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Abstract Ion-acoustic (IA) solitons in a collisionless plasma
consisting of positive and negative ions and superthermal
electrons are studied by using the reductive perturbation
method. The basic set of fluid equations is reduced to
Korteweg-de Vries (K-dV) and modified Korteweg-de Vries
(mK-dV) equations. It is found that both compressive and
rarefactive solitons can be propagated in this system. Also it
is shown that at critical concentration of positive ions mK-
dV solitons coexist. The effects of spectral index kappa, pos-
itive to negative ion density ratio and mass ratio of positive
to negative ions on IA solitons structure are also discussed.

Keywords Negative ion plasmas · Superthermal electrons ·
K-dV and mK-dV equations · Ion-acoustic waves

1 Introduction

The nonlinear propagation of ion-acoustic (IA) solitary
waves in space and laboratory plasmas has received consid-
erable attention in the last few years. This IA wave arises
due to delicate balance of nonlinearity and dispersion in
plasma system. The structure of IA waves is investigated
as theoretical and experimental in different plasma models.
For example, one of these plasma systems is negative ion
plasmas. Negative ion plasma can be defined as plasma that
includes both negative and positive ion species, as well as
electrons. This type of plasma can be created in the plasma
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processing reactors (Gottscho and Gaebe 1986) and low
temperature laboratory experiments (Jacquinot et al. 1977;
Nakamura et al. 1977; Weingarten et al. 2001; Ichiki et al.
2002). Also, negative ion plasmas are found in many space
observations such as the D- and F-regions of the Earth’s
ionosphere (Portnyagin et al. 1991). Linear and nonlin-
ear propagation of IA waves in negative ion plasmas have
been studied by many authors. Propagation and damping
of IA waves have been investigated in a Q-machine plasma
consisting of positive ions, negative ions and electrons by
Song et al. (1991). Also, the propagation of electrostatic
ion-cyclotron waves in a plasma with negative ions are in-
vestigated by Dangelo and Merlino (1986). The effects of
negative ions on the amplitude and width of solitons are in-
vestigated by Das and Tagre (1975) and Das (1979). They
have shown that in a critical density of negative ions the
amplitude of the solitary waves becomes infinitely large.
There are theoretical and experimental researches which
show the existence of rarefactive solitary waves owing to
the presence of negative ions in plasmas (Watanabe 1984;
Tagare 1986; Cooney et al. 1991). Gill et al. (2004) have
studied the IA soliton and double layers in plasma consisting
of positive and negative ions with nonthermal electrons. It
is seen that the nonthermal electrons have sufficiently large
effects on the structures of ion-acoustic waves. Chattopad-
hyay et al. (2002) have shown that drift motion of ions has a
significant contribution on the excitation of IA waves in the
presence of negative ions in plasma. Also, Chattopadhyay
et al. (2009) have been studied IA solitary waves in a drift
negative ion plasma with two-temperature isothermal elec-
trons using the pseudopotential method. They have found
that the concentration of ions, drift velocities, mass ratios,
equal temperature of ions (particular case) and presence of
two groups of electrons modify the profiles of the Sagdeev
pseudopotential curves of the solitary waves in the plasma.
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The K-dV and mK-dV equations for electrostatic waves in
an unmagnetized negative ion plasma with two-temperature
electrons is derived using reductive perturbation method by
Mishra et al. (2012). It is shown that there exist two types
of ion-acoustic modes, namely slow and fast IA modes in
such plasma system and both compressive and rarefactive
solitons coexist. Recently, IA solitary waves and IA dou-
ble layers in a magnetoplasma with positive and negative
ions and electrons are investigated by Das and Nag (2010),
El-Labany et al. (2012), respectively. Ion-acoustic waves in
complex (dusty) plasmas with negative ions as well as are in-
vestigated by many authors (Rosenberge and Merlino 2007;
Mamun et al. 2009). However, in above mention references
electrons are considered as isothermal and or nonthermal
in which in many cases such as solar wind, magnetosphere
and auroral zone plasmas electrons are often superthermal
and characterized by kappa (κ) distribution function (Va-
syliunas 1968; Formisano et al. 1973; Scudder et al. 1981;
Marsch et al. 1982). The three-dimensional isotropic κ ve-
locity distribution is given by (Leubner 2002; Pierrard and
Lazar 2010)

fk(v) = n0

(πκθ2)3/2

Γ (κ + 1)

Γ (κ − 1/2)

(
1 + v2

κθ2

)−(κ+1)

, (1)

where n0 is the species equilibrium number density, θ =
[(1 − 3/(2κ))(2kBT /m)]1/2 is the characteristic velocity,
T is the kinetic temperature and m is the species mass. Here
v2 = v2

x + v2
y + v2

z obviously denotes the square velocity
norm of the velocity v, Γ (x) is the usual gamma function
and κ is the spectral index that measuring deviation from
Maxwellian equilibrium. We shall note that the effective
thermal speed θ is only defined for κ > 3/2, and thus when
considering physical quantities derived from Eq. (1), such
as the density, we shall use κ > 3/2. For large values of κ

(in limit κ → ∞) kappa distributions reduces to Maxwellian
distribution.

