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Abstract The paper presents results of research on

identification of localized and other adsorption mecha-

nisms, on geometrically heterogeneous graphite-like car-

bonaceous surfaces. It attempts to get an insight into

properties of individual adsorptive molecule movement

near attractive adsorption sites, arising from adsorbent

surface geometrical heterogeneities. In particular, a shape

and volume of space occupied by the continuously moving

molecule mass center are investigated. To this aim, kine-

matic equilibrium of the particle moving near a hypothet-

ical microporous carbonaceous adsorbent wall is

considered, and then compared with thermodynamic

equilibrium. The proposed approach enables to examine

effects of certain surface geometry on the shape and vol-

ume of space occupied by adsorbed particles, and so to

outline temperature conditions for the localized adsorption

mechanism predomination. Thus, it provides a cognitive

basis to answer the question, what particular mechanism

(localized or other—e.g. mobile) should be assumed for a

class of adsorption systems in order to select the most

appropriate mathematical adsorption model. Hence, it

makes it possible for more reliable examination of real

porous structures, based on adsorption measurements.

Keywords Adsorption � Adsorption mechanisms �
Localized adsorption � Mobile adsorption

Variables

�� Refers to an averaged quantities

dc Adsorbent solubility parameter
ffiffiffiffiffiffiffiffi

J
cm3

q� �

eC-fk Lennard-Jones potential well-depth for

carbon atom interaction with adsorbate

particle, at k-th position Jð Þ
fA Surface texture parameter describing

possible contact of an adsorbate with

neighboring adsorbent molecules

(intermolecular effective contact ratio);

dimensionless

p Fraction of one mole of individual particles

of volatile phase, calculated as a remaining

part (1 - wmax); dimensionless

rff Adsorbate hard sphere core diameter nmð Þ
rC-fk Lennard-Jones potential intermolecular

diameter for carbon atom interaction with

adsorbate particle, at k-th position nmð Þ
si i-th particle ‘‘temperature’’, average in phase

space v Kð Þ
sind Temperature corresponding to a Vind Kð Þ
smax Temperature corresponding to a Vmax Kð Þ
afi Specific surface area of a movement space

of i-th adsorbate particle mass center nm2ð Þ
dfi Diameter of an equivalent sphere of volume

Vfi nmð Þ
dpi Diameter of an equivalent sphere of volume

Vpi nmð Þ
f(si,T) Maxwell–Boltzmann distribution function at

a given temperature T of isothermal

adsorption; dimensionless
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J Number of particles sharing occupied

volume in a range Vind\Vmpi(si) B Vmax;

dimensionless

kB Boltzmann constant J

K

� �

kBs(t) Averaged in time kinetic energy of two

degrees of freedom Kð Þ
kBsi Averaged in space v kinetic energy of two

degrees of freedom Kð Þ
nadm Admissible shots in Monte Carlo technique,

respecting geometrical constraints of a

modeled adsorbent; dimensionless

nv Successful shots in Monte Carlo technique,

respecting geometrical constraints of a

modeled adsorbent and additionally

fulfilling a relation
P

C

uC�fk B Ubdry;

dimensionless

p Pressure, representing total effects of

interactions of an adsorbate particle with

volatile phase Pað Þ
pfi Effective pressure, representing total effects

of interactions of an i-th individual

adsorbate particle with volatile phase Pað Þ
rC-fk Lennard-Jones potential intermolecular

distance for carbon atom interaction with

adsorbate particle, at k-th position nmð Þ
sfi Open surface limiting an i-th particle mass

center movement in volume Vfi nm2ð Þ
spi Open surface limiting an i-th particle

movement in volume Vpi nm2ð Þ
tint Time intervals of a molecule movement

between collisions with other adsorptive

molecules sð Þ
t Time averages over a particle movement

after a suitable lapse of time, frequently

longer than tint sð Þ
uC-fk Lennard-Jones potential of carbon atom

interaction with adsorbate particle, at k-th

position Jð Þ
v Phase-space variables of an i-th particle

mass center movement; dimensionless

A, B, C, D Riedel equation parameters; dimensionless

Eadh Effective molar adhesion energy for a pair

of molecules being in a full contact J

mol

� �

Evap Cohesion (evaporation) energy of an

adsorbate in its reference state J

mol

� �

G Free enthalpy of a thermodynamic system

J

mol

� �

NA Avogadro constant 1

mol

� �

Nind Number of particles corresponding to a

particular temperature si, fulfilling

constraint si B sind; dimensionless

QA Measurable monolayer adsorption energy

J

mol

� �

R Gas constant J

K�mol

� �

Sads Entropy of thermodynamic system J

K�mol

� �

Sconf Configurational entropy of thermodynamic

system J

K�mol

� �

Si i-th particle internal entropy in a

thermodynamic system J

K�mol

� �

Tk Average temperature of adsorbed molecules

at a kinematic equilibrium Kð Þ
Tt Average temperature of adsorbed molecules

at a thermodynamic equilibrium Kð Þ
TB Adsorbate boiling temperature Kð Þ
Tc Adsorbate critical temperature Kð Þ
Uads Total energy of adsorbate molecules J

mol

� �

Uavge(t) Averaged in time, solid–fluid potential

J

mol

� �

Uavge(Vfi) Averaged in space v, solid–fluid potential of

the individual i-th particle mass center

moving in volume Vfi
J

mol

� �

Uavge(Vpi) Averaged in space v, solid–fluid potential of

an individual i-th particle moving in volume

Vpi
J

mol

� �

Ubdry(t) Averaged in time, boundary equipotential

surface J

mol

� �

Ubdry(Vfi) Averaged in space v, boundary equipotential

surface of an individual i-th particle mass

center moving in volume Vfi
J

mol

� �

Ubdry(Vpi) Averaged in space v, boundary equipotential

surface of an individual i-th particle moving

in volume Vpi
J

mol

� �

Um(Vmpi) Ubdry(Vpi) related to one mole of particles

with Eq. 9 J

mol

� �

Umadh(Vmpi) Uavge(Vpi) related to one mole of particles

with Eq. 9 J

mol

� �

Vc Adsorbate critical volume cm3

mol

� �

Vfi Volume of an i-th individual particle mass

center movement (free space) cm3ð Þ
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Vind Maximum separated volume occupied by

