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Abstract Current conservation is a vital condition in electrodynamics. We review the literature concerning
the ways to ensure that the formalism used in calculating amplitudes for the scattering of charged particles is
in compliance with current conservation. For the case of electron scattering off a scalar and a spin-1/2 target
as well as Compton scattering on a scalar target, we present some novelties besides reviewing the literature.

1 Introduction

The conservation of the electric current is a corner stone of electrodynamics, both classical and quantized.
Textbooks like Refs. [1] and [2], to mention only two out of a plethora of references, write down the continuity
equation

∂μ J
μ = 0, (1)

which in the case of classical electrodynamics expresses the fact that in any volume the time derivative of
the charge inside this volume is opposite to the divergence of the current flowing out through the surface.
Noether’s theorem states that in general such relations as Eq. (1) point to a conserved quantity, which of course
in electrodynamics is the total charge.

In this paper we review some aspects of the construction of tensorial operators like the current Jμ in QED,
which lead in the case of interacting theories to the concept of form factors. Naturally, once this concept is
introduced, the question arises what is the number of independent form factors in each particular case. We
shall not answer this question in general, but rather illustrate some methods used in three comparatively simple
cases, namely the current of a charged particle in scalar QED (sQED) and spinor QED, and the construction
of the Compton tensor in sQED.

While most of this paper is concerned with the existing literature, we add some novel results, that may
help to gain a new perspective on the standard approaches.

This article belongs to the special issue “30th anniversary of Few-Body Systems”.
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2 Electron Scattering Off a Scalar Target

We start our discussion with the electron scattering off a scalar target to introduce the idea of parametrising the
amplitude in terms of a tensor built with the help of the relevant momenta. In the case of a scalar target, three
momenta are involved, the momenta p and p′ of the target before and after absorption of a virtual photon, and
the momentum q of the latter. Because of four-momentum conservation, p+q = p′, only two out of three are
independent. Dropping in this paper everywhere the magnitude of the charge of the target, which can easily
be inserted in the photon-hadron vertices, we write the current operator as follows:

Jμ = F1 p
μ + F2 p

′μ. (2)

Implementing the transversality condition Eq. (1), we find, using q = p′ − p

0 = qμ J
μ = F1 p · (p′ − p) + F2 p

′ · (p′ − p). (3)

Using the on-mass-shell condition p′2 = p2 = M2 we find the relation (F1 − F2)(p′ · p − M2) = (F1 −
F2)q2/2 = 0. Because the photon can only be real, i. e. q2 = 0, for the special kinematics where p′ = p, we
see that F1 = F2 almost everywhere in the kinematic space. The kinematical space for this scattering process
is the three-dimensional space of independent dot products p′2, p2, and p′ · p.

Thus the final form of the electromagnetic current of a scalar particle can be written as

Jμ = FS (p′μ + pμ) ≡ FS P
μ
. (4)

We may call this the manifestly transverse form of the current, because the transversality condition is immedi-
ately seen to be satisfied by the momentum structure: q · P = (p′ − p).(p′ + p) = p′2 − p2 = M2 −M2 = 0.
The same purpose is achieved if one writes the current in terms of a projector, namely in the form

Jμ =
(
gμν − qμqν

q2

)
(FSPν + FAqν) ≡ Gμν(qq)(FSPν + FAqν). (5)

The projector Gμν(qq) annihilates qμ and qν , which property guarantees the transversality of the current and
removes the form factor FA. Thus an equivalent form of the current operator would be

Jμ = FS Gμν(qq)Pν = FS

(
P

μ − P · q
q2

qμ

)
. (6)

The two forms, Eqs. (4) and (6), are equivalent in the part of the kinematical space where q2 �= 0, but not in
the singular subspace where q2 vanishes. Such situations will be seen in the Compton-scattering case too. Let
us note that although the vector part may vary, the number of form factors (FFs) is invariant.

If the target is not structureless, but can be excited, the argument for a single form factor does not apply
anymore: there must exist an elastic form factor plus transition form factors. For the purpose of this paper we
shall only consider the situation where p′ and p are on the same mass shell.

We shall later use the same notation, P = p′ + p, when we discuss Compton scattering.

