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Abstract Based on classic iterative computation results, new equations to calculate the
surface turbulent transfer coefficients are proposed, which allow for large ratios of the momen-
tum and heat roughness lengths. Compared to the Launiainen scheme, our proposed scheme
generates results closer to classical iterative computations. Under unstable stratification, the
relative error in the Launiainen scheme increases linearly with increasing instability, even
exceeding 15%, while the relative error of the present scheme is always less than 8.5%. Under
stable stratification, the Launiainen scheme uses two equations, one for 0 < RiB ≤ 0.08 and
another for 0.08 < RiB ≤ 0.2, and does not consider the condition that RiB > 0.2, while
its relative errors in the region 0 < RiB ≤ 0.2 exceed 31 and 24% for momentum and heat
transfer coefficients, respectively. In contrast, the present scheme uses only one equation for
0 < RiB ≤ 0.2 and another equation for RiB > 0.2, and the relative error of the present
scheme is always less than 14%.

Keywords Numerical model parameterizations · Surface exchange · Transfer coefficients

1 Introduction

The development of adequate parameterizations of surface turbulent fluxes in numerical
models has been an important research topic (e.g., ECMWF 1988; Garratt and Pielke 1989),
because the exchange process cannot be explicitly modelled. As an essential basis for numer-
ous surface-layer studies, the Monin–Obukhov similarity theory (Monin and Obukhov 1954)
has been widely used to characterize boundary-layer stratification and the turbulent fluxes
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154 Y. Li et al.

emanating from the Earth’s surface. In this theory, vertical gradients of the mean wind speed
(u) and mean potential temperature (θ ) are related to the surface fluxes by the relations:

∂u/∂z = u∗φm(ζ )/kz, (1a)

∂θ/∂z = θ∗φh(ζ )/kz, (1b)

where u∗ is the friction velocity, θ∗ is the temperature scale, k is the von Karman constant,
z is the altitude, and ζ is the stability parameter, ζ = z/L , where L is the Obukhov length,
defined as: L ≡ u2∗θ/(kgθ∗). The momentum function (ϕm) and heat function (ϕh) are
assumed universal and are deduced from observations (Guilloteau 1998).

The vertical profiles of u and of θ can then be obtained by integrating the flux-profile
relationships given above,
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where θ0 is the potential temperature at height z0h, R is the Prandtl number, z0 is the aero-
dynamic roughness length, z0h is the roughness length for temperature, and ψm and ψh are
the integrated stability functions for momentum and heat, respectively. The turbulent fluxes
of momentum (τ ) and heat (H ) are calculated from the bulk relations:

τ ≡ ρu2∗ = ρCMu2, (4)

H ≡ −ρcpu∗θ∗ = −ρcpCHu(θ − θ0), (5)

where cp is the specific heat capacity at constant pressure, CM is the drag coefficient and
CH is the heat transfer coefficient. Substituting Eqs. 2 and 3 into Eqs. 4 and 5, and solving
for CM and CH gives

CM = k2

[ln(z/z0)− ψm(z/L)+ ψm(z0/L)]2 , (6)

CH = k2/R

[ln(z/z0)− ψm(z/L)+ ψm(z0/L)][ln(z/z0)− ψh(z/L)+ ψh(z0h/L)] . (7)

In the past 40 years, bothψm andψh have been extensively investigated and several formula-
tions have been proposed (e.g., Businger et al. 1971; Dyer 1974; Holtslag and de Bruin 1988;
Beljaars and Holtslag 1991; Högström 1996). So far, the most accurate formulations seem to
be those of Högström (1996) for unstable stratification and of Beljaars and Holtslag (1991)
for stable stratification resulting from improvements in observational techniques (Guilloteau
1998). In Eqs. 2, 3, 6, and 7, u and θ are obtained from the model computation at the first
grid level, but u∗, θ∗, and L must adjust to each other in order to obtain τ and H , so iteration
procedures become necessary.

