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Abstract In this paper we prove a posteriori Ly(L>) and Lo (H —1) residual based
error estimates for a finite element method for the one-dimensional time dependent
coupling equations of two scalar conservation laws. The underlying discretization
scheme is Characteristic Galerkin method which is the particular variant of the
Streamline diffusion finite element method for § = 0. Our estimate contains certain
strong stability factors related to the solution of an associated linearized dual problem
combined with the Galerkin orthogonality of the finite element method. The stability
factor measures the stability properties of the linearized dual problem. We compute
the stability factors for some examples by solving the dual problem numerically.

Keywords A posteriori error estimates - Coupling equations - Dual problem - Finite
element methods
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1 Introduction

This paper is the second part in a series of two papers concerning approximate solu-
tions for the coupling equations. In the first part [12], we derived, for smooth solu-
tions in the Sobolev space H**! of functions with their partial derivatives up to order
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k+ 11in Ly, optimal a priori error estimates for the Streamline diffusion finite element
methods (for short, the Sd-method below) of order O(hk‘H/ 2). In this part we extend
our studies to a posteriori estimates (see [1, 2, 6-9]) dealing with the following basic
problem: To construct an algorithm for the numerical solution of the coupling equa-
tions such that the error between the exact and approximate solutions, measured in
some appropriate norms such as weighted Ly(L;) and Lo, (H ™) norms, is guaran-
teed to be below a given tolerance and such that the computational cost is almost
minimal. These two properties are referred to as the reliability and efficiency of the
algorithm, respectively. The a posteriori etror analyzes are required for the reliability
in the sense that the error is controlled by certain norms of the residual (which is
obtained by inserting the computed finite element solution into the differential equa-
tion) term, whereas the a priori error estimates are based on controlling the size of
the error by some norm of the unknown solution itself. As for the efficiency the adap-
tivity may be invoked to avoid unnecessary mesh-refinements on the regions where
the contribution to the error is already small.

The main objective in this study is to derive a posteriori error estimates and prove
strong stability estimates of the dual problem for the solution of the interface problem
in a system of two different partial differential equations describing e.g. multifluids
with different state equations and moving contact discontinuities. More specifically
we consider the following coupling of two conservation laws in one dimension: Find
u:(x,t) e R xRy — u(x,t) € R such that

ut+fR(u)x_(8u)xx:O, .x>0, t>0,
ur+ fr)y — (eu)ex =0, x<0,1>0, (1.1)

u(x,0) =ug, x €eR,
and also a suitable “continuity” condition
_ b
ulx,0)=u"(t), 1=0,

at the interface x = 0, to be compatible with initial condition u#y (for more details
see [10, 12]), where ¢ = ¢(x, t) is a positive small viscosity, ug : R — R is a given
function and f, : R — R, a = L, R, denote two “smooth” functions.

This is a system of nonlinear conservation laws arising in the study of fluid prob-
lems with two different equations on each side of the interface which may be fixed or
are moving with the flow. For instance, on one side of the interface, we assume that
the flow obeys the rules of the isentropic system of gas dynamics while on the other
side flow is arbitrary. A more complex problem in the case of having to couple the
Navier-Stokes system with the Euler system of gas dynamics [3], as well as modeling
certain plasma physical problems cf [10].

This paper is organized as follows: In Sect. 2, we construct a space-time discretiza-
tion and formulate the Streamline diffusion method for the approximation solution of
the coupled problem. Section 3 is devoted to the proof of a posteriori error estimates
for the corresponding Characteristic Galerkin for the perturbed coupled problem in
two different norms. In Sect. 4, we state and prove the analytical strong stability es-
timates for dual solution of our problem and finally, in our concluding Sect. 5 we
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present some computational results, with emphasis on computation of the stability
factors by solving associated dual problem.

2 Finite element discretization

We formulate a finite element method for the first equation involving fg in (1.1). We
use the Galerkin method with piecewise linear basis functions which are continuous
in space and discontinuous in time, i.e. the Sd-method. To do this we first introduce
some basic notation.

Let {0 =1 <1t <--- <ty =T} be a partition of the interval I = (0, T) into
the subintervals I,, = (¢,, t,+1), with time steps k, = t,41 —t,, n=0,1,..., N — 1
and introduce the corresponding space-time “slabs” S,, = R x I,,. On each slab for
h > 0, we define a space-time mesh 7' = {K} with space-time element K, as an
quasi-uniform subdivision (see e.g., Ciarlet [5]) of the slab S,, i.e., for each K € T}
there is an inscribed circle in K such that the ratio of the diameter of this circle and
the diameter of K is bounded below, independently of K and 4.

