
https://doi.org/10.1007/s10468-018-9772-x

Higher Tetrahedral Algebras

Karin Erdmann1 ·Andrzej Skowroński2

Received: 27 June 2017 / Accepted: 7 February 2018
© The Author(s) 2018. This article is an open access publication

Abstract We introduce and study the higher tetrahedral algebras, an exotic family of finite-
dimensional tame symmetric algebras over an algebraically closed field. The Gabriel quiver
of such an algebra is the triangulation quiver associated to the coherent orientation of the
tetrahedron. Surprisingly, these algebras occurred in the classification of all algebras of
generalized quaternion type, but are not weighted surface algebras. We prove that a higher
tetrahedral algebra is periodic if and only if it is non-singular.
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1 Introduction and the Main Results

Throughout this paper, K will denote a fixed algebraically closed field. By an algebra we
mean an associative finite-dimensional K-algebra with an identity. For an algebra A, we
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denote by mod A the category of finite-dimensional right A-modules and by D the standard
duality HomK(−,K) on mod A. An algebra A is called self-injective if AA is injective in
mod A, or equivalently, the projective modules in mod A are injective. A prominent class
of self-injective algebras is formed by the symmetric algebras A for which there exists an
associative, non-degenerate symmetric K-bilinear form (−,−) : A × A → K . Classi-
cal examples of symmetric algebras are provided by the blocks of group algebras of finite
groups and the Hecke algebras of finite Coxeter groups. In fact, any algebra A is a quo-
tient algebra of its trivial extension algebra T(A) = A � D(A), which is a symmetric
algebra.

From the remarkable Tame and Wild Theorem of Drozd (see [4, 8]) the class of alge-
bras over K may be divided into two disjoint classes. The first class consists of the tame
algebras for which the indecomposable modules occur in each dimension d in a finite num-
ber of discrete and a finite number of one-parameter families. The second class is formed
by the wild algebras whose representation theory comprises the representation theories of
all algebras over K . Accordingly, we may realistically hope to classify the indecompos-
able finite-dimensional modules only for the tame algebras. Among the tame algebras we
may distinguish the algebras of polynomial growth for which the number of one-parameter
families of indecomposable modules in each dimension d is bounded by dm for some posi-
tive integer m (depending only on the algebra) whose representation theory is usually well
understood (see [2, 23, 24] for some general results). On the other hand, the representation
theory of tame algebras of non-polynomial growth is still only emerging.

Let A be an algebra. Given a module M in mod A, its syzygy is defined to be the ker-
nel �A(M) of a minimal projective cover of M in mod A. The syzygy operator �A is a
very important tool to construct modules in mod A and relate them. For A self-injective,
it induces an equivalence of the stable module category mod A, and its inverse is the shift
of a triangulated structure on mod A [15]. A module M in mod A is said to be periodic if
�n

A(M) ∼= M for some n ≥ 1, and if so the minimal such n is called the period of M . The
action of �A on mod A can effect the algebra structure of A. For example, if all simple mod-
ules in mod A are periodic, then A is a self-injective algebra. An algebra A is defined to be
periodic if it is periodic viewed as a module over the enveloping algebra Ae = Aop ⊗K A,
or equivalently, as an A-A-bimodule. It is known that if A is a periodic algebra of period
n then for any indecomposable non-projective module M in mod A the syzygy �n

A(M) is
isomorphic to M (see [26, Theorem IV.11.19]).

Finding or possibly classifying periodic algebras is an important problem. It is very inter-
esting because of connections with group theory, topology, singularity theory and cluster
algebras. Periodicity of an algebra, and its period, are invariant under derived equivalences
[20] (see also [10]). Therefore, to study periodic algebras we may assume that the algebras
are basic and indecomposable.

We are concerned with the classification of all periodic tame symmetric algebras. In [9]
Dugas proved that every representation-finite self-injective algebra, without simple blocks,
is a periodic algebra. We note that, by general theory (see [24, Section 3]), a basic, inde-
composable, non-simple, symmetric algebra A is representation-finite if and only if A is
socle equivalent to an algebra T(B)G of invariants of the trivial extension algebra T(B) of
a tilted algebra B of Dynkin type with respect to free action of a finite cyclic group G.
The representation-infinite, indecomposable, periodic algebras of polynomial growth were
classified by Białkowski, Erdmann and Skowroński in [2] (see also [23, 24]). In particu-
lar, it follows from [2] that every basic, indecomposable, periodic, representation-infinite
symmetric tame algebra of polynomial growth is socle equivalent to an algebra T(B)G

of invariants of the trivial extension algebra T(B) of a tubular algebra B of tubular type
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(2, 2, 2, 2), (3, 3, 3), (2, 4, 4), (2, 3, 6) (introduced by Ringel [21]) with respect to free
action of a finite cyclic group G.

Recently we introduced in [11] the weighted surface algebras of triangulated surfaces
with arbitrarily oriented triangles and proved that all these algebras, except the singular
tetrahedral algebras, are periodic tame symmetric algebras of period 4. Here, we investi-
gate the periodicity of higher tetrahedral algebras, being “higher analogs” of the tetrahedral
algebras studied in [11]. These algebras occurred in the authors work concerning the
classification of all representation-infinite tame symmetric periodic algebras of period 4.

Consider the tetrahedron

• •

•

•

3 62

5 4

1

with the coherent orientation of triangles: (1 5 4), (2 5 3), (2 6 4), (1 6 3). Then, following
[11], we have the associated triangulation quiver (Q, f ) of the form

1

2 3

4 5

6

1

2 3

4 5

6

ν

μ

α
δ
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� σ

γ

β ξ

η

ω

where f is the permutation of arrows of order 3 described by the shaded subquivers. We
denote by g the permutation on the set of arrows of Q whose g-orbits are the four white
3-cycles.

Let m ≥ 1 be a natural number and λ ∈ K . We denote by �(m, λ) the algebra given by
the above quiver and the relations:

γ δ = βε + λ(β�ω)m−1βε, δη = νω, ηγ = ξα, νμ = δξ,

�ω = εη + λ(εξσ )m−1εη, ωβ = μσ, β� = γ ν, μα = ωγ,

ξσ = ηβ + λ(ηγ δ)m−1ηβ, σε = αδ, εξ = �μ, αν = σ�,
(
θf (θ)f 2(θ)

)m−1
θf (θ)g

(
f (θ)

) = 0 for any arrow θ in Q.

We call �(m, λ) a tetrahedral algebra of degree m. Moreover, an algebra �(m, λ) with
λ ∈ K∗ = K \{0} is said to be a non-singular tetrahedral algebra of degree m. We note that
for m = 1, �(1, λ) is the tetrahedral algebra �(S, λ + 1) investigated in [11, Section 6],
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and is a weighted surface algebra. Further, the algebra �(1, 0) = �(S, 1) is called in [11]
the singular tetrahedral algebra, because it is a unique algebra among all weighted surface
algebras without periodic simple modules. On the other hand, a non-singular tetrahedral
algebra �(1, λ), λ ∈ K∗, is a periodic algebra of period 4, with all simple modules being
periodic of period 4.