In early mesoscale numerical models, u and θ were the values at the first grid level of the
model, and an iterative computational method, together with a first guess approximation to
u∗, were usually used to estimate τ and H . Because this iteration is needed for all grid nodes
of the lowest level of the atmospheric model at all timesteps, the iteration takes considerable
computing time, especially for a high horizontal resolution simulation over a large region.
In the Coupled Ocean-Atmosphere Response Experiment (COARE) algorithm, Fairall et al.
(1996) used ‘the first best guess’ for u∗ to obtain τ with limited iterations.
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Surface-layer Turbulent Transfer Coefficients in Numerical Models 155

For this reason, in the past 30 years, considerable effort has been made to avoid numerical
iterations. Based on the flux-profile relationships of Businger et al. (1971), Louis (1979) pro-
posed a compact scheme where the bulk Richardson number (RiB), instead of the Obukhov
length (L), was used for the parameterization of u2∗ and u∗θ∗ because RiB can be calculated
from routine observations. Later, Louis et al. (1982) revised the original scheme by slightly
changing the coefficients in the functions. This scheme has been widely used in atmospheric
models due to its simplicity in formulation and non-iterative nature (Wang et al. 2002). Since
then, there has been considerable effort on analytical (non-iterative) schemes. Garratt (1992)
suggested an extension of the Louis scheme in which certain constants are determined by
least-squares fitting for values of the roughness ratio z0/z0h different from unity. Mascart et al.
(1995) improved the surface-layer flux-profile relations of Louis (1979) to allow for different
values of the momentum and temperature roughness lengths for most natural land surface
types. Using a flux-profile iteration procedure, Launiainen (1995) obtained a semi-analytical
relationship between the Obukhov stability parameter z/L and the bulk Richardson num-
ber RiB for variables z0 and z0/z0h. Uno et al. (1995) extended the surface-flux calculation
method proposed by Louis (1979) by allowing momentum and heat roughness lengths to have
different values, which leads to a re-definition of the bulk Richardson number. Van den Hurk
and Holtslag (1997) compared various parameterizations for the bulk transfer coefficients
for heat and momentum over wide ranges of atmospheric stability, z0 and z0h. Delage (1997)
compared five different formulations of the stability functions used for vertical transfer in
atmospheric models in a one-dimensional model of the nocturnal boundary layer. Kot and
Song (1998) improved the Louis scheme (1979) by broadening the original assumptions and,
based on state-of-the-art empirical flux-profile relationships, Guilloteau (1998) proposed a
new method for computation of the surface momentum and heat transfer coefficients. Wang
et al. (2002) briefly reviewed previous non-iterative schemes and proposed improvements to
the Louis surface-flux parameterizations (Louis 1979; Louis et al. 1982). Building on most
of the prior studies, especially Launiainen (1995), the present study proposes a new rela-
tionship between z/L and the bulk Richardson number RiB, which allows for non-iterative
approaches to the calculation of turbulent fluxes and incorporates a non-unity z0/z0h.

2 Relationship Between z/L and RiB

Near the surface, stratification may be specified in terms of ζ , or the bulk Richardson number
RiB, which is usually expressed as

RiB = gz�θ/(u2θ). (8)

From flux–profile equations 2 and 3, we obtain

ζ = RiB

R

[ln(z/z0)− ψm(z/L)+ ψm(z0/L)]2

[ln(z/z0h)− ψh(z/L)+ ψh(z0h/L)] . (9)

In mesoscale models, the lowest level is usually at about 10 m, so we take z = 10 m as a
constant in this study. Following Louis (1979), we discuss the following five cases: z/z0 =
100, 400, 2000, 104, and 105, corresponding to z0 = 0.1, 0.025, 0.005, 10−3, and 10−4 m
(for the case that z/z0 is smaller than 1/10, the present scheme is inapplicable). These cases
roughly correspond to agricultural fields, desert, ice surface, rough sea surface and smooth
sea surface, respectively (Garratt 1992). For z0h, we set the range as 0.5 < z0/z0h < 100.
To increase the accuracy of the new scheme, the stratification conditions are classified as:
unstable (RiB < 0), weakly stable (0 < RiB ≤ 0.2) and strongly stable (RiB > 0.2).
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2.1 Unstable Stratification (RiB < 0)

Launiainen (1995) suggested a linear relationship between ζ and RiB for unstable conditions:

ζ = [
ln2(z/z0)/ ln(z0/z0h)− 0.55

]
RiB. (10)

However, as shown in Fig. 1, the results of the Launiainen (1995) scheme differ from the
Högström (1996) scheme when RiB decreases for unstable stratification. To better approach
the results of Högström (1996), we assume a quadratic relationship between ζ and RiB for
unstable conditions, that is

ζ = ARi2
B + B RiB, (11)

where A and B are coefficients related to the roughness conditions z/z0 and z0/z0h. By
regression analysis and a significance test, and to ensure the mean deviation from iteration
results stays less than 5%, we obtain the following equation:

ζ = au11αRi2
B + [(bu11β + bu12)α

2 + (bu21β + bu22)α + (bu31β
2 + bu32β+bu33)]RiB,

(12)

where α = ln(z/z0), β = ln(z0/z0h), and the coefficients au11 = 0.0450, bu11 = 0.0030,
bu12 = 0.0059, bu21 = −0.0828, bu22 = 0.8845, bu31 = 0.1739, bu32 = −0.9213, and
bu33 = −0.1057.

