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Received: 16 March 2010 / Published online: 23 December 2011
© The Author(s) 2011. This article is published with open access at Springerlink.com

Abstract The pressure-volume analogy between compress-
ible fluids and macroscopic sand bodies (Ivsic et al. in Phys
A, 277:47–61, 2000) is further extended using quantitative
determination of corresponding empirical constants based on
adapted van der Waals state equation. The isothermal con-
stants obtained by interpretation of triaxial sand tests at so
called “critical state of sand” are clearly related to the uni-
versal ideal gas properties and molar properties of mineral
sands. The corresponding constants for sand and gases or
other volatile liquids have the same order of magnitude. The
apparent bulk repulsion/attraction effects in sand bodies are
also discussed.

Keywords Mineral sand · Van der Waals fluid · Critical
state · Triaxial test · Molar properties

1 Introduction

Granular materials demonstrate rich phenomenology that in
many aspects resembles that of the ordinary solids, liquids
and gases. However, attempts to describe their behavior using
standard concepts yield only partial success. Very often the

Electronic supplementary material The online version of this
article (doi:10.1007/s10035-011-0301-4) contains supplementary
material, which is available to authorized users.

T. Ivšić (B)
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behavior of granular materials is significantly different from
what is expected in ordinary concepts, leading to “unusual”
solids or fluids [1,2]. In attempt to explain this unique behav-
ior, a number of approaches appeared, introducing various
concepts on a large scale, from microscopic and mezoscopic
level (grain to grain interactions or cluster behavior) to mac-
roscopic level, where bulk properties of material are consid-
ered [3].

The level of understanding of even basic phenomena is not
well correlated to the extent of research efforts, and it seems
that the granular material behavior is still a challenging task
for many researchers [4,5].

In last few decades, an enormous number of papers related
to granular material behavior have been published. Most of
basic results or theories are compiled in review papers or
books [1–3,6–8]. Many published studies often focus on
particular concepts or explanations. Differences are made
between static regime and dynamic regime involving granu-
lar flow [9–11]. In static configuration, where the grains are
jammed, the problems of fabric, packing or force transmis-
sion are dominant. For granular flow two regimes are often
distinguished: the slow, dense flow where the frictional com-
ponent is dominant and the rapid flow regime where viscous
effects can be found.

The granular materials physics is studied experimentally
and theoretically. In the theoretical approach two distinct,
but related methods, are usually used: statistical theories e.g.
[12–16] based on particle dynamics and modified forms of
kinetic gas theory, or the continuum mechanics-based theo-
ries introducing constitutive equations and stress tensor e.g.
[17–19]. The thermodynamics of granular assemblies is also
studied e.g. [20–23], or the principles of thermomechanics
are applied e.g. [24–26].

The theoretical approach includes many idealizations
and assumptions which go beyond the original theories. In
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numerical simulations (molecular dynamics or discrete ele-
ment method) the discrete hard spheres concept is often
applied. Also, the concepts of “granular temperature”, or
other analogues to ordinary temperature, are used to deal
with thermodynamic variables like entropy.

In the presented work, a more classical, phenomenological
approach is applied, using experiments on macroscopic sand
bodies. These macroscopic systems involve bulk properties,
where continuum idealization can be applied. The pressure-
volume behavior of mineral sands is examined using the con-
cept of compressible fluid described earlier by Ivsic, Galovic
and Kirin [27] and summarized later in text.

The research in this paper is focused on the properties
of the analogous fluid. The particular state examined here is
so called “critical state of sand” (CSS) where the yielding
or failure of sand body takes place. The CSS was obtained
experimentally and also confirmed by recent numerical sim-
ulations [28–33]. It can be characterized as a quasi-statio-
nery state where the thermodynamic potentials, pressure and
volume of the body, reach constant values in isothermal con-
ditions.

In terms of novel granular literature, this state of yield-
ing sand can be recognized as being near (or at) the state of
jamming transition or jamming threshold [34–38], and it rep-
resents the onset of slow flow regime [39,40], which seems
to be rate-independent.

2 The review of the proposed concept and related theory

2.1 Problem definition and hypothesis

More than hundred years ago Reynolds [41,42] showed that
dense sand expands at failure (which he named “dilatancy”),
whereas loose sand contracts during shear to failure. Further
research (mostly in soil mechanics) during last few decades
shows that the direction of volume changes during shearing
depends on the initial sand density at atmospheric pressure
and the level of ambient applied pressure on the sand sample
before shearing. Figure 1 presents the basic features:initially
dense sand dilates during shearing in low pressure range and
contracts at high pressures; initially loose sand contracts in
almost whole pressure range except at very low pressures
where it can also dilate. Also, it is found that, at large shear-
ing deformations, the failure of sand sample takes place at
constant volume, deviator and mean pressure (so called “crit-
ical state of sand”, e.g., [30–33]). The relation between vol-
ume and pressure at critical state is virtually unique for the
same sand and does not depend on initial conditions before
shearing. This line, so called “critical state line” (CSL), also
represents the borderline between contractive and dilative
sand behavior. In Fig. 1 this line is shown as a projection on
p − v plane, while the common third coordinate is deviator

0.20.1
specific volume ,    v = 1 + e

ap
p

lie
d

 m
ea

n
 p

re
ss

u
re

,  
p

 ' σ′1

σ′1

σ′3σ′3

common 
pressure range
in engineering
applications

CRITICAL STATE
     LINE ( CSL )

el
ev

at
ed

  a
n

d
h

ig
h

 p
re

ss
u

re
s

CONTRACTIVE
BEHAVIOR

DILATIVE
BEHAVIOR

hydrostatic
compression

loose 
sand

dense 
sand

p' = ( σ′1+ 2 σ′3 ) / 3   
q' =  σ′1 −  σ′3
q' = M p'  ( at CSL )

TC

TC tests with p' = const

Fig. 1 Schematic summary of pressure-volume behavior in triaxial
testing

stress (q), which at CSS is not an independent variable. It is
proportional to mean stress (p) like q = Mp, where M is a
constant reflecting the strength properties (internal friction)
of sand body.