3 Electron Scattering Off a Spinor Target

Was the form of the electromagnetic current of a scalar particle almost unique, for a spin-1/2 particle it is not.
In fact, one can write it in different forms. The text books usually give two forms of the current, namely one
with the Dirac and Pauli FFs [3]

Jμ = γ μ F1 + i
σμνqν

2M
F2. (7)

Here the normalisation of F2 is such that F2(q2 = 0) is equal to the anomalous magnetic moment.
Ernst et al. [4] introduced a redefinition of the FFs, namely

GE = F1 + q2

4M2 F2, GM = F1 + F2, (8)
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where GE and GM are the electric and magnetic FFs [5]. Such a redefinition is equivalent to reshuffling the
operators in the expression for the current. In the derivation of the current operator, Bjorken and Drell [3] allow
for three terms, namely F1 p′μ + F2 pμ + F3γ μ and show that using the on-shellness of the momenta p′ and p
and current conservation, that the operator could be reduced to F1(p′μ + pμ) + F3γ μ. Now a key ingredient
is the Gordon decomposition [6]:

ū(p′)γ μu(p) = 1

2M
ū(p′)((p′ + p)μ + iσμνqν)u(p). (9)

Besides this classic form, one may also get the following decomposition [7]:

ū(p′)iσμνqνu(p) = 1

2M
ū(p′)(q2γ μ + 2iεμναβγ5γν p

′
α pβ)u(p). (10)

Using both decompositions we altogether arrive at six different forms of the spin-1/2 electromagnetic
current operator:

Jμ = γ μ F1 + i
σμνqν

2M
F2,

= γ μ (F1 + F2) − (p′ + p)μ

2M
F2,

= (p′ + p)μ

2M

4M2F1 + q2F2
4M2 − q2

+ iεμναβγ5γν p
′
α pβ

2(F1 + F2)

4M2 − q2
,

= (p′ + p)μ

2M
F1 + i

σμνqν

2M
i(F1 + F2),

= γ μ

(
F1 + q2

4M2 F2

)
+ iεμναβγ5γν p

′
α pβ

F2
2M2 ,

= i
σμνqν

2M

(
4M2

q2
F1 + F2

)
− iεμναβγ5γν p

′
α pβ

2F1
q2

. (11)

Several remarks must be made. First, these forms are not identical, but give identical matrix elements
between spinors, which in operator theory is defined as weak identity. Secondly, neither of the two decompo-
sitions Eqs. (9) and (10) can be derived for massless spinors, as the occurrences of an M in the denominators
in these equations show. Thirdly, some of these forms are manifestly transverse to qμ, namely the third, fourth
and sixth one. Transversality is trivially proven by the identity we used before, P · q = 0, and taking into
account that σμν as well as εμναβ are antisymmetric in all indices.

4 Compton Scattering Off a Scalar Target

Real Compton scattering has been an interesting phenomenon since its interpretation by Compton [8] as well
as Debye [9] played an important role in the reception of the light-quanta hypothesis [10] before quantum
mechanics was established. Presently, virtual Compton scattering [11,12] has been proposed to determine the
generalized-parton distributions (GPDs) of hadrons. In this interpretation, the handbag diagram, as shown in
Fig. 1, plays a crucial role. In a more general setting, one considers the hadronic part of the amplitude, which

 p p’

k+q

k+q−q’k

l’l

q q’

soft part 

Fig. 1 Handbag diagram, including the leptonic part
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describes the absorption of a virtual photon and the emission of a real photon by a hadron, without committing
oneself from the beginning to the structure of the hadron except for its mass and spin, remaining oblivious to
its (quark) constituents.

In this paper we shall remain on that level, discussing only the number of independent scalar functions,
Compton form factors (CFFs) that can be distinguished, like the form factors in the case of the vector currents
discussed in the previous sections.

