is characterized by periodic signals. We have intro-
duced the dioid Tp.r[y 1, which is a quotient dioid of formal power series in y with
coefficients that are periodic time-operators. We have shown that all relevant operations on
ultimately cyclic series s in this dioid can be reduced to operations on matrices in the sub-
dioid M{ [y, 81. An advantage of this approach is that existing software tools for standard
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TEG:s in the dioid M [y, 81, e.g. Hardouin et al. (2009) can be applied to the more gen-
eral class of TEGsPS with periodic PS. The more recent toolbox (Cottenceau et al. 2019),
based also on Hardouin et al. (2009), implements the “translation process” from 7;,” [y1to
M;’;‘ [y, 81. Moreover, based on transfer functions for this class of TEGsPS we have solved
the corresponding optimal output reference control problem. In particular, the proposed
control method provides the optimal control input under the “just-in-time” criterion. One
possible extension of this work is to modify the control strategy such that online updates of
the reference trajectory can be considered. This would allow the system to react to a change
in customer demands, and will be considered in future work.

Funding Information Open access funding provided by Projekt DEAL.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Baccelli F, Cohen G, Olsder G, Quadrat J (1992) Synchronization and linearity: An algebra for discrete event
systems. Wiley, New York

Cohen G, Moller P, Quadrat JP, Viot M (1989) Algebraic tools for the performance evaluation of discrete
event systems. Proc IEEE 77(1):39-58

Cohen G, Gaubert S, Nikoukhah R, Quadrat JP (1991) Second order theory of min-linear systems and its
application to discrete event systems. In: Proceedings of the 30th IEEE conference on decision and
control, pp 1511-1516 vol 2. https://doi.org/10.1109/CDC.1991.261654

Cottenceau B, Hardouin L, Boimond JL (2014) Modeling and control of weight-balanced timed event graphs
in dioids. IEEE Trans Autom Control 59(5):1219-1231. https://doi.org/10.1109/TAC.2013.2294822

Cottenceau B, Hardouin L, Trunk J (2019) Event and time variant operators. http://perso-laris.univ-angers.
fr/cottenceau/etvo.html

David-Henriet X, Raisch J, Hardouin L, Cottenceau B (2014) Modeling and control for max-plus systems
with partial synchronization. In: Proceedings of the 12th IFAC-IEEE international workshop on discrete
event systems (WODES). France, Paris, pp 105-110

David-Henriet X, Raisch J, Hardouin L, Cottenceau B (2015) Modeling and control for (max, +)-linear
systems with set-based constraints. In: IEEE international conference on automation science and
engineering (CASE), pp 1369-1374. https://doi.org/10.1109/CoASE.2015.7294289

David-Henriet X, Hardouin L, Raisch J, Cottenceau B (2016) Model predictive control for discrete event
systems with partial synchronization. Automatica 70:9-13

De Schutter B, van den Boom TJJ (2003) MPC for discrete-event systems with soft and hard synchronization
constraints. Int J Control 76(1):82-94. https://doi.org/10.1080/0020717021000049188

Gaubert S, Klimann C (1991) Rational computation in dioid algebra and its application to performance
evaluation of discrete event systems. In: Algebraic computing in control, Springer, pp 241-252

Hamaci S, Boimond JL, Lahaye S (2006) On modeling and control of discrete timed event graphs with
multipliers using (min,+) algebra

Hardouin L, Le Corronc E, Cottenceau B (2009) Minmaxgd a software tools to handle series in (max, +)
algebra In: STAM conference on computational science and engineering, Miami. USA

Hardouin L, Shang Y, Maia CA, Cottenceau B (2017) Observer-based controllers for max-plus linear
systems. IEEE Trans Autom Control 62(5):2153-2165. https://doi.org/10.1109/TAC.2016.2604562

Hardouin L, Cottenceau B, Shang Y, Raisch J (2018) Control and state estimation for max-plus linear
systems. Foundations Trends®Syst Control 6(1):1-116. https://doi.org/10.1561/2600000013

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1109/CDC.1991.261654
https://doi.org/10.1109/TAC.2013.2294822
http://perso-laris.univ-angers.fr/ cottenceau/etvo.html
http://perso-laris.univ-angers.fr/ cottenceau/etvo.html
https://doi.org/10.1109/CoASE.2015.7294289
https://doi.org/10.1080/0020717021000049188
https://doi.org/10.1109/TAC.2016.2604562
https://doi.org/10.1561/2600000013

Discrete Event Dynamic Systems (2020) 30:605-634 633

Heidergott B, Olsder G, van der Woude J (2005) Max plus at work : Modeling and analysis of synchronized
systems: A course on max-plus algebra and its applications (Princeton series in applied mathematics).
Princeton University Press, Princeton

