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Abstract A purely kinematic approach to the formulation of plane stress/strain triangular elements with three
nodes as well as tetrahedral elements with four nodes including rotational degrees of freedom is presented.
The class of elements is shown to perform comparably well in several well-established test cases. Essentially,
the displacement interpolation functions are cubic allowing for more flexibility in the displacement-based
formulation. The in-plane triangle can be augmented by a plate bending element to form an efficient triangular
shell element.

1 Introduction

Triangular and tetrahedral elements are useful since it is very easy to generate such meshes for fairly arbitrary
geometries automatically. It can, however, be observed that simplicial (i.e., triangular and tetrahedral) elements
when using an isoparametric formulation for the displacements fields typically are too stiff. One well-known
example for this behavior is shear locking of the constant stress triangle (CST) element [3]. In order to
circumvent these problems, several strategies have been proposed, such as the assumed strain concept (e.g.,[4,
10,14]) or the introduction of additional degrees of freedom, e.g., drilling DOF’s [1,7,12,15,18]. A very
general overview is given, e.g., by [9].

This paper aims at laying out amethodology to derive simplicial element formulations based on nodal trans-
lations and nodal rotations. Focus is put on making sure that the elements derived are sufficiently flexible such
that reasonable accuracy can be achieved with moderate mesh resolution. This is of special importance when
the structural analysis needs to be repeated multiple times which is typically the case when structural optimiza-
tion is carried out, or when stochastic analysis is performed [5], or when both are carried out simultaneously.
In such cases, mesh resolution is a critical factor together with acceptable accuracy.

2 Method of analysis

The concept of rotation is not necessarilywell defined in a continuum.One possibility of defining a rotation field
within a continuum is to utilize the mathematical concept of a rotation vector. For a given three-dimensional
vector field u = [

u v w
]T, the rotation can be defined in terms of the rotor (or curl) vector:

r = curl u = ∇ × u =
⎡

⎣
wy − vz
uz − wx
vx − uy

⎤

⎦ . (1)
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Fig. 1 Three-noded finite element QTRI3

Here the indices indicate partial derivatives of the vector components with respect to the spatial coordinates x ,
y, and z. For the case of a 2D displacement field containing the components u and v, obviously only the third
component of the curl vector, i.e., vx − uy remains.

An arbitrary point P with coordinates x and y within a triangular element (cf. Fig. 1) can be uniquely
identified in terms of triangular (area) coordinates λk = Ak

A . Here A denotes the area of the triangle and Ak
the area of the sub-triangle located opposite to node k (cf. Fig. 1). They can be computed according to

λ1(x, y) = x2y3 − xy3 − x3y2 + xy2 + x3y − x2y

2A
,

λ2(x, y) = −x1y3 + xy3 + x3y1 − xy1 − x3y + x1y

2A
,

λ3(x, y) = 1 − λ1 − λ2,

2A = |x2(y3 − y1) + x1(y2 − y3) + x3(y1 − y2)|.

(2)

Note that for each node k only λk is nonzero, the other λ� are zero. For the subsequent analysis, it is helpful
to compute the partial derivatives of λk with respect to the coordinates x and y:

λ1,x = y2 − y3
2A

, λ1,y = x3 − x2
2A

,

λ2,x = y3 − y1
2A

, λ2,y = x1 − x3
2A

,

λ3,x = y1 − y2
2A

, λ3,y = x2 − x1
2A

.

(3)

For the interpolation of the displacements due to the nodal rotations, the original Allman’s triangle uses
a quadratic function [1]. Later, a cubic interpolation has been proposed [2]. This cubic interpolation can be
elegantly achieved by assuming the shape functions for the nodal rotations in the form of

u(k)
r (x, y) = −

(
y − y(k)

)
λ2k,

v(k)
r (x, y) =

(
x − x (k)

)
λ2k .