In the past few years, many researchers have studied the
nonlinear structures such as solitons and shock waves in su-
perthermal plasmas (Saini et al. 2009; Jung and Hong 2011;
Chuang and Hau 2009; Sultana et al. 2010; Mehdipoor
2012), but there is not much investigation on propagation
IA waves in negative ion plasmas with superthermal elec-
trons. Recently, ion acoustic solitons in negative ion plas-
mas with superthermal electrons are investigated by Hus-
sain et al. (2012). They have derived only the K-dV equa-
tion for solitary waves and found that different plasma pa-
rameters in the presence of superthermal electrons modify
the IA solitary wave structure significantly. In this paper K-
dV and mK-dV equations are derived for electrostatic soli-
tary waves in multicomponent plasma containing of nega-
tive ions and superthermal electrons. It is well known that
these types of plasmas can be present in space and in labo-
ratory plasmas. For example, the (H+,O−

2 ) and (H+,H−)

plasmas have been found in the D- and F-regions of the
Earth’s ionosphere, and the (Ar+,SF−

6 ) and (Ar+,F−) plas-
mas were used to study the IA wave propagation in labo-
ratory experiments (Merlino and Loomis 1990; Nakamura
and Tsukabayashi 1984, 1985). Also, the effects of spectral
index of kappa distributed electrons; mass ratio and density
ratio of the plasma species on IA solitary waves in negative
ion plasmas with superthermal electrons are investigated. It
is seen that both compressive and rarefactive solitons can be
propagate in such plasma.

2 Basic equations

We consider an unmagnetized plasma with cold positive and
negative ions (Ti,± � Te) and superthermal electrons, which
are described by a κ-type distribution function. Since we
focus on low frequency waves, electron inertia is neglected
by assuming vth,± � vph � vth,e, where vth,± (vth,e) and
vph are the positive, negative ion (electron) thermal speed
and the ion acoustic phase velocity, respectively. The ion
dynamics is thus given as

∂n+
∂t

+ ∂(n+u+)

∂x
= 0, (2)

∂u+
∂t

+ u+
∂u+
∂x

= − 1

μ

∂φ

∂x
, (3)

for positive ions and

∂n−
∂t

+ ∂(n−u−)

∂x
= 0, (4)

∂u−
∂t

+ u−
∂u−
∂x

= ∂φ

∂x
, (5)

for negative ions. The Poisson’s equation is as

∂2φ

∂x2
= n− − n+ + ne, (6)

where the superthermal electrons density given by (Saini
et al. 2009; Mehdipoor 2012)

ne = α

(
1 − φ

κ − 3/2

)−κ+1/2

. (7)

All physical quantities appearing in Eqs. (2)–(7) are normal-
ized as follows:

The densities n+, n− and ne by the unperturbed nega-
tive ion density n−0; the time t by the ion plasma period of
negative ions ωp− = (4πe2n−0/m−)1/2; the distance by the
negative ion Debye length λD− = (kBTe/4πe2n−0)

1/2; ion
velocity u+ and u− by Cs = (kBTe/m−)1/2 and the elec-
tric potential φ by kBTe/e. The neutrality condition implies
as 1 − β + α = 0, where β = n+0/n−0 and α = ne0/n−0.
Here, we have defined μ = m+/m− (where m+ and m− are
the positive and negative ion mass, respectively).
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3 Derivation of the K-dV and mK-dV equation

For obtain K-dV equation according to reduce perturbation
method the independent variables are stretched as

ξ = ε1/2(x − λt) and τ = ε3/2t, (8)

where ε is a small parameter and λ is the wave propagation
speed. The dependent variables are expanded as

n+ = β +
∞∑
i=0

εi+1n+,i+1,

n− = 1 +
∞∑
i=0

εi+1n−,i+1,

u± =
∞∑
i=0

εi+1u±,i+1,

φ =
∞∑
i=0

εi+1φi+1.