one mole of individual particles cm3

mol

� �

Vmax Maximum separated or shared with

j molecules volume, occupied by one mole

of individual particles cm3

mol

� �

Vpi Volume of an i-th individual particle

movement cm3ð Þ
Vmfi Volume Vfi, related to one mole of particles

cm3

mol

� �

Vmpi Volume Vpi, related to one mole of particles

cm3

mol

� �

Vp Total volume of adsorbate molecules in a

thermodynamic system cm3

mol

� �

Vmp (Tk) Volume of adsorbate molecules at a

temperature of kinematic equilibrium Tk
cm3

mol

� �

Vmp (Tt) Volume of adsorbate molecules at a

temperature of thermodynamic equilibrium

Tt
cm3

mol

� �

wind Localized mechanism fraction of a volatile

phase particles; dimensionless

wmax Possible mobile mechanism (or other than

localized) fraction of a volatile phase

particles; dimensionless

1 Introduction

Practical identification of material porous structure from

experimental adsorption measurements requires a mathe-

matical description of adsorption mechanism. A number of

theoretical investigations were elaborated in order to reli-

ably describe the adsorption equilibrium, where different

aspects of the adsorption mechanism are stressed (Dąb-

rowski 2001; Sing et al. 1985). Nevertheless, the mecha-

nism itself is a basic assumption of any mathematical

model, and its arbitrary selection is most commonly related

to the surface description: heterogeneous for localized

mechanism and homogeneous for others.

The classical approach is based on a lattice surface

model that leads to the Langmuir (Langmuir 1916), Fow-

ler–Guggenheim (Fowler and Guggenheim 1940) and BET

formulas for localized adsorption, while the mobile

adsorption is described by Volmer (Volmer 1925) or Hill-

de Boer (1968; Hill 1946) equations. On the other hand a

potential theory of adsorption [for example Dubinin-

Radushkievitch model (Dubinin 1989)] is successfully

employed, assuming formation of a quasi liquid like phase

near the solid surface, i.e. based on mobile adsorption

mechanism. Recently, this approach is intensively devel-

oped in the form of Density Functional Theory formalism

[DFT, (Jagiełło and Olivier 2013; Lastoskie and Gubbins

2000)], where the adsorbate molecules are treated with the

same formulae as describing the liquid bulk phase, but

affected by the solid surface attractive forces.

Furthermore, in our earlier works we proposed a new

approach for the localized adsorption modeling, in which a

clustering based mechanism is exposed. From a formal

viewpoint, it is a far generalization of BET multilayer

adsorption (i.e. adsorbate clusters may be viewed as

localized layers). Geometrical and energetic constraints of

the clusters formation are taken into account, as well as

configurational effects coming from the clusterization

mechanism. Resultant general formula, referred to as a

uniBET model may be adapted to random microporous

structures, yielding LBET class adsorption models. The

latter is applicable to the microporous heterogeneous

structures examination, by employing a multivariant fitting

procedure (Kwiatkowski et al. 2011, 2014).

An elaboration of a comprehensive mathematical model

describing adsorption phenomena and taking into account

localized and other mechanisms is almost virtually

impossible [due to chemical and structural diversity of the

porous materials (Jagiełło and Olivier 2013)]. Hence, the

mechanism in the abovementioned models is commonly

assumed intuitively, based on a presumed picture of pore

shape and size. For regular structures (nanotubes, slit-like

pores, etc.) mobile adsorption may be more appropriate,

while for irregular or random pores localized adsorption

mechanism seems to be closer to a physical reality. Nev-

ertheless, even in relatively regular structures there are

local irregularities (rows, niches, cones, etc.). The question

is, how far such places affect the adsorbate molecule

behavior near the solid surface and in what extent the local

shape of the surface affects the particle movement making

it closer to the localized adsorption mechanism.

This paper attempts to answer such questions by com-

puter analysis of adsorptive molecule movement con-

straints, due to the surface attractive forces. In particular, a

shape and volume of the space occupied by the continu-

ously moving molecule mass center are investigated.

Subsequently, conditions for the localized and other

adsorption mechanisms are outlined, when compared to the

liquid bulk phase properties. To this aim, kinematic equi-

librium of individual adsorbate particle near the adsorbent

wall is taken under considerations, and then examined in

contrast with thermodynamic equilibrium. The adsorbent

surface is represented by a set of carbon atoms forming

predefined graphite-like nanostructure, and hence included

geometrical heterogeneity generates attractive adsorption

sites (e.g. nanocone, nanocubes). Such calculations enable
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to examine the effects of particular surface geometry on the

shape and volume of adsorbed particles, and so identify a

temperature conditions for particular adsorption mecha-

nism domination. The results of these investigations may

be useful in selection of the most appropriate mathematical

adsorption model, for examination of real porous structures

based on adsorption measurements. Hence, it makes it

possible to evaluate the porous structure properties more

reliably.

2 Theoretical basis

2.1 Kinematics and Maxwell–Boltzmann averaging

Let us consider a movement of an individual particle of a

volatile phase (adsorptive molecule) near an adsorbent

solid wall, in time intervals tint between collisions with

other adsorptive molecules. The averaged, in time t,

molecule movement is limited by an equipotential bound-

ary surface Ubdry(t). On this surface a kinetic energy of two

degrees of freedom kBs(t) is compensated by a corre-

sponding decrease in an average solid–fluid potential

Uavge(t). Thus, the equilibrium of the molecule movement

may be described kinematically by the following formulae:

tintUbdry �
Z

tint

0

UavgeðtÞdt � kB

Z

tint

0

sðtÞdt ¼ 0 ð1Þ

where kB stands for a Boltzmann constant.