Let now g be a positive integer and introduce the finite element space

U'=1{uecH S, ulk € P,(K),K €T}"},

where P, (K) denotes the set of polynomials on K of degree less than or equal to g.
Then we define the trial and test function spaces as the subspaces of U} by

Vi={veU!:vlr=ub}), and W!={weU]: w|r=0},

respectively. Here “Z is the trace of a function in U}’ approximating u? on I' which
is the boundary of 2 = Ry x (0, T). Note that we may assume that the functions
v(x,t) € V) and w(x,t) € VW are vanishing for sufficiently large |x|.

Summing over n, taking all the slabs together we get the function spaces

N-1 N-1
w=Tv =[]
n=0 n=0
i.e., we seek an approximate solution uy € V;, such that forn =0,1,..., N — 1 we

have that u;, |s, = uj,. We emphasize that the functions in V, are continuous in x and
possibly discontinuous in ¢ at discrete time levels #,,. Similar properties are valid for
wy € Wy.

In order to write the Sd-method in a compact form suitable for analysis, and be-
cause the functions in V;, may be discontinuous in time, we introduce the jump terms
[v] across each time level by defining, forx >0andn=0,1,...,N — 1,

Uy ifn :0,

vy —v— ifn#0,

[v](x, 1) =

where

vy = lim v(x,t+5s), v— = lim v(x,t+5s),
s—0+ s—>0—
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and also we use the following notation

2
<u,v>n=/R u(x, ) t)dx,  [vly = (v, v %
+

2.1 The Sd-method

We start with the first equation of system (1.1) and reformulate it as the following
initial boundary value problem: Find « such that

Leu=u; + frwuy — (u)yy =0 in £,
u(©,)=u’, 1€(0,T), 2.1)

u(x,0)=ug, xeRy,

where ¢ is a positive viscosity coefficient, which we typically assume to be a ‘small’
constant specified below. Our main goal is to derive a posteriori error estimates for
the above problem based on the Sd-method. In the formulation of the Sd-method
below, if the mesh size is not small enough, the given viscosity ¢ will be replaced
by an artificial viscosity £ depending on the computed solution u; and the mesh
size h. Therefore in the a posteriori error analysis of (2.1) it is convenient to split
the total error e = u — uy, into two parts e = p + 6 where p = u — & with & the
solution of a perturbed continuous problem obtained by replacing ¢ by £ in (2.1), and
€:=60 =i — uy is the discretization error related to applying the Sd-method (now
without modifying the viscosity coefficient) to the perturbed problem. In this case,
the a posteriori error estimates (also underlying adaptive algorithm) is, in the case of
space discretization only, basically as follows:

2

N h
lella = SCi ?R(“h) , 2.2

B

where ||.||4 and ||.||p are some norms, e.g., an L (L) in time-space or Loo(H™)
norm, & is the mesh size, and R(u;) = L;uy, is the residual obtained inserting the
computed finite element solution into the perturbed differential equation. Further C;
is an interpolation constant which depend on the shape of the elements, the local order
of polynomial approximation and the choice of norms, but not on the particular solu-
tion being approximated or the mesh size, and S is a stability factor which measures
certain stability properties of an associated continuous linearized dual problem.

The Sd-method for (2.1) can now be formulated as follows: Find uj, € V), such
that forn =0,1,...,N —1

/ 7 N
(uh o+ FrG I} . 0f +8h , + ROV )) + (Bufvf)

+([uh],vZ’+),,+/‘ uZ’Jer’ert:/ uPvp Lt YupeWy,  (2.3)
I I,

n n
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0
where uy _ =uo, [up] =up  —uj _,

& = max(e, C1h|R(up)|/|Vup|, C2h*'?),
I[een ]|

n

Run) = lup; + fun)x| + nS,,

8 =Ch,

with h denoting the mesh size, C and C;’s are positive constants and I}, := {0} x I,.
The artificial viscosity £ acts in an implicit way to provide additional stability near to
shocks (& ~ C1h), and less in smooth regions (¢ ~ Coh3/?).