2.2 Weakly Stable Condition (0 < RiB ≤ 0.2)

For 0 < RiB ≤ 0.2, Launiainen (1995) suggested

ζ =
⎧⎨
⎩

[ln(z/z0)/(1 − 5.2RiB)− 1.3 ln(z0/z0h)] RiB 0 < RiB ≤ 0.08
[1.89 ln(z/z0)+ 44.2] Ri2

B+[1.18 ln(z/z0)− 1.5 ln(z0/z0h)− 1.37]RiB 0.08 < RiB ≤ 0.2
. (13)

We found by regression analysis and a significance test that a quadratic relationship between
ζ and RiB throughout the entire domain is useful. The resulting equation is

ζ = [(aw11β + aw12)α + (aw21β + aw22)]Ri2
B + [(bw11β + bw12)α + (bw21β

+ bw22)]RiB, (14)

where aw11 = 0.5738, aw12 = −0.4399, aw21 = −4.901, aw22 = 52.50, bw11 = −0.0539,
bw12 = 1.540, bw21 = −0.6690, and bw22 = −3.282.

2.3 Strongly Stable Stratification (RiB > 0.2)

Launiainen (1995) did not discuss the relationship between ζ and RiB for strongly stable
stratification, so we assume a linear relationship between ζ and RiB:

ζ = ARiB + B. (15)

By again using regression analysis and a significance test, the coefficients are determined as:

ζ = (as11α + as21)RiB + bs11α + bs21β + bs22, (16)

where as11 = 0.7529, as21 = 14.94, bs11 = 0.1569, bs21 = −0.3091, and bs22 = −1.303.
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Fig. 1 The relationship between the stability parameter ζ and Richardson number RiB in the BH&H scheme
(black dots), the Launiainen scheme (blue line) and the new scheme (red line). a, b and c represent unsta-
ble, weakly stable and strongly stable conditions separately, while (1), (2), (3), (4) and (5) represent z/z0 =
100, 400, 2000, 104 and 105 separately

So far, we have obtained the equations to calculate ζ by using RiB, z/z0, and z0/z0h for all
stratification conditions, where z/z0 ranges from 102 through 105, and z0/z0h ranges from
0.5 through 100. We apply ζ obtained above into the universal functions of the Högström
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Fig. 1 continued

(1996) scheme for unstable conditions, and the Beljaars and Holtslag (1991) scheme for stable
conditions, and then substitute these universal functions into Eqs. 6–7 to obtain CM and CH.

3 Results

The relationships between ζ and RiB, estimated by using the Launiainen (1995) scheme, are
compared with those obtained above in Fig. 1, where the results obtained by using the original
iterative schemes of Högström (1996) (unstable stratification) and of Beljaars and Holtslag
(1991) (stable stratification) are also given for reference. For brevity, the Högström (1996)
and Beljaars and Holtslag (1991) schemes are combined and called the BH&H scheme. As
mentioned in the introduction, so far the most accurate scheme in use is the BH&H scheme;
therefore, the BH&H scheme is used as a reference. The Launiainen scheme has two limits
of application: (i) −0.35 ≤ RiB ≤ 0.2, and (ii) 0.5 ≤ z0/z0h ≤ 7.3 (Launiainen 1995). To
facilitate comparison, we extend the range to (i) −2 ≤ RiB ≤ 1, and (ii) 0.5 ≤ z0/z0h ≤ 100.
Figure 1 shows that:

(1) For unstable stratification (RiB < 0), the difference between the Launiainen (1995)
scheme and the BH&H scheme becomes more significant when instability increases
(i.e., RiB decreases), and the values of ζ (blue lines) calculated by using RiB in the
Launiainen scheme (Eq. 11) are systematically lower than those (black dots) obtained
by using iterative computations via the BH&H scheme. Our scheme (i.e., Eq. 12) avoids
iteration and generates results (red lines) that are closer to those (black dots) obtained
by using iterative computations in the BH&H scheme.

(2) For weakly stable stratification (0 < RiB ≤ 0.2), the Launiainen scheme and our
scheme generate coincident results because the quadratic equations (i.e., Eqs. 14
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Surface-layer Turbulent Transfer Coefficients in Numerical Models 159

Fig. 2 The relationship between CM(CH) and Richardson number RiB, calculated by using the BH&H
scheme (black dots), the Launiainen scheme (blue line) and the new scheme (red line)
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160 Y. Li et al.

