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Abstract
In this paper, we prove some Liouville-type theorems for weak stable or finite Morse index
solutions to the following equation:

Au+e" + |x|%P* =0 in RV,

which arises from the study of selfgravitating cosmic strings for a massive W-boson model
coupled with Einstein’s equation.

Mathematics Subject Classification 35J15 - 35J60 - 35J61

1 Introduction

In this short paper, we study and classify the stable or finite Morse index weak solutions of
the semi-linear partial differential equation

Au+e" + x| =0 in RN, N >2. (1.1)

The motivation to study Eq. (1.1) on this type comes from the selfgravitating strings for a
massive W-boson model coupled to Einstein theory in account of gravitational effects. More
precisely, for the superconducting cosmic string model (see [1]), Yang in [33] introduced
a set of ansatz so that the string configuration of the original model satisfies a system of
Bogomolyni-type (selfdual) first-order equation coupled with Einstein’s equation, based on
this governing string’s system, by making full use of the boundary condition, we find that a
term which involves the conformal factor and the strength of the W-boson field is a constant,
and it reduces the system to a single equation, which is (1.1), where 5 € N represents the
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string’s multiplicity and 8 > 0 is a physical parameter, see [1,20,32,33] for the derivation of
(1.1) and the physical background from the corresponding Einstein—Weinberg—Salam theory.

For Eq. (1.1), some answer on the solvability of (1.1) in the context of radially symmetric
solution of dimension 2 has been investigated by Poliakovsky and Tarantello recently, see
[20]. When « = 0, (1.1) is related to the description of turbulence flows first proposed by
Onsager [19], in the case in which all vortices have the same orientation. We refer the readers
to [12,17-19,23,24] and references therein for more background on it. It is also interesting
to point out that, when o« = 28 — 2, problem (1.1) shares many properties with either the
Liouville equation or the “singular” Liouville equation. Indeed, Chen, Guo and Spirn [5]
show that, if « > —2 and u is a solution to (1.1), then

() [z (e + |x|“eP)dx = FEED,
(i) up(x) = u(rx) +2logh, ti(x) = u(ﬁ) +4log ﬁ are also solutions for (1.1).

In this special case, the radial solutions can be expressed in terms of some elliptic integrals,
and we can only get the explicit formula when « = 2, that is

A2 )
L+ IA21x12 + Z A4 x4/

u(x) = log ( > 0,

see (2.15) in [20]. While for non-radial solutions, until now we still have no results on that.
For the case o # 28 — 2, then the existence result is very subtle, even for the radially
symmetric solutions, and it may depend on the choices of «, 8 and the total integration of the
nonlinear term, see the results in [5,20]. Apart from the existence result of (1.1), Tarantello
in [26] studied the blow up behavior of the bubbling solution of (1.1) in R2. For the related
work, we refer the readers to [2—4,15,21,22,27] and references therein.

The purpose of this paper is to consider the stable solutions of this problem, which can
be seen as the continuation of the work of Dancer—Farina [7] on Liouville equation and
Wang-Ye [28] on Hénon-type elliptic equation. There is an extensive literature concerning
the stable solutions of the second-order or fourth-order elliptic equations. By the Moser’s
iteration method, Farina [14] completely classified all finite Morse index classical solutions
of the Lane—Emden equation

Au+ul”'u=0 in RV,

provided p € (1, pyr) with p;r given by

+00, if N <10,
PIL =\ (y_2)2—aN+8YN=T FN > 11
ooty Nz 1L

Based on the method and techniques developed in [14], Dancer—Farina undertake the classi-
fication of solutions of the equation

Au+e*=0 in RV,

and obtained the above equation does not admit any solution stable for 2 < N < 9 or with
finite Morse index for 3 < N < 9. By a completely different approach, Davila, Doupaigne,
Wang and Wei [11] classify the stable and finite Morse index solutions to the fourth-order
supercritical problem in full exponent range on the basis of monotonicity formula. For the
fourth-order problem with exponential nonlinearity, unlike the corresponding second-order
problem, no Liouville-type theorem holds, unless we get more information on the asymp-
totic behavior of solutions at infinity, see [13]. For the nonautonomous case, Wang and Ye
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obtained a similar Liouville-type results both for the Hénon-type Lane—Emden equation and
Liouville equation, in the spirit of Farina [14] for Lane-Emden equation and Dancer—Farina
for Liouville equation, respectively. For the other related works, we refer the readers to
[6,8-10,16,30,31] and references therein.