(4)

These functions are cubic in the coordinates x and y. Obviously, the displacements u and v introduced by the
nodal rotations at all nodes are equal to zero. The rotations introduced by these shape functions are given by

r (k)
r (x, y) = 1

2

(
∂v

(k)
r

∂x
− ∂u(k)

r

∂y

)

=
(
x − x (k)

)
λk

∂λk

∂x
+

(
y − y(k)

)
λk

∂λk

∂y
+ λ2k . (5)
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At the nodes k, these rotations evaluate to unity while at the remaining nodes they are zero. Note that the nodal
rotations r (k) are introduced as additional degrees of freedom which are to be interpreted as relative rotations
superimposed on the displacement field and the average rotation generated by the nodal displacements u(k)

and v(k). This notion of “hierarchical rotations” has been discussed in [1,2] and elaborated on in detail in [9].
Hence the nodal rotations are formally defined as

r (k) = r (k)
r

(
x (k), y(k)

)
. (6)

The shape functions for the displacements due to the nodal displacements are assumed to be linear (which
corresponds to the constant strain triangle),

u(k)
u = λk; u(k)

v = 0,

v(k)
u = 0; v(k)

v = λk .
(7)

These functions have unit values at node k and vanish at the other nodes. The rotation fields due to the
displacements u and v at node k are readily computed as

ru(k) = 1

2

(
∂v

(k)
u

∂x
− ∂u(k)

u

∂y

)

= −1

2

∂λk

∂y
,

rv(k) = 1

2

(
∂v

(k)
v

∂x
− ∂u(k)

v

∂y

)

= 1

2

∂λk

∂x

(8)

which, as can be seen from Eq. (3), are constant in the element.
Combining the results as derived above, the displacement fields u(x, y) and v(x, y) due to nodal displace-

ments u(k) and v(k) and nodal rotation r (k) can be expressed as

u(x, y) =
3∑

k=1

λku
(k) −

(
y − y(k)

)
λ2kr

(k),

v(x, y) =
3∑

k=1

λkv
(k) +

(
x − x (k)

)
λ2kr

(k).

(9)

This can be written in compact form,
[
u
v

]
= Heue; ue = [

u1 v1 r1 u2 v2 r2 u3 v3 r3
]T

, (10)

in which the elements of the matrix He can be easily recovered from Eq. (9).
If the element undergoes a rigid-body translation (i.e., u(k) = u0, v(k) = v0 and r (k) = 0 for all k), then

one obtains
u(x, y) = u0 (λ1 + λ2 + λ3) = u0 = const.,

v(x, y) = v0 (λ1 + λ2 + λ3) = v0 = const.,
(11)

and hence the element is strain free. For an imposed rigid-body rotation, all nodal rotations due to the trans-
lational degrees of freedom are the identical, and therefore the (hierarchical) rotations r (k) interpreted as
deviations from the average element rotation are zero, and hence the element is strain free.

From Eq. (9), the standard linearized strains are readily derived as

εxx = ∂u

∂x
=

3∑

k=1

∂λk

∂x
u(k) − 2

∂λk

∂x

(
y − y(k)

)
λkr

(k),

εyy = ∂v

∂y
=

3∑

k=1

∂λk

∂y
v(k) + 2

∂λk

∂y

(
x − x (k)

)
λkr

(k),

γxy = ∂u

∂y
+ ∂v

∂x
=

3∑

k=1

∂λk

∂y
u(k) + ∂λk

∂x
v(k) +

[
∂λk

∂x

(
x − x (k)

)
λk − ∂λk

∂y

(
y − y(k)

)
λk

]
r (k).

(12)
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Fig. 2 Tetrahedral element QTET4 with rotational degrees of freedom

Again, this can be written more compactly as
⎡

⎣
εxx
εyy
γxy

⎤

⎦ = Beue, (13)

and the elements of the matrix Be can be recovered from Eq. (12).
Based on these equations, expressions for the element stiffness and mass matrices Ke and Me can be

derived using standard finite element technology:

Ke =
∫

Ve

BT
e DBedV ; Me =

∫

Ve

ρHT
e HEdV (14)

in which D denotes the material elasticity tensor in appropriate representation, ρ is the material mass density,
and Ve denotes the element volume. The integration is carried out using under-integrationwith three integration
points per element. This is sufficient to obtain a non-singular element stiffness matrix.