We call a tetrahedral algebra �(m, λ) of degree m ≥ 2 a higher tetrahedral algebra. The
aim of this article is to describe basic properties of the higher tetrahedral algebras, which
extend results on the tetrahedral algebras (of degree 1), established in [11], to the algebras
given by the same quiver but much more complicated higher degree relations.

The following two theorems describe some properties of higher tetrahedral algebras.

Theorem 1 Let � = �(m, λ) be a higher tetrahedral algebra. Then � is a finite-
dimensional symmetric algebra with dimK � = 36m.

Theorem 2 Let � = �(m, λ) be a higher tetrahedral algebra. Then � is a tame algebra
of non-polynomial growth.

The following theorem is the main result of the paper.

Theorem 3 Let � = �(m, λ) be a higher tetrahedral algebra. Then the following
statements are equivalent:

(i) mod � admits a periodic simple module.
(ii) All simple modules in mod � are periodic of period 4.

(iii) � is a periodic algebra of period 4.
(iv) � is non-singular.

Following [12], an algebra A is called an algebra of generalized quaternion type if A

is representation-infinite tame symmetric and every simple module in mod A is periodic of
period 4. Theorem 3 is one of the essential ingredients for proving in [12, Main Theorem]
that an algebra A is of generalized quaternion type with 2-regular Gabriel quiver if and
only if A is a socle deformation of a weighted surface algebra, different from the singular
tetrahedral algebra, or is a non-singular higher tetrahedral algebra. On the other hand, it is
expected that the singular higher tetrahedral algebras �(m, 0), m ≥ 2, will form an exotic
family of algebras of generalized semidihedral type.

This paper is organized as follows. In Section 2 we recall background on special biserial
algebras and degenerations of algebras. In Section 3 we describe our general approach and
results for constructing a minimal projective bimodule resolution of an algebra with periodic
simple modules. Section 4 is devoted to basic properties of the higher tetrahedral algebras
and the proof of Theorem 1. Sections 5 and 6 contain the proofs of Theorems 2 and 3,
respectively.

For general background on the relevant representation theory we refer to the books [1,
22, 26].

2 Preliminary Results

A quiver is a quadruple Q = (Q0,Q1, s, t) consisting of a finite set Q0 of vertices, a finite
set Q1 of arrows, and two maps s, t : Q1 → Q0 which associate to each arrow α ∈ Q1
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its source s(α) ∈ Q0 and its target t (α) ∈ Q0. We denote by KQ the path algebra of Q

over K whose underlying K-vector space has as its basis the set of all paths in Q of length
≥ 0, and by RQ the arrow ideal of KQ generated by all paths in Q of length ≥ 1. An
ideal I in KQ is said to be admissible if there exists m ≥ 2 such that Rm

Q ⊆ I ⊆ R2
Q. If

I is an admissible ideal in KQ, then the quotient algebra KQ/I is called a bound quiver
algebra, and is a finite-dimensional basic K-algebra. Moreover, KQ/I is indecomposable
if and only if Q is connected. Every basic, indecomposable, finite-dimensional K-algebra
A has a bound quiver presentation A ∼= KQ/I , where Q = QA is the Gabriel quiver of A

and I is an admissible ideal in KQ. For a bound quiver algebra A = KQ/I , we denote by
ei , i ∈ Q0, the associated complete set of pairwise orthogonal primitive idempotents of A,
and by Si = eiA/ei rad A (respectively, Pi = eiA), i ∈ Q0, the associated complete fam-
ily of pairwise non-isomorphic simple modules (respectively, indecomposable projective
modules) in mod A.

Following [25], an algebra A is said to be special biserial if A is isomorphic to a bound
quiver algebra KQ/I , where the bound quiver (Q, I) satisfies the following conditions:

(a) each vertex of Q is a source and target of at most two arrows,
(b) for any arrow α in Q there are at most one arrow β and at most one arrow γ with

αβ /∈ I and γα /∈ I .

Moreover, if in addition I is generated by paths of Q, then A = KQ/I is said to be a string
algebra [3]. It was proved in [19] that the class of special biserial algebras coincides with the
class of biserial algebras (indecomposable projective modules have biserial structure) which
admit simply connected Galois coverings. Furthermore, by [27, Theorem 1.4] we know that
every special biserial algebra is a quotient algebra of a symmetric special biserial algebra.
We also mention that, if A is a self-injective special biserial algebra, then A/ soc(A) is a
string algebra.

The following has been proved by Wald and Waschbüsch in [27] (see also [3, 7] for
alternative proofs).

Proposition 2.1 Every special biserial algebra is tame.

For a positive integer d , we denote by algd(K) the affine variety of associative K-algebra
structures with identity on the affine space Kd . Then the general linear group GLd(K)

acts on algd(K) by transport of the structures, and the GLd(K)-orbits in algd(K) cor-
respond to the isomorphism classes of d-dimensional algebras (see [17] for details). We
identify a d-dimensional algebra A with the point of algd(K) corresponding to it. For two
d-dimensional algebras A and B, we say that B is a degeneration of A (A is a deforma-
tion of B) if B belongs to the closure of the GLd(K)-orbit of A in the Zariski topology of
algd(K).

Geiss’ Theorem [13] shows that if A and B are two d-dimensional algebras, A degener-
ates to B and B is a tame algebra, then A is also a tame algebra (see also [5]). We will apply
this theorem in the following special situation.

Proposition 2.2 Let d be a positive integer, and A(t), t ∈ K , be an algebraic family in
algd(K) such that A(t) ∼= A(1) for all t ∈ K \ {0}. Then A(1) degenerates to A(0). In
particular, if A(0) is tame, then A(1) is tame.

A family of algebras A(t), t ∈ K , in algd(K) is said to be algebraic if the induced map
A(−) : K → algd(K) is a regular map of affine varieties.
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3 Bimodule Resolutions of Self-Injective Algebras

In this section we describe a general approach for proving that an algebra A with periodic
simple modules is a periodic algebra.

Let A = KQ/I be a bound quiver algebra, and ei , i ∈ Q0, be the primitive idempotents
of A associated to the vertices of Q. Then ei ⊗ ej , i, j ∈ Q0, form a set of pairwise
orthogonal primitive idempotents of the enveloping algebra Ae = Aop ⊗K A whose sum
is the identity of Ae. Hence, P(i, j) = (ei ⊗ ej )A

e = Aei ⊗ ejA, for i, j ∈ Q0, form
a complete set of pairwise non-isomorphic indecomposable projective modules in mod Ae

(see [26, Proposition IV.11.3]).
The following result by Happel [16, Lemma 1.5] describes the terms of a minimal

projective resolution of A in mod Ae.

Proposition 3.1 Let A = KQ/I be a bound quiver algebra. Then there is in mod Ae a
minimal projective resolution of A of the form

· · · → Pn
dn−→ Pn−1 −→ · · · → P1

d1−→ P0
d0−→ A → 0,

where
Pn =

⊕

i,j∈Q0

P(i, j)dimK ExtnA(Si ,Sj )

for any n ∈ N.

The syzygy modules have an important property, a proof for the next Lemma may be
found in [26, Lemma IV.11.16].