4.1 Tensor Formalism

In (virtual) Compton scattering the physical invariant amplitudes are written as contractions of a tensor with
the polarization vectors of the photons:

A(q ′, h′; q, h) = ε∗
μ(q ′; h′) Tμνεν(q; h). (12)

The tensor Tμν must satisfy two transversality conditions, which are related to current conservation or gauge
invariance, namely

q ′
μT

μν = 0, Tμνqν = 0. (13)

One may connect these relations also to the invariance of the amplitudes A(q ′, h′; q, h) under Lorentz
transformations. As discussed in Ref. [2], Ch. 8, the vector potential Aμ in QED transforms under a Lorentz
transformation as a four vector only up to a gauge transformation. In the present context it means that under a
Lorentz transformation the polarisation vector εμ(q; h) changes into the formally Lorentz transformed vector
	

μ
ν εν(q; h) plus a multiple of the momentum vector qμ. Thus the invariance of the amplitude is guaranteed

by the transversality of the Compton tensor.
Two problems now present themselves: how to determine the number of effective degrees of freedom, i.e.

the number of CFFs, and how to construct a tensor that satisfies the transversality conditions Eq. (13)? We
shall sketch several ways to solve these two problems. The first one, which to the best of our knowledge was
not mentioned in the physics literature, is based on a straightforward application of linear algebra. A number
of constructions has been given before and we shall review the ones that are essentially different.

As a preliminary we now define our notation. To start with, we use q(q ′) for the absorbed (emitted) photons
and p(p′) for the target (recoiled) hadron. Because of four-momentum conservation, three out of these four
momenta are independent. We shall choose the following three:

k1 = P = p′ + p, k2 = q ′, k3 = q. (14)

For coherent Compton scattering, where the recoiled hadron is identical to the target, one easily derives the
following identities

2P · q = 2P · q ′ = s − M2 − (u − M2),

(P + q) · q ′ = (P + q ′) · q = s − M2,

(P − q) · q ′ = (P − q ′) · q = −(u − M2),

2q ′ · q = s − M2 + u − M2, (15)

where s and u are the usual Mandelstam variables s = (p+ q)2 = (p′ + q ′)2 and u = (p− q ′)2 = (p′ − q)2.
Using the notation ki , i = 1, 2, 3 for the momenta, we can write for the most general tensor of rank two

in the following form

Tμν = t0g
μν +

3∑
i=1

3∑
j=1

ti j K
μν
i j (16)

with

Kμν
i j = kμ

i k
ν
j . (17)

The ten quantities t0, t11, . . . t33 are scalar quantities. If no conditions are set for the tensor Tμν , we see that
it has ten degrees of freedom. Thus, instead of the representation given in Eq. (16) we could, interpreting
the set gμν , Kμν

11 , . . . , Kμν
33 as a basis in a 10-dimensional linear space, interpret the tensor as the contraction

of the vector t with scalar elements t0, t11, . . . , t33 with the vector of basis tensors gμν , Kμν
11 , . . . , Kμν

33 . This
interpretation lends itself immediately to the application of the theory of vector spaces, which is the content
of what we call the direct method.
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4.1.1 Direct Method

Understanding Eq. (16) as expressing the full tensor as a linear combination of basis tensors leads to the
treatment of the transversality conditions as conditions on the vector t. Let us write the contraction q ′

μT
μν as

follows
k2μT

μν = t0k
ν
2 +

∑
i, j

ti j (k2 · ki )kν
j . (18)

Similarly, we write the other contraction as

Tμνk3ν = t0k
μ
3 +

∑
i, j

ti j (k3 · k j )kμ
i . (19)

The condition that these two contractions vanish, leads to two sets of three linear equations in the components
of t . We shall use the notation

xi j = ki · k j . (20)

From Eq. (15) we read off that P · q ′ = x12 = x13 = P · q . Taking into account that the basis vectors ki are
independent four vectors, we find the equations in the following form

X · t = 0, (21)

where the matrix X is given by

X =

⎛
⎜⎜⎜⎜⎜⎝

0 x13 0 0 x22 0 0 x23 0 0
1 0 x13 0 0 0 x22 0 x23 0
0 0 0 x13 0 0 x22 0 0 x23
0 x13 x23 x33 0 0 0 0 0 0
0 0 0 x13 x23 x23 0 0 0
1 0 0 0 0 0 0 x13 x23 x33

⎞
⎟⎟⎟⎟⎟⎠

. (22)

Now the two problems can be formulated as follows: what is the matrix rank of X and what is the null-space
of this matrix? The answer to the first question gives the number of independent scalars, i.e. the number of
CFFs, and the answer to the second question gives a way to write down the general form of a rank-two tensor
T̃μν that is transverse to q ′ (left) and q (right).