As addressed before, Eq. (1.1) shares the scale invariant property if « = 28 — 2, and we
can obtain the monotonicity formula for (1.1):

1
E(u,0,1) = AZ_N/ <7|Vu|2 — e - |x|“e%(2+“)“> dx
B(0,)) 2 2 + o
+2Al=N / (u(x) + 2log A)do, (1.2)
3B(0,%)
and one can easily check that
d 1-N 2\*
—Ew,0,1) =X ou+ —) do>0. (1.3)
da 3B(0,%) r

Using this monotonicity formula (1.2), one may be able to obtain some nonexistence results
for the stable solutions of Eq. (1.1) when @ = 28 — 2, in the spirit of the work [11,29].
Instead of using the monotonicity formula, we shall apply the modified techniques in [28],
to classify the stable or finite Morse index solutions of the problem (1.1) in more general
situation (including the scale invariant case).

To state our results, let us give the precise definition of weak solution and stable or finite
Morse index solutions in the following

Definition We say that u is a weak solution of —Au = f(x, u) in domain Q C R¥ (bounded
ornot), if u € H () verifies the equation with f(x,u) € L] () and

| uvs - s =0, voecl,
Q

where C¥(Q) denotes the set of C¥ functions with compact support in §2, we say this weak
solution u

o is stable if 9, f (x, u) € L\ () and

0u(9) :=/Q[|V¢|2 —dufx,wp*] =0, Yo eCl), (1.4)

e has Morse index equal to K > 1 if K is the maximal dimension of a subspace Xg of
CC] (€2) such that 9, (¢) < O for any ¢ € X \{0},
e is stable outside a compact set KK C Q if Q,(¢) > 0 for any ¢ € Ccl. (Q\K).
We should remark that any finite Morse index solution u is stable outside a compact set
K C 2. Indeed, for any finite Morse index solution, there exists a number ¢ such that for the
span of {¢1, ..., ¢}, Qu(p) < 0 forany ¢ € X\{0}. So Q,(¢) > Oforall ¢ € Ccl. (Q\L),
where K = Uf’:l supp(¢;).

The main results of this paper are the following:

Theorem 1.1 Leta > =2, B > 0and Q = RN For2 <N <2+ nﬁg{?zp?}’ there is no
weak stable solution of (1.1). '

Remark1 When « = 0, § = 1, from Theorem 1.1 we get that there is no weak stable
solution of the Liouville equation provided 2 < N < 9, which coincides with the result
obtained in [7].
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Remark 2 Based on Theorem 1.1, we can show that all the radially symmetric solutions
obtained in [20] are unstable.

Theorem 1.2 Letar > —2, B> 0and 2 = RN . Ifa+2 > 2Band2 < N < 2+8 min{p, %},
there is no weak solution to (1.1) which is stable outside a compact set.

Remark 3 From Theorem 1.2 and the fact that any finite Morse index solution is stable outside
a compact set K C €2, we directly obtain that under the same assumption of Theorem 1.2,
there is no weak finite Morse index solution to (1.1).

Let us close this introduction by making some comments that the techniques used in this
paper can also be used to treat the following equation

Au+ [ul? u + x|l u =0, (1.5)
and it is also interesting to notice that above equation also enjoys the scale invariant property
provided o = 2":21” )

In next section, we shall provide the proof of our main results, Theorems 1.1 and 1.2.

2 Proof of Theorem 1.1 and Theorem 1.2
At the beginning of this section, we shall show that o« > —2 is necessary, due to the following
nonexistence result:

Lemma 2.1 Fora < —2, Eq. (1.1) with B > 0 admits no weak solutions for any domain
Q c RY which containing 0.