The observed pressure-volume behavior of sands dur-
ing shearing shows inconsistencies with the pressure-volume
behavior of common solids and fluids: the change of volume
occurs without the change of pressure (for tests with constant
mean pressure, where only deviator stress is applied), or, even
more peculiar case: the expansion happens against the rise
of compressive mean pressure (as in triaxial compression of
initially dense sand).

Although the “stress-dilatancy” phenomena in sand have
been the subject of several theories and models, it seems that
clear and complete understanding of sand behavior (even in
continuum approach) has not yet been found.

This was also the motivation for the proposal of simple
constitutive model based on compressible fluid behavior [27]
shown in Fig. 2. The proposed system consists of a cylinder
with compressible fluid (e.g. gas) and a piston with constraint
(e.g. “friction pads” with controlled force). The mechanical
equilibrium of the system can be achieved for any volume of
fluid (v f ) in the cylinder when combination of forces from
constraint (F) and from pressure applied on external side of
cylinder (pa) balances the pressure (force) inside the cylin-
der (p f ). For the sake of simplicity, isothermal conditions
are assumed, thus allowing the system to exchange the heat
with environment during any process.

When applied to sands the role of constraint plays the
friction (“internal friction of sand”) which in the whole sand
body is proportional to applied pressure. The shearing of sand
can be understood as the process of “constraint release” in
compressible fluid model.

The pressure-volume behavior of sands in Fig. 1 is pre-
sented from the position of applied external pressure and
measured volume of sand samples. In the model from Fig. 2
this corresponds to pa and v f , which are not uniquely related
by fluid state equation because of external constraints on
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Fig. 2 The proposed model of compressible fluid for description of
sand volume changes during shear [27]. For application on sands the
weight of the sand body is formally added to the external actions. The
resistance of sand body to shearing is understood as an analogue of
external model constraint

“cylinder” (the corresponding pairs defined by state equa-
tion of fluids would be pa − va and p f − v f ).

The hypothesis The above model presentation gave the
idea for the hypothesis [27] that in the sand body also exists
a thermodynamic (internal) pressure as in compressible flu-
ids, defined by state equation of sand (state function) which
uniquely relates pressure and volume, depending only on
substance (mineral grains) properties. Consequently, from
the suggested model and common knowledge on sand behav-
iour, this state equation would correspond to the “critical state
line” of sand, where the effects of assumed “frictional con-
straint” are removed by shearing.

2.2 The review of theory and previous findings

The basic model analogy [27] between sand body and com-
pressible, particularly van der Waals fluid, is shown in Fig. 3.
The simple geometrical model uses continuum idealization
of sand or fluid body, separated in compressible part (voids,
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Fig. 3 The continuum idealization of volume relations in sand and van
der Waals fluid. Note: The term “specific volume” differs in definition
from the term with the same name in physical chemistry or thermody-
namics. The above definition is common in soil mechanics

free volume) and incompressible part (solids, covolume), and
the adapted van der Waals equation is applied.

The van der Waals equation for n moles of real gas is
written as

(p + n2a/V 2)(V − nb) = n RT (1)

where p—pressure, V —volume, n—number of moles, R—
universal gas constant, T —temperature, a and b–constants
per mole of gas.

The adapted equation [27] is obtained when volume V is
normalized with the “incompressible” covolume nb, intro-
ducing dimensionless, relative or specific volume v = V/nb
(also shown in Fig. 3). Since a, b and R are constants, and
T is also assumed constant for sand analyses, the adapted
equation can be written as

(p + A/v2)(v − 1) = C (2)

where A = a/b2 and C = RT/b, which is a suitable form
for investigation of any system consisting of voids and matter
like in Fig. 3, where measurable quantities, pressure and vol-
ume, are used (for isothermal conditions). This also applies
to granular assemblies, or sands.

The new constants A and C have the units of pressure and
are obtained empirically, for any set of corresponding mea-
sured data. The analysis of Eq. (2) for p = 0 [27] shows that
the obtained quadratic equation gives real values of volume
(also comparable to empirical evidence) for the condition
A/C ≥ 4 with double solution v = 2 for A/C = 4.

Also, if Eq. (2) is extended in analogy to van der Waals
fluids, it can be presented in reduced coordinates (p, V, T
normalized with corresponding values at critical point) to
obtain the corresponding state. The diagram of “correspond-
ing states” is presented in Fig. 4. The characteristic isotherm
(reduced temperature, T/Tc) τ = 27/32 is found which
corresponds to above mentioned conditions A/C = 4, p = 0
and v = 2. The ordinary real values at critical point have no
apparent meaning for mineral sands and the incompatibility
is obvious for temperature effects (which are, also, the limits
of analogy).

