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Abstract
Amethod based on the Fast Fourier Transform is proposed to obtain the dispersion relation of acoustic waves in heterogeneous
periodic media with arbitrary microstructures. The microstructure is explicitly considered using a voxelized Representative
Volume Element (RVE). The dispersion diagram is obtained solving an eigenvalue problem for Bloch waves in Fourier
space. To this aim, two linear operators representing stiffness and mass are defined through the use of differential operators
in Fourier space. The smallest eigenvalues are obtained using the implicitly restarted Lanczos and the subspace iteration
methods, and the required inverse of the stiffness operator is done using the conjugate gradient with a preconditioner. The
method is used to study the propagation of acoustic waves in elastic polycrystals, showing the strong effect of crystal anistropy
and polycrystaline texture on the propagation. It is shown that the method combines the simplicity of classical Fourier series
analysis with the versatility of Finite Elements to account for complex geometries proving an efficient and general approach
which allows the use of large RVEs in 3D.

Keywords Polycrystals · Homogenization theory · Multiscale modelling · Elastic waves

1 Introduction

Many heterogeneous materials present certain level of peri-
odicity associated with their microstructure, from strictly
periodic, to quasi-periodicity associated with a characteris-
tic length linkedwith changes in local mechanical properties.
The most obvious case are additively manufactured architec-
turalmetamaterials [1], inwhich themicrostructure is formed
by the repetition of a small unit cell which conferees special
mechanical macroscopic properties, such as auxetic response
or high energy absorption capacity. Othermaterials, like long
fibre composites, foams, or some biomaterials also exhibit
periodicity that might not be geometrically exact, but which
allows approximating their microstructure by periodic rep-
etition of a unit cell. On the other hand, random materials
[2] such as particle reinforced composites or polycrystals
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cannot be described as the repetition of a unit cell, but also
present periodic change in mechanical properties at a given
length scale. For example, in polycrystals with uniform or
very narrow grain size distribution, a single crystal grain can
be considered approximately as a unit which forms the poly-
crystal by some regular arrangement but, since each grain
might have different orientation, this simple unit cell cannot
serve to fully represent the material.

In all cases, this microstructural periodicity plays a
fundamental role in the propagation of elastic waves. Mate-
rial systems with strong periodicity are sometimes called
phononic crystals, and the interaction of elastic waves with
the microstructure might lead to the appearance of band
gaps, defined as frequency ranges for which propagation of
mechanical waves is hindered. This property is actively used
to design suchmaterials as wave guides or for cloaking appli-
cations [3]. In the cases of quasi-periodicmaterials or random
hetergeneous materials with a characteristic length, elastic
waves also present dispersive effects due to the interaction
with the microstructure. These effects are not reflected in the
presence of band-gaps, but introduce a dependency of the
wave group speed with the frequency that induces a reduc-
tion of the wave speed for wavelengths near the microscopic
characteristic length [4].
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The study of wave propagation in periodic media was pio-
neered by Bloch [5] to describe the quantum wave functions
of electrons in a crystal lattice. The Bloch-Floquet formalism
establishes that for any field u traveling as an harmonic wave
in a periodic infinite medium with periodicity L , the value of
the field at a point x ∈ (−∞,∞) should follow

u(x, t) = U (x)eikx−iωt

whereU (x) is a periodic function with periodicity L ,U (x +
nL) = U (x) for n ∈ Z, and k and ω correspond to the wave
number and frequency respectively.

In the case of continuum mechanics, u corresponds to
the displacement field and introducing this wave form in the
acoustic wave equation leads to an eigenvalue differential
problem in the periodic domain, whose resulting eigenvalues
for a given incident k correspond to the discrete number of
possible ω’s. The resolution of this eigenvalue problem in
a range of k’s allows obtaining the dispersion relation ω(k)
which defines the actual sound speed for each k, the group
velocity, defined as

c = dω

dk
.

Due to its relevance in different fields, several numerical
methods have been proposed in the last 50 years to solve
this eigenvalue problem to obtain the dispersion diagram.
The most common ones are the Fourier series (FS) or plane
wave analysis, the Multiple Scatter Theory (MST) and the
Finite Elements method (FEM), all of which will be briefly
described below. Other common numerical approaches to
solve partial differential equations have also been consid-
ered, like finite differences, fast multipoles, or wavelets [6],
while other common approaches as FFT-based homogeniza-
tion remain almost unexplored in this context.

The FS/wave plane analysis was first proposed in 1D [7]
and further extended to higher dimensions in subsequent
works [8–10]. The method is based on expressing the peri-
odic displacement U (x) as a Fourier series expansion that
corresponds to a superposition of plane waves

u(x) ≈ Û0 + Û1e
iξ1x + · · · + Ûne

iξn x .