In order to estimate the error e = u — uy,, we also need to estimate p = u — u. To
control the u — i, we may adaptively refine the mesh until &€ = ¢, giving u = u, or
alternatively approximate ¢ in terms of ¢ — £. In the a posteriori error estimates for the
Sd-method (2.3), below for simplicity we assume that u? = 0, & = ¢ is constant and
that the function A (x, ) = h is constant, for all x, t. Further we consider the following
simplified version of the Sd-method with £ = Ch and 8 = 0 (an error analysis for
the Sd-method in the case § # 0 is given in [14, 17]): Find uj € V}, such that for
n=0,1,...,N—1

(uh,t + frun)x, v)n + (éuh,x» Ux)n + ([unl, v4)n =0, Vve WZ 2.4

3 A posteriori error analysis
3.1 Introduction

The a posteriori approach tries to estimate the error of approximating a particular
solution by using the information from computation. The foundation is a rigorous
a posteriori error estimate which bound the error by computable quantities that de-
pend on the “known computed” numerical solution rather than the unknown exact
solution.

The standard a posteriori error estimates for time-dependent problem as presented
in [11, 16] and [6] typically rely on Galerkin orthogonality, interpolation estimates
and strong stability estimates for a suitable dual problem running backward in time
with a desired error functional as initial data on the right hand side as key ingredient.
In our approach to a posteriori error analysis, in addition to these ingrediences, we
rely also on the concept of stability factor. Below we, especially, consider these issues
in more details.

3.2 The dual problem

In order to obtain a representation of the error (see Sect. 3.4), we consider the follow-
ing auxiliary problem, referred to as the linearized dual problem: Find ¢ such that

Lio=—¢— Al gy —8py =Y in 2, (3.1a)
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®0,1)=0, re€(0,T), (3.1b)
p(x, T)=1yn, xeRy, (3.1c)

where
1
A= / frlsu+ Q= s)up)ds
0

and L3 denotes the adjoint of the operator £ is defined in (2.1). Note that this problem
is computed “backward”, i.e. from 7y, where the initial data is given, to 0. Depending
on the choice of ¥r; or yrp, we get estimates of different norms or functionals of the
erTor.

3.3 Notations

We use the following notation

N—-1
(u,v)n=/ wvdxdt,  (u,v)0 =Y (1, V),
" n=0
1
I =1-l2200) = (., ) Mz, = lul.DlL,m®,
T
I,y = sup lu(,Dllz,, ||14||L1(L2)=/ lul., )L, dt,
tel0,T] 0
lellg—1 = Nvxll,,  where —ver =u, v(xp) =vlxg) =0, ligll v = Illﬁ%glle,

where the computational domain is restricted to the interval (xr, xg) and v is positive
weight function.
By Diuj, and Dyuy we denote “discrete second derivative” of u# defined by

[Mh,x (-x;lv t)]

Diup(x,1) = max o ,oxe(xx), tely, (3.2)
J

j=ii—1

where [v(x;?)] =lim;_, o+ (v(x;‘ +¢)— v(x;‘ —2)),
(Daw, V) = —(Wy, Vx)n VYV E WZ» (3.3a)
(D5w, v), = —(Bwy, vy)n Yo WL, (3.3b)

where Dg, Dy : W) — Wy,

The a posteriori error estimates contain residual of the computed solution defined
by
Ro=uns+ fr(un)x, Ri1= Diup, Ra = —D5un,
(Pn — H)“Z’,

Rz = i

onS,, R4=(u;’l’+—u2’_)/kn onS,,
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where I is identity operator and P, : S,, — W' denote the L-projection defined by
(Put, )y = (u,v)p, YveWj.
We defined P and & by

(Po)ls, =Pulpls,), and (mwe)ls, =m.(¢ls,),

respectively, where m,, : L2(S,) — I, = {v € L2(Sp) : v(x, -) is constant on I,,
x € R} is defined by

1
mals, = . v(-,t)dt VYvelly,.
n J1,

n

We note that Pt = 7P since P,m, =, P, forn=0,1,...,N — 1.
3.4 An a posteriori error estimates in Ly (L)

Let us now prove a basic a posteriori error estimate in a weighted Ly-norm. We start

by representing the error ||é ||i ol @ in terms of the dual solution ¢ of (3.1) choosing
2

Y1 =y~ 1é and v¥» = 0. Multiplying (3.1a) by é and integrating over each S,,, inte-

grating by parts, and summing over n, we obtain the following error representation

formula:

el - =@ v lo)e =@ Lip)e
2

N-—1 N-—1
= {(e; + (Ao),, ©)n + (8ey, ©xin} — Z ([unl, o+)n
n=0 n=0
N-—1 N-—1
==Y {ns + fR@R) 2 @ + Cunrs 9 n} — Y ([n], 91 )n-
n=0 n=0

So that using the Galerkin orthogonality with ¥ = 7Pg € V), as an suitable inter-
polant of ¢,

N—-1 N—-1
18?1 =" i+ frun)e, ¥ =@+ Y Gt (¥ — @)D
Ly n=0 n=0
N-1
+ > (unl. (¥ = @)1 ). (3.4)
n=0