However, it was demonstrated [27] that the proposed
analogy and application of Eq. (2) in reduced coordinates
describes well the common soil mechanics tests in which
the deviator stress is proportional to the mean pressure (also
shown in Fig. 4).

2.3 The interpretation of constants C and A

In order to extend the previous findings and analogy with the
van der Waals fluid, in this paper the quantitative values of
constants C and A are further examined for the case of “criti-
cal state of sand”, where the hypothetic relations to substance
properties can possibly be found.
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Fig. 4 The characteristic regions of van der Waals fluid in reduced
coordinates—the diagram of “corresponding states”, from [27]. For
sands, the reduced pressure π = 27p/A, and the reduced volume Vr =
v/3

The theoretical considerations for possible relations are
outlined in following sections.

2.3.1 The constant C

Real gases In derivation of Eq. (2) the constant C for min-
eral sands was assumed as a substitute for RT/b in real gases.
The product RT is actually a product of pressure and vol-
ume of ideal gas (p0 V0) in normal conditions, corrected for
thermal expansion (since R = p0 V0/T0 and T/T0 = (T0 +
�T )/T0 = 1 + αvt, αv—thermal expansion coefficient of
ideal gas, T0 = 273.15K = 0◦C, t—temperature in ◦C).
The volume excluded by a mole of particles, b, has an upper
bound of four times the proper volume of solid particles, Vm,

as originally derived by van der Waals, assuming particles as
hard spheres.

Mineral sands The constant C for sands was partitioned
similarly as for gases using the following considerations:

1. Ordinary temperature plays no particular role in granu-
lar matter, and in a wide range of ordinary temperatures
no significant thermal effects in sands can be observed.
Also, thermal expansion of sand is negligible in a com-
mon range of temperatures, since the thermal expansion
coefficient for mineral grains is about one percent, or
less, of the ideal gas coefficient. The experimental work
described above was done at usual laboratory tempera-
ture, and the assumption of constant temperature for sand
analyses also means that isothermal conditions have been
analyzed.

In order to allow for thermal (or other non-assumed)
effects, the empirical factor βS is introduced as a sub-
stitute for T/T0 in former gas constant derivation.

2. The volume of solid particles in sand samples is pro-
portional to their molar volume Vm (from Fig. 1:VS =
nVm, n-number of moles). The molar volume Vm of min-
eral materials is obtained from macroscopic specific den-
sity of mineral solids, ρS , and molar mass, Mm (for basic
reported dominant constituent of tested materials), like
Vm = Mm/ρs . The density of mineral grains at labo-
ratory temperature is approximately the same as for t
= 0◦C (very low thermal expansion of minerals), thus
Vm ≈ Vm0. The substitute for excluded volume b in real
gases was taken as 4Vm , to comply with vdW fluid..

The final structure of constant C for sands using the con-
siderations above is:

C = βS p0 V0/b = βS p0 V0/4Vm (3)

or, more specific

C = βS p0 V0ρS/4Mm (4)

However, allowing for other possible effects and assump-
tions, taking into account that the real excluded volume in
sands is only the volume of solids VS or nVm for n moles
of sand (since all the voids between the grains are taken into
account), and also allowing for experimental errors, more
general parameter γS can be introduced.

The parameter γS = γS(n, m, x, z...) is understood as a
free parameter allowing for further empirical studies of its
possible dependence on any other factor affecting the sand
properties at critical state.

The more general expression for the constant C becomes:

C = γS p0 V0 / Vm (5)

2.3.2 The constant A

Real gases In derivation of Eq. (2) the constant A was the
substitute for real gas constants a and b as A = a/b2. These
constants for gases are usually obtained from the critical point
using the critical pressure, pc, critical temperature, Tc, and
critical volume Vc. Using known expression such as pc =
a/27b2, it is obvious that the constant A in real gases is a
multiple of critical pressure i.e. A = 27pc.

The other known expression involves critical temperature:
Tc = 8a/27bR.

Rewriting this expression and dividing both sides with b,
one obtains:

a/b2 = 27RTc/8b (6)

or

A = (27/8)(Tc/T0)(p0 V0/b) = KG(p0 V0/b) (7)
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where the relation of A to (p0 V0/b) is emphasized and the
other part of Eq. (7) (signed as KG) also presents the indi-
vidual constant, including the ratio of critical and normal
temperature.

Also, if the constant C = RT/b is written for character-
istic “sand” temperature T = 27Tc/32, a similar expression
for C is obtained:

C = RT/b = 27RTc/32b = (27/32)(Tc/T0)(p0 V0/b) (8)

For this particular isotherm the constant C = A/4, show-
ing the same relation to other material constants.

Mineral sands In the interpretation of sand tests using
Eq. (2), the constant A is obtained from the same set of data
as the constant C and represents the intercept of the line fit-
ting this data. As discussed earlier, the ratio A/C should be
A/C ≥ 4 to satisfy the stable conditions using van der Waals
equation, and, also, the condition A/C = 4 complies with the
characteristic isotherm τ = 27/32 in reduced coordinates.