(9)

Using Eqs. (8) and (8) into Eqs. (2)–(7) and collecting
the terms of various powers of ε, we obtain the following
expressions to the lowest order of ε:

n+,1 = β

λ2μ
φ1, u+,1 = 1

λμ
φ1,

n−,1 = −1

λ2
φ1, u−,1 = −1

λ
φ1.

(10)

From the lowest order ε of the Poisson equation the wave
propagation speed λ can be written as

λ =
√

(κ − 3/2)(1 + β/μ)

α(κ − 1/2)
. (11)

To the next order of ε, we get the required K-dV equation

∂φ1

∂τ
+ Aφ1

∂φ1

∂ξ
+ B

∂3φ1

∂ξ3
= 0, (12)

where the nonlinearity and the dispersion coefficients are re-
spectively

A =
3(

β

μ2 − 1)

2λ(1 + β
μ
)

− α(κ − 1
2 )(κ + 1

2 )λ3

2(κ − 3
2 )2(1 + β

μ
)

,

and

B = λ3

2(1 + β
μ
)
. (13)

Fig. 1 The variation of nonlinear coefficient A, against β for κ = 4,
μ = 0.03 (red line) for (H+,O−

2 ) plasma, μ = 1 (blue line) for
(H+,H−) plasma and μ = 2.1 (black line) for (Ar+,F−) plasma

The stationary solution of (12) by introducing the variable
η = ξ − Uτ is given as

φ1 = φ0 sech2
(

η

δ

)
, (14)

where φ0 = 3U/A, is the amplitude and δ = (4B/U)1/2, is
the width of the ion acoustic solitons, respectively.

Now, it should be noted that the nonlinear coefficient A

is a function of β , therefore based to Fig. 1 it is clear that the
nonlinearity coefficient can have negative, zero and positive
values. Thus, the ion acoustic waves are compressive (rar-
efactive) if A > 0 (A < 0). Also, we can conclude that the
amplitude of solitons and the value of critical density depen-
dence on negative ion plasma kind. On the other hand, the
vanishing of the nonlinear coefficient in Eq. (12) (i.e., when
A = 0) determines the critical value of β = βc. Therefore,
one must obtain the other type of nonlinear dynamical equa-
tion for description of these solitary waves when A = 0.

To derive the modified nonlinear equation, we use the
stretched variables

ξ = ε(x − λt), τ = ε3t. (15)

Substituting relations (9) and (15) in the system of Eqs. (2)–
(7) and equating coefficients of powers of ε, the lowest
power of ε gives n±,1, u±,1 as given by relation (10) and
λ is given by Eq. (11). To the next order of ε, we have

n+,2 = 3β

2λ4μ2
φ2

1 + β

λ2μ
φ2,

n−,2 = 3

2λ4
φ2

1 − 1

λ2
φ2,

u+,2 = 1

2λ3μ2
φ2

1 + 1

λμ
φ2,

u−,2 = 1

2λ3
φ2

1 − 1

λ
φ2.

(16)
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Finally, from the next order of ε, we get the required modi-
fied K-dV equation

∂φ1

∂τ
+ Āφ2

1
∂φ1

∂ξ
+ B

∂3φ1

∂ξ3
= 0, (17)

where the coefficient B is same with the dispersion coef-
ficient in K-dV equation and the nonlinearity coefficient is
as

Ā =
15(1 + β

μ3 )

4λ3(1 + β
μ
)
. (18)

The stationary solution of modified K-dV equation can be
written as

φ1 = ±φm sech

(
η

W

)
, (19)

where φm = (6U/Ā)1/2 and W = (B/U)1/2 are ampli-
tude and width of the solitons, respectively. As it is seen
from (17), Ā > 0, thus both compressive and rarefactive
solitons are also allowed to coexist.

4 Conclusions

We have considered the nonlinear propagation of IA waves
in non-Maxwellian (superthermal) plasmas with negative
ions. Using the fluid model for ions and reductive pertur-
bation technique, we have derived the K-dV equation to in-
vestigate small but finite amplitude solitons. As it has al-
ready been said, the coefficient A in K-dV Eq. (12) is zero
for some critical value β = βc . Therefore there is a transi-
tion from compressive to rarefactive soliton for β > βc and
β < βc , respectively (see Fig. 1). Also, for β = βc we ob-
tain ion acoustic solitons which are the solutions of modified
K-dV Eq. (17). In continue, we study the effects of differ-
ent parameters on both K-dV and mK-dV solitons numeri-
cally for (H+,O−

2 ), (H+,H−) and (Ar+,F−) plasmas, where
the mass ratios in these plasmas are, respectively, 0.03, 1
and 2.1.