Lemma 3.2 Let A be an algebra. For any positive integer n, the module �n
Ae(A) is

projective as a left A-module and also as a right A-module.

There is no general recipe for the differentials dn in Proposition 3.1, except for the first
three which we will now describe. This will be one of the main techniques we use in our
proof of the implication (iv) ⇒ (iii) in Theorem 3.

We have
P0 =

⊕

i∈Q0

P(i, i) =
⊕

i∈Q0

Aei ⊗ eiA.

The homomorphism d0 : P0 → A in mod Ae defined by d0(ei ⊗ ei) = ei for all i ∈ Q0 is
a minimal projective cover of A in mod Ae. Recall that, for two vertices i and j in Q, the
number of arrows from i to j in Q is equal to dimK Ext1A(Si, Sj ) (see [1, Lemma III.2.12]).
Hence we have

P1 =
⊕

α∈Q1

P
(
s(α), t (α)

) =
⊕

α∈Q1

Aes(α) ⊗ et(α)A.

Then we have the following known fact (see [2, Lemma 3.3] for a proof).

Lemma 3.3 Let A = KQ/I be a bound quiver algebra, and d1 : P1 → P0 the
homomorphism in mod Ae defined by

d1(es(α) ⊗ et(α)) = α ⊗ et(α) − es(α) ⊗ α

for any arrow α in Q. Then d1 induces a minimal projective cover d1 : P1 → �1
Ae(A) of

�1
Ae(A) = Ker d0 in mod Ae. In particular, we have �2

Ae(A) ∼= Ker d1 in mod Ae.
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We will denote the homomorphism d1 : P1 → P0 by d . For the algebras A we will
consider, the kernel �2

Ae(A) of d will be generated, as an A-A-bimodule, by some elements
of P1 associated to a set of relations generating the admissible ideal I . Recall that a relation
in the path algebra KQ is an element of the form

μ =
n∑

r=1

crμr ,

where c1, . . . , cr are non-zero elements of K and μr = α
(r)
1 α

(r)
2 . . . α

(r)
mr

are paths in Q of
length mr ≥ 2, r ∈ {1, . . . , n}, having a common source and a common target. The admis-
sible ideal I can be generated by a finite set of relations in KQ (see [1, Corollary II.2.9]).
In particular, the bound quiver algebra A = KQ/I is given by the path algebra KQ and a
finite number of identities

∑n
r=1 crμr = 0 given by a finite set of generators of the ideal I .

Consider the K-linear homomorphism π : KQ → P1 which assigns to a path α1α2 . . . αm

in Q the element

π(α1α2 . . . αm) =
m∑

k=1

α1α2 . . . αk−1 ⊗ αk+1 . . . αm

in P1, where α0 = es(α1) and αm+1 = et(αm). Observe that π(α1α2 . . . αm) ∈ es(α1)P1et(αm).
Then, for a relation μ = ∑n

r=1 crμr in KQ lying in I , we have an element

π(μ) =
n∑

r=1

crπ(μr) ∈ eiP1ej ,

where i is the common source and j is the common target of the paths μ1, . . . , μr . The
following lemma shows that relations always produce elements in the kernel of d1; the proof
is straightforward.

Lemma 3.4 Let A = KQ/I be a bound quiver algebra and d1 : P1 → P0 the homomor-
phism in mod Ae defined in Lemma 3.3. Then for any relation μ in KQ lying in I , we have
d1(π(μ)) = 0.

For an algebra A = KQ/I in our context, we will see that there exists a fam-
ily of relations μ(1), . . . , μ(q) generating the ideal I such that the associated elements
π(μ(1)), . . . , π(μ(q)) generate the A-A-bimodule �2

Ae(A) = Ker d1. In fact, using
Lemma 3.2, we will be able to show that

P2 =
q⊕

j=1

P
(
s(μ(j)), t (μ(j))

) =
q⊕

j=1

Aes(μ(j)) ⊗ et(μ(j))A,

and the homomorphism d2 : P2 → P1 in mod Ae such that

d2
(
es(μ(j)) ⊗ et(μ(j))

) = π(μ(j)),

for j ∈ {1, . . . , q}, defines a projective cover of �2
Ae(A) in mod Ae. In particular, we have

�3
Ae(A) ∼= Ker d2 in mod Ae. We will denote this homomorphism d2 by R.
For the next map d3 : P3 → P2, which we will call S := d3 later, we do not

have a general recipe. To define it, we need a set of minimal generators for �3
Ae(A), and

Proposition 3.1 tells us where we should look for them.
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4 Proof of Theorem 1

Let � = �(m, λ) for some m ≥ 2 and λ ∈ K . In this section we will study algebra
properties of �, and in particular prove Theorem 1. The first results will be used to reduce
calculations, and should also be of independent interest.

In order to construct a basis of � with good properties, we analyze the images of paths
in �, they have very unusual properties. We introduce some notation. It follows from the
relations defining � that we may define the elements

X1 = δηγ = νμα, X2 = �ωβ = εξσ, X3 = ανμ = σεξ,

X4 = γ δη = β�ω, X5 = ηγ δ = ξσε, X6 = ωβ� = μαν,

given by products of the arrows around the shaded triangles. Moreover, we define the
elements

X̃2 = εηβ, X̃4 = βεη, X̃5 = ηβε.

The quiver Q of � has an automorphism ϕ of order 3, defined as follows. Its action on
vertices is given by the cycles

(5 4 2)(1 6 3)

and the action on arrows is

(δ ω σ)(η β ε)(γ ρ ξ)(ν μ α).

Lemma 4.1 The action of ϕ extends to an algebra automorphism of �.

Proof We extend ϕ to an algebra map of KQ. Then we must check that ϕ preserves the
relations, which is direct calculation. For example,

ϕ(γ δ) = ϕ(γ )ϕ(δ) = ρω and ϕ(βε) = ϕ(β)ϕ(ε) = εη,

and

ϕ(X4) = ϕ(γ )ϕ(δ)ϕ(η) = ρωβ = X2.

Hence, ϕ takes the relation for γ δ to the relation for ρω.

Lemma 4.2 For each vertex i of Q, the element Xm
i belongs to the right socle of �.

Proof It follows from the relations that, for each arrow θ in Q, we have Xm
s(θ)θ = 0. For

example, we have

Xm
1 δ = (νμα)mδ = ν(μαν)m−1μαδ = ν(Xs(μ))

m−1μf (μ)g
(
f (μ)

) = 0.

Lemma 4.3 We have the following equalities in �.

(i) X1 = νωγ = δξα, X3 = σ�μ = αδξ , X6 = μσ� = ωγ ν.
(ii) X2 = ��σ , X4 = γ νω, X5 = ξαδ.

(iii) X2 = X̃2 + λXm
2 , X4 = X̃4 + λXm

4 , X5 = X̃5 + λXm
5 .

(iv) Xm
2 = (X̃2)

m, Xm
4 = (X̃4)

m, Xm
5 = (X̃5)

m.
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Proof The equalities in (i) and (ii) follow directly from the relations defining �. For (iii),
observe that the vertices 2, 4, 5 are in one orbit of the automorphism ϕ. Hence, it is enough
to show that X2 = X̃2 + λXm

2 . We have

X2 = εξσ = ρμσ = ρωβ.