The presented interpretations of test results demonstrate
that empirically obtained A/C ratio is close to 4. Since the
same data sets (coming from the same origin) are used to
obtain both constants C and A for sands, the above deriva-
tion of constant C can be applied to constant A as:

A ≈ 4C ≈ 4βS p0 V0/b ≈ βS p0 V0/Vm (9)

Or, to comply with Eq. (5):

A = (A/C)∗C = γS(A/C)p0 V0 / Vm (10)

generally showing and emphasizing the relation of A to
(p0 V0/Vm).

3 Experimental results and interpretation

3.1 Testing procedure

The basic test for this investigation of pressure-volume
relations is the triaxial test, common in experimental soil
mechanics [30–33,43,44]. The most common procedure is
“triaxial compression”, when the isotropically compressed
sample (to a certain value of cell pressure) is sheared until
failure by raising vertical stress and keeping lateral stress
constant. At large shearing deformations the failure of sand
sample takes place at a constant volume, deviator and mean
pressure (CSS). This failure state of the sand sample is also
the end of the common individual triaxial test. The series of
these tests, starting from different lateral (or cell) pressures
(on the same material), yield a virtually unique “failure line”
or “critical state line” (CSL), connecting mean pressures,
deviator stresses and volumes of sample at the end of the
individual tests. The results (mean pressures and volumes)
of a series of tests and the course of some tests are illustrated

Fig. 5 Relevant test results from the common triaxial compression test

in Fig. 5. The exact conditions of critical state cannot be eas-
ily reached in all common tests, since the large deformations
(slow flow of sand) cause mechanical instabilities. So, most
of presented results demonstrate the state close to critical.

The volume changes of saturated samples are usually
established by measuring the volume of pore fluid (e.g. deai-
red water) draining from the voids in the sample during com-
pression. Also, other techniques can be used for tests on dry
samples [44,45].

3.2 Interpretation procedure of test results

The basic test results at reported failure (mean pressure and
volume) presented in this work are interpreted in order to
get numerical values of constants C and A from Eq. (2). The
auxiliary coordinates f p = pv2 and fv = v2/(v −1), which
are both the functions of measured quantities, came from the
adapted van der Waals equation, Eq. (2). The reinterpretation
of this equation [27] leads to the linear relation between f p

and fv as:

f p = C fv − A (11)

in which constant C is the slope of the line, and constant A
is the intercept. The ratio A/C can be directly read on the
fv— axis for p (or f p) = 0. The average line through the
test points is found by simple linear regression.

The example of interpretation of tests from Fig. 5 using
above procedure is presented in Fig. 6.

3.3 Materials and test conditions

In order to cover a wider range of materials and test con-
ditions, the published results of the triaxial test series were
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Fig. 6 Interpretation of test results from Fig. 5 using Eq. (11)

used [44,46–52]. The test results are graphically presented in
Electronic Supplement material.1 The testing details are pre-
sented in the corresponding references and some basic data
are mentioned in Supplement to illustrate the interpretation
of the test series.

The test series included sands composed of different min-
erals (quartz, limestone, kaolin clay and quartz-clay mixture)
from various locations in the world. The presented collection
of tests also covers a wide range of applied confining pres-
sures and initial void ratios.

3.4 The interpretation of tests and comments

3.4.1 The results of test interpretation

The results of interpretation using simple linear regression
analysis for Eq. (11) are summarized in Table 1. for individ-
ual tests The tests have also been interpreted for the condition
A/C = 4, which shows compliance with common, charac-
teristic isotherm for sands (τ = 27/32 in reduced coordi-
nates) described earlier.

The later interpretation was also the only interpretation
for the situations where only a few tests in narrow pressure
range have been analyzed. It was not used only for Portaway
sand [52], since the large initial volume shift made this inter-
pretation unrealistic. For most of the other test series these
two interpretations gave similar results for constant C , since
the A/C ratio obtained from linear regression was close to

1 See Electronic Supplement Material for: A. The results of triaxial
tests for the “critical state of sands”; B. Van der Waals constants and
critical temperatures for gases and volatile fluids.

4. The illustration example for this double interpretation is
in Fig. 7.

Since the analyzed test series were performed in the pres-
sure range of several magnitudes it is impractical to present
all the results in one diagram using auxiliary coordinates f p

and fv .
In order to compile all results in a single plot, the Fig. 8a–

b are presented using normalized coordinate ( f p + A)/C
versus fv and best fits for C and A from individual test
series. Since many results in lower range overlap, Fig. 8b
presents the narrower range of coordinates in order to distin-
guish individual test data.

The data for all tests lie close to 1:1 line what demonstrate
the compliance with function defined by Eq. (2). The scatter
is pronounced for high pressure tests on Chattahoochee River
Sand [46] which is commented below.

The individual constants reflect the mineral composition
which is also illustrated in Fig. 7, where marked difference
of line slopes (constant C) is evident for quartz and kaolin
clay.

3.4.2 Comments on tests

The fits comply with adapted van der Waals equation, Eq. (2)
within the experimental accuracy. The scatter of results is vis-
ible in figures (see footnote 1), and the indicator of “goodness
of fits” is also given in Table 1. by coefficient of determina-
tion, r2, from simple regression analyses, which is usually
described as the “measure of the proportion of variability
in a data set that is accounted for by a statistical model”.
Generally, the fits are better in a larger pressure range.