The first question can be answered in two ways. The first one is a straightforward application of Gaussian
elimination to find that the matrix rank of X is five. Indeed one finds that the following linear combination of
the rows of X vanishes

P̄ · q row1 + q ′ · q row2 + q2 row3 − P̄ · q row4 − q ′2 row5 − q ′ · q row6 = 0 (23)

The second one is to contract Tμν simultaneously with kiμ and k jν and to find six contractions to vanish,
namely the ones involving k2μ or k3ν . In this set the double contraction with k2μ and k3ν occurs twice, leaving
at most five independent ones.

Now that we know that only five scalars are involved in a general tensor that is transverse to q ′
μ and qν , we

can write such a tensor as a linear combination of a basis in the five-dimensional null-space NX of the matrix
X . Let us note here that while the matrix X is uniquely defined and thus so is its null-space, one may use any
basis one likes inNX . This is the reason why there exist in the literature several forms of the Compton tensor.

A final point to consider is the issue of kinematical singularities. The coefficients in the linear combination
Eq. (23) may vanish. At this point the most interesting ones are q ′2 = 0 and q2 = 0. If both conditions
apply, we are dealing with real Compton scattering (RCS), otherwise the tensor Tμν is used to calculate the
amplitudes for virtual Compton scattering (VCS) or even electro-production of vector states. Calculating the
matrix rank of X one finds that only either in the case that all coefficients in Eq. (23) vanish or in the case that
all but q2 or q ′2 vanish, the ranks is lowered to either 1 or 4, respectively. Otherwise it remains five. However,
we note that the simultaneous vanishing of all scalar products xi j is kinematically forbidden. To see why, we
write them down and calculate them explicitly:

x13 = P · q ′ = P · q = 0,

x22 = q ′2 = 0,

x23 = q ′ · q = 0,

x33 = q2 = 0. (24)
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Fig. 2 Seagull, s- and u-channel amplitudes

We may thus write q ′μ = q ′(1, q̂ ′), qμ = q(1, q̂) and find that x23 = 0 implies that q̂ ′ = q̂ . Let us write
P

μ = (P0, P). For x13 to vanish two conditions must be satisfied: (i) P is parallel to q ′ and (ii) P0 must be
equal to the length of P . While the first condition is kinematically possible, the latter is not, because it means
that P is light-like, which it is not. Substituting p′2 = p2 = M2 and using t = (p′ − p)2 = 2M2 − 2p′ · p =
(q − q ′)2 = q ′2 + q2 − 2q ′ · q we find

P
2 = (p′ + p)2 = 2M2 + 2p′ · p = 4M2 − t = 4M2, (25)

where we have used x22 = x23 = x33 = 0. Thus because P cannot be light-like, the matrix X has for all
physical situations and for finite target mass M matrix rank five.

Although we are now assured that the number of CFFs is five, it does not mean that the null-spaces of X in
the case that one or several dot products xi j vanish must be identical. For illustrative reasons we show a basis
of the null-space for the general case, substituting the dot products of physical momenta:

⎛
⎜⎜⎜⎜⎝

n(1)

n(2)

n(3)

n(4)

n(5)

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−q ′2 0 q2

P·q − q ′·q
P·q 0 0 0 0 0 1

−q ′ · q 0 0 0 0 0 0 0 1 0

−P · q − q ′·q
P·q 1 0 0 0 0 1 0 0

0 q2q ′2
(P·q)2

0 − q ′2
P·q − q2

P·q 0 1 0 0 0

0 q ′·qq ′2
(P·q)2

− q2

P·q 0 − q ′·q
P·q 1 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (26)

Clearly, this basis of NX demonstrates that the value P · q = 0 is a singular point in the null-space of X .
It would not help to multiply the basis vectors with a power of P · q to remove the singularity, because the
resulting basis, while still independent for P · q �= 0, would become incomplete. In the latter situation one
can determine a new basis for NX , that would again be five-dimensional. However, this time the basis will
become singular if q ′2 = 0 or q ′ · q would vanish. This is an illustration of a conclusion already formulated
in a CERN report by Callan and Stora [11,12], that it is not possible to construct a basis forNX that spans the
whole null-space for all physical values of the dot products xi j and is free of kinematic singularities. We shall
see that the other methods will meet the same problem.