Let us assume that the mass center of this particle moves

within a space of volume Vfi (free space) and may be found

at any phase-space variables v with the same probability

(i.e. v B Vfi). Hence, time averages t over the particle

movement after a suitable lapse of time, frequently longer

than tint, correspond to macro scale ensemble averages and

the volume in space is preserved, see (Hansen and

McDonald 2006). Thereby, kinetic energy kBs tð Þ averaged

in time may be equivalently represented by an energy kBsi
averaged over the movement space in volume v. Thus, the

kinetic energy is expressed in units [K] and si denotes an

average particle ‘‘temperature’’:

si ¼
1

Vfi

Z

Vfi

0

sðvÞdv ð2Þ

Subsequently, the average solid–fluid potential Uavge(t)

and boundary potential Ubdry(t) may be equivalently

described by analogous formulas leading to the Uavge(Vfi) and

Ubdry(Vfi).

At the boundary, when considering individual particle,

the potential is generated by the solid–fluid adhesive forces

producing component Ubdry(Vfi). Nevertheless, when con-

sidering the macro scale, at the boundary, potential is also

generated by possible collisions of adsorptive particles in

the volatile phase and depends on an external pressure

p (i.e. expressed as a pV potential).

Total effects of interactions of the adsorbate particle

with volatile phase, represented by the pressure p, may be

partitioned into subsystems using a collision probability

spi/sp of an individual i-th particle. Kinematically, inter-

actions with other particles represented by the pV potential

may be related to the free volume Vfi. Hence, the interac-

tion force p�spi should be recalculated to an effective

pressure pfi, and then multiplied by the volume Vfi:

pfi ¼
spi

sfi
p; and pV !

X

N

i¼1

spi

sfi
Vfip; ð3Þ

where spi is an open surface, limiting the particle move-

ment in volume Vpi and corresponding to the open surface

sfi, limiting the particle mass center movement in volume

Vfi. For a convenience, the relationship sfi/Vfi may be

denoted as a specific surface area of the space of particles

mass center afi.

Hence, the kinematic equilibrium of the i-th particle

takes the form:

p
spi

afi
þ UbdryðVfiÞ � UavgeðVfiÞ � kBsi ¼ 0 ð4Þ

The values for the particle volume Vpi and the surface

ratio spi/sfi may be roughly evaluated by replacing the real

free space of the adsorbate molecule with the sphere of the

same volume Vfi and corresponding diameter dfi. Then the

volume Vpi is calculated as a sphere with the diameter dpi,

increased by the adsorbate hard sphere core diameter rff:

dpi ¼ dfi þ rff ; dfi ¼
def 6

p
Vfi

� �1
3

; Vp i ¼
p
6
d3
pi;

spi

sfi
¼ dpi

dfi

� �2 ð5Þ

In our study solid is represented by a set of carbon atoms

spaced like in a graphite sheet and forming a nanostructure

of a predefined shape (nanotube, nanocone or nanocubic

niche etc.). Hence, the carbon-fluid potential at a given k-th

position of adsorbate molecule mass center is calculated by

summing up the LJ12-6 potential uC-fk (Lennard-Jones

1931). The latter is performed over all set of carbon atoms

forming the solid wall, with a corresponding carbon-fluid

intermolecular distance rC-fk:

uC�fk ¼ 4eC�f

rC�f

rC�fk

� �12

� rC�f

rC�fk

� �6
" #

ð6Þ

where eC-fk and rC-fk are the potential well-depth and

intermolecular diameter, respectively, both calculated
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applying Lorentz-Berthelot (Berthelot 1898; Lorentz 1881)

mixing rules from pure-species quantities.

The boundary potential Ubdry(Vfi) is taken arbitrary as a

fixed value of
P

C

uC�fk . Hence, the average potential

Uavge(Vfi) is:

UavgeðVfiÞ ¼
1

Vfi

Z Vfi

0

UbdryðvÞdv ð7Þ

The values for Vfi, corresponding to a given Ubdry, may

be evaluated with analytical or Monte-Carlo calculations.

The analytical calculations run initially by searching con-

secutive points k at an equipotential surface sfi of a given

Ubdry. If
P

C

uC�fk & Ubdry the k-th point is accepted as

belonging to the surface sfi (more precisely, to a volume

dsfi�drC-fk). Then, the volume Vfi is determined, as a volume

of space limited by all points found at the sfi surface.

Starting with a minimum potential Ubdry for which Vfi & 0,

the calculations run step by step with an increasing Ubdry

by a small value dUbdry. In the Monte-Carlo technique uC-fk

is calculated many times for randomly chosen points k

(shots). The point k is accepted as an admissible nadm if

respects geometrical constraints of the solid and as a suc-

cessful nv if additionally fulfills the relation
P

C

uC�fk B Ubdry. Having an appropriately large number of

admissible shots nadm[ 106 with a number nv of successful

shots, one can calculate the volume Vfi corresponding to a

given Ubdry: Vfi & nv/nadm. In both techniques the values

for Uavge(Vfi) are calculated by numerical integration of the

Ubdry(Vfi)– see Eq. (7). Subsequently the corresponding

particle volume Vpi is calculated according to Eq. (5).

So far as a movement of a single particle is considered

only, one should assume that there are no particles in

volatile phase, i.e. p = 0. In this case, having the values for

Uavge(Vpi) and Ubdry(Vpi) one can calculate with Eq. (4) the

values for si corresponding to a given Vpi. For a conve-

nience, the quantities in Eq. (4) may be also related to one

mole of particles, enabling to calculate the kinematic

equilibrium temperature si (corresponding to a given Vfi,

Vpi, and so to Uavge(Vpi), Ubdry(Vpi)):

si ¼
UbdryðVpiÞ � UavgeðVpiÞ

kB

� �

� NA

NA

¼
UmðVmpi

Þ � Umadh
ðVmpi

Þ
R

ð8Þ

and

Vmfi
¼def NAVfi; Vmpi

¼def NAVpi;

UmðVmpi
Þ ¼def NAUbdryðVmpi

Þ;
Umadh

ðVmpi
Þ ¼def NAUavgeðVmpi

Þ

ð9Þ

where NA is an Avogadro constant and R is a gas constant.

The functions Um(Vmpi) and Umadh(Vmpi) are schemati-

cally shown in Fig. 1. Subsequently, the inverse relation-

ship Vmpi (si) calculated with Eq. (8) is schematically

shown in Fig. 2.