Moreover
ρωβ = (εη + λXm−1

2 εη)β = X̃2 + λXm−1
2 εηβ

and
Xm−1

2 εηβ = Xm−1
2 ε(ξσ − λXm−1

5 ηβ) = Xm−1
2 εξσ = Xm

2 .

The equalities in (iv) follow from the equalities in (iii) and the fact that Xm
2 , Xm

4 , Xm
5 are in

the socle of �.

Lemma 4.4 For vertices i 
= j in Q, any two paths of length 3 from i to j are equal and
non-zero in �.

Proof Consider paths of length three between different vertices i and j in Q. Such paths
only exist if the vertices are “opposite”, and because of the automorphism ϕ, we may assume
that {i, j} = {1, 2}. Concerning paths from 1 to 2 we have

δηβ = δξσ − λδXm−1
5 ηβ.

Now, δX5 = δηγ δ = X1δ and therefore

δXm−1
5 ηβ = Xm−1

1 δηβ = Xm−1
s(δ) δf (δ)g

(
f (δ)

) = 0.

With this, we have
δηβ = δξσ = νμσ = νωβ,

as required. A similar calculation shows that all paths from 2 to 1 of length three are equal
in �.

Lemma 4.5 The following statements hold:

(i) For 4 ≤ k ≤ 3m − 1, any two paths of length k between two vertices in Q are equal
and non-zero in �.

(ii) For k = 3m, any path of length k between two different vertices is zero in �.
(iii) For k = 3m, any cycle of length k around a vertex i is equal to Xm

i .
(iv) For k > 3m, any path of length k is zero in �.

Proof For the following, we write Xij for a path of length three between vertices i 
= j . We
first show that any two paths of length four between two fixed vertices are equal. For this,
it suffices to consider paths starting at 1 and paths starting at 2.

(i1) Paths from 1 of length four must end at vertex 5 or vertex 6. Consider paths ending
at 5. Such a path either ends with arrow δ or it ends with arrow ε. If it ends with δ then it
is the product of a cyclic path of length three from 1 to 1 with δ, hence by Lemma 4.3, is
equal to X1δ. Similarly, any path of length four from 1 ending with ε is the product of a
path of length three from 1 to 2 with ε, hence is equal in � to X12ε. We must show that
X1δ = X12ε. We have

X1δ = νμαδ = νμσε = X12ε.

Similarly, any path of length four from 1 to 6 ends with arrow ρ or with arrow ν, and one
shows as above that all are equal in �.
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(i2) Consider paths of length four starting at vertex 2, any such path ends at vertex 6 or
vertex 5. Consider paths ending at vertex 6, the last arrow in such a path is ν or ρ. If it ends
with ν then the path is of the form X12ν, and if it ends with ρ then it is either X2ρ, or it is
X̃2ρ. We have

X̃2ρ − (X2 − λXm
2 )ρ = X2ρ

(noting that Xm
2 is in the right socle of �). Moreover,

X2ρ = ρωβρ = ρωγ ν = X12ν.

For paths ending at vertex 5 the proof is similar.
We finish the proof of (i) by induction on k, using arguments as for the case k = 4. Note

that all paths of length ≤ 3m − 1 in Q are non-zero in � since all zero relations of � have
length 3m (and since the relations as listed are minimal).

We prove now the statements (ii) and (iii). It suffices again to consider paths starting at
1 and paths starting at 2. A cyclic path starting at 1 of length 3m is of the form Yγ or Y ′α,
where Y ends at vertex 4 and Y ′ ends at vertex 3. By part (i) we can take Y = Xm−1

1 δη and
then Yγ = Xm

1 . As well we can take Y ′ = Xm−1
1 νμ and get Y ′α = Xm

1 . Similarly, any path
of length 3m from 2 to 2 is equal to Xm

2 . Now consider a path from vertex 1 of length 3m

which does not end at vertex 1, then it must end at vertex 2. It is of the form Yβ with Y from
1 to 4, or of the form Y ′σ with Y ′ from 1 to 3. By part (i) we can take Y = Xm−1

1 δη and then

Yβ = Xm−1
s(δ) δf (δ)g

(
f (δ)

) = 0.

We also can take Y ′ = Xm−1
1 νμ and then again, by the defining relations, Y ′σ = 0. Finally,

consider a path from vertex 2 of length 3m which does not end at vertex 2, then it must
end at vertex 1. Such a path is either of the form Yγ , or of the form Y ′α, where Y and Y ′
are paths of length 3m − 1. We can take Y = Xm−1

2 ρω and then Yγ = 0, by the defining
relations. Similarly, we can take Y ′ = Xm−1

2 εξ and then Y ′α = 0, by the defining relations.
The statement (iv) follows because Xm

i is in the right socle of �, for any vertex i of
Q.

We present now a basis of � with good properties. We fix a vertex i, and define a basis
Bi of ei� as follows. Choose a version of Xi , then suppose Xi starts with τ , then let τ̄ be
the other arrow starting at i. Now let Bi := the set of all initial subwords of Xm

i together
with the set

{
Xk

i τ̄ , Xk
i τ̄f (τ̄ ) : 0 ≤ k ≤ m − 1

}
∪

{
Xk

i τf (τ )g
(
f (τ)

) : 0 ≤ k < m − 1
}
.

Then Bi is a basis for ei�, and we take B := ∪i∈Q0Bi . For each vertex i, let ωi := Xm
i ,

this spans the socle of ei�, by Lemma 4.5, and it lies in B. The basis B has the following
properties:

(a) For each k with 1 ≤ k ≤ 3m − 1 the set Bi contains precisely two elements of length
k. The end vertices are determined by the congruence of k modulo 3.

(b) Any path of length k for 4 ≤ k ≤ 3m − 1 is equal to precisely one basis element, as
well any path of length three, except the cyclic paths between vertices 2, 4, 5.

(c) The product of two elements b, b′ from B is either zero, or is again an element in B.
It is non-zero if and only if t (b) = s(b′) and bb′ has length ≤ 3m, and if the length is
3m then s(b) = t (b′). (For this, note that the cyclic paths of length three through the
vertices 2, 5, 4 are not products of basis elements.)
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(d) For each b ∈ Bi there is a unique b̂ ∈ B such that bb̂ = ωi : Say b = bej is of length k,
then Bj must contain a unique element b̂ of length 3m − k and moreover which ends
at i. This is seen by checking through each congruence. Then bb̂ is a path of length
3m from i to i and it must therefore be equal to ωi , by Lemma 4.5. It must be unique
with bb′ = ωi and b′ ∈ B.

Corollary 4.6 � has dimension 36m.

The next theorem completes the proof of Theorem 1.

Theorem 4.7 � is a symmetric algebra.

Proof We use the above basis to define a symmetrizing bilinear form. If b, b′ ∈ B, define

(b, b′) := the coefficient of ωi when bb′ is expanded in terms of B.

This extends to a bilinear form, and it is clearly associative. By (c) and (d) above, the Gram
matrix of the bilinear form is non-singular, hence the form is non-degenerate. We show that
the form is symmetric.