To proceed we use the following interpolation estimates, proofs of which can be
found in [13] and [15]:
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Lemma 3.1 There is a constant C; such that for R € L>(S2)

h? .
|(R.¢ =Polal <Ci| =A=P)YR)| | Népxall v (3.5)
e sz @) 2
|(Bupx, (9 — Pp))al < Cillh* Ry ”Lzl/ﬁl(g)”é(pxx IIL;&(_Q). (3.5b)

Similarly we have also the following Lemma, proof of which can be found in [11].
-1
Lemma 3.2 There is a constant C; such that for R € L;// (£2)

(R, P(me — @)l =Ci IIknRIILg,—l (mllwz Iy @) (3.6)

We introduce the stability factors Sé and 7 associated with discretization in time
and space, defined by

¢ ”(pt ”L\z[/(g) X ||8(pxx ”le/’(g) (3 7)
el ey
LY () Ly (£2)

respectively. Using Cauchy-Schwarz inequality in (3.4) coupled with the interpola-
tion estimates (3.5a), (3.5b) and (3.6) and the strong stability factors (3.7), to derive
the L>(L7) a posteriori error estimates for the scheme (2.4).

Theorem 3.1 The error é = ti — uy,, where u is the solution of the perturbed problem
and uy, that of (2.4) satisfies

h2
i — S — (@ — St _
i =l g1 gy S CSF|FA=PRO| o+ CisillRoll g,
L CX 17,2 Lt
+CSFIR R o1 )+ CiSilaRz o1
1 Ci8Y th 1 Ci S ka Rl
] R AT T
t
+Cl’Sé||k,,R4||L2¢71(Q). 3.8)

Proof Using the notation introduced above, we may write (3.4) as

N—-1 N—-1
lel? -1 = (Ro.¥ =@+ Y Eupy, (¥ — @)
Ly ()
n=0 n=0
N—-1
+ D (lun). (W = @) )u =1+ +11I. (3.9)
n=0
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Writing ¥ — ¢ =¥ — Py + Py — ¢ we obtain

N—-1 N—-1 N-1

=) (Ro.W —Pp+Pp—@hu=» (Ro.Pp -+ Y (Ro.Plxp— @)

n=0 n=0 n=0
2

h
=Ci| 7 @=P)Ro)

£ ka R - F s
sz—l @ ||8‘Pxx ”sz(.Q) + || n 0||L21// I(Q) ”(pl ”L‘z/ (£2)

where we have used (3.5a) in the first integral and (3.6) in the second iAntegral. For
the term /1, we get the following bound, using (3.5b) and the fact that D is constant

on [,
N—-1
H=" " (upr, (¥ =Po+Pp—0)

n=0
N—1 N-1

=Y @upx, (P — @) n+ Y Etthx, (¥ —P@)n
n=0 n=0
N-1 N-1

=Y Eunx, (P —@)n+ Y (=Dsup, P(rp — @)
n=0 n=0

2 ~
<(C; — —

Finally, for the third term /I in the error representation we have

N—-1

=" ([unl, (¥ = @) 1)

n=0

N—1 N—-1

D (unl, (Pe — @) 1)+ Y (], (TPp — Pp) 1)

n=0 n=0
111 + 1115.

Considering first /111, we have with the L,-projection P, defined above

N-—1
Iy = ) (up+—up— (Po—Dey)n

n=0
N-—1

= <,Pnuh,f —Up,—, T —Py)(Pn _H)(p+)n
n=0
N-—1

= <R3, kn (Pn - H)(p+>no
n=0

(3.10)
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Now to estimate (I — P,)¢’} we note that

t
kntpﬁ’r(x):/ w(x,t)—/ / @ (x, T)dTdr. (3.11)
I, In i

Inserting this representation into the right hand side of (3.10), using an estimate for

(P, — ) we get
t
go(x,t)dt—/ / ¢T(x,t)drdt)>
In tn n

N-1
= Z/I {<R3, (Pn —H)Ql))n _f <R3, (Pn _H)SOr(',T))ndr}dt
n=0"""

t
In
<¢(

where in the last inequality we have used that

N-1

Il = Z<R3,(Pn—ﬂ)</
1

n=0 n

hZ
—Rs3
e

1 O g MRl (Q)uwtnL;ﬂ(m),

Finally, for 111, we have

N-1 N-1
[n]
i, = Z<kn kh ,(TPg — 7’<p)+> =Y (kaRa, @Pp —P@)1)n
n=0 n o p=0

N-—1 t
=Z<R4,(n73—7?)(/ (p(x,t)—/ / (pf(x,T)drdt>>
n=0 I Iy J1y n

< ClaRal g1 19119 )