Let us denote Vind as a maximum volume of a free

movement space (e.g. close to an averaged volume of

particle movement at a critical point), thus it is not likely

that this space may be shared with other molecules. The

corresponding temperature sind is found with Eq. (8) and

sind = arg {min {Vmpi(sind) = Vind}}. When the particle

temperature is appropriately low, i.e. si B sind and so

Vmpi(si) B Vind, one may assume that it occupies a local-

ized site, so the localized monolayer adsorption takes

place. If the temperature is si[ sind, but is still

Fig. 1 Schematic profile of solid–fluid potential Umadh(Vmpi) function

(dashed line) and boundary solid–fluid potential Um(Vmpi) function

(solid line) for an individual particle moving in a space of volume

Vmpi

Fig. 2 Hypothetical Vmpi(si) relationship for one mole of individual

particles moving in the free volume space Vmfi(si) calculated with

Eq. (8). Vind stands for the maximum volume Vmpi(si) of one mole of

individual particles, at the temperature sind. Vmax stands for the

maximum occupied volume at the individual spaces Vmpi(si) or shared

volume of space Vmpi(si) with j molecules, at the temperature smax.
The intervals 0\ si B sind and sind\ si B smax corresponds to the

localized or possible mobile mechanisms, respectively
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appropriately low, that the particle may be captured into an

interaction potential well, one may assume that the particle

may easily occupy an individual spaces Vmpi(si) or joint a

space Vmpi(si) containing j molecules. Thus, maximum

volume occupied by individual particles j (depending on

pressure p) may be expressed in general form Vmax =

Vmpi(si)�j, and so the corresponding maximum temperature

smax = arg{Vmpi(si) = Vmax � Vind}. If the space of vol-

ume Vmax covers a large fraction of the solid surface,

adsorption mechanism may be seen as a purely mobile,

otherwise it may be closer to the clustering based or to

locally mobile adsorption (based on forming a local 2D

fluid). Nevertheless, the derived formulas are legitimate

only for characterization of localized adsorption mecha-

nism properties. Thus they don’t decide on the mechanism

in the temperature range sind\ si B smax (i.e. it may be

mobile or clustering based mechanism). Finally, particles

of the temperature si[ smax are treated as belonging to the

volatile phase (not adsorbed).

While accepting the abovementioned criteria, one

should consider that the total volume Vmpi and potentials

Umadh(Vmpi), Um(Vmpi) are additive at appropriately low

temperature range si B sind. Moreover, excess energy

evolved due to the interaction of the captured particle with

solid wall is totally withdrawn to keep the constant tem-

perature T in isothermal adsorption. Hence, the quantities

in Eq. (4) may be averaged over all set of molecules (e.g.

containing N particles) with Maxwell–Boltzmann distri-

bution function f(si,T) at a given temperature T. If the

individual particles temperature is sind\ si B smax, the

additivity of the total volume of adsorbed individual par-

ticles is no longer valid. Nevertheless, for a consistency of

the proposed description it is useful to evaluate the number

of particles j sharing occupied volume also in the range

Vind\Vmpi(si) B Vmax. Assuming, that the volume Vind

corresponds to the maximum separated volume of one

mole of individual particles, the upper bound for a volume

Vmpi(si) of the number of particles, may be evaluated with

simple expression j = Vmpi(si)/Vind. As well, the potentials

Umadh(Vmpi) and Um(Vmpi) may be seen as proportionally

shared in terms of the number of j particles. Thus, the

following expressions are valid:

j ¼
Vmpi

Vind

; UmðVmpi
Þ ¼

UmðVmpi
[VindÞ
j

;

Umadh
ðVmpi

Þ ¼
Umadh

ðVmpi
[VindÞ

j

ð10Þ

Hence, it enables for the averaging of the quantities in

Eq. (4) also up to the limit si = smax.
The integration of the distribution function f(si,T) up to

the limits sind and smax leads to the fraction wind and wmax

of volatile phase particles, at the particular temperature

T. Following adsorption mechanism identification criteria

wind is a localized mechanism fraction and so wmax corre-

spond to the other mechanisms, e.g. possible mobile

mechanism (see Fig. 3):

wind ¼
def
Z sind

0

f ðsi; TÞdsi; wmax ¼
def
Z smax

0

f ðsi; TÞdsi ð11Þ

where the remaining part (1 - wmax) is the fraction of one

mole of individual particles of volatile phase p. The values

obtained in Eq. (11) refer to the idealized adsorptive

volatile phase fractions that may be adsorbed with partic-

ular mechanism, but it does not specify liquidlike phase

particles properties.

At the intervals between collisions, each i-th particle in

the adsorption system is at the kinematic equilibrium and

the average temperature of adsorbed molecules is expres-

sed as:

Tk ¼
def 1

Nind

X

Nind

i¼1

si ¼
1

wind

X

Nind

n¼1

f ðsn; TÞsnDsn ð12Þ

where Nind is a number of particles corresponding to the

particular temperature si, fulfilling the constraint si B sind.
Hence, by virtue of Eqs. (8) and (12) the following

equation is valid:

Tk ¼
1

windR

X

Nind

n¼1

f ðsn; TÞ p
spn

amfn

þ Umn
ðVmpn

Þ � Umadh;n
ðVmpn

Þþ
� �

Dsn

¼ 1

R
p

spn

amfn

� �

þ UmðVmp
Þ � Umadh

ðVmp
Þ

� �

ð13Þ

where �� refers to the quantities at the given temperature Tk,

averaged over the interval si 2 (0; sind). The averaging is

performed for all quantities in analogy to the following

formulae:

Vmp
¼def 1

Nind

X

Nind

i¼1

Vmpi
¼
X

N

n¼1

f ðsn; TÞVmpn
Dsn ð14Þ

Fig. 3 Hypothetical relationship for wind=wmax ratio as a function of

temperature T, describing the statistical significance of the localized

and possible mobile mechanisms in real adsorption system
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Moreover, Eq. (13) implies that relationship Vmpi(Tk,

p = 0) may be seen as the upper bound for a volume

Vmpi(Tk, p). It may be easily examined by solving nonlinear

system, of Eq. (13) and equilibrium vapor pressure esti-

mation with quasipolynomial Riedel equation (Vetere

1991). Thus, enabling to find corresponding temperature Tk
at the pressure p:

ln p ¼ A ln Tk þ
B

Tk
þ C þ DT2

k ð15Þ

where p is expressed in units [kPa] and A, B, C, D are

empirical constants that may be taken from KDB (CHERIC

2015; Kang et al. 2001).