Let b, b′ ∈ B, where b = eibej and b′ = ekb
′el . Then we have

(b, b′) =
{

1 j = k, i = l, �(bb′) = 3m,

0 else,

and (b′, b) is the same.

5 Proof of Theorem 2

Let (Q, f ) be the triangulation quiver associated to the tetrahedron. Then we have the invo-
lution¯ : Q1 → Q1 on the set Q1 of arrows of Q which assigns to an arrow θ ∈ Q1 the arrow
θ̄ with s(θ) = s(θ̄) and θ 
= θ̄ . With this, we obtain another permutation g : Q1 → Q1
such that g(θ) = f (θ) for any θ ∈ Q1, as indicated in the introduction.

Let m ≥ 2 be a natural number, λ ∈ K , and �(m, λ) the associated higher tetrahedral
algebra. We will prove first that �(m, λ) is a tame algebra. We divide the proof into several
steps.

Proposition 5.1 For each λ ∈ K \ {0}, �(m, λ) degenerates to �(m, 0).

Proof For each t ∈ K , consider the algebra �(t) given by the quiver Q and the relations:

γ δ = βε + tλ(β�ω)m−1βε, δη = νω, ηγ = ξα, νμ = δξ,

�ω = εη + tλ(εξσ )m−1εη, ωβ = μσ, β� = γ ν, μα = ωγ,

ξσ = ηβ + tλ(ηγ δ)m−1ηβ, σε = αδ, εξ = �μ, αν = σ�,
(
θf (θ)f 2(θ)

)m−1
θf (θ)g

(
f (θ)

) = 0 for any arrow θ in Q.

Then �(t), t ∈ K , is an algebraic family in the variety algd(K), with d = 36m. Observe
that �(0) ∼= �(m, 0) and �(1) ∼= �(m, λ). Fix t ∈ K \ {0}, and take an element at ∈ K

with a
3(m−1)
t = t . Then there is an isomorphism of algebras ϕt : �(1) → �(t) such that
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ϕt (θ) = at θ for any arrow θ in Q. This shows that �(t) ∼= �(1) for all t ∈ K \ {0}. Then it
follows from Proposition 2.2 that �(m, λ) degenerates to �(m, 0) = �(0).

Let �(m) be the algebra given by quiver � of the form

1

2

3

4

5

6

7

89

α1

�� α2

��

α3 ��

α4

��

α5

��

α6

��

β5

��

β6

		

β1



 β2

��

β3

��

β4


and the relations:

β1α1 = β2α2, β3α3 = β4α4, β5α5 = β6α6,

α1(β5α5β3α3β1α1)
m−1β5α5β3α3β2 = 0, α2(β6α6β4α4β2α2)

m−1β6α6β4α4β1 = 0,

α3(β1α1β5α5β3α3)
m−1β1α1β5α5β4 = 0, α4(β2α2β6α6β4α4)

m−1β2α2β6α6β3 = 0,

α5(β3α3β1α1β5α5)
m−1β3α3β1α1β6 = 0, α6(β4α4β2α2β6α6)

m−1β4α4β2α2β5 = 0.

For each vertex i of �, we denote by ei the primitive idempotent of �(m) associated to i.
Moreover, let e = e1 + e2 + e3 + e4 + e5 + e6.

Lemma 5.2 The following statements hold:

(i) �(m) is a finite-dimensional algebra with dimK �(m) = 81m + 3.
(ii) �(m, 0) is isomorphic to the idempotent algebra e�(m)e.

Proof (i) A direct checking shows that dimK ei�(m) = 9m for i ∈ {1, 2, 3, 4, 5, 6}, and
dimK ej�(m) = 9m + 1 for j ∈ {7, 8, 9}. Therefore, we obtain dimK �(m) = 81m + 3.

(ii) Consider the paths of length 2 in �

δ = α1β5, ν = α1β6, ε = α2β5, � = α2β6, α = α3β1, σ = α3β2,

γ = α4β1, β = α4β2, ξ = α5β3, η = α5β4, μ = α6β3, ω = α6β4.

Then these paths satisfy the relations defining the algebra �(m, 0). Therefore, e�(m)e is
isomorphic to �(m, 0).

The algebra �(m) can be viewed as a blowup of the algebra �(m, 0). The reason to
consider it here is as follows. The higher tetrahedral algebras �(m, λ) have no visible degen-
erations to special biserial alebras. But the algebra �(m) admits a degeneration to a special
biserial algebra, as we will show below. Then Proposition 2.1 will imply that �(m) is a
tame algebra, and consequently �(m, 0) is a tame algebra (see [6, Theorem]).
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For each t ∈ K , let �(m, t) be the algebra given by the quiver � of the form

x

y

z

a

bc

α

��������

β

��������

γ


σ


ω

����
��

��

δ

����
��

��

η

��

ε

��

μ

��

and the relations:

βα = 0, σγ = 0, δω = 0, ε2 = tε, η2 = tη, μ2 = tμ, (1)

t (αδμωσηγβε)m = ε(αδμωσηγβε)m, t (εαδμωσηγβ)m = (εαδμωσηγβ)mε,

t (γβεαδμωση)m = η(γβεαδμωση)m, t (ηγβεαδμωσ)m = (ηγβεαδμωσ)mη,

t (ωσηγβεαδμ)m = μ(ωσηγβεαδμ)m, t (μωσηγβεαδ)m = (μωσηγβεαδ)mμ,

(2)

(αδμωσηγβε)m = (εαδμωσηγβ)m, (γβεαδμωση)m = (ηγβεαδμωσ)m,

(ωσηγβεαδμ)m = (μωσηγβεαδ)m, (3)

(δμωσηγβεα)mδ = 0, α(δμωσηγβεα)m = 0, (βεαδμωσηγ )mβ = 0,

γ (βεαδμωσηγ )m = 0, (σηγβεαδμω)mσ = 0, ω(σηγβεαδμω)m = 0. (4)

We note that for t ∈ K \ {0} the relations (3) follow from the relations (2), and the relations
(4) from the relations (1) and (2). For example, we have the equalities

t (δμωσηγβεα)mδ = tδ(μωσηγβεαδ)m = δ(μωσηγβεαδ)mμ

= δμ(ωσηγβεαδμ)m = tδ(ωσηγβεαδμ)m = 0,

because δω = 0, and hence (δμωσηγβεα)mδ = 0, for t ∈ K \ {0}. For each vertex i of �,
we denote by fi the primitive idempotent of �(m, t) associated to i.

Lemma 5.3 The following statements hold:

(i) For each t ∈ K , �(m, t) is a finite-dimensional algebra with dimK �(m, t) = 81m+
3.

(ii) �(m, t) ∼= �(m, 1) for any t ∈ K \ {0}.
(iii) �(m, 0) is a special biserial algebra.

Proof (i) It follows from the relations defining �(m, t) that dimK fi�(m, t) = 9m + 1
for i ∈ {a, b, c}, and dimK fj�(m, t) = 18m for j ∈ {x, y, z}. Hence, we obtain
dimK �(m, t) = 81m + 3.