The a posteriori error estimate now follows immediately after collecting the terms
and using the definition of the stability factors (3.7). g

3.5 An a posteriori error estimates in Lo, (H )

In principle, we may seek to control the error in any given norm by comparing the
corresponding stability factors by solving a dual problem with suitable data. The
norm Loo(H ') offers certain advantages from analysis point of view, and connects
to the following data for a dual linearized equation

Lip=0 in$2,
¢0,1)=0, t€(0,7), (3.12)
@(X,T)ZE, X€R+,
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where
—Exx=¢, xeRy, |[E| — 0 as|x| — oo. (3.13)
We define the norm |[|é]| ;-1 by
el g—1 = (Ex(T), Ex(T))r,

and note the following error representation based on (3.13)

N-—1
el = Exll, = (- @}n — Y _ (@ LI¢)
n=0
N—1
=@, oIN — (e, oIN + (E, 0)o+ Y (Leu, )y
n=0
N-1 N-1
= {n + fR@R) - @0 — Cunr @In) — Y ([n], o1 )n
n=0 n=0
N—1 N-—1
= (é, Yo — Z{(”h,z + fRWn)x, @In — (éuh‘xa Ox)n} — Z ([unl, o )n-
n=0 n=0

Using Galerkin orthogonality for ¥ € V), and with (¢, )¢ = 0 we have

N-1

N—-1
el =D s+ frn)e, ¥ —@)n — Y Etth x, U — @)
n=0 n=0
N-1
+ > unl. (¥ — @) ). (3.14)

n=0

We introduce the following stability factors associated with discretization in time and
space respectively,

el @y v ”\/g(pxx”Ll(Lz(]R+))
— T A, > E — ~
llell ;-1 llell ;-1

st (3.15)

Using interpolation estimates of the same type as those in the previous section we
obtain the following a posteriori error estimate.

Theorem 3.2 The error é = ti — uy,, where u is the solution of the perturbed problem
and uy, that of (2.4) satisfies

h2
—A-P)R
/§( YRo)

lellg-1 < CiSg

+C; S;; 1kn Roll Loo (Lo (R ))
Loo(L2(Ry))
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+ CiSENRP RN Ly (2 ® ) + Ci Sk Rl Lo (LR ))

h2
—R3 + CiSEIknR3 | Lo (Lo (R ))
Vo L@y

+ CiSEIknRall Lo (Lo (o)) (3.16)

+CiSE

The proof is essentially the same as the proof of the L,(£2) case and is therefore
omitted. We notice a gain of a factor Vz as compared to (3.8) due to the asymmetry
of norms in (3.16), with the weaker H ! (R4)-norm on the left hand side.

4 Analytical strong stability estimates

To give the above a posteriori estimate a quantitative meaning we need to estimate
the strong stability factors. We present some stability estimates for the model problem
indicating that the corresponding stability factor is bounded by a moderate constant.
More specifically, to get a quantitative estimate of the computational error ||u — uy ||
in terms of Sé, Sk, S and Sy, it is necessary that these two quantities are bounded
by some moderate constants.

4.1 Strong stability in L, ($2)

In this section we consider the a posteriori error estimate of the type (3.8) derived in
the previous section based on the following dual problem

Lio=—p—ATpe —Bp =y 7'¢ inR2, (4.1a)
90,1)=0, t€(0,T), (4.1b)
ox, T)y=0, xeRy, (4.1¢)

where we assume that ¢(x, r) — 0 as x — oo, for all 7. We now prove the following
strong stability estimate for the dual problem (4.1).

Theorem 4.1 Let & > 0, @ > 0 and B > 0 be constants. Suppose further that ¥ (x, t)
is a positive weight function satisfying

Vi+ ATy — ALY =28y 3y zalAT 1Y + By in @2, 4.2)
then the solution ¢ of (4.1) satisfies

2
LY (@)

2
LY (%)

2

Al
+ lle2
1E2exlly 192y

lig: + AT il + 18¢xx

1 1
20182 (w|AT 2o, |12 <6le)® ., 43
+2)€2(alAy |+ B) wxllL;p(Q)_ IIeIIL\z,, ') 4.3)
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and

Nl |12 < 4<3 + T su
t L;[’(.(Z) QP

ATAN .o
— | Jel - .
e LY ()

4.4)