The geometry of the periodic cell (determined by the density
field, ρ(x), and the stiffness field,C(x)) is also considered as
a Fourier expansion, but in order to represent it accurately, the
method considers only simple cases (cells made of spheres,
cubes…) for which the series have an analytical expression.
Then, the Fourier series representing the displacement is
truncated to n terms in order to limit the dimension of the
problem, and introduced in the wave equation to derive a
discrete system of equations of dimension n. The resulting

linear system is dense and the eigenvalues of the system can
be solved using a direct eigenvalue algorithm if the dimen-
sion n is small. This approach has been used to obtain the
dispersion diagram and band-gaps in layered materials [7]
and composites [8,9]. The main limitations of this approach
are, first, that it is restricted to simple geometries for which
the Fourier series associated with the geometry has an ana-
lytical expression. The second limitation is that the approach
results in a dense matrix in the real space which storage
and eigenvalue analysis is computationally very demanding,
limiting the maximum number of frequencies that can be
considered in the expansion and, consequently, the accuracy
of the results.

The MST method is a mathematical model used to
describe the propagation of a wave through a collection of
scatterers, originally motivated by Lord Rayleigh in 1892
[11]. When this formalism is applied to Bloch waves, the
resulting approach allows determining the dispersion dia-
gram of periodic media. The method, although developed
for other wave equations like Schroedinger equation, can be
used for phononic crystals with simple cell geometries [12].
In this case, the MST method present some advantages with
respect to FS, since it has a much better convergence in the
case of large or infinite contrast in elastic properties, as in the
case of materials with empty space, like foams or architec-
tural metamaterials. This approach has been applied tomedia
with spherical inclusions [13,14], and to two-dimensional
materials containing a solid matrix and fluid inclusions [15].
Although the MST method is advantageous with respect to
FS for infinite mechanical contrast, both approaches share
the same main limitation, requiring simple geometries of the
periodic cell.

FEM has been profusely used to study acoustic wave dis-
persion in periodic heterogeneous solids, specially by the
engineering community. The main and most clear benefit of
FEM with respect to FS or MST is its ability in handling
complex geometrical domains. The first FEM approach for
elastic wave propagation in periodic media was proposed by
[16], but only practically implemented in 1D, due to com-
putational limitations. Since then, different approaches have
been developed, which used FEM for studying dispersion
in periodic media. As reported in [17], two different FEM-
based approaches have been considered. One is the Bloch
Operator Finite Element Method [6], which consists in intro-
ducing the Bloch formalism in the weak form of the wave
equation and solving the eigenvalue problem using FEM.
This method is usually combined with the approximation of
the displacement functions in a reduced Bloch basis [6,17],
reduced Bloch mode expansion, providing a very fast way
to obtain the band diagram. However, an accurate reduced
Bloch expansion relies in a clever selection of the reduced
basis which is not trivial in the case of low-symmetry cells.
The other possibility is the use of standard Finite Elements
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method, but imposing the wave condition through the bound-
ary conditions. This approach is sometimes called Wave
Finite Elements method. This alternative was first proposed
in [18] and [19] using a commercial FEMcodebyconsidering
two identical meshes to split the complex-valued fields into
real and imaginary parts, and applied to obtain the acoustic
response of long-fibre composites. Many studies usingWave
Finite Elements have been conducted to study the response of
lattice-based metamaterials [20,21] due to the growing inter-
est in developing materials with special acoustic behavior. It
must be noted that extracting the eigenvalues of the resulting
largematrices is very expensive andmany problems can only
be efficiently resolved with the acceleration of the method
using some type of reduced-order model technique [17,22].

In the last 30years, a class of numerical techniques alterna-
tive to FEM for solving periodic homogenization problems
based on the Fast Fourier Transform (FFT) algorithm [23]
have become very popular. The original method was intro-
duced by Moulinec and Suquet [23,24] and is based in
solving the equilibrium equation of a heterogeneous medium
by transforming the heterogeneities into eigenstrains in a
homogeneous reference elastic material. The solution of this
equivalent problem can be expressed using Green’s func-
tions, which can be computed in Fourier space, giving rise
to a Lippmann-Schwinger equation that can be solved iter-
atively. The main advantages of FFT-based approaches are
their very efficient numerical performance (computational
cost only grows a n log n, where n is the number of dis-
cretization points) and the possibility of using direct input
from images of the material, avoiding complex meshing pro-
cedures. In recent years, several modifications of the original
FFT-based approach have been proposed to improve the con-
vergence of the iterativemethod for highmechanical contrast
[25–33]. The FFT-based method, originally proposed and
implemented for composites, was extended to linear elastic
and non-linear polycrystals (e.g. [34]). Also, alternative FFT-
based formulations have been developed as Fourier-Galerkin
approaches [35–39], or related methods based on the use of
displacements instead of strains as primary unknown field
[40,41]. Although there are potential advantages (i.e. numer-
ical efficiency, natural consideration of periodicity) for using
FFT-based homogenization approaches to derive and solve
the eigenvalue problem of elastic harmonic waves, this kind
of applications is almost unexplored. To the authors knowl-
edge, there is only a very recent paper [42] in which Bloch
boundary conditions are introduced within a FFT homoge-
nization framework, but this work aims at solving static sta-
bility instead of an acoustic wave problem. The adaptation
and use of FFT-based methods to solve Bloch wave prob-
lems appear as a very advantageous approach, specially in
the case of very large and complex three-dimensional peri-
odic cells with moderate mechanical contrast. This type of
configurations are precisely the target of this work.