In Figs. 2, 3, 4 the variation of soliton amplitude with
the spectral index κ for different values of β is illustrated.
It should be noted, from these figures, that in all three dif-
ferent plasma compositions the compressive (φ0 > 0) and
rarefactive (φ0 < 0) solitons can be propagated. In the other
hand, for some fixed values of κ and μ, the compressive (rar-
efactive) solitary waves occur when the positive ion concen-
tration is bigger (smaller) that critical value βc . In present
plasma models the critical concentration value βc , based on
Fig. 1, is 1.796, 4.791 and 12.257, respectively. For such
types of plasmas the amplitude of rarefactive solitons in-
creases as the value of spectral index κ increases while for

Fig. 2 Variation of the rarefactive and compressive ion-acoustic soli-
ton amplitude φ0 with the spectral index of κ for different values of β

in (H+,O−
2 ) plasma

Fig. 3 Variations of the rarefactive and compressive ion-acoustic soli-
ton amplitude φ0 with the spectral index of κ for different values of β

in (H+,H−) plasma

compressive solitons the amplitude of the solitary wave’s de-
creases as the spectral index κ increases. This means that for
some large population of superthermal electrons (smaller κ),
the amplitude of ion acoustic waves is smaller (larger) when
the positive to negative ion density ratio be smaller (larger)
the critical value. (We can note that the structure of com-
pressive solitons in this paper are same with Figs. 1 and 6
in Hussain et al. (2012)). It turned out that for given value
of κ , with increasing (decreasing) the positive (negative)
ion concentration, the amplitude of compressive (rarefac-
tive) solitons decreases (increases). This is due to fact that
the presence of negative ions causes significant electron den-
sity depletion, and consequently the shielding effect pro-
duced by electrons decreases. Also, Figs. 2, 3, 4 reveal that
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Fig. 4 Variation of the rarefactive and compressive ion-acoustic soli-
ton amplitude φ0 with the spectral index of κ for different values of β

in (Ar+,F−) plasma

Fig. 5 Variation of the rarefactive and compressive ion-acoustic soli-
ton width δ with the spectral index of κ for different values of β in
(H+,O−

2 ) plasma

when negative ions are heavy (such as (H+,O−
2 ) plasma

with μ = 0.03) both the compressive and rarefactive soli-
tons have smaller amplitude than plasmas with light negative
ions (such as (Ar+,F−) plasma with μ = 2.1). Therefore,
the K-dV solitons can be propagated to higher velocities in
plasmas with μ > 1.

The variation of width of ion acoustic solitons with the
spectral index κ and with positive ion concentration β is
shown in Figs. 5, 6, 7. For these plasma models the width
of the compressive and rarefactive solitons increases by in-
creasing the spectral index κ . It is, also, found that for fixed
value of κ as the positive ion concentration β increases, the
width of the solitary wave’s decreases. The numerical calcu-
lations also have shown that the width decreases as the mass

Fig. 6 Variations of the rarefactive and compressive ion-acoustic soli-
ton width δ with the spectral index of κ for different values of β in
(H+,H−) plasma

Fig. 7 Variation of the rarefactive and compressive ion-acoustic soli-
ton width δ with the spectral index of κ for different values of β in
(Ar+,F−) plasma

ratio μ = m+/m− increases. Thus, solitary waves are prop-
agated with smaller width in (Ar+,F−) plasma rather than
(H+,O−

2 ) plasma.
Also, the effect of superthermal electrons on the struc-

ture of solitary waves in the critical concentration of posi-
tive ions β = βc for a sample of negative ion plasmas such
as (H+,O−

2 ) is given in Table 1. The values of the critical
positive ion density βc, the nonlinear coefficient Ā, the dis-
persion coefficient B and the amplitude and the width for
IA solitons of the modified K-dV equation (17) for different
values of spectral index κ are given there. We record from
Table 1, which the amplitude and the width of mK-dV ion
acoustic soliton increase as κ increases. Also, βc decreases
as the spectral index κ increases. Therefore, spectral index



120 Astrophys Space Sci (2013) 348:115–121

Table 1 The amplitude and width of ion-acoustic solitons when β = βc for different values of κ and μ = 0.03