2.2 Thermodynamics

Let us assume that sind = ? and adsorption system, held at

a constant temperature T, consists of Nind separated sub-

systems, each containing one molecule i. The volume of

any molecular system at its equilibrium state minimizes

free enthalpy G of the system:

oG

oVp

	

	

	

	

T

¼ 0; G ¼ Uads þ pVp � TSads ð16Þ

where Uads, Sads, Vp denote the total energy, entropy and

volume of adsorbate molecules, respectively.

For such a system internal entropy and energy are

additive, so the following equations are valid:

Sads ¼ Sconf þ
X

Nind

i¼1

Si; Si ¼ �kB ln
dV
Vfi

¼ kB lnVfi þ S0;

Uads ¼
X

Nind

i¼1

UavgeðVfiÞ

ð17Þ

where Sconf denotes the configurational entropy of the

system, Si stands for the i-th particle internal entropy (it

was assumed that finding of an individual particle in any

infinitesimal volume dV is equally probable), S0 is a con-

stant of no importance and Uavge(Vfi) is defined in Eq. (7).

The configurational entropy does not depend on adsor-

bate molecules volume, so qSconf / qVp = 0. In turn, effects

of any change in free volume Vfi of an i-th particle are

limited to this particle internal entropy and temperature.

Hence, the entropy term and its total differential should be

written in the following form:

TSads ¼ TSconf þ T
X

Nind

i¼1

Si;

o

oVp

TSadsð Þ ¼ T
X

Nind

i¼1

oSi

oVp

¼ T
X

Nind

i¼1

oSi

oVfi

oVfi

oVp

ð18Þ

Thus, by virtue of Eqs. (7), (17) and (18), free enthalpy

total differential may be expressed:

oG

oVp

	

	

	

	

T

¼
X

Nind

i¼1

oVfi

oVp

oGi

oVfi

	

	

	

	

T

¼ pþ
X

Nind

i¼1

oVfi

oVp

1

Vfi

UbdryðVfiÞ � UavgðVfiÞ � kBT

 �

¼ 0

ð19Þ

Let us take that any change in the total volume Vp splits

into the volumes Vpi and Vfi in proportion to the surfaces sp,

spi and sfi of corresponding spaces (i.e. any change in

volume may be expressed by small change dr). Hence, the

differentials fulfill the relations:

oVfi

oVp

¼ sfi

sp
;
oVpi

oVp

¼ spi

sp
; where sp ¼

X

Nind

i¼1

spi ð20Þ

Moreover, the total effect of interactions of adsorbate

particles Nind with volatile phase, represented in Eq. (19)

by the pressure p, may be partitioned onto the subsystems

using the collision probability spi/sp of an individual i-th

particle:

p ¼
X

Nind

i¼1

spi

sp
p ð21Þ

For a convenience, let us again relate the quantities

obtained in Eq. (19) to one mole of particles according to

Eq. (9). By virtue of Eqs. (20) and (21) into Eq. (19) the

thermodynamic equilibrium may be expressed in the fol-

lowing form:

X

Nind

i¼1

spipþ
1

Nind

X

Nind

i¼1

afiUbdryðVfiÞ �
1

Nind

X

Nind

i¼1

afiUavgeðVfiÞ
 

� 1

Nind

X

Nind

i¼1

afikBT

!

� NA

NA

� �2

¼ 0

ð22Þ

Subsequently, taking into account quantities defined in

Eq. (9), the thermodynamic equilibrium temperature Tt
may be obtained:

Tt ¼
1

R

P

Nind

i¼1

pspi þ amfi
UmðVmpi

Þ � amfi
Umadh

ðVmpi
Þ


 �

P

Nind

i¼1

amfi

ð23Þ

In order to evaluate the adequacy of kinematic consid-

erations to the analysis of adsorbed particles properties, let

us calculate the thermodynamic temperature Tt. Thus, let us

assume that the distributions of the quantities Umadh(Vmpi)

and Um(Vmpi) and corresponding spi and amfi is the same as
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in the kinematic equilibrium, at the temperature Tk (see

Eq. (13)):

Tt

¼ 1

R

P

N

n¼1

f ðsn; TÞamfn
p

spn
amfn

þ Umn
ðVmpn

Þ � Umadh;n
ðVmpn

Þ
� �

Dsn

P

N

n¼1

ðsn; TÞamfn
Dsn

ð24Þ

where N stands for the number of the available sn, found

with Eq. (8).

The relationship Vmp (Tt) may be viewed as a realistic

description of adsorbate volume in real localized adsorp-

tion systems. Moreover, the comparison of Eqs. (24) and

(13) provides information that the particle temperature

distribution in real systems is the Maxwell–Boltzmann

distribution, modified with amfn weights.

2.3 Adsorption mechanism domination

In real adsorption system, it is not likely that adsorption

will take place only with purely localized or purely mobile

mechanism. In turn, intuitively both mechanisms are

expected, even if single heterogeneity is considered as a

model (e.g. cavity, corner). Hence, the particular mecha-

nism domination may be evaluated based on the molecules

fractions wind and wmax, see Eq. (11). One may consider the

ratio of the obtained fractions, as follows:

wind

wmax
�
def

1 for purely localized mechanism;

wind

wmax
�
def

0 for purely mobile mechanism

ð25Þ

The relationships in Eq. (25) are exceptional cases and

most likely in real adsorption systems they might not be

observed. Nevertheless, at the given temperature T of

experimental adsorption measurements, it is possible to

select the most appropriate mathematical adsorption model

based on wind=wmax ratio (see Fig. 3).