Finally we illustrate the construction of the Compton tensor described in this section by writing it for the
tree-level case and show how it is expanded in the given basis. We shall use this example to illustrate also the
constructions reviewed below. The tree level Tμν is given by

Tμν
tree = −2gμν + (P + q)μ(P + q ′)ν

s − M2 + (P − q)μ(P − q ′)ν

u − M2 . (27)

This tensor satisfies the transversality conditions, as it must of course. To facilitate the demonstration that Tμν
tree

can be expanded in the basis we found before, Eq. (26), we write the denominators in terms of the dot products
of basis four vectors using Eq. (15): s − M2 = x13 + x23, and u − M2 = x13 − x23. The result for the t-vector
corresponding to Tμν

tree is

ttree = − 2

(P · q)2 − (q ′ · q)2

[
−q ′ · q n(2) + P · q n(3)

]
, (28)
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where we have substituted the physical values for the dot products. Thus the tree-level CFFs in this formulation
are given by

C1 = −2
q ′ · q

(P · q)2 − (q ′ · q)2
= 1

s − M2 + 1

u − M2 , C2 = 2
P · q

(P · q)2 − (q ′ · q)2
= 1

s − M2 − 1

u − M2 .

(29)
The fact that in Tμν

tree only two CFFs occur is not due to kinematical singularities but to the limited dynamics
involved in a tree-level amplitude.

4.1.2 Projection Methods

The relative opacity of the direct method may be the reason that one does not find it discussed in the literature.
Instead, one can find several treatments of expansions of the Compton tensor as a sum of transverse basis
tensors. We shall briefly discuss two proposals, one by Perrottet [13], the other by Tarrach [14] with the
explicit application to the sQED case by Metz [15]. These authors treat the situation where the target hadron
is a proton, but their methods include the case where the target has spin zero.

Perrottet uses the idea, presented already above for the single-photon case, to use projection operators to
construct the transversal Compton tensor. In particular, he uses the projectors P and P ′ given by

Pμν = gμν − qμqν

q2
, P ′μν = gμν − q ′μq ′ν

q ′2 . (30)

Because these projectors annihilate q and q ′, respectively, they can be used to turn a general tensor Tμν into
a transversal one:

T̃μν = P ′μm Tmn Pnν, (31)

Because the projectors that are used by Perrottet are singular for real photons, this method has a limited
domain of application. An improvement was achieved by Tarrach, who constructs the transversal tensor Tμν

by applying a two-sided projector g̃μν(q, q ′), given by

g̃μν(q, q ′) = gμν − qμq ′ν

q · q ′ (32)

to Tμν :

T̃μν = g̃μm Tmn g̃
nν. (33)

The projector g̃μν(q, q ′) is idempotent, i.e., its contraction with itself is equal to g̃μν(q, q ′) again.
Because g̃μν(q, q ′) contracted from the left with Tμν removes the terms with qμkν

j and contracted from

the right it does the same with terms of the form kμ
i q

′ν , the result of applying g̃μν(q, q ′) simultaneously from
the left and from the right to Tμν immediately produces a transversal tensor with only five independent terms.
Defining the reduced momenta, (k = P̄, q ′, q):

k̃μ

L = g̃μνkν, k̃ν
R = kμ g̃μν (34)

one finds the following result for T̃μν

T̃μν = H0 g̃
μν + H1 P̃μ

L P̃ν
R + H2 P̃μ

L q̃
ν
R + H3 q̃

′μ
L P̃ν

R + H4 q̃
′μ
L q̃ν

R :=
4∑

a=0

Ha T̃
μν
a . (35)

While we saw previously that kinematical singularities arise using the null-space basis, we see now that
they also arise using the method of projectors. The difference with the one we saw explicitly in the previous
subsection, namely the point P · q = 0, is that now the singularity is at q ′ · q = 0. If we should have used
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another basis for the null-spaceNX we could have removed the singularity at P ·q = 0 but would find another
one, perhaps two as in the Perrottet construction. The null-space basis corresponding to Eq. (35) is