Proof Suppose u is a weak solution of (1.1) with 0 € Q. Let B(0, R) C 2 and v be the
average of u over spheres centered at 0. By Jensens inequality,

— Av=¢l 4 r%Pu > ¢V 4 r%ePV. 2.1
By the equation satisfied by v,
ad
—rNloyv/'(r) = —/ Do = —f Avdx = / [¢" + r"‘eﬁ”] dx > 0,
9B(0,r) OV B(0,r) B(O.r)

and it gives that v'(r) < O forr € (0, R). Here wy denotes the surface area of N-dimensional
unit ball.
Integrating (2.1) from r; to r, we have

P
N + rlN_lv’(r]) > / V=1 [e”(‘v) + |s|°‘eﬂ”(s)] ds.
r

Since eV, r¥efv ¢ L]IOC(SZ), we can send r1 to 0 in the integration. Together with the fact
that v’ (r) is negative for r € (0, R), one has

-
_rN—lv/(r) > / SN—l I:ev(s) + |s|ae,3v(s)] ds > Ceﬁv(r)rN-&-a’
0

and it implies that
.
e~ P > C/ sds — 0o
r

1

asr; — 0if @« < —2. This is a contradiction. So the lemma is proved. O
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Next we state the following estimate in the spirit of [28], which is crucial in the proof of
the main theorems.

Proposition 2.1 Let Q be adomaininRN, N > 2. Letu be aweak and stable solution of (1.1)
witha > =2, B > 0. Then for any integer m > 1 + m and any y € (0, min{2, 28}),
there exists C > 0 depending on m, «, B andy such that

2 Bt2y
/ [e<2y+1)u+|x|ae<ﬂ+2y>u] 52y sC/ leny(IVIIflerIWIIAwI) P e (22)
Q Q

for all functions ¥ € C°(Q2) with || |lo < 1.

Proof Lety > 0,k € Nand k > y_l. Define three functions 7 (¢), nx(t) and & (¢) such that
they satisfy 1, (r) = [r,é(t)]2 and &/ (r) = ni(r) where

evt, 1<k, L, 1<k,
T (1) = . nk(t) = o
et 1>k, . k) + Le?rk, 1>k,
and .
o, t <k,
& (1) = e .
S~ P+ 5 — )+ > k.

Since u € HILC(Q), it follows that 7 (1) and nx (1) € HIOC(SZ) for any k € N.
Since u is a weak stable solution, applying (1.4) with the test function tx(«)¢ where
¢ € C}(R), we have

/Q [e" + Blx]®eP 2 (u)d?dx < / IV (5 )) Pdx

/ IV (e u)*¢” + 7 () V|* — G )A(¢> )dx. (2.3)

Since ¢ € Cé () and 7, € H, 1)0(9), the last term is finite in the above inequality, which
implies that e”rkz(u) and |x|°‘eé”1k2(u) € LIIOC(Q).
Moreover, using the fact that 1, = (r,i)z, =&,
/ IV (ti () *p*dx = / |7 () Vul*¢*dx = / V() - Vug*dx
Q Q Q
= / VuV (i (w)¢p*)dx — / () VuVp?dx
Q Q
= / [e" + [x|* e’ Ini ()¢ dx + / WA@Y,  (24)
Q Q

By the definition of & and 7y, one can easily check that

(r)<<1+ 1>r(r> 2.5)
M=\ T ) T '
Combining (2.3), (2.4) and (2.5),
1-=<— 7)/ " tZw)pdx + (B — % - ﬁ) fQ lx|%eP o (u)g?dx
< /Q [ (1) — Efk Z(u)]A(p?)dx + fg T2 ()| Ve|dx. (2.6)
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Now set ¢ = ¢ with ¢ € C5°(R) and || |looc < 1. Using the fact that 7 (1) < e”* and
Holder inequality, one has

/Q 20)|Vé2dx = m? / 202" V|V Pdx
<cC / [efiz 2(u>]ﬂ+2vw2<’" D|vy2dx
Q

2y B
(m=1)(B+2y) v _ 2o 2(B+2y) T
< C(/ ety v dx) pray (/ |~ P V| P dx)ﬂ“y. 2.7)
Q

( (=D (B+2y)
v

Choose m > 14+ ————= whichimplies tha >2mforany 0 < y < min{2, 28}.

max{ l ,B}
X (m=1)(B+2y)
Together with || < 1, we get ¢ v < 1//2’” and
B
2(ﬁ+ ) Tt
[ anveras = o [ ety ) “’“V / = “ax) "
Q Q

(2.8)
Furthermore, there exists C > 0 independent of k such that (see [28])
w2 (u) ‘
2

g — | < crefrF e

Direct calculation shows that A(¢2) = 2my 2"~ LAy +2mQ2m — Dy 2" 2|V |2, applying
Holder inequality again,

JRCICE ) agya

< C [ temaaon 7 [y + 22 vy o
Q

, NP
<c( [ ety nar) = ([ 7 avuk + wiiawn ).