The test conditions significantly influence the scatter and
the consistency of results. The comprehensive review of
experimental details, techniques and difficulties in measure-
ment of critical state of sand in triaxial tests is presented by
Jefferies and Been [44].

The proposed Eq. (2) is of the 3rd order and very sensitive
to input volume values, so the accuracy of volume measure-
ment is essential. This reason can be attributed to the scatter
for large pressures on Chattahoochee River Sand [46], since
the volume for dry sand had been measured outside the sam-
ple, approximating the sample as a barrel. Tests on the same
sand, where volume was measured by expelled fluid (series
C, D), are more consistent.

The scatter of all results for Erksak sand [44] may be
diminished when only the tests with identical testing condi-
tions are used. Although some inconsistencies can be found
between individual test results, there was no particular strong
criterion to discriminate certain tests. The exceptions are the
tests in very low pressure range, which show sharp devia-
tion. This deviation is consistent with suggestions in liter-
ature [44], that initially dense sand at low pressures is not
representative for CSL measurements, due to dilatancy
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Table 1 Summary of triaxial test series interpretation for critical state of sand

Sand no. Sand name Mineral Ref. Remark Number of points C(kN/m2) A(kN/m2) A/C r2

1 – Limestone 47 All tests 9 11,331.3 45,775.5 4.04 0.990

A/C=4 9 11,097.1 0.990

2 – Quartz 47 High pressure results 4 46,313.9 176,939.0 3.82 0.953

A/C=4 4 55,844.0 0.904

3a Chattahoochee Quartz 46 All tests 40 34,222.7 135,617.0 3.963 0.787

A/C=4 40 34,610.4 0.787

Only dry samples 22 32,086.3 115,676.0 3.605 0.624

A/C=4 22 35,660.0 0.614

3b Only p =const 18 20,387.5 80,001.8 3.924 0.897

A/C=4 18 21,228.0 0.892

4 Cambria Mixed 48 Range p f : 0–22 MPa 11 11,422.7 42,211.9 3.695 0.989

A/C=4 11 13,556.2 0.945

4a Range p f : 0–65 MPa 19 16,489.4 67,673.6 4.104 0.942

A/C=4 19 15,783.8 0.940

4b p f > 65 MPa, A/C=4 3 27,653.7 0.646

5 Sydney Quartz 50 Without test No#5 7 57,199.5 230,838.0 4.036 0.977

A/C=4 7 36,961.7 0.833

6 – Kaolin 51 All tests 14 2,393.7 9,741.2 4.07 0.938

A/C=4 14 1,953.43 0.902

7 Erksak Quartz 44 All tests, p f > 200 kPa 24 27, 250.4 109,420.0 4.015 0.753

A/C=4 24 25,157.9 0.748

Only pluviated 6 23,131.6 92,001.6 3.977 0.624

A/C=4 6 25,520.8 0.617

Moist tamping, A/C=4 3 21,779.1 0.758

High pressure apparatus 7 34,605.2 139,184.0 4.022 0.846

A/C=4 7 30,493.7 0.833

8 Portaway Quartz 52 All tests, p f > 70 kPa 20 23,126.6 95,756.5 4.14 0.807

effects. The lower pressure test results were excluded from
analyses and the limiting pressure was chosen arbitrarily,
with the intention of using as many test results as possible.

The authors believe that that the triaxial compression is
not the best suited test for achieving the critical state of sand.
The necessary conditions of free, slow flow of sand would
require different test equipment, where the sand sample is not
confined and where the shearing can be maintained within a
large range of pressures with accurate volume measurements
(perhaps like in some modified ring shear tests, or equipment
with moving boundaries).

3.4.3 The constant C

In the interpretation of the constant C the Eq. (4) and empir-
ical correction factor βS were used, for convenience, and to
comply more with van der Waals fluid.

The values of constant C for typical minerals used in
experiments obtained by Eq. (4) with βS = 1 are presented in

Table 2. Also presented is the possible expected range of val-
ues for the mineral mixture Cambria sand [48,49], which is
reported as predominantly quartz with clay (shale) grains. For
this purpose, the estimate of weighted average molar mass
was made for composition of quartz and kaolin, assumed as
a representative of clay minerals.

The results for constant C in triaxial tests are compared
with Eq. (4) for βS = 1 in Fig. 9a. The range of constants
from Table 1 for particular sand is positioned at the value of
the calculated molar covolume, assuming that the real sands
were composed of 100% the dominant mineral reported. The
Cambria sand is presented in the estimated range of molar
volumes and medium pressure range.

In Fig. 9b the ratio of constants in tests and Eq. (4) for
βS = 1 is shown, giving the value of empirical coefficient
βS for a particular test.

The basic observation from the figures is that Eq. (4) pre-
dicts well the order of magnitude of constant C for mineral
sands even for βS = 1. This also means that the dominant
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Fig. 7 Interpretation of test results using fits for all test data and for
the condition A/C = 4

quantitative parameters in constant C are molar properties of
minerals and ideal gas.

Most of the quartz results give βS close to 1, with few
extremes above. The results for limestone and Cambria (as a
crude estimate) are not far from βS = 1, and the single result
for kaolin is the lowest giving βS = 0.35–0.4. The deviation
of constant C for Cambria sand in very high pressures range
quantitatively complies with expected value for quartz (see,
Table 1).