(ii) Fix t ∈ K \ {0}, and take an element bt ∈ K with b8
t = t . Then there exists an

isomorphism of algebras ψt : �(m, 1) → �(m, t) such that ψt(ε) = t−1ε, ψt(η) = t−1η,
ψt(μ) = t−1μ, and ψt(θ) = bt θ for any arrow θ ∈ {α, β, γ, σ, ω, δ}.

(iii) Follows from the relations defining �(m, 0).

Lemma 5.4 The algebras �(m) and �(m, 1) are isomorphic.
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Proof We shall prove that there is a well defined isomorphism of algebras ϕ : �(m) →
�(m, 1) such that

ϕ(e1) = ε, ϕ(e2) = fx − ε, ϕ(e3) = η, ϕ(e4) = fy − η,

ϕ(e5) = μ, ϕ(e6) = fz − μ ϕ(e7) = fa, ϕ(e8) = fb, ϕ(e9) = fc,

ϕ(α1) = εα, ϕ(α2) = α − εα, ϕ(β1) = βε, ϕ(β2) = −β + βε,

ϕ(α3) = ηγ, ϕ(α4) = γ − ηγ, ϕ(β3) = ση, ϕ(β4) = −σ + ση,

ϕ(α5) = μω, ϕ(α6) = ω − μω, ϕ(β5) = δμ, ϕ(β6) = −δ + δμ.

Observe that

ϕ(e1 + e2) = fx, ϕ(e3 + e4) = fy, ϕ(e5 + e6) = fz,

ϕ(α1 + α2) = α, ϕ(α3 + α4) = γ, ϕ(α5 + α6) = ω,

ϕ(β1 − β2) = β, ϕ(β3 − β4) = σ, ϕ(β5 − β6) = δ.

We have in �(m, 1) the following equalities

ϕ(e2
1) = ϕ(e1) = ε = ε2 = ϕ(e1)

2,

ϕ(e2
2) = ϕ(e2) = fx − ε = (fx − ε)2 = ϕ(e2)

2,

ϕ(e2
3) = ϕ(e3) = η = η2 = ϕ(e3)

2,

ϕ(e2
4) = ϕ(e4) = fy − η = (fy − η)2 = ϕ(e4)

2,

ϕ(e2
5) = ϕ(e5) = μ = μ2 = ϕ(e5)

2,

ϕ(e2
6) = ϕ(e6) = fz − μ = (fz − μ)2 = ϕ(e6)

2,

ϕ(β1)ϕ(α1) = βε2α = βεα = (−β + βε)(α − εα) = ϕ(β2)ϕ(α2),

ϕ(β3)ϕ(α3) = ση2γ = σηγ = (−σ + ση)(γ − ηγ ) = ϕ(β4)ϕ(α4),

ϕ(β5)ϕ(α5) = δμ2ω = δμω = (−δ + δμ)(ω − μω) = ϕ(β6)ϕ(α6).

It remains to show that the six zero relations defining �(m) correspond via ϕ to the six
commutativity relations (2), with t = 1, defining �(m, 1). We will show this for the first
two relations, because the proof for the other four is similar.

We have the equalities

ϕ(α1)
(
ϕ(β5)ϕ(α5)ϕ(β3)ϕ(α3)ϕ(β1)ϕ(α1)

)m−1
ϕ(β5)ϕ(α5)ϕ(β3)ϕ(α3)ϕ(β2)

= εα(δμ2ωση2γβε2α)m−1δμ2ωση2γ (−β + βε)

= −εα(δμωσηγβεα)m−1δμωσηγβ + εα(δμωσηγβεα)m−1δμωσηγβε

= −(εαδμωσηγβ)m + (εαδμωσηγβ)mε = 0,

ϕ(α2)
(
ϕ(β6)ϕ(α6)ϕ(β4)ϕ(α4)ϕ(β2)ϕ(α2)

)m−1
ϕ(β6)ϕ(α6)ϕ(β4)ϕ(α4)ϕ(β1)

= ϕ(α2)
(
ϕ(β5)ϕ(α5)ϕ(β3)ϕ(α3)ϕ(β1)ϕ(α1)

)m−1
ϕ(β5)ϕ(α5)ϕ(β3)ϕ(α3)ϕ(β1)

= (α − εα)(δμωσηγβεα)m−1δμωσηγβε

= (αδμωσηγβε)m − ε(αδμωσηγβε)m = 0.

Corollary 5.5 The algebra �(m) degenerates to the special biserial algebra �(m, 0). In
particular, �(m) is a tame algebra.

Proof It follows from Lemmas 5.3 and 5.4 that �(m, 1), t ∈ K , is an algebraic family in
the variety algK(d) with d = 81m + 3 such that �(m, 1) ∼= �(m, 1) ∼= �(m) for any
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t ∈ K \ {0} and �(m, 0) is a special biserial algebra. Then it follows from Propositions 2.1
and 2.2 that �(m) is a tame algebra.

Proposition 5.6 For each λ ∈ K , �(m, λ) is a tame algebra of non-polynomial growth.

Proof It follows from Lemma 5.2 (ii), Corollary 5.5 and [6, Theorem] that �(m, 0) is a
tame algebra. Then, applying Propositions 2.2 and 5.1, we conclue that �(m, λ) is a tame
algebra for any λ ∈ K\{0}. � = �(m, λ) for an arbitrary λ ∈ K . Consider now the quotient
algebra � of � by the ideal generated by the arrows δ, ν, ε, �. Then � is the algebra given
by the quiver

1 3
α��

σ

���������������� 5
ξ��

η

����������������

2 4
β

��

γ

����������������
6

ω
��

μ

����������������

and the relations

ωβ = μσ, ηγ = ξα, μα = ωγ, ξσ = ηβ.

Then � is the tame minimal non-polynomial growth algebra (30) from [18]. Therefore, �

is of non-polynomial growth.

We end this section with a Galois covering interpretation of the singular higher
tetrahedral algebras.

Let m ≥ 2 be a natural number. We denote by B(m) the fully commutative algebra of
the following quiver

1 3��

����
��

��
��

��
� 5��

����
��

��
��

��
�

�� 6m − 5

����
6m − 3��

�����������
6m − 1��

������������������

�����
��

· · ·
2 4��

�������������
6��

�������������
�� 6m − 4

����
6m − 2��

�����������
6m��

�����������

Consider the repetitive category B̂(m) of B(m). Then the Nakayama automorphism ν
̂B(m)

of B̂(m) admits an m-th root ϕm such that (ϕm)m = ν
̂B(m)

. Let �(m) be the orbit algebra

B̂(m)/(ϕm) of B̂(m) with respect to the infinite cyclic group (ϕm) generated by ϕm (see
[24] for relevant definitions).

Then we obtain the following proposition.

Proposition 5.7 The algebras �(m, 0) and �(m) are isomorphic.

We would like to stress that, for any λ ∈ K \ {0}, the non-singular higher tetrahedral
algebra �(m, λ) is not the orbit algebra of the repetitive category of an algebra.

6 Proof of Theorem 3

Throughout this section, � = �(m, λ), for some m ≥ 2 and λ ∈ K∗.
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We show first that every simple �-module is periodic of period four. This will then tell
us what the terms of a minimal projective bimodule resolution of � must be (see Proposi-
tion 3.1). As for notation, we write � for syzygies of right �-modules, and we write ��e

for syzygies of right �e-modules (�-�-bimodules).