(2.9)
Combining (2.6), (2.8), (2.9),
(1 - g - ;—k)/ge"rlf(u)qﬁzdx + (,3 T / Ix|%ePUe2 (u)p2dx
2y _B_
<c (f |x|“eﬂ“r,3(u>1/f2mdx) o (/ X" F VYR + a7 dr )’5 .
Q : (2.10)
If1 —% 7 >6>0and g — 5 — @ > § > 0 for some § > 0, which is independent of

large &, then there exists C > 0 such that
/[e + |x[*eP"Id )y dx <C/ | F (VYR + lla) Fodx. @11)
Fixing y € (0, min{2, 28}) and let k — oo,
/Q [+ . [y [aeB+20uqy2ngy < C /Q I VP + pllayh T dr. 2.12)

The proof is completed. O
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2.1 Nonexistence of stable solutions

We prove here Theorem 1.1. Suppose u is a weak and stable solution to (1.1) with Q@ = RV

and2 < N <2+ n?éf;lri;}.Fixm > 14+ m, and choose y € (0, min{2, 28}) such that
N2 g

Let¢ € C§° (RM) be a cutoff function such that ¢ (x) = 1 for |x| < 1 and ¢(x) = 0 for
|x] > 2. Applying Proposition 2.1 with v = ¢g(x) where ¢r(x) = ¢(%) and R > 0,

/ [e(2y+l)u+|x|ae(ﬂ+2y)u]dx 5/ [e(ZVJrl)u+|x|ae(ﬂ+2y)u]l//2mdx
B(0,R) RN

B+2y

sc [ wTF(Iwur s wiap) T o
RN

N_ 22y _ 2642y

<CR B 3 for VR > 0. (2.13)

Letting R — 00, one has
/ [e(2y+1)14 + |x|ae(ﬁ+2y)u]dx — O,
RN

which is impossible.

2.2 Nonexistence for finite Morse index solutions

We prove here Theorem 1.2. Suppose u is a weak solution of (1.1 ) which has finite Morse
index. There exists a compact set K such that u is stable in RV \ K. There exists Ry > 0 such
that I C B(0, Ro). Therefore, we can apply Proposition 2.1 with Q2 = RN \B(0, Ryp).

First we have the following estimates:

Lemma 2.2 Foranyy € (0, min{2, 28}) and any R > 2Ry, there holds

N— 2ay _ 2(B+2y)

/ e @ B2 gy < A4 BRYNTTF T, (2.14)
2Ro<|x|<R

where A, B > 0 are constants independent of R. Moreover, for B(y,2r) C R¥\B(0, Ry),
there holds

2ay _ 2(B+2y)

e@rHu y @B+ gy < CpN=TF T (2.15)
B(y,r)

for some C > 0 independent of r > 0.

Proof Let R > 2Ry. Define yp = ¢r — ¢g, With ¢, being defined as before. Notice
that Yg € Cgo(]RN\IC), 0 < ¥g < 1 and it is a fixed function ng in B(0, 2Rp) which is
independent of R. Hence, we can apply Proposition 2.1 here,

/ €(2y+l)u + |x|ae(,3+2y)udx
2Ro<|x|<R

- / [P HDI | | B2 g g2
RM\KC

B+2y
B dx

_Zay
SC/ x| 77 (IVYRI: + 1Rl AYR])
RN\K
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_ L
EC/ = (Vo2 + ol Anol)
Ro<|x|<2Rgp

_ L
+C/ |x] X (VYRI* + [yrllAYRD 7 dx
R<|x|<2R

N_zﬂ 208+2y)

<A+ BR P, (2.16)
where A, B > 0 are two positive constants depending on «, S, y, Rg but independent of R.
Thus we have

N— 2y 2(B+2y)

/ QDU @ BE2ugy < A BRNTTF T A (2.17)
2Rp<|x|<R

Similarly, for B(y, 2r) C R¥\B(0, Ry), we can apply Proposition 2.1 with the test function
¢, (x — y), one can obtain the following:

2ay  2B+2
f QD g o Br gy < N (2.18)
B(y.r)
for some C > 0 independent of r > 0. We are done. O
Lemma 2.3
lim x| % Fou — ), (2.19)

|x|—o00

Proof Let |y| > 4Ry such that B(y,2R) c RM\B(0, Rg). We denote f(x,u) = e* +
lx|“efu If < 14 ie, N <2+ majl 51 (N < 2+8min{g, %}), then by Holder
inequality,

max{ 1 B

/ Flx,w)dx < Cy / 7"+ |x]¥0ePO dx
B(y,R) B(y,R)
2y41-6

_0
< C(/ e(zyﬂ)”dx) A (/ 1dx> s
B(y,R) B(y,R)
B+2y—Bo

_Bo
+c( / |x|“e<ﬂ+2V>"dx) PH2y ( / x| P77 ) p2y
B(y,R) B(y,R)

2oy 28420\ 60, NQy+1-6) ey _2pim)) e 2ay0 | pe2y—pe
SC(R(N B B >2y+l+ 271 +R(N B )/5 +(N+ﬂ+2y—ﬂ0) B2y )

<cC (RN*”%??W +RN- 29) < CRV-Y, (2.20)
when "‘EZ > 2, where we used (2.15). So we have
/ f,u)?dx < CRN"? for |y| >4Ry, R= kil (2.21)
B(y.R) 4

In order to prove Lemma 2.3, we need the following result of Serrin [25].

Lemma24 Let 6 = . eo’ e € (0,2), g € (1,00] and § > 0. For any weak solution of
—Au =a(x)uin B(y, 2R), if

RNa()l Loy, 2r)) =9 (2.22)
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there holds,
_N
lullLe (B(y, R)) < CR 9 |lullLa(B(y,2R)) (2.23)

where C is a constant depending on N, q, 6 and 8. Moreover, the above estimate also holds
for any nonnegative weak solution of —Au < a(x)u in B(y,2R) provided (2.22) holds.

Let us continue the proof of Lemma 2.3. Set

(N-2B . B+2p ”

= . A= 0, w=e" 2.24
A1 2@ 12) 7 >0 w=e (2.24)

In this case, 1 € (0, min{2, 2B}) since N € (2, 2+ ety and N — 2201 — 204200 — ¢,
Letting R — 0 in (2.14), we have

/ Ix|“ePt?Prdx = / [x|%w?dx < C < o0, (2.25)
|x|>2Ro [x[>2Ro

with some generic constant C which is independent of Ry and R. We also have that
Aw + A" + |x[%ePYw = 12 |Vul? > 0. (2.26)
So Lemma 2.4 can be applied for this equation. Applying this lemma with a(x) = A(e" +
|x|*ePuy, g = 2, one can check that by (2.21)
N-20

R€°||a(x)||Le(B(v 2R)) = < CR€0+ < C, (227)

for all |y| > 8Rp and R = %.
Applying Lemma 2.4 with § = C in the above estimate, one has

N+ta

w(y) < CR™% lwliz2y,2ry < CR™ 2 Mx1Zwll 2y, 2r)) = © <R7 2 ) (2.28)

as |y| — oo by (2.25). By the definition of w,

N+a at2

, 1 _N+a iy —ai2
M0 =i :o(R 2% ):o(R B )zo(lyl B ) as |y| — oo. (2.29)

We are done. O
In the end of this section, let us finish the proof of Theorem 1.2.

Proof of Theorem 1.2 To finish the proof, consider v, the average of u over sphere. First fix
M > 0 such that "%2 - ﬁ > 0. By (2.19), there exists Ry > 0 such that

1

— Av = el + |x|®ePt < 5. Vr= Ry, (2.30)
2Mr 2Mr Mr
where we used 12 > 2.
Integrating from Ry to r, we have
, C 1
v(r)>— — Vr > Ry.

rN-1 (N — 2)Mr’ -
As N > 2, there exists R’ > Ry such that
, 2
v(ir)y>——, Vr>R
(N —=2)Mr

Integrating from R’ to r,
at+2 at2 2
r# " >CcrF T wWoon
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which implies

sup (r“THe”(X)) > B0 > o F T s o0, (231
x|=r
and it contradicts with (2.19). Thus we finish the proof. O
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