The localized mechanism in uniBET model, elaborated

in our team, may be considered as a mixing of molecules

being in the reference liquidlike state, with cells placed at

the adsorbent surface, see e.g.: (Duda et al. 2013; Mile-

wska-Duda et al. 2000; Milewska-Duda and Duda 2001).

In such a view a key parameter is an effective adhesion

energy Eadh, related to a measurable monolayer adsorption

energy QA with a Huggins formula (Flory 1953):

QA ¼ Evap � fEadh ð26Þ

where Evap is the cohesion (evaporation) energy of the

adsorbate in its reference state and f is a surface texture

parameter describing possible contact of adsorbate with

neighboring adsorbent molecules (intermolecular effective

contact ratio). Adhesion energy Eadh is evaluated for a pair

of molecules being in a full contact, by combining, via

Berthelot rule, adsorbate and adsorbent cohesion energies:

Eadh ¼ 2dc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EvapVm

p

ð27Þ

where dc is a solubility parameter and Evap is evaluated

with PVT relationship for Vm, a molar volume of adsorbate

in its reference state (for vaporous substances it is the

liquid state), see (Milewska-Duda and Duda 2009).

In order to get an insight into adequacy of the kinematic

evaluations in Eq. (13) one may calculate the f parameter.

Thus, taking the values for Eadh(Vmp) found with Eq. (27),

Vmp and corresponding effective adhesion energy Umadh

(Vmp) calculated with Eq. (10) and averaged with Eq. (14):

f ¼
Umadh

ðVmp
Þ

EadhðVmp
Þ

ð28Þ

Despite the simplifications involved in Eq. (10) for the

volume Vind\Vmpi\Vind, the parameter f found with

Eq. (28) may be viewed as a basis for validation of the

proposed approach, when compared to empirical values

published e.g. in (Duda et al. 2013).

3 Results and discussion

Accuracy of the proposed description was evaluated per-

forming the calculations for interaction of nitrogen with

carbon atoms of materials surface. The modeled materials

were open carbon nanocone (CNC), graphite sample (GS)

with a defect in a form of a cavity, soft activated carbon

(AC) composed of graphite crystallites and capped single-

walled carbon nanotube (SWCNT). Commonly, an adsor-

bent structure is modeled as continuous carbon surface, e.g.

in DFT formalism. However, in our view more detailed

discreet distribution of carbon atoms may be of signifi-

cance. Hence, it was assumed that the surface consists of

carbon atoms spaced like in a graphene and forming a

structure of a predefined shape, thus also a geometrical

heterogeneity. In particular, CNC model is composed of

the wrapped graphene sheet, respecting geometrical

requirements for a seamless connection. The cone height is

4.0 nm and a base is 2.5 nm diameter with a disclination

angle 240�. The cone itself may be seen as a geometrical

heterogeneity. SWCNT model was constructed in the

similar manner, and so the graphene layer is wrapped

yielding armchair nanotube of 4.0 nm diameter. In order to

produce geometrical heterogeneity the tube was capped, so

the total length is 6.0 nm. Due to a steric constraints cap is

built of a 5-, 6- and 7-membered carbocycles, see

(Robinson and Marks 2014) for more details. In turn, GS
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model is simply graphite constructed of six graphene layers

with randomly placed cavity. The cavity itself was

designed by removal of the carbon atoms in two top layers

(so even deeply penetrating nitrogen particle still may

interact with four graphene layers). The cavity shape is a

circle-like with a diameter that varies at the top layer from

1.1 nm to 1.6 nm and at the second layer from 0.8 nm to

1.9 nm. Finally, AC model, intended to be the most real-

istic one, was designed assuming a crystallographic struc-

ture of the activated carbon. An individual microcrystallite

is built from four graphene layers, each of 1.5 nm length

and 1.2 nm width. Then, AC structure was reconstructed as

consisting of randomly and loosely packed six microcrys-

tallites (like in soft activated carbon, see (Gauden et al.

2008)). The particular structures realizations are shown as

supplementary data (http://www.jmol.org/ 2013) (Fig. 4).

All calculations and plots were performed with our own

software working on MATLAB� platform, applying

Monte-Carlo method (Sect. 2.1). Parameters used in the

study are gathered in Table 1. Resultant parameters of

adsorption mechanism identification are gathered in

Table 2.

It was expected that structural diversity of AC, CNC and

GS materials would generate energetical heterogeneity, so

that a depth of a potential well Um(Vmpi) would be deep

enough to produce a temperature si\ sind (see Fig. 2). The

results presented in Figs. 5a–c and 6a–c confirms this

expected feature, while referring to Fig. 2. Thus, maximum

Table 1 Calculation

parameters used in the study
r (nm) e/kB (K) Tc (K) TB (K) Vc (cm3/mol) A B C D

N–N 0.36 71.4 126.2 77.8 89.8 -4.5 -976.0 36.3 8.36�10-5

C–C 0.34a,b

0.35c

28.0a

30.6b

35.9c

– – – – – – –

a AC and GS models
b CNC model
c SWCNT model

Lennard-Jones pure species parameters for: nitrogen (Bird and Stewart 2001), AC and GS models (Siderius

and Gelb 2011), CNC model (Baowan and Thamwattana 2011) and SWCNT model (Kaukonen et al. 2012).

Riedel equation parameters (CHERIC 2015). Remaining nitrogen parameters (Reid et al. 1987)

Fig. 4 Adsorbent models (model parameters are given in brackets, all

distances are measured between the center of carbon atoms), from

left: open CNC of 4.0 nm height and 2.5 nm diameter; armchair, one-

side capped SWCNT of 6.0 nm height and 4.0 nm diameter, six-

layers GS with a cavity at the two top layers, soft AC consisting of six

microcrystallites, respectively

Table 2 Calculated adsorption mechanism (localized versus other)

identification parameters

AC CNC GS SWCNT

sind (K) 171.4 262.5 260.1 4.5

smax (K) 203.6 277.8 373.7 158.7

Vmax (cm3/mol) 130.8 132.5 127.1 370.3

Tk(Vc, p = 0) (K) 83.7 114.7 111.2 2.6

Tk(Vc, p) (K) 83.7 114.7 111.2 2.6

Tt(Vc, p) (K) 96.8 135.2 137.4 3.1

fconst 0.82 0.65 0.51 0.36
wind

wmax

a 0.99 0.92 0.96 0.01

a The values for wind and wmax ratio are given for nitrogen normal

boiling temperature TB (the temperature of typical adsorption

measurements)
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individual volume Vind = Vc was taken as a reasonable

value, and then the corresponding temperature sind was

identified.