Proposition 6.1 Each simple �-module is periodic of period four. There is an exact
sequence

0 → Si → Pi → Px ⊕ Py → Pj ⊕ Pk → Pi → Si → 0

where the arrows adjacent to i end at j, k and start at x, y.

Proof The automorphism ϕ of � induces an equivalence of the module category mod �,
with two orbits on simple modules. We only need to prove periodicity for one simple from
each orbit. We will consider S1 and S4.

(1) We compute �2(S1) which we identify with the kernel of the map d1 : P6 ⊕P5 → P1
defined by

d1(a, b) := νa + δb,

for a ∈ P6 and b ∈ P5. Since νω = δη and νμ = δξ , the kernel contains the submodule
generated by φ and ψ , where

φ = (−ω, η) and ψ = (μ,−ξ).

We will show that Ker d1 = φ�+ψ�. Since we have one inclusion, it suffices to show that
both spaces have the same dimension, that is, we must show that φ� + ψ� has dimension
6m + 1. We observe that φ� is isomorphic to �−1(S4) since ω, η are the arrows ending at
vertex 4. Similarly, ψ� ∼= �−1(S3). In particular, dimK φ� = 6m − 1 = dimK ψ�. It
follows that we must show that dimK φ� ∩ ψ� = 6m − 3, that is,

dimK φ�/(φ� ∩ ψ�) = 2.

(1a) We identify the intersections of φ� and ψ� with 0 ⊕ P5. We claim that each of
φ� ∩ (0 ⊕ P5) and ψ� ∩ (0 ⊕ P5) is 1-dimensional, spanned by (0, Xm

5 ). Indeed, suppose
φp = (0, z) for some p ∈ � and 0 
= z. We may assume that p is a monomial in the
arrows. To have ωp = 0 the monomial p must have length ≥ 3m − 1. To have ωp = 0
and ηp = z 
= 0, we must have that p has length 3m − 1 and ends at vertex 4, and then
ηp = Xm

5 . For the converse, take p = Xm−1
4 γ δ. Similarly one proves the second statement.

(1b) We claim that φJ 2 + φγK is contained in the intersection φ� ∩ ψ�. Namely, we
have φγ = −ψα, by the relations. Next, we have

φβ = (−ωβ, ηβ) = −ψσ − (0, λXm−1
5 ηβ). (*)

Hence φβε = ψσε− (0, λXm
5 ) (using Lemmas 4.3, 4.4, 4.5). By (1a) above, this belongs to

the intersection and it follows from these that φJ 2 ⊆ φ�∩ψ�. We note that if λ = 0, then
�2(Si) has more than two minimal generators, and hence Si is not periodic of period 4.

(1c) Note that φJ 2 + φγK has dimension 6m − 3. We have the chain of submodules

φJ 2 + φγK ⊆ φ� ∩ ψ� ⊆ φ�,

and the quotient φ�/(φJ 2 + φγK) is spanned by the cosets of φ and φβ.
Assume for a contradiction that φβ ∈ φ� ∩ ψ�. Then, by (*), we have (0, Xm−1

5 ηβ) ∈
ψ�, but this contradicts (1a). So φβ is not in the intersection, and therefore the dimension
of φ�/(φ� ∩ ψ�) is 2, as required.
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(1d) Now it is easy to see that S1 has period four. Namely, define d2 : P4 ⊕P3 → �2(S1)

by
d2(u, v) := φu + ψv,

for u ∈ P4 and v ∈ P3. The kernel of d2, that is, �3(S1) has dimension 2(6m)− (6m+1) =
6m − 1. We have seen that φγ = −ψα, and therefore (γ, α)� ⊆ Ker(d2). This submodule
is isomorphic to �−1(S1) and has dimension 6m − 1. We deduce that

�−1(S1) ∼= (γ, α)� ∼= �3(S1).

So S1 is periodic of period dividing 4, and then equal to 4.
(2) We compute �2(S4), which we identify with the kernel of d1 : P1⊕P2 → P4 defined

as
d1(w, z) = γw + βz,

for w ∈ P1 and z ∈ P2. This is analogous to (1), there is only a small difference in the
formulae. Using the relations, the kernel of d1 contains φ and ψ , where

φ = (
δ,−ε − λ(ρωβ)m−1ε

)
and ψ = (−ν, ρ).

By the same arguments as in (1), to prove that Ker(d1) = φ� + ψ�, we must show that
dimK φ�/(φ�∩ψ�) = 2. We have φη = −ψω, which is in the intersection, and we have

φξ = −ψμ − (0, λXm−1
2 εξ).

As before one shows that φJ 2 = ψJ 2 and hence is in the intersection. Suppose φξ is in
the intersection. Then it follows that (0,−λXm−1

2 εξ) is in ψ�, which is a contradiction to
the analog of (1a). It follows that φ�/(φ� ∩ ψ�) is 2-dimensional. Then as in (1d) one
concludes that S4 has �-period four.

We use the notation as in Section 3, in particular the description of P0 and P1. For the
higher tetrahedral algebra, we need to specify P2, which has generators corresponding to
the minimal relations involving paths of length two. Each of these minimal relations has a
term θf (θ) for θ an arrow, and this gives a bijection between arrows and minimal relations
involving paths of length two. So we take

P2 := ⊕θ∈Q1�(es(θ) ⊗ et(f (θ)))�.

We may denote the minimal relation with term θf (θ) by μθ . Then the definition of R in
Section 3 specializes to

R : P2 → P1, R(es(θ) ⊗ et(f (θ))) := π(μθ ).

Lemma 6.2 The homomorphism R : P2 → P1 induces a projective cover of �2
�e(�) in

mod �e. In particular, �3
�e(�) = Ker R.

Proof This is similar as that of Lemma 7.2 of [11], and uses Lemma 3.4.

By Propositions 3.1 and 6.1, we can take P3 = ⊕i∈Q0�(ei ⊗ ei)�. For each vertex i of
Q, we define an element ψi as follows. Let τ, τ̄ be the arrows starting at i, and let θ, θ̄ be
the arrows ending at i. Set

ψi := (ei ⊗ et(θ))θ + (ei ⊗ et(θ̄))θ̄ − τ(et (τ ) ⊗ ei) − τ̄ (et (τ̄ ) ⊗ ei).

Then we define a �e-module homomorphism S : P3 → P2 by

S(ei ⊗ ei) := ψi, for i ∈ Q0.

403



K. Erdmann, A. Skowroński

Lemma 6.3 The homomorphism S : P3 → P2 induces a projective cover of �3
�e(�) in

mod �e. In particular, we have �4
�e(�) = Ker(S).

Proof We know that the kernel of R is �3
�e(�), and we know that it has minimal generators

corresponding to the vertices of Q. As well, from the definition, the element ψi does not lie
in (radP2)

2. Therefore, it is enough to show that R(ψi) = 0 for all i.
The algebra automorphism ϕ of � defined in Section 4, extends to an automorphism

of �e. One checks that it commutes with the map R and that it takes ψi to ψϕ(i). So it is
enough to take i = 1 and i = 4.