⎛
⎜⎜⎜⎜⎜⎝

n(1)
T

n(2)
T

n(3)
T

n(4)
T

n(5)
T

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 − 1
q ′·q 0

0 1 − P·q
q ′·q 0 0 0 0 − P·q

q ′·q
(P·q)2

(q ′·q)2
0

0 0 − q2

q ′·q 1 0 0 0 0 q2P·q
(q ′·q)2

− P·q
q ′·q

0 0 0 0 1 − P·q
q ′·q 0 − q ′2

q ′·q
q ′2P·q
(q ′·q)2

0

0 0 0 0 0 − q2

q ′·q 1 0 q ′2q2
(q ′·q)2

− q ′2
q ′·q .

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (36)

This basis shows explicitly that the singularity in the projection operator also occurs in the the null-space basis.
In Tarrach’s paper a method is described to remove the kinematic poles, which is a generalisation of

the method given by Bardeen and Tung [16] for real Compton scattering. It consists in first taking linear
combinations of the basis tensors presented in Eq. (35) to eliminate as many poles as possible. Next, if
necessary, multiply any remaining double poles by q ′ ·q and again take linear combinations to remove as many
single poles as possible. If any single poles are left, the final step consists in multiplying them with q ′ · q .

The form of the transverse tensor given in Eq. (35) is regularised by first adding a multiple of T̃0 which
contains only a single pole, to the four tensors with both single and double poles, multiplied by q ′ · q . Finally
T̃0 is also multiplied by q ′ · q . The result for the regularised tensors denoted with the subscript R, is

T̃μν
0R = q ′ · q T̃μν

0 = q ′ · q gμν − qμ q ′ν

T̃μν
1R = (P · q)2 T̃μν

0 + q ′ · q T̃μν
1 = (P · q)2 gμν + q ′ · q P

μ
P

ν − P · q (P
μ
q ′ν + qμP

ν
),

T̃μν
2R = P · q q2 T̃μν

0 + q ′ · q T̃μν
2 = P · q q2 gμν − q2 P

μ
q ′ν + q ′ · q P

μ
qν − P · q qμqν,

T̃μν
3R = P · q q ′2 T̃μν

0 + q ′ · q T̃μν
3 = P · q q ′2 gμν + q ′ · q q ′μPν − q ′2 qμP

ν − P · q q ′μq ′ν,
T̃μν
4R = q ′2q2 T̃μν

0 + q ′ · q T̃μν
4 = q ′2q2 gμν − q2 q ′μq ′ν + q ′ · q q ′μqν − q ′2 qμqν. (37)

When the limit q ′ · q → 0 is taken, these regularised tensors are not complete, because we can write for
instance T̃μν

4R as a linear combination of three others, namely

lim
q ′·q→0

T̃μν
4R = − 1

P̄ · q

[
q ′2q2

P̄ · q T̃μν
1R − q ′2 T̃μν

2R + q2 T̃μν
3R

]
. (38)

Because Metz uses in his thesis [15] a basis for Tμν different from the one we use here, the final result
obtained by him using Tarrach’s algorithm differs from the result Eq. (37), namely

Mμν
1 = −q ′ · q gμν + qμq ′ν,

Mμν
2 = −(P̄ · q)2 gμν − q ′ · q P̄μ P̄ν + P̄ · q (P̄μq ′ν + qμ P̄ν),

Mμν
3 = q ′2q2 gμν + q ′ · q q ′μqν − q2 q ′μq ′ν − q ′2 qμqν,

Mμν
4 = P̄ · q (q ′2 + q2) gμν − P̄ · q (q ′μq ′ν + qμqν)

−q2 P̄μq ′ν − q ′2 qμ P̄ν + q ′ · q (P̄μqν + q ′μ P̄ν),

Mμν
19 = (P̄ · q)2 q ′μqν + q ′2q2 P̄μ P̄ν − P̄ · q q2 q ′μ P̄ν − P̄ · q q ′2 P̄μqν. (39)

(For historical reasons, the fifth tensor has subscript 19).
As an example we give the tree-level amplitude. In Tarrach’s basic formulation of the CFFs one finds:

Htree
0 = −2, Htree

1 = 1

s − M2 + 1

u − M2 , Htree
2 = 0, Htree

3 = 0, Htree
4 = 0, (40)

where we use the convention of Eq. (35) for the CFFs. In Metz’s formulation one finds, using the symbol B
for the CFFs:

Btree
1 = 1

s − M2 + 1

u − M2 , Btree
2 = − 2

(s − M2)(u − M2)
, Btree

3 = 0, Btree
4 = 0,Btree

19 = 0. (41)
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where we use the numbering in Eq. (39).
We have found three different results for the form of the Compton tensor, even in the simplest case, namely

tree-level. This demonstrates that the choice of the basis elements used in Tμν , apart from the fact that there
are only three independent four vectors to choose from, matters in identifying the CFFs. In general, one will
find linear relations between the tensors used in one conventions to the ones used in another one. In general,
those relations will not be free of kinematical poles, because they are obtained by solving sets of coupled linear
equation, which by Cramer’s rule are found as ratios of determinants.

4.1.3 A Novel Projection Method

The projection methods we discussed in the previous sub-section share the occurrence of single and double
poles from the beginning, which must be removed to obtain a formulation of the Compton tensor free of
kinematical singularities. Here we propose a method that is free of poles ab inito so that no regularisation is
necessary. It will serve as the back bone of the Compton tensor. To this back bone, pairs of momenta are fixed
by contraction, like the base pairs in DNA. So we define

dμναβ = gμνgαβ − gμβgνα. (42)

We note that dμναβ is symmetric under the simultaneous interchange μ ↔ ν, α ↔ β and changes sign by
the interchanges μ ↔ α, and ν ↔ β. Using this back bone we construct pieces of “DNA” by contracting it
with the three basis four vectors. With an obvious notation we write them as follows:

Gμν(q ′q) = q ′
αd

μναβqβ = q ′ · q gμν − qμq ′ν,
Gμν(qq) = qαd

μναβqβ = q2 gμν − qμqν,

Gμν(q ′q ′) = q ′
αd

μναβq ′
β = q ′2 gμν − q ′μq ′ν,

Gμν(Pq) = Pαd
μναβqβ = P · q gμν − qμP

ν
,

Gμν(q ′P) = q ′
αd

μναβ Pβ = P · q ′ gμν − P
μ
q ′ν. (43)

The first tensor is identical with q ′ ·q times Tarrach’s projector, the second and the third ones aremultiples of the
projectors used by Perrottet. The last two are novel. Including P in the set of building blocks of projectors, more
freedom in the construction of the transverse tensor is created. These five tensors have vanishing contractions
with q ′

μ and qν and are free of kinematical singularities ab initio. The latter property obviates the necessity of
the Tarrach construction to remove the single and double poles.

Given these building blocks the transverse tensor T̃μν
DN A can be written as follows

T̃μν
DNA :=

5∑
i=1

Si T̃ (i) μν
DNA = S1 Gμν(q ′q)

+S2 Gμλ(q ′q ′)Gλ
ν(qq)

+S3 Gμλ(q ′P)Gλ
ν(Pq)

+S4 [Gμλ(q ′P)Gλ
ν(qq) + Gμλ(q ′q ′)Gλ

ν(Pq)]
+S5 Gμλ(q ′q ′)PλPλ′Gλν(qq). (44)

By direct computation one may check that the DNA representation is simply related to Metz’s as given in
Eq. (39):

T̃ (1)
DNA = −M1, T̃ (2)

DNA = M3, T̃ (3)
DNA = −M2, T̃ (4)

DNA = M4, T̃ (5)
DNA = M19. (45)

The tensor M19 does not fit immediately in the Bardeen-Tung construction, but was introduced in Ref. [16]
as T19 ≡ M19/q ′ · q together with two other ones that can only occur for spin-1/2 targets, in order to create
more freedom to construct the Compton tensor. Metz used this tensor to replace another one in his original
transverse basis. We shall not discuss this matter in more detail, but just note that in the DNA construction this
tensor occurs quite naturally.