Proof We multiply (4.1a) by —y(¢; + AT ¢,) and integrate over 2, =R, x (7, T)

to get
1 T 2 T A
V2@ + A po)llg, + | ¥ig+ A% @r)é@irdxdt
2
= —/ é(g; + AT p)dxdt

2

R 1
< f v Bdxdi + 19+ AT ol
2

Integrating by parts in both space and time variables in the second term on the left-

hand side yields

/Q V(g + AT 8@ dxdt
2/ W(Pté(Pxx‘F/ WAT‘Pxéwxdedt
2 2
=_/ é‘px‘/’xfpthdt_/ eV Qrpcdxdt
2 £2;
1 A T 2 1 A T 2
- = EY A, g dxdt — — eV A pydxdt
2/, 2 /e,

. [
=— /Q Bvlgr + AT pOpedxdt — 5 /Q (@Y g?)idxdt

1 [ . L[,
+ = / EVrpldxdt + - / 80> ATy, — ATy )dxdr.
2 Jo, 2 Jo,

By substituting into above inequality we have
30 T 2 1 P
2o + A% p)llg, + 5 | (EVer)(x, T)dx
4 T2 Ry
1 A
+3 / Br (Y + ATy — ALy)dxdr
2

I A~ A~
<l Hed, + /Q Sy (0 + AT g )dxdi

_1, « _ 1 1
<y 2e||%2,+/ Eyety dxdr + L1y (0 + ATeolg,.
2

4.5)
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Collecting terms, we obtain that
1 T 2 A2
¥ 2(p + A" o), +/ EYe)(x, T)dx
Ry

« N _ _1,
+f 8oy + ATy — ATy — 28y 1y Ndxdt <2|ly 22| 5,
2

We may now choose 7 such that
EYeDx Ddx= sup | @EYed)(,dx = [82¢y ]
’ - 9 - X i ’
Ry ! 1€[0.7] /R, * Loo(LY (20))

and use (4.2) to obtain

2

AL T 1 2
2 2
? b T @ATIE B 0,

AL
2 pxl
_1,0 _1,0
<2l 2ellg, =2MY 2elg. (4.6)

Choosing T = 0 yields the following inequality

1

1 AL 1 1 _1
192 (g + AT @) 15 + 182 (@|AT |+ B) 2oy 215 <20y 28]|%. 4.7

Similarly, to obtain a bound for ||§1p%(px +|l¢2, multiply equation (4.1a) by —&v @y
and integrating over §2; to get

N N
189 e, + / ¥ (01 + AT gy )dxdi
2

T

~ ~ _L.0 I 1 2
== | fexxe =l 2elg + Jlev el -

$2¢

Using the integration by part for the second term in the left-hand side as in (4.5) and
also using (4.2) we obtain

f o+ 125 @lAT 4+ ) oD <21 tel2 4
eV 2ouxlle +11E2Y 2(a|Ay |+ B) 20l < 21Y 2ellg. (4.8)

Adding estimates (4.6), (4.7), (4.8) we have proved (4.3).
To prove (4.4) we writing (4.1a) in the form

—¢r — AT("X = w_lé + E@Qrx.

Taking the square on both sides, multiplying by ¥ and integrating over 2 yields

2 T 2 a
10113y gy +IAT oell2y ) + fg 247 g pdxds

A2 ~ 2 An
=|le|l” _ + |le + [ 2ee@pyy.
12151 g * Mol g, fg Gux
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Recalling (4.8) and using the arithmetic geometric mean value inequality in the right
hand side we have

T T
Iy )+ 1AT eIy g < OIEIT s o +20A 0l )+ ||¢,||L¢,(9)
Noting that
_ T 44172
147 0xl3y o =IAT D0l
and using (4.6) we have
a1/2
||sof||L¢(m oIy +sup 182003y o
ATA a2
52 3+T5up —~ ”e” wfl )
2 & Ly ()
which proves the desired result. g

Corollary 4.1 The assumption (4.2) of Theorem 4.1 is satisfied in the following
cases:

(1) v=1and A; <0, 8=0,a =1, corresponding to a shock,
(i) Y(x,t) = (%)H"‘, max A§(~, t) < %, B =0, a >0, corresponding to rarefac-
tion wave u(x,t) = 7, and
(i) ¥ =expBB( —T)) and |A§| < B, a =1, corresponding to regular solution,
see [13].

4.2 Strong stability in Lo (H ™)

We now prove a strong stability estimate for the Lo, (H ') norm a posteriori error
estimate (3.16) based on the following dual problem

—ATp, — 8¢, =0 in 2,
00,0))=0, te(,7),

4.9)
ox, TY=E, xelRy,
—Ex :é(T), XER+.
Theorem 4.2 The solution ¢ of (4.9) satisfies
IVe@eellLywamay < SEVTIET) | -1, (4.102)
Il za®iyy < SETNET) -1, (4.10b)

where S}, = % and S = \/supg [[AAT || + .