Fig. 3 The relative error in the turbulent flux transfer coefficients (against the BH&H scheme) for the Lau-
niainen scheme (blue line) and the new scheme (black dashed line), while stars, triangles, pentacles, diamonds
and circles represent z/z0 = 100, 400, 2000, 104 and 105 separately
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Fig. 3 continued
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and 15) are applied in regression for both of them, although the Launiainen scheme
has a bias when z0/z0h = 100.

(3) For strongly stable stratification, our linear regression equation (i.e., Equation (16)) gen-
erates results that are consistent with those obtained by iterative computations with the
BH&H scheme. The Launiainen scheme is essentially not applicable for this condition.

The momentum and heat transfer coefficients calculated by using the BH&H scheme, the
Launiainen scheme, and our scheme are shown in Fig. 2. It is obvious that our approach gives
results that are close to those obtained with the BH&H scheme. To quantify the differences
between the Launiainen scheme and our approach using the BH&H scheme, we define a
relative error (in percentage):

�CM,H = 100
(CM,H − CM,H(BH&H))

CM,H(BH&H)
, (17)

where CM,H is the turbulent momentum (or heat) flux transfer coefficient calculated from
the Launiainen scheme or our approach, and CM,H(BH&H) is from the BH&H scheme. The
relative errors, plotted in Fig. 3, show that the results of�CM,H generated by using the pres-
ent approaches are concentrated around the x axis while the Launiainen scheme generates
larger values of �CM,H.

For unstable stratification, the Launiainen scheme error increases linearly with increasing
instability (i.e., decreasing RiB) and the largest error exceeds 15%, while the largest errors
for CM and CH in our approach are 8.5 and 7.0%, respectively. In stable stratification, there is
a discontinuity at RiB = 0.08 with the Launiainen scheme and a discontinuity at RiB = 0.2
with our scheme. The Launiainen scheme error increases dramatically with increasing sta-
bility; the largest errors for CM and CH are 67 and 37% (the values are too large to show in

Table 1 Largest absolute percentage CM error for the Launiainen scheme and our scheme

RiB =
−2.00

RiB =
−1.00

RiB =
−0.01

RiB =
0.01

RiB =
0.07

RiB =
0.09

RiB =
0.19

RiB =
0.21

RiB =
1.00

Launiainen
scheme,
z0/z0h = 0.5

2.4 1.4 0.8 0.2 17.7 6.0 4.7 5.3 66.6

Present scheme,
z0/z0h = 0.5

3.1 1.6 0.7 2.1 2.8 2.3 1.1 8.9 2.0

Launiainen
scheme,
z0/z0h = 1.0

5.9 3.7 0.8 0.1 16.8 8.0 6.8 7.1 66.2

Present scheme,
z0/z0h = 1.0

1.0 1.3 0.9 1.7 1.7 1.7 2.4 10.4 2.7

Launiainen
scheme,
z0/z0h = 7.3

12.9 7.4 0.9 2.5 14.2 4.7 9.0 8.9 65.1

Present scheme,
z0/z0h = 7.3

1.9 1.7 1.5 2.3 2.5 5.5 4.8 12.1 4.1

Launiainen
scheme,
z0/z0h = 100

11.3 5.7 1.0 8.3 27.6 27.4 4.9 5.1 63.5

Present scheme,
z0/z0h = 100

8.4 7.0 0.5 5.6 11.5 7.1 2.8 9.4 4.3
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Table 2 Largest absolute percentage CH error for the Launiainen scheme and our scheme

RiB =
−2.00

RiB =
−1.00

RiB =
−0.01

RiB =
0.01

RiB =
0.07

RiB =
0.09

RiB =
0.19

RiB =
0.21

RiB =
1.00

Launiainen
scheme,
z0/z0h = 0.5

5.3 3.4 0.8 0.2 16.8 5.4 8.8 10.0 36.4

Present scheme,
z0/z0h = 0.5

4.5 2.3 0.9 2.3 3.0 2.4 1.4 10.3 3.1

Launiainen
scheme,
z0/z0h = 1.0

11.2 7.3 0.8 0.1 15.7 7.0 8.4 9.3 36.6

Present scheme,
z0/z0h = 1.0

1.3 1.8 1.0 1.7 1.8 1.80 2.6 11.7 3.9

Launiainen
scheme,
z0/z0h = 7.3

15.2 8.8 0.8 2.1 12.7 3.5 7.8 8.8 36.1

Present scheme,
z0/z0h = 7.3

2.0 1.7 1.4 2.0 2.3 5.0 4.8 12.4 5.9

Launiainen
scheme,
z0/z0h = 100

10.2 5.6 0.7 6.2 20.8 21.1 9.1 9.4 34.7

Present scheme,
z0/z0h = 100

7.0 5.8 0.4 4.2 8.8 5.6 2.6 8.6 6.1

Fig. 3). The largest errors in our approach are at the discontinuity where RiB = 0.2; for CM