A final remark is in order here. In the literature sometimes one sees representations of the Compton tensor
that are not manifestly transverse. In those cases use has been made of the equations of motion for the wave
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functions of the external particles, hadrons and photons. Such a representation has the disadvantage that because
terms have been omitted, a check of the original equation is not possible anymore. For an illustration we take
a look at the tree-level tensor Tμν

tree. To calculate the amplitudes, we must use Eq. (12). Using the definition
P = p′ + p, four-momentum conservation p′ + q ′ = p + q , and the property of the polarisation vectors
ε∗
μ(q ′; h′)q ′μ = 0 = qνεν(q; h) we can reduce Tμν

tree to a simpler form, namely

Tμν
eff = −2gμν + 4

p′μ pν

s − M2 + 4
pμ p′ν

u − M2 , (46)

which has the same contractions with the polarisation vectors but is, however, not transverse.

5 Spin Filter

The form of the Compton tensor used by Metz or the one constructed using the DNA approach produces for
any physical situation, i.e. q ′2 = 0, q ′ ·q = 0, q2 = 0 and P ·q ′ = P ·q = 0, five independent components and
thus depends on five CFFs. Nevertheless, the amplitudes calculated by contracting the tensor with the photon
polarisation vectors may depend on less than five CFFs. We may say that they form a kind of spin filter [17].
The reason why this works is easily understood in the Tarrach representation Eq. (35). Consider the transverse
four vector q̃ ′μ

L :

q̃ ′μ
L = q ′μ − q ′2

q ′ · q qμ. (47)

This four vector is a left-hand factor in T̃μν
3 and T̃μν

4 .While εμ(q ′; h′)will annihilate q ′μ these two components

of the transverse tensor will survive when q ′2 �= 0, but in the case that the photon in the final state is real, the
second part of q̃ ′μ

L vanishes, which effectively filters out the CFFs H3 and H4 from the amplitudes. A similar
situation occurs when the incoming photon is real. Then H2 and H4 are filtered out. Finally, in real Compton
scattering, only two CFFs are visible, namely H0 and H1.

This filter principle is reflected in the number of effective degrees of freedom in Compton scattering. In
the case that both photons are virtual, there exist nine combinations of the photon helicities in the initial and
final states, h′, h ∈ {1, 0,−1}. Parity conservation gives for the amplitudes A(−h′, −h) = (−1)h

′−h A(h′, h)
from which it follows that there are five independent amplitudes, for instance

A(1, 1), A(1, 0), A(1, −1), A(0, 1), and A(0, 0). (48)

In the case that q ′2 = 0, the number of helicities in the final state is reduced to two: h′ = 1,−1. Then the
number of independent amplitudes is also reduced to three, for instance A(1, 1), A(1, 0), and A(1, −1), and
for real Compton scattering this number is again reduced, namely to two: A(1, 1) and A(1,−1). This counting
reflects the number of visible CFFs in these various kinematical regimes. This circumstance that the number
of independent amplitudes is identical to the number of visible CFFs, provides a reason to believe that one can
invert Eq. (12) to find the CFFs in terms of the helicity amplitudes. Such an extraction is indeed possible, but it
is known [18] that this procedure can be very sensitive to uncertainties in the amplitudes. As in actual practice
the amplitudes must be determined from experimental data, one should not expect that such an inversion will
give accurate values of all visible CFFs.

6 Epilogue

It is clear now that there is a multitude of forms of the Compton tensor even for a scalar particle. How to choose
a particular one is partly a matter of taste, but is sometimes motivated by arguments inspired by ideas about
the physical structure of the target hadron. In deeply-virtual Compton scattering off the proton the partonic
structure of the target is the main focus. Then the operator-product expansion gives a hint as to the relative
importance of the GPDs. This motivation has guided the choice of the form of the Compton tensor in the
literature, see for instance Ref. [19–23].

This review being devoted to the case of Compton scattering on a scalar target, does not touch the subtleties
of including γ μ as a fourth basis vector in the construction of the Compton tensor. The works of Perrottet,
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Tarach, andMetz, among others, show the results of using the projector method to construct Tμν for a spin-1/2
target. As they sometimes utilise the equations of motion of the target wave function, the Dirac equation, the
transversality of the published tensors is not manifest. This point was touched also in Sect. 3, where six forms
of the current operator Jμ were shown, some of which being manifestly transverse, but others can only be
proved to be transverse after using the Dirac equation.

Possibly, the direct method and the DNA approach could be made to work for spin-1/2 targets too. This
point is to our knowledge open for closer investigation.
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