@ Springer



712 M. Izadi

Proof We start by writing (4.9) in the form
—Qr — EQux = AT%-
Taking the square on both sides, multiplying by ¥ and integrating over §2 yields

/ @ldxdt + / 82p? dxdt + / 28y rdxdt = f (ATp)%dxdt.  (4.11)
2 2 2 2

Using partial integration we find that

lee I + 2@ 1% + / 2p2(., 0)dx = / (AT g dxdt + [VEEN,z, -

R+ 2
(4.12)
Nothing that
/Q (A7 o Pdxd < T suplAATNIEL s, .
and using (4.12) we get
lells + 18 llE < (Ts;p lAAT] +é)||Ex||i2(R+). (4.13)

Similarly to prove (4.10a) multiply (4.9) by —¢, as in the L-norm example to get

~ ~ 1
sup / 807 0dx + IVepeli, < S1El ),
te[0,T1JRy

and witht =0
—~ 1
IVepe S < SIE T, s - (4.14)

The theorem follows from inequalities (4.13) and (4.14), noting that

(f ||¢||)25T/||<p||2dt. .

5 Numerical implementations

In this section we discuss the computation of the solution of the linearized dual prob-
lem and present some numerical results. By putting f, (u) =aqu (¢ =L, R) in (1.1)
we get the linear case of our model problem

U +aguy — (e)yy, =0, x>0, >0,
U +arpu, — (eu)yy =0, x <0, t >0,
u(0,1) =0, t>0,
u(x,0) =ug(x), x eR.
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The associated linearized dual problem takes the form

O +arey + (e@)xx =0, x>0, t>0,
o +ares + (@) =0, x<0,t>0,
0(0,1) =0, t >0,
ox,T)=E, x €R,

where —E,, = e, corresponding to error control in the L., (H _1) norm. We have
solved the dual problem using the approximations of the error e = u — uj,, with u the
analytical solution and uj, the finite element solution on a mesh of size .

In [12], implementation of finite element method (Sd-method) for linear case are
considered. This methodology can be used to solve the dual problem as well (with
some minor modification). In all cases below we consider examples with the exact
solutions and present computed approximation of S and S% defined by (3.15) for a
typical solution of coupling of two advection-diffusion equations corresponding to a
posteriori error estimate in Lo (H ~1y norm, together with plots of dual solutions.

5.1 Testcase 1

We first consider the following problem

{ut — Jux — (ew)ax =0, x€(0,1],

ur + Sux — (1) =0, x€[—1,0),
where ¢ € [0, T'] with the following continuous initial data

dx(1+x), —-1=<x=<0,
ux,00=34x(1—-x), 0<x<l,
0, x| > 1,

where T = 0.15 is the final time and we have used fixed mesh size 4 = 1073 in the
computation.

The approximate solution « on a uniform mesh by Sd-method with ¢ = 107, time
step k/h = 0.25 and for initial and final time levels, t = 0 and ¢t = T are presented
in Fig. 1. We next plot the component of dual solution ¢ and the corresponding their
second derivatives ¢, at the same time levels, but in reverse order t =T and t =0
in Fig. 2 that shows how the error eN=_E., = —@xx (T) is distributed. Stability
factors S} and S% for this ¢ are represented versus time in Fig. 3. Then we take
e = 10™* and plot the corresponding dual solution and stability factors in Figs. 4
and 5 respectively. Finally we plot the variation of stability factors as a function of
viscosity for 1070 <e<10"%in Fig. 6.

In this case, S}, and S turn out to be of moderate size, indicating computability
of the corresponding solutions in Le(H -y,
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——— Sd-method

-1 -1
-1 -05 0 0.5 1 -1 -05 0 0.5 1

Fig. 1 Test case 1. Plot of u by streamline diffusion method at t = 0 (left) and t = T (right) for e = 100

x10~ x10~

_11 o o 05 1 _11 05 0 0.5 1
0.05 0.06
—t=T 0.04 D
0.02
0 0
-0.02
-0.04
_o.0§1 o5 0 05 1 _0'0§1 -0.5 0 0.5 1

Fig. 2 Test case 1. Plot of ¢(¢) (top) and @xx (¢) (bottom) att =T and t =0 for ¢ = 1006

5.2 Test case 2

Finally we consider the above problem with the following initial condition with two
discontinuities