The results also demonstrate the expected trend of low-
ering of constant C for greater mineral molar volumes. For
minerals other than quartz only single test series have been
collected and no further conclusions can be drawn from this
interpretation.

Also, it is to be noted that the test results cover the mea-
surement technologies during half a century, and that the
triaxial test is a very cumbersome way for obtaining CSS
conditions. In the way presented, the variations of coefficient
βS also reflect possible experimental errors.

Fig. 8 Presentation of test data in normalized coordinates: a all data;
b data for lower pressures

4 The relation between real fluids and sands

4.1 The constant A

As demonstrated in Sect. 2.3.2 the constant A is an empirical
material constant (composed of common van der Waals con-

Table 2 Summary of constant C for tested minerals estimated using Eq. (4) and βS = 1

Mineral Used formula Sp.density (t / m 3) Molar mass (kg /kmol) 4Vm (m 3 / kmol) Constant C as (p0 V0 /4Vm)a

Quartz SiO2 2.65 60 0.0906 25,077
Limestone CaCO3 2.71 100 0.1476 15,387
Kaolin Al2Si2O5(OH)4 2.60 258 0.397 5,722
Cambria (possible range) 55Q + 45KAb 2.69 149.1c 0.2217 10,244

65Q+35KA 2.69 129.2 0.1923 11,812
75Q+25KA 2.69 109.5 0.163 13,948

a With p0 = 101.325 kPa, V0 = 22.414 m3 / kmole
b 55Q—mass percentage of quartz, 45 KA—mass percentage of kaolin
c Weighted average molar mass
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Fig. 9 The comparison of constant C from triaxial tests with the esti-
mates from Eq. (4), a for βS = 1, b the estimate of βS

stants a and b) which, according to outlined theory, enables
direct quantitative comparison of corresponding substance
features of real fluids and mineral sands.

The published van der Waals constants for about 60 gases
and volatile liquids have been collected and roughly classi-
fied as elements, organic and anorganic compounds in sup-
plement material (see footnote 1). The general trend is an
approximately linear rise of the constant a with excluded
volume b, with a few exceptions and some scatter.

In Fig. 10 the constant A for those fluids is presented
using the above constants a and b. The scatter of results is
significant mostly for elements and anorganic compounds.
However, most of the results fall in the range of A =100,000–
200,000 kPa.

Also presented are the results from sand triaxial tests for
the expected macroscopic molar volume of dominant min-
eral. For simplicity, only the results for A/C = 4 are shown.
The results for sands are somewhat lower than for fluids, but
still comparable and within range of empirical values.

The first part of Eq. (7) signed as KG was calculated using
published values of critical temperature for particular fluid
(presented in Supplement material - see footnote 1). These

Fig. 10 The constant A = a/b2 for gases and A = 4C for sands

Fig. 11 The attraction energy interpreted from vdW constants

values show that this “correction factor” for fluids to relate
constant A to (p0V0/b) ranges from 0.06 to 9, and the scatter
of results reflects the scatter of individual critical tempera-
tures . As demonstrated in Fig. 9, the corresponding “correc-
tion factor”, βS , for sands is of the order of 1.

4.2 Attraction energy

The van der Waals constant a is a measure of attraction
between the particles in real gases, and a new constant
A(expressed as pressure in kPa) could also be understood as
the attraction energy density (energy per volume, expressed
in kJm−3). When the proper volume of molecules in real gas
is used (which is about b/4), the energy per mole of matter
becomes A(b/4) = a/4b. These values are shown in Fig. 11.

The approximate expected common range of values for
weak noncovalent interactions attributed to van der Waals
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forces (<5 kJ mol−1 or MJ kmole−1) e.g. [53], is found for
the analyzed fluids.

The application on sands using molar volume Vm and
Eq. (9) leads to expected “sand energy” of

A∗Vm = (βS p0 V0/Vm)∗Vm = βS p0 V0 (12)

which has the value of 2.271βS kJ mol−1 (or MJ kmol−1).
For βS = 1 this value is “in the middle” of the results for
fluids.

Apparent attraction and repulsion in sands The apparent
attraction coming from constant A does not seem to be ver-
ified as an observable attraction between grains in real sand
bodies like hourglass, quicksand or desert dunes. Also, it does
not seem very likely that the common known van der Waals
forces between gas molecules could be applied to mineral
sand grains. These forces decay with distance on the molec-
ular scale and they would totally vanish far within the single
sand grain.

Although the ordinary van der Waals forces are assumed to
act on molecular scale, there are attempts to extend the range
of these forces to powder or grain scale and to correlate mac-
roscopic features to those forces [54]. In clay soils, where
most of the particles are of colloid size the underlying mech-
anism for changes of the macroscopic, engineering properties
is usually attributed to combined effect of repulsion/attrac-
tion between clay particles (DLVO forces) or surface charge
effects [55].

Mineral sand grains, which are much larger than colloids,
appear to be non-attractive or cohesionless. It is, however,
interesting that on the macroscopic level the above analogy
between fluids and sands gave the quantitative order of mag-
nitude for attraction energy, at least as a bulk property (per
mole of matter).