κ βc Ā B Amplitude |φm| Width

2 2.326638175 46.89692261 0.5581426545 0.1011530963 2.641360101

3 1.928720869 14.96742608 2.097948005 0.1790246327 5.120971594

5 1.729748443 8.277816862 4.213647510 0.2406940958 7.257450921

6 1.689952441 7.294098724 4.888927522 0.2563675997 7.817390488

8 1.644470568 6.288421058 5.825344893 0.2761864273 8.533276696

Table 2 The amplitude and width of ion- acoustic solitons when β = βc for different values of μ and κ = 4

μ Plasma model βc Ā B Amplitude |φm| Width

0.03 H+,O−
2 1.796073907 10.15377727 3.315480018 0.2174236602 6.437662641

0.27 Ar+,SF−
6 2.250177558 3.762013207 0.659711554 0.3571991864 2.871653609

1 H+,H− 4.791287847 3.290339660 0.098397800 0.3819444930 1.109041253

2.1 Ar+,F− 12.25772694 4.460587779 0.020894649 0.3280383161 0.511060773

4 Cs+,Cl− 35.296699830 6.399063803 0.004710288 0.273881311 0.242649139

κ has significant effect on the form of solitary waves in neg-
ative ion plasmas. On the other word, for a large popula-
tion of superthermal electrons (smaller κ), the critical value
of density gets large. Interestingly, in a large population of
superthermal electrons, the nonlinear (dispersion) term in
the mK-dV equations is larger (smaller), and therefore ion
acoustic waves should move slower (in the moving frame
which moves with speed λ).

Now, it should be remarked that the nonlinearity and dis-
persion coefficients in mK-dV equation also, are a function
of the mass ratio μ = m+/m−. Therefore, we investigate
the effect of this parameter on the amplitude and width of
mK-dV solitons in Table 2.

In Table 2, we observe that for given value of spec-
tral index κ , by increasing the mass ratio of ion species,
the value βc increases. Also, we found that the ampli-
tude of mK-dV ion acoustic soliton firstly increases and
then decreases when μ increases while increasing the
mass ratio positive to negative ions the width of mK-
dV solitons decreases. In the other word, for plasmas in
which negative ions are heavier than positive ions, such as
((H+,O−

2 ), (Ar+,SF−
6 ) and (H+,H−), i.e., μ ≤ 1), the am-

plitude of these waves increases, otherwise (μ > 1), such as
((Ar+,F−) and (Cs+,Cl−)), the amplitude of solitary waves
decreases as positive to negative ion mass ratio increases.
From Table 2, it is shown that the nonlinear term firstly
decreases and then increases while the dispersion term is
decreasing with respect to μ.

In addition to above remarks, we note, for completeness,
that results derived in this paper differ, essentially, from
other works. For example in Hussain et al. (2012) only K-
dV equation is derived for small amplitude of electrostatic

waves in negative ion plasmas with superthermal electrons
while, here, the author claims that this equation can not
valid for the negligible of the nonlinear coefficient in the
K-dV equation (i.e., A = 0). The latter condition gives rise
to infinitely large amplitude solitons which based on the re-
ductive perturbation method they are invalid. Therefore, one
looks for other type of nonlinear dynamical equation which
can be valid for A = 0.

Also, in latter reference the dependence of amplitude and
width solitary waves on positive to negative ion mass ratio
only for case μ ≤ 1 is studied (μ, here, corresponds to γ

in that work) in which the variations of ion acoustic soli-
tons amplitude and width also are investigated, here, for
μ > 1. Furthermore, our work is essentially different from
Mishra et al. (2012). They investigated the ion acoustic soli-
tary waves in negative ion plasmas with two-electron tem-
perature distributions. They pointed out that there are two
types of ion acoustic modes and the parameter determining
the compressive and rarefactive solitons is different for these
modes.

To summarized, we have investigated the nonlinear prop-
erties of solitary waves in a plasma consisting of cold posi-
tive and negative ions and superthermal electrons. The basic
set of equations is reduced to K-dV and mK-dV equation
by using the reductive perturbation method and stationary
solutions of these equations are obtained. These theoretical
results may be directly useful in investigation of ion acoustic
solitary waves in laboratory experiments plasmas, we are not
aware of any experimental studies for comparing of these
results, where two distinct groups of ions and superthermal
electrons are present. Also, for better agreements between
theory and experiments the effects of warm ions and mag-
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netic field can consider in such plasmas. These effects are
neglected in this paper but are under investigation.

Open Access This article is distributed under the terms of the Cre-
ative Commons Attribution License which permits any use, distribu-
tion, and reproduction in any medium, provided the original author(s)
and the source are credited.
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