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There are large amount of research papers on stochastic partial differential

equations (SPDEs). This volume attempts to collect some recent progresses on

some very special topics in this broad field. Our concentration will be the stochas-

tic heat (wave) equations driven by Gaussian noises:

∂β
t u(t, x) =

1

2
∆u(t, x) + σ(u)Ẇ , t ≥ 0 , x ∈ R

d ,

where ∂β
t denotes the partial derivative with respect to t (β = 1 first order, β = 2

second order), ∆ =
d
∑

k=1

∂2

∂x2
k

denotes the Laplacian in R
d, and Ẇ = ∂d+1

∂t∂x1···∂xd

W is

the Gaussian noise.

In the above,
{

W (t, x) = W (t, x, ω) , t ≥ 0, x ∈ R
d , ω ∈ Ω

}

is a Gaussian ran-

dom field on some probability space (Ω,F , P ) of mean zero and with some given

specific covariance structure:

E(W (s, x) = 0

E [W (s, x)W (t, y)] = q(s, t; x, y) , s, t ≥ 0 , x, y ∈ R
d.

Some special covariance structures are

q1(s, t; x, y) =
1

2d
(s ∧ t)

(

d
∏

k=1

[

|xk|2H + |yk|2H − |xk − yk|2H
]

)

;

∂2d+2

∂t∂t∂x∂y
q2(s, t; x, y) = c|t − s|−β

∫

Rd

eιξ(x−y)µ(dξ) ;

for some constant c and some measure (or generalized function) µ, where ι =
√
−1

is the imaginary number, and ∂x = ∂x1 · · ·∂xd. For example, the most studied

covariance structure is when H = 1/2 in q1. In this case, the noise Ẇ is called

space time white noise.

Usually and in the most interesting situation, the derivative ∂d+1

∂t∂x1···∂xd

W does

not exist. So one can not no longer use the classical PDE method to study this

equation for any fixed sample path ω. The probabilistic method is needed.
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When σ(u) = u, the above mentioned equation is one of the simplest nontrivial

stochastic partial differential equations, for which one may obtain some sharp

properties of the solution. For example, one can obtain the exact moment bound

and exact asymptotic behavior of the solution (see the references of the papers

collected in this volume); one can also express the exact probability distribution

of the solution u(t, x) by using the Tracy-Widom law when the noise is space

time white and when the initial condition is the Dirac delta function (in one

space dimension). This expression can be used to obtain the sharp asymptotic

beahavior of the probability density of solution u(t, x) ([1, 2]). See also [4] for the

pretty sharp density asymptotics of general Gaussian noises. On the other hand,

this equation is relevant to the parabolic Anderson localization, in particular in

its discrete form ([5]). It is also related to the KPZ (Mehran Kardar, Giorgio

Parisi, and Yi-Cheng Zhang) equation (see [3]), which is the field theory of many

surface growth models, such as the Eden model, ballistic deposition, and the SOS

model.

In addition to the above equation, we also collected some papers in related

fields such as those dealing with the SPDEs arising from the branching pro-

cesses, stochastic Halmiton-Jacobi equation, McKean-Vlasov equation, and com-

plex Wiener-Itô chaos expansion.
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