Based on the above considerations, the objective of this
paper is twofold. On the one hand, we develop a new
robust and efficient method based on FFT homogenization
to obtain dispersion diagrams for arbitrary microstructures.
Themethod overcomes someof the limitations of the existing
approaches, and is specially efficient when applied to very
large cells and moderate mechanical contrast. The periodic
cell is discretized using a regular grid and, taking advantage
of the simple expressions to calculate derivatives in Fourier
space, we obtain a solution of the eigenvalues problem in
Fourier space, defined by linear operators that do not require
to form stiffness and mass matrices.

On the other hand, the developed approach is used to study
the acoustic response of elastic polycrystals, which is an ideal
system to demonstrate the unique capabilities of the pro-
posed method. Large three-dimensional unit cells containing
hundreds of grains and near to 106 degrees of freedom are
considered to determine dispersion relations in this type of
materials, exploring in particular the effect of the texture and
crystal anisotropy.

The paper is organized as follows. First, the Bloch wave
formalism and the resulting differential equations in an elas-
tic medium are reviewed, for completeness. In Sect. 3, the
proposed FFT-based methodology is presented. The method
is then validated in Sect. 4 using analytical results of simple
cases and available numerical data in the literature. Section 5
presents applications of the method to polycrystals. Finally,
Sect. 6 provides conclusions and future work.

2 Elastic waves in periodic solids:
Bloch–Floquet theorem

2.1 One dimensional case

The behavior of elastic waves in periodic solids can be math-
ematically described using the Bloch-Floquet formalism [5],
originally developed for describing the quantum wave func-
tions of electrons in a crystal lattice. In one dimension,
propagation is studied in an infinitely long material formed
by the periodic repetition of unit cells with period L . The
spatial position of a material point is defined by x .The unit
cell then consists in a 1D domain � of length L , defined
by the points x ∈ [0, L]. This unit cell can be made of dif-
ferent elastic materials, such that the microstructure can be
defined using the functions E(x) and ρ(x), corresponding
to the elastic stiffness and density respectively, which fulfills
periodicity, i.e. E(x) = E(x+nL), for n ∈ Z. Let u(x, t) be
a function defining the displacement of each point in space
and time. Note that u may correspond to either longitudinal
or transversal displacements. From the Bloch-Floquet theo-
rem, a wave propagating in the space can be described as a
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Bloch wave,

u(x, t) = U (x)eikx−iωt (1)

where k is the Bloch wave number that defines the spa-
tial periodicity of the propagating wave, ω is the angular
frequency at which the displacement of the material points
oscillate and U (x) is a periodic function. Note that, due to
periodicity, only the values of k ∈ [−π

L , π
L ] need to be ana-

lyzed, which correspond to the irreductible first Brioullin
zone, [43]

The consequence of having Bloch waves propagating in
the medium is that, for a wave with a given k, there are only
some possible frequencies at which the wave can propagate
in the periodic media. To find those frequencies and their
corresponding shape —modulated by the function U (x) in
the unit cell— the conservation of linear momentum (Eq. 2)
is applied to a Bloch wave (Eq. 1)

d

dx

[
E(x)

du(x, t)

dx

]
− ρ(x)

d2u(x, t)

dt2
= 0. (2)

The result is the following Helmholtz equation, defined in
the region x ∈ [0, L], where the time dependency disappears
due to the harmonic oscillation of the waves

−
(

d

dx
+ ik

)[
E(x)

(
d

dx
+ ik

)]
{U (x)} = ω2ρ(x){U (x)}

Ak{U (x)} = ω2M{U (x)}
with U (x = 0) = U (x = L). (3)

Equation (3) defines an eigenvalue problem, for any given
k non-trivial solutions of U (x) exist only for certain values
of ω2, corresponding to the eigenvalues of the equation. In
Eq. (3) Ak