An analogous concept can be applied to develop tetrahedral elements with rotational degrees of freedom
(cf. Fig. 2). The derivations now include the full rotation vector as defined in Eq. (1). The shape functions
are then based on tetrahedral coordinates λi , i = 1 . . . 4. For a point with Cartesian coordinates x, y, z, the
tetrahedral (barycentric) coordinates can be determined from

⎡

⎣
λ1
λ2
λ3

⎤

⎦ =
⎡

⎣
x1 − x4 x2 − x4 x3 − x4
y1 − y4 y2 − y4 y3 − y4
z1 − zz z2 − z4 z3 − z4

⎤

⎦

−1 ⎡

⎣
x − x4
y − y4
z − z4

⎤

⎦ ; λ4 = 1 − λ1 − λ2 − λ3. (15)

In the subsequent steps the derivation does not introduce any substantially new material as compared to the
triangular element, therefore this is not re-iterated here. When carrying out the numerical analysis it turned
out that a four-point integration (in analogy to the three-point integration for the QTRI3 element) does not
result in a regular stiffness matrix. In order to achieve regularity, a fourth-order integration with 11 integration
points is required. This, however, leads to an overly stiff element. Hence, a one-point under-integration has
been applied. Although this yields singular element stiffness matrices, all numerical examples ran fine and did
not trigger these singularities. If desired, the elements could easily be stabilized by regularizing the element
matrices. It should be noted that in [13,17] also tetrahedral elements with rotational degrees of freedom have
been developed, but this derivation was based on mid-side nodes rather than nodal rotations only.
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Fig. 3 Single triangular element

Table 1 Eigenvalues of the stiffness matrix for different integration schemes

Eigenvalue Using 6 points Using 3 points

1 0.0000 0.0000
2 0.0000 0.0000
3 0.0000 0.0000
4 0.0069 0.0019
5 0.0069 0.0019
6 0.0770 0.0321
7 0.8660 0.8660
8 0.9024 0.9022
9 0.9024 0.9022

3 Numerical examples

This Section treats two commonly used test examples, i.e., a cantilever beam under parabolic shear load
and a trapezoidal console with uniformly distributed transverse end load (Cook’s panel). Both structures are
modeled on one hand by triangular elements (QTRI3 and others for comparison) and on the other hand by
four-noded tetrahedral elements (QTET4 and others for comparison). The displacements in a characteristic
point are computed for different mesh sizes and compared to each other. One final example computes the
natural frequencies and mode shapes of a simply supported plate for which the analytical solution is known.
The elements have been implemented into the open-source software package slangTNG [6].

3.1 Stiffness properties of the triangular element

In order to investigate the numerical properties of theQTRI3 element, consider the special case of an equilateral
triangle as shown in Fig. 3.

For unit length, unit thickness, unit modulus of elasticity, and zero Poisson’s ratio, the element stiffness
matrix is computed and analyzed with respect to its eigenvalues. The nine eigenvalues are given in Table 1 for
a fully integrated stiffness matrix (using six integration points) and an under-integrated stiffness matrix (using
three integration points). The locations of the integration points are chosen based on [8].

Both variants contain the correct number of zero eigenvalues corresponding to two rigid-body translations
and one rigid-body rotation in the plane of the triangle.

3.2 Cook’s panel using triangular elements

This well-known structure as shown in Fig. 4 is analyzed as a first test for the QTRI3 element. More refined
meshes are shown in Fig. 5. The material parameters are E = 1, ν = 1/3. The thickness of the panel is 1. The
structure is loaded by a uniformly distributed load of totalmagnitude 1 as shown inFig. 4. Plane stress conditions
are assumed. The displacement of node C is plotted as a function of the number m of subdivisions along the
edges as shown in Fig. 6. Figure 4 contains results using three different triangular element formulations and
different mesh resolutions. The curve labeled as QTRI3 is the solution using the element proposed in this
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Fig. 4 Cook’s panel and triangulation with 2 × 2 mesh

Fig. 5 Refined trinagular meshes for Cook’s panel

Fig. 6 Convergence of displacement for Cook’s panel

paper. Label OPT indicates the solution presented in [9]. Both solutions are very close to each other. Solution
CST is based on the constant strain triangle and clearly produces a structural behavior which is too stiff. All
three solutions converge to the same result as the mesh resolution increases.