1, -1 <x<-0.25,
ux,00=4{ -1, 025<x<1,
0, otherwise,
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1072 1076 .............................
...... N
107 We L
e=107°
107 10”7
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Fig. 3 Test case 1. Plot of the stability factors SE and S% versus time for & = 100

- -1
-1 - ~05 0 05 1
x107*
3 4
5 3
2
.
]
0
0
-1 »
2 -
-3 ' s ' -3 ' s '
b 05 0 05 1 b 05 0 05 1

Fig. 4 Testcase 1. Plot of the ¢(¢) att =T, t =0.5T (top), t = 0.4T and t = 0 (bottom) for ¢ = 1074

with the parameters ag = —0.01, a;, = 0.01. Here we have used a fixed value on the
viscosity, € = 107>, Firstly we solve the problem with # = 10~2 on a uniform mesh
with time step k/h = 0.25. We plot the computed solution u by Sd-method at 7 =0
and + = T in Fig. 7 and the corresponding dual solution ¢, second their derivatives
solutions ¢, att =T and t = 0 in Fig. 8. We plot the stability factors corresponding
to this /4 in Fig. 9. Secondly we refine the mesh size to & = 1073 and then plot the
corresponding figures for dual solutions and their stability factors att =T, =0.5T,
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e=107* e=107*

0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Fig. 5 Test case 1. Plot of the stability factors S’é and S% versus time for & = 10~4

Fig. 6 Test case 1. Plot of the stability factors SE and S% for different values of ¢

t =0.4T and t = 0 in Figs. 10 and 11 respectively. The behavior of stability factors
a function of mesh size for 5 x 1072 < h <5 x 10~% are shown in Fig. 12.

Note that in our examples, in the first part the related stability factors are almost
constant over the whole time interval (Figs. 3 and 9) while in the second part the
stability factors tend to increase with increasing (decreasing) viscosity (mesh size)
(Figs. 5 and 11). This has confirmed that in a computational approach to stability
factors estimation the result can be influenced not only by the geometry and initial
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1.5 1.5
—— Sd-method
1 B R - 1
0.5 : - - : - : 0.5
0 0
-0.5 - -0.5
-1 -1
-1.5 -15
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig.7 Test case 2. Plot of u by streamline diffusion method at r = 0 (left) and t = T (right) for h = 102

x 10 x 10

-1 -1

~1 05 0 0.5 1 -1 0.5 0 05 1
0.15 0.15

— T — =0

0p o f S 0.1
005 R TR 0.05
0 1 0
20.05| e -0.05
O 0.1
COAB el -0.15
-0.2 0.2

%1 05 0 0.5 1 1 05 0 05 1

Fig. 8 Test case 2. Plot of ¢(¢) (top) and @xx (t) (bottom) at t = T and t = O for mesh size h = 102

data given by the problem in question but also by the computational mesh. This is of
course an unwanted effect since we would like to compute the stability factors on a
relatively coarse mesh to be able to concentrate the computational effort on the actual
problem solving [4].
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10”

-3

10

0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Fig. 9 Test case 2. Plot of the stability factors Sg and S% versus time for mesh size h = 1072

1.5

-1 -0.5 0 0.5 1

0.1

0.05

-0.05

-3 -0.1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Fig. 10 Test case 2. Plot of ¢(¢t) at t =T, t =0.5T (top), t = 0.4T and t = 0 (bottom) for mesh size
h=10"3

6 Conclusions

In this note we have focused on the approximation of stability factors for a posteriori
error estimation for coupling of two equations analytically and numerically. We have
studied the variation of stability factors with different parameters, such as viscosity
and mesh size. In the examples 1 we got moderately sized stability factors for small
viscosity that these results indicate the possibility of quantitative error control in the
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10* 10°
-
102 -
wx 100
1072
107 1078
0 0.05 0.1 0.15 0.2 0 0.05 0.1 0.15 0.2

Fig. 11 Test case 2. Plot of the stability factors SE and SIE versus time for mesh size h = 1073

) -3 2 =

Fig. 12 Test case 2. Plot of the stability factors S3. and S’E for different values of &

H~!'-norm. In example 2 it was noted that the stability factors tend to increase with
decreasing mesh size, in other words, the stability factors for H ~!_norm error control
appear to be sensitive to mesh refinement. The result indicate the impossibility of
computing stability factors on a coarse mesh and then use them on the finer mesh;
of course this is more interesting when there is no analytical solution « and therefore
the most fundamental approach for solving dual problem is using two meshes, a fine
and coarse mesh for approximating the error by differentiating u on them.
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