In presentation of van der Waals equation for gases, the
parts of equation related to repulsion (R P) and attraction
(AT ) are often recognized. Also, the pressure (or energy
density) can be presented as:

p = R P − AT (13)

When the form of adapted Eq. (2) is used, the attraction and
repulsion functions become AT = A/v2 and R P = C/(v −
1). These attraction and repulsion functions are presented in
Fig. 12 separately as positive functions of specific volume
for the case A/C = 4. The functions are normalized with
constant C .

For the extreme case without voids i.e., v = 1, the attrac-
tion function has a finite value while the repulsion function,
as well as the pressure, tends to infinity.

The specific case is for v = 2 (or the case where half of the
total volume is occupied by solids and half is in voids), where
the attraction and repulsion are in balance and the pressure
is zero. For larger volumes the attraction decays faster than
repulsion (with the square of volume) and the pressure slowly

Fig. 12 Attraction and repulsion in vdW body, functions from Eq. (11)

rises with volume. Volumes greater than 2 theoretically [27]
do not represent the stable state of sands.

It seems generally acceptable that the pressure (or some
internal energy density) in a body is the net, overall effect of
repulsion and attraction forces. Since, for the presented case,
the attraction is always lower than repulsion, the apparent
net internal behavior of sand would be inherently repulsive
and the balance in nature for particular sand volume could
be obtained by gravity or otherwise applied pressure. This
is not in contradiction with macroscopic appearance of dry
sands, and satisfies the constitutive model from Fig. 2.

However, at this level of information it is not quite
clear what would be the nature of these apparent attractive/
repulsive forces in a bulk of sand grains. It seems that above
discussion is more an indication than an explanation.

4.3 Discussion and observations

General observations on the presented analogy Granular
materials are often understood as assemblies of discrete sol-
ids whose behavior is, in general, governed by interparti-
cle friction, contact forces, collisions and geometry (fabric).
Since the thermal effects are irrelevant, it is understood that
the ordinary thermodynamic arguments become useless [2].

The above finding, that the analogy to real gas behav-
ior can be enhanced using the ideal gas concept and molar
properties of material, is quite unexpected. Still, the order
of magnitude for corresponding constants is achieved, and
dominant quantitative term in constants is p0 V0/Vm .

It is also to be noted that the empirical van der Waals
constants are also basically independent of temperature and
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represent the intrinsic properties of matter, which is not in
contradiction with proposed analogy.

The presented analogy between sand body and common
compressible fluids is based on a few similar features as
described in chapter 2. The agreements and non-contradic-
tions that are found might be encouraging and some of them
are discussed here, but there are still many limits and differ-
ences to prevent the physical explanation of these agreements
in the way used for common fluids.

Despite the analogies, the gases and sands in reality
appear as significantly different systems. The experimen-
tal way of obtaining corresponding empirical constants is
completely incomparable: the constants for gases are usu-
ally obtained from critical variables involving temperature
conditions, while for particular, relevant state of sand, the
mechanical isothermal tests have been used.

On the other side, it may be noticed that in gaseous phase
the molecules are separated and not in the domain of strong
molecular interactions. When the set of molecules is under-
stood purely geometrically as a bulk of packed particles, the
molecules in that phase still satisfy main assumptions of pro-
posed bulk, continuum idealization (incompressibility and
finite volume of matter).

The effects of gravity In the model from Fig. 2, the weight
of grains alone is assumed as an external action. In common
sand tests the pressures only due to the weight of sand sample
are negligible when compared to the externally applied pres-
sures. Also, in common soil mechanics interpretation, these
tests are understood as a simulation of isolated control vol-
ume at certain depth in real sand masses. This sample/control
volume is loaded by above layers or any other external load
and laterally confined by the rest of the sand mass.

However, the gravity is the volume force and possible
source of grain interactions. The above assumption, that the
effects of grain weight are negligible, and that they affect the
sand sample in the same way as the external actions, can be
tested in variable gravity conditions, possibly in geotechnical
centrifuge.

Pressure-volume relations in sands The pressures at the
critical state of sand are understood as the best representative
for the applied analogy, since this state appears to be unique
in soil testing and in appearance nearest to the fluids (state of
failure of sand body and beginning of slow flow at constant
volume).

The hydrostatic (isotropic) compression tests on sands
seem to be more similar to the testing conditions of common
compressible fluids. As shown earlier [27] and in Figs. 5 and
6, the pressure-volume behavior from these tests can gener-
ally also be described by proposed Eq. 2, but with different
values of empirical constants than for critical state.

Since many functional p − V relations can be found for
isotropic loading conditions, request for uniqueness is ques-
tionable. There are still many disputes about the “loosest state

of sand” in low ambient pressure whose p−v behavior in iso-
tropic conditions could define the unique “state boundary”.
The proposed van der Waals model suggests that the loosest
possible stable state for zero pressures occurs for the condi-
tions v = 2 (or porosity 50%). Eventually looser state at near
zero pressures could be attributed to additional, structural
forces like capillarity, cementation or other surface forces.

Voidage In derivation of adapted van der Waals Eq. (2) the
volume of solids in sand and its analogous part in real gases—
covolume b are taken as normalizing parameters represent-
ing constants and incompressible part of the idealized model
from Fig. 1. This normalization emphasizes the separation
of total volume to voids and solids.

The common interpretation in soil testing is that the vol-
ume changes are attributed only to the changes of voidage
[7,30–33,43]. It appears the same in real gases since the vol-
ume of molecules included in constant b basically does not
change. Even the thermal expansion affects only the free vol-
ume of gases to obtain the total volume changes.