3.3 Cantilever beam using triangular elements

This example is a linear elastic beam as shown in Fig. 7. The rectangular area is triangulated using different
mesh resolutions as shown in Fig. 8. Material parameters are E = 30000, ν = 1/4. The thickness of the beam
is assumed to be 1. The total vertical load is 40, which is distributed parabolically over the nodes at the free
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Fig. 7 Cantilever beam

Fig. 8 Triangular meshes for cantilever beam

Fig. 9 Convergence of displacement for cantilever beam (triangular meshes)

end of the cantilever. Plane stress conditions are assumed. The results from the element QTRI3 as developed
in this paper are again compared to those using the optimal element [9] and the constant strain triangle. In this
example, it can be observed that the QTRI3 element converges quickly from below whereas the OPT element
converges from above. The error from the OPT is slightly smaller than the error from the QTRI3 element. In
this Figure, the results using Allman’s 1988 triangle [2] are also included with the label ALL88. It can be seen
that this element clearly behaves stiffer than the proposed QTRI3 element (Fig. 9). Again, the constant strain
triangle is overly stiff. It should be noted that the displacement of the point C (0.35601 as given by [9]) is taken
as reference (i.e., as 100%). This solution is slightly larger than the analytical solution of 0.35533 as reported
in [9].
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Fig. 10 Tetrahedral meshes for Cook’s panel

Fig. 11 Convergence of displacement for Cook’s panel (tetrahedral meshes)

3.4 Cook’s panel using tetrahedral elements

For this example, the panel as analyzed above is discretized using four-point tetrahedral elements. The same
geometry and material parameters as above are used. Different tetrahedral meshes were generated using the
open-source software tool gmsh [11]. Some of these meshes are shown in Fig. 10. The average vertical
displacements of all nodes located on the loaded surface are taken as representative for the displacement and
shown in Fig. 11 for different mesh resolutions. Results using the QTET4 element are compared to those
obtained using the constant strain tetrahedron (CST) element. It can be seen that the QTET4 element exhibits
significantly better performance.

3.5 Cantilever beam using tetrahedral elements

In this example, the beam as analyzed above is discretized using four-point tetrahedral elements. The same geo-
metric data and material parameters are used as for the analysis with triangular elements. Different tetrahedral
meshes were generated, some of which are shown in Fig. 12. Also in this example the average vertical displace-
ments of all nodes located on the loaded surface are taken as representative for the displacement and shown in
Fig. 13 for different mesh resolutions. Results using the QTET4 element are compared to those obtained using
the constant strain tetrahedron (CST) element. The performance of the QTET4 element is clearly superior.

3.6 Thick plate

A square plate with side length 10 is considered. It is simply supported on all four lower edges. Horizontal
movement is allowed in the supports such that there is no tension due to the overall bending of the plate.
The plate thickness is 1, so there is some shear contribution present when applying plate bending theory. The
material data are E = 200 × 109, ν = 0.3, ρ = 8000. For the numerical analysis the plate is modeled by
QTET4 elements. Three meshes with different mesh resolutions are shown in Fig. 14. The exact fundamental
frequency based onMindlin plate theory as taken from [16] is f0 = 45.44291/s. For differentmesh resolutions,
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Fig. 12 Tetrahedrals meshes for cantilever beam

Fig. 13 Convergence of displacement for cantilever beam (tetrahedral elements)

Fig. 14 Tetrahedral meshes for simply supported plate

Fig. 15 Convergence of natural frequency for thick simply supported plate (tetrahedral elements)

the numerical results for the fundamental frequency are shown in Fig. 15. As in the previous examples, the
proposed QTET4 element gives substantially better results when compared to the CST element.
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4 Concluding remarks

A family of simplicial elements with rotational degrees of freedom has been proposed, and its applicability
was demonstrated using several classical test examples. It appears the both the triangular version (QTRI3) and
the tetrahedral version (QTET4) perform reasonably well concerning the overall stiffness. This study did not
include any results concerning stress recovery, which will be part of a future study on this element family.

Another point to be further clarified is under which circumstances the under-integration of the tetrahedral
element might lead to numerical problems and what type of stabilization strategy might be most effective.
Also, it remains to be seen how the performance of this element family develops in the presence of geometrical
and material nonlinearities.
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