Moreover, in case of CNC model it was intuitively

expected that geometrical heterogeneity will produce only

one adsorption site, i.e. at the cone top. This may be

observed in low range of potentials in Fig. 7a and g, where

equipotential lines are continuous and individual. In turn,

for GS (Fig. 7b, e) and AC (Fig. 7c, f) materials due to the

structural heterogeneity of the cavity, and microcrystallites

distribution, more than one separated active site was

expected. This may be observed at the equipotential

surface cross-sections, where more than one local mini-

mum of separated volume were identified. It should be also

noticed in Fig. 7 that despite a sufficiently large number of

successful shots in Monte-Carlo method, the discontinu-

ities and slight differences in the minimum values of the

potential, may be observed. This is due to interpolation of

random, scattered configurations v in order to determine an

equipotential surface, and may be easily eliminated in

analytical calculations. Anyway, the results quality of the

Monte-Carlo method is good enough to perform these

analyses.

What concerns an identification of the other mechanism

(e.g. possible mobile mechanism), it was found out there

may be observed a temperature range, wherein two volume

values correspond to one value of the temperature (see

Fig. 2). It indicates coexistence of two phases: dilute liq-

uidlike and bulk, and also facilitates a determination of a

temperature smax. Thus, the latter was identified as a cor-

responding to the maximum volume of dilute liquidlike

phase Vmax, for the phases coexistence region.

SWCNT material was designed as a model with rela-

tively small expected energetical heterogeneity (at the

nanotube cap), resulting in adsorbate condensation not

exceeding the critical volume (Zhao et al. 2001). Accord-

ingly, the highest minimum value of the potential Um(Vmpi)

was obtained for SWCNT (Fig. 5d), and so the structural

diversity produces relatively shallow potential well-depth.

Qualitatively, it occurs at the equipotential surface cross-

sections, where indistinct and connected with each other

lines may be observed see Fig. 7d and h. Therefore, iden-

tification of the separated volume Vind corresponding to the

localized adsorption mechanism is ambiguous (see

Fig. 6d).

Very interesting results, providing a comparison of the

kinematic and thermodynamic temperatures with a liquid

nitrogen thermal expansion curve are shown in Fig. 8.

They compare the curves corresponding to a given Vmpi,

see Eq. (13) Tk (Vmpi, p = 0), Tk (Vmpi, p) and Eq. (24)

Tt (Vmpi, p), with the thermal expansion curve found with

(Milewska-Duda and Duda 2009). This comparison brings

strong confirmation of the adequacy of the proposed

approach. Moreover, it provides an information that the

pressure effect on the volume is insignificant, when the

indistinguishability of the curves Tk (Vmpi, p = 0) and

Tk (Vmpi, p) is noticed, (less than 1 % of a difference, see

Table 2).

For CNC (Fig. 8b) and GS (Fig. 8c) materials, the Tt
curves are almost in perfect agreement with calculated

nitrogen expansion curve. It means that for such structures

the classical localized adsorption assumption (i.e. vaporous

adsorbate is in a liquid state) is fully acceptable. Never-

theless, the Tt curve for AC (Fig. 8a) seems to suggest that

this assumption is valid only in the low temperature range.

Fig. 5 Interaction potential Um(Vmpi) (solid line) and adhesion

energy Umadh(Vmpi) (dashed line) for: a AC, b CNC, c GS and

d SWCNT models

Fig. 6 Calculated volume Vmpi and corresponding temperature si for:

a AC, b CNC, c GS and d SWCNT models. Dot corresponds to the

values of sind and Vind, and asterisk to the smax and Vmax
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Fig. 7 Um(Vmpi) equipotential

surface cross-sections,

interpolated from random,

scattered configurations

(colorbar correspond to the

values of the potential). Cross-

sections for: AC model, at the

AC width 2.4 nm (b) and along

AC length (e), CNC model, at

the CNC height 1.3 nm (a) and

along CNC center (g), GS

model, at the GS width 1.4 nm

(c) and through the cavity center

(f) and for SWCNT model, at

the SWCNT height 1.3 nm

(d) and along SWCNT center

(h) (Color figure online)
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On the other hand, for SWCNT model (Fig. 8d) the

obtained results give an evidence for a possible mobile

mechanism (or other), and so obtained volume immediately

exceeds Vc and differs from nitrogen liquid expansion

curve.

Found with the LBET models and approved in our

earlier works (Duda et al. 2013) values for f ratio vary

around 0.50–0.48 and 0.32–0.40 for the nitrogen adsorption

on heterogeneous and homogenous active carbon, respec-

tively. A quite satisfactory agreement of these empirical

data and the values calculated in this study may be

observed in Fig. 9. The most effective contact ratio was

obtained for CNC and GS materials, but f significantly

exceeds the values obtained in our earlier works. This is

due to obvious differences in the structural heterogeneity in

both cases. AC structure is geometrically the most con-

sistent and gives the results almost in perfect agreement.

Again, as expected, for SWCNT the lowest values of f
ratio were obtained. Those results are consistent with

determined experimentally weak adsorption on SWCNT

(Zhao et al. 2001). Hence, determined values for structure

parameter f are in a good agreement with earlier assumed

mechanism identification criteria. This consistency of the f
values, evaluated with the newly derived formulas and

obtained on the basis of experimental examination of

adsorption isotherms with LBET models, constitutes f as a

validation parameter.