The effect of voidage is not so obvious in macroscopic gas
bodies, where the total volume is measured and taken as a
variable. In soils, the changes of voidage are measured more
directly by the volume of pore fluid (water or air) which is
expelled or soaked to sand sample during loading. Also, the
external measurements on sand sample can be performed to
geometrically obtain the sample volume changes.

Grain crushing The large compression and shearing of
sands is associated with grain crushing [56–58], which signif-
icantly alters the initial structure of sand sample during tests.
It appears that this effect does not influence the pressure-vol-
ume behavior presented here for mineral sands.

The mass of the sand grains, MS , during particular test is
constant and the specific density of minerals, ρS , is usually
obtained for already crushed (tiny) particles. This means that
the volume of solids, VS , is also constant during test (since
VS = MS/ρS), and (referring to Fig. 3) the volume changes
of sand sample are attributed only to the changes in volume
of voids (which, in bulk, is independent of grain structure).

The effects of sand structure on volume changes may even-
tually happen when (and if) the locally stable grain cluster
occurs which entraps some voids and resists the shearing.
Usually, the grain skeleton is unstable during test allowing for
rearrangements of “grain chains”, especially at critical state
where large deformations (“slow flow”) occur. For instance,
in Fig. 4 it is shown that in tests at elevated or high pressures
(where crushing is pronounced) regular behavior complying
with proposed Eq. (2) is obtained.

The collection of monodisperse spheres like glass beads,
steel balls and even lead shot at low temperature will show
similar behavior at lower pressures or shaking. When the
larger pressures are applied and the strength of the loaded
spheres is reached, the crushing and plastic deformation will
occur and the monodispersity will be lost. By raising the pres-
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sures, it is expected that glass beads will continue to crush,
similar to mineral sands, due to basically mineral constituents
in glass. The metallic balls can also crush or deform further,
but some differences can also be expected: due to local fric-
tion induced heat, the effects like melting or local welding
can be expected, possibly leading to partial grain clustering.

Comment on vdW model The continuum idealization from
Fig. 3 presents a simple system (or model) consisting of two
entities – one entity is incompressible containing all the mat-
ter in system, and the other is compressible but matterless
(voids or free volume).

The pressure-volume relations for this system are
described by original or adapted van der Waals equations
Eqs. (1), (2). It is understood that the equation for real gases
includes corrections on pressure and volume to comply with
ideal gas pressure-volume behavior. The correction for vol-
ume of real gas means that only the free volume (or com-
pressible entity) is taken into account. The correction for
pressure (additional pressure) is material-dependent, acts on
the whole volume and it is applied to corrected volume. In a
model sense, the pressure correction can also be understood
as an interaction parameter between two entities.

Real gases behave like ideal gases for volumes and tem-
peratures well above critical. In these conditions, the volume
of molecules compared to the total gas volume is at the level
of impurity, and practically all the gas volume is free of mat-
ter.

This common observation with the reasoning based on
former simple model leads to the conclusion that the universal
ideal gas properties reflect the vacuum (or free space) prop-
erties and that possible (weak, non-bonded) interaction with
matter is applied.

This is merely the possible deduction from the simple
model, but, however, it is not the experimentally founded
physical explanation.

It seems that more experimental and theoretical work with
full scientific criticism is needed to distinguish the possible
explanation of the presented empirical findings.

5 Conclusion

The pressure-volume behavior of mineral sands was inves-
tigated in terms of compressible fluid behavior. The results
from previous [27] and this study show that the adapted van
der Waals equation describes well the pressure-volume rela-
tion at critical state of mineral sands for a large range of
applied pressures. More over, it is demonstrated that the ratio
of appropriate empirical constants A/C is close to 4 for all
tests, and that the quantitative values of these constants are of
the same order of magnitude as the corresponding constants
of gases or other volatile fluids.

The constants C and A from Eq. (2) obtained experimen-
tally from triaxial tests on mineral sands correlate well with
ideal gas properties and molar properties of sands, and the
basic proposed relations are in Eqs. (4) and (5).

These features demonstrate the similarity with empirical
state equation of common compressible fluids. The basic dif-
ference is in ordinary thermal behavior and the proposed
equation for mineral sands eventually represents the isother-
mal state in common coordinates.

If the mean pressure at critical state is understood to rep-
resent the intrinsic macroscopic properties of material, and if
proven adequate for mineral sand descriptions, in the sense
of continuum mechanics it may be used as an analogue for
the spherical part of stress tensor [9–11,17–19]. It can also
help in empirical evaluation of the internal energy changes
in appropriate continuum theories (e.g like Granular Solid
Hydrodynamics [59], with recent advances in [60]), or for
calibration in numerical simulations, e.g. [61,62].

Since the presented findings came from tests on several
mineral sands, more experimental work is needed to con-
firm the above relations for a wider range of pure substances
or mineral mixtures, and to obtain the values of empirical
coefficients to account for other non-assumed effects. Also,
a lot of theoretical and experimental work is expected to give
an insight (or underlying physics) into bulk empirical coef-
ficients, considering the possible influences of forces and
effects on microscale as well as possible indicated apparent
attraction/repulsion effects on macroscale.

Open Access This article is distributed under the terms of the Creative
Commons Attribution Noncommercial License which permits any
noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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