Maia CA, Hardouin L, Santos-Mendes R, Cottenceau B (2003) Optimal closed-loop control of timed event
graphs in dioids. IEEE Trans Autom Control 48(12):2284-2287

Menguy E, Boimond JL, Hardouin L (1998) Optimal control of discrete event systems in case of updated
reference input. In: IFAC conference on system structure and control, pp 601-607

Menguy E, Boimond JL, Hardouin L, Ferrier JL (2000) Just-in-time control of timed event graphs: update
of reference input, presence of uncontrollable input. IEEE Trans Autom Control 45(11):2155-2159.
https://doi.org/10.1109/9.887652

Trunk J, Cottenceau B, Hardouin L, Raisch J (2017a) Model decomposition of weight-balanced timed event
graphs in dioids: Application to control synthesis. In: 20th IFAC world congress 2017, Toulouse, pp
13995-14002

Trunk J, Cottenceau B, Hardouin L, Raisch J (2017b) Output reference control for weight-balanced timed
event graphs. IEEE, 4839-4846. https://doi.org/10.1109/CDC.2017.8264374

Trunk J, Cottenceau B, Hardouin L, Raisch J (2018) Model Decomposition of Timed Event Graphs under
Partial Synchronization. In: 14th Workshop on Discrete Event Systems, vol 2018. Sorrento Coast, Italy,
pp 209-216

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Johannes Trunk was born in 1985. He receivedthe Master degree
in Electrical Engineering from the Technische Universitidt Berlin,
Germany, in 2014. He is currently a PhD student at both the Tech-
nische Universitidt Berlin and the Université d’Angers, France. His
research interests are modeling and control of discrete event sys-
tems with applicationsto transportation networks, computer networks
and manufacturing systems. His PhD is supported by the Universié
franco-allmande/ Deutsch- Franzosische Hochschule.

Bertrand Cottenceau was born in 1973. He received the Ph.D.
degree, in 1999, and the Habilitationa Diriger des Recherches, in
2015, from the University of Angers, France. He is currently an Full
Professor at the University of Angers. His research interests include
modeling, simulation and control of timed discrete event systems with
applications in manufacturing systems and computer networks.

@ Springer


https://doi.org/10.1109/9.887652
https://doi.org/10.1109/CDC.2017.8264374

634 Discrete Event Dynamic Systems (2020) 30:605-634

Laurent Hardouin was born in 1967. He received the Ph.D degree
from the University of Poitiers, France, in 1993, and the Habilita-
tiona Diriger des Recherches from the University of Angers, France,
in 2004. He is currently a Full Professor of dynamic systems, com-
puter engineering, computer networks at the University of Angers. He
specializes in discreteevent systems, max-plus algebra, interval analy-
sis, with applications to computer networks, manufac-turing systems,
transportation systems and robotics.

Joerg Raisch received the Dipl.-Ing. degree in engineering cybernet-
ics, the Ph.D. degree, and the “habilitation” from Stuttgart University,
Stuttgart, Germany. Since 2006, he has held the Chair of Control
Systems in the Department of Electrical Engineering and Computer
Science, Technische Universitdt (TU), Berlin, Germany. His main
research interests are hybrid and hierarchical control, and control of
timed discrete-event systems in tropical algebras, with applications in
chemical, medical, and power systems engineering.

Affiliations

Johannes Trunk'-2 . Bertrand Cottenceau? - Laurent Hardouin? - Joerg Raisch’

Bertrand Cottenceau
bertrand.cottenceau @univ-angers.fr

Laurent Hardouin
laurent.hardouin @univ-angers.fr

Joerg Raisch
raisch@control.tu-berlin.de

Technische Universitidt Berlin, Fachgebiet Regelungssysteme, Einsteinufer 17, D-10587 Berlin,
Germany

Université d’ Angers, 62 Avenue Notre Dame du Lac, 49000 Angers France

@ Springer


mailto: bertrand.cottenceau@univ-angers.fr
mailto: laurent.hardouin@univ-angers.fr
mailto: raisch@control.tu-berlin.de

	Model decomposition of timed event graphs under periodic partial synchronization: application to output reference control
	Abstract
	Introduction and motivation
	Timed event graphs and dioids
	Timed event graphs
	Timed event graphs under partial synchronization
	Dioids
	Complete dioids and residuation theory

	Modeling of TEGs under PS in the Dioid T [[ ]]
	Dioid of time operators T
	Dioid T [[ ]]
	Modeling of TEGsPS in Tper [[ ]]

	Core representation of a series in Tper [[ ]]
	Greatest core matrix
	Operations between core matrices

	Output reference control
	Subdioids of Tper [[ ]]
	Zero slice mapping : T [[ ]] Minax[[,]]
	Dater functions and series in Minax[[,]]

	Optimal Output Reference Control

	Conclusion
	References
	Affiliations