Nevertheless, it has to be pointed out that below a

freezing temperature this description is inadequate, since

the energy in Eq. (26) is calculated with PVT relationship,

dedicated for liquid bulk phase only. However, the atten-

tion should be also paid to the invariance of f parameter,

that may be observed over a certain values of T\ TB, see

Table 2, fconst. Let us remind that f is really important

parameter that provides information on the pore shape and

gets an intuitive view on the material structure. Thus, the

way the particle detects structure diversity (pore shape

structure f) became an invariant to the temperature

parameter, for the specific pair adsorbate-adsorbent.

Therefore, it may make it possible to evaluate the proper-

ties of another system, without any additional experimental

measurements. This may be achieved by interrelation of a

two particles (i.e. by volume, diameter) and then applica-

tion in Eq. (26). Moreover, it may be also exploited, to

improve identification of the adsorbent structure, by

simultaneous fitting of two or more isotherms measured at

Fig. 8 The calculated temperatures Tk (Vmpi, p) (dashed line), Tt
(Vmpi, p) (dash-dotted line) and liquid nitrogen thermal expansion

(solid line) at the volume Vmpi, for: a AC, b CNC, c GS and

d SWCNT models. Asterisk corresponds to the critical temperature Tc
at the critical volume Vc

Fig. 9 Calculated intermolecular effective contact ratio f and

corresponding temperature T, for: AC (dash-dotted line), CNC

(dotted line), GS (solid line) and SWCNT (dashed line) models

Fig. 10 Ratio wind/wmax, implying predomination of the particular

mechanism, at the temperature T range 0-300 K, AC (dash-dotted

line), CNC (dotted line), GS (solid line) and SWCNT (dashed line)

models
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different temperatures for the same pair adsorbate-

adsorbent.

Calculations were completed with the analysis of

adsorption mechanism predomination (Fig. 10), according

to Eq. (11) in the temperature range 0–300 K. The most

interesting point concerns the normal boiling temperature

TB, at which nitrogen experimental adsorption is most

commonly measured. Hence, at this temperature the

localized adsorption mechanism should be assumed for

materials where geometrical heterogeneities are close to

those modeled in AC, GS and CNC structures. Whereas for

SWCNT-like structures other mechanism based mathe-

matical models are certainly more appropriate.

4 Conclusions

Presented in this paper novel approach and numerical tools,

aimed at qualitative adsorption mechanism identification,

are significant development of the works lead in Authors’

team. The proposed kinematic description enables for

adsorption mechanisms identification, in comparison to the

adsorbate critical properties. It was shown that the real

particles temperature distribution comes from the thermo-

dynamic equilibrium, corresponding to kinematically

determined adsorbate particles volume distribution.

The obtained results are sufficient to get an insight into

the adsorption mechanism, and hence performed calcula-

tions provide a reliable picture of individual particles

movement near the solid surface. In particular, it was

shown, that substantial geometrical heterogeneity generates

localized attractive adsorption sites, whereas small surface

deformations results in mainly possible mobile adsorption.

The numerical tool is also comprehensive in terms of

model complexity, since it has been shown that geometri-

cal constraints mainly influence calculations efficiency.

Therefore, the properties may be evaluated also even if

more than one localized adsorption site is expected.

It has been also demonstrated, that nitrogen volume in

the adsorption phase up to the critical volume, may be

properly approximated as liquid phase volume. However,

the shape of the particle movement significantly differs

from a sphere-like space. In order to check the description

consistency, the texture parameter f was constituted as

validation parameter. It was shown, that the comparison of

the results derived from new formulas and on the basis of

experimental examination of adsorption isotherms with

LBET models, provides the approach validation. It should

be also stressed that f becomes temperature invariant over

the boiling temperature and it may bring benefits in further

researches according to the discussion presented in the

paper.

Analysis of the mechanisms predomination with wind/

wmax ratio is of practical importance. It enables to select the

appropriate mathematical model not only intuitively, but

on the basis of the calculations performed for the modeled

geometrical heterogeneities (e.g. similar as in AC, GS and

CNC structures). In particular the results shown in our

study suggest that nitrogen adsorption up to boiling tem-

perature is of localized nature in the tested microporous

structures of different shape, except for nanotubes.
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geometrical model of random porous structures to adsorption

calculations. Adsorption 19, 545–555 (2013)

Flory, P.J.: Principles of polymer chemistry. Cornell Univesity Press,

Ithaca, New York (1953)

Fowler, R.H., Guggenheim, E.A.: Statistical thermodynamics of

super-lattices. Proc. R. Soc. London A Math. Phys. Eng. Sci.

174, 189–206 (1940)

Gauden, P.A., Terzyk, A.P., Furmaniak, S.: Models of activated

carbons: past, the present and future. Wiadomości Chem. 62,

403–447 (2008)

Hansen, J.P., McDonald, I.R.: Theory of simple liquids, pp. 74–77.

Elsevier, Amsterdam (2006)

Hill, T.L.: Statistical mechanics of multimolecular adsorption II.

Localized and mobile adsorption and absorption. J. Chem. Phys.

14, 441–453 (1946)

Adsorption (2016) 22:233–246 245

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://www.cheric.org/research/kdb


http://www.jmol.org/: Jmol: an open-source Java viewer for chemical

structures in 3D. (2013)

Jagiełło, J., Olivier, J.P.: 2D-NLDFT adsorption models for carbon

slit-shaped pores with surface energetical heterogeneity and

geometrical corrugation. Carbon 55, 70–80 (2013)

Kang, J.W., Yoo, K.P., Kim, H.Y., Lee, H., Yang, D.R., Lee, C.S.:

Development and current status of the Korea Thermophysical

Properties Databank (KDB). Int. J. Thermophys. 22, 487–494

(2001)

Kaukonen, M., Gulans, A., Havu, P., Kauppinen, E.: Lennard-Jones

parameters for small diameter carbon nanotubes and water for

molecular mechanics simulations from van der Waals density

functional calculations. J. Comput. Chem. 33, 652–658 (2012)

Kwiatkowski, M., Duda, J.T., Milewska-Duda, J.: Application of the

LBET class models with the original fluid state model to an

analysis of single, double and triple carbon dioxide, methane and

nitrogen adsorption isotherms. Colloids Surf A 457, 449–454

(2014)
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