and CH they are 14 and 11%, respectively. The largest absolute errors of the two schemes for
several values of RiB are also shown in Table 1 (CM) and Table 2 (CH).

4 Conclusions

A new non-iterative turbulent-flux parameterization scheme is proposed here that allows a
large ratio between the momentum and heat roughness lengths. We use the momentum and
heat transfer coefficients obtained by the iterative computations of the Högström (1996)
scheme for unstable stratification and of the Beljaars and Holtslag (1991) scheme for stable
stratification as references, and improve on Launiainen (1995) approach by using a regression
method. This new non-iterative method generates results that agree well with those obtained
by iterative computation mentioned above while saving computing time. The advantages
of this method are: (i) no iteration, (ii) it allows a large ratio between the momentum and
heat roughness lengths, and (iii) high accuracy. Therefore, we recommend its use in weather
forecast and climate models.
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Appendix: The Method for Generating the Equations of the Present Scheme

With the formulations of Högström (1996) for unstable stratification and Beljaars and Holtslag
(1991) for stable stratification, and through iteration, values of ζ can be generated for various
RiB (in our code, from −2 to 1 with 3000 linear intervals), z/z0 (from 100 to 105 with
30 log-linear intervals) and z0/z0h (from 0.5 to 100 with 20 log-linear intervals). Thus, the
values of ζ form a three-dimensional matrix, one dimension represents the dependence of ζ
on RiB, and two others represent the dependences of ζ on log(z/z0) and log(z0/z0h). Based
on the Launiainen (1995) scheme for different stratifications different relationships between
ζ and RiB are assumed:

ζ = ARiB + B, (18)

for RiB > 0.2

ζ = ARi2
B + B RiB, (19)

for RiB < 0 or 0 < RiB ≤ 0.2.
With these relationships, and through regression analysis, for each stratification we can

downsize the three-dimensional matrix of ζ into two two-dimensional matrices, one matrix
contains the values of A and the other contains the values of B. We assume that A and B can
be expressed as a Taylor series expansion in log(z/z0):

A = cm logm−1(z/z0)+ · · · + ck logk−1(z/z0)+ · · · c1, (20a)

B = dn logn−1(z/z0)+ · · · + dk logk−1(z/z0)+ · · · d1. (20b)

With the two equations, we can downsize the two-dimensional matrices of A and B into
(m + n) one-dimensional matrices, each matrix contains the values of ck(k = 1, 2, . . . ,m)
and dk(k = 1, 2, . . . , n). We assume ck and dk can be expressed as a Taylor series expansion
in log(z0/z0h),

⎧⎨
⎩

ck = apk logpk−1(z0/z0h)+ · · · + aik logik−1(z0/z0h)+ · · · a1k , k = 1, 2, . . . ,m,

dk = bqk logqk−1(z0/z0h)+ · · · + bik log jk−1(z0/z0h)+ · · · b1k , k = 1, 2, . . . , n.
(21a)

(21b)

The (m + n) one-dimensional matrices can be downsized to (m × p + n × q), which are the
values of aik (i = 1, 2, . . . , p, k = 1, 2, . . . ,m) or b jk ( j = 1, 2, . . . , q, k = 1, 2, . . . , n).
Thus, we have all the coefficients of the equations ζ = f (RiB, log(z/z0), log(z0/z0h)) for
different stratifications. However, these equations are too complex, and many terms are unim-
portant. To check the significance of each term, the equations with and without each specific
term are tested: if without this specific term, the new equation’s mean deviation from the iter-
ation result still stays within a small range (to attain the most accurate regression results and
also the simplest equations, 5% is chosen for the unstable and weakly stable conditions, 2%
is chosen for the strongly stable condition), then this specific term is considered unimportant
and can be deleted. Finally, several terms remain and the final forms of the three equations
are as Eqs. 12, 14 and 16, and the mean deviations from the iteration results are 4.0, 4.1 and
1.4%, respectively.
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