(1) We compute R(ψ1). This is equal to

R
(
(e1 ⊗ e4)γ + (e1 ⊗ e3)α − ν(e6 ⊗ e1) − δ(e5 ⊗ e1)

)

= π(δη − νω)γ + π(νμ − δξ)α − ν
(
π(μα − ωγ )

) − δ
(
π(ηγ − ξα)

)

= (e1 ⊗ ηγ + δ ⊗ γ − e1 ⊗ ωγ − ν ⊗ γ )

+(e1 ⊗ μα + ν ⊗ α − e1 ⊗ ξα − δ ⊗ α)

−(ν ⊗ α + νμ ⊗ e1 − ν ⊗ γ − νω ⊗ e1)

−(δ ⊗ γ + δη ⊗ e1 − δ ⊗ α − δξ ⊗ e1).

The terms of the form α1 ⊗ α2 for αi arrows, cancel. The terms in (e1 ⊗ e5)� are

e1 ⊗ ηγ − e1 ⊗ ξα) = e1 ⊗ (ηγ − ξα) = 0.

Similarly, there are two terms in (e1 ⊗ e6)� and two terms in �(e4 ⊗ e1) and two terms in
�(e3 ⊗ e1), and they all cancel. Hence R(ψ1) = 0.

(2) We compute R(ψ4). This is equal to

R
(
(e4 ⊗ e5)η + (e4 ⊗ e6)ω − γ (e1 ⊗ e4) − β(e2 ⊗ e4)

)

= π(γ δ − βε − λXm−1
4 βε)η + π(βρ − γ ν)ω

−γ
(
π(δη − νω)

) − β
(
π(ρω − εη − λXm−1

2 εη)
)
.

(*)

We must choose a version of X4 and of X2. It is natural to take X4 = βρω and X2 = ρωβ.
We continue the calculation. With this, (*) is equal to

(e4 ⊗ δη + γ ⊗ η − e4 ⊗ εη − β ⊗ η) − λπ
(
(βρω)m−1βε

)
η

+ (e4 ⊗ ρω + β ⊗ ω − e4 ⊗ νω − γ ⊗ ω)

− (γ ⊗ η + γ δ ⊗ e4 − γ ⊗ ω − γ ν ⊗ e4)

−(β ⊗ ω + βρ ⊗ e4 − β ⊗ η − βε ⊗ e4) + λβ
(
π

(
(ρωβ)m−1εη

))
.

The terms of the form α1 ⊗ α2 with αi arrows all cancel. Using the relations δη = νω and
βρ = γ ν, four of the other terms cancel. This leaves

−e4 ⊗ εη + e4 ⊗ ρω − λπ
(
(βρω)m−1βε

)
η − γ δ ⊗ e4 + βε ⊗ e4 + λβπ

(
(ρωβ)m−1εη

)
.

The first two terms combine, and the fourth and fifth term combine, and we can rewrite
the expression as

λ(e4 ⊗ Xm−1
2 εη) − λπ

(
(βρω)m−1βε

)
η − λ(Xm−1

4 βε ⊗ e4) + λβπ
(
(ρωβ)m−1εη

)
. (**)

Now we combine the second and fourth term of (**), and we expand both. All terms except
the ones − ⊗ e4 and e4 ⊗ − cancel, and we are left with

λ
(
(βρω)m−1βε ⊗ e4 − e4 ⊗ (ρωβ)m−1εη

)
. (***)

The first term of (***) is the negative of the third term in (**) since βρω = X4. The second
term of (***) is the negative of the first term of (**) since ρωβ = X2. Hence, everything
cancels and R(ψ4) = 0, as required.
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Theorem 6.4 There is an isomorphism �4
�e(�) ∼= � in mod �e.

Proof This is similar as in the proof of Theorem 7.4 in [11]. We have defined a sym-
metrizing bilinear form of � in the proof of Theorem 4.7. We define elements ξi ∈ P3
by

ξi =
∑

b∈Bi

b ⊗ b∗,

where {b∗ : b ∈ B} is the dual basis corresponding to B, defined by (−,−). As in [11], it
follows that the map

θ : � → P3, with θ(ei) = ξi for all i ∈ Q0,

is a monomorphism of �-�-bimodules. Moreover, one shows that S(ξi) = 0, exactly as in
[11], and hence the image of θ is contained in �4

�e(�) = Ker S (Lemma 6.3). This only
uses general properties of the dual basis and no details on a specific algebra. Furthermore,
�4

�e(�) is free of rank 1 as a left or right �-module. Namely, by Lemmas 3.3, 6.2, and 6.3,
we have the exact sequence of bimodules

0 → �4
�e(�) → P3

S−→ P2
R−→ P1

d−→ P0 → � → 0.

We have P0 ∼= P3, and moreover P1 and P2 have obviously the same rank as free �-modules
on each side. By the exactness, it follows that � and �4

�e(�) have the same rank. Therefore,
the map θ gives an isomorphism of � with �4

�e(�).
Alternatively, for the last step one may apply [14] to show that �4

�e(�) must be iso-
morphic to 1�σ for some algebra automorphism σ , and therefore has rank 1 on each
side.

Theorem 3 follows from Proposition 6.1, Theorem 6.4, and the following proposition.

Proposition 6.5 Let A = �(m, 0). Then mod A does not admit a periodic simple module.

Proof Take i ∈ {1, 3, 5}. Observe that, for the indecomposable projective A-modules Pi =
eiA and Pi+1 = ei+1A, we have rad Pi/ soc Pi

∼= rad Pi+1/ soc Pi+1 in mod A. Then, by
general theory, Pi/ soc Pi and Pi+1/ soc Pi+1 are not in stable tubes of the stable Auslander-
Reiten quiver �s

A of A. Since A is a symmetric algebra, we conclude that Si and Si+1 are
not periodic modules.
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12. Erdmann, K., Skowroński, A.: Algebras of generalized quaternion type. arXiv:1710.09640 (2017)
13. Geiss, C.: On degenerations of tame and wild algebras. Arch. Math. (Basel) 64, 11–16 (1995)
14. Green, E.L., Snashall, N., Solberg, Ø.: The Hochschild cohomology ring of a selfinjective algebra of

finite representation type. Proc. Amer. Math. Soc. 131, 3387–3393 (2003)
15. Happel, D.: Triangulated Categories in the Representation Theory of Finite-Dimensional Algebras,

London Math. Soc. Lect. Note Ser., vol. 119. Cambridge University Press, Cambridge (1988)
16. Happel, D.: Hochschild cohomology of finite-dimensional algebras. In: Séminaire d’Algèbre Paul
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27. Wald, B., Waschbüsch, J.: Tame biserial algebras. J. Algebra 95, 480–500 (1985)

406

http://arxiv.org/abs/1703.02346
http://arxiv.org/abs/1710.09640

	Higher Tetrahedral Algebras
	Abstract
	Introduction and the Main Results
	Preliminary Results
	Bimodule Resolutions of Self-Injective Algebras
	Proof of Theorem 1
	Proof of Theorem 2
	Proof of Theorem 3
	Acknowledgements
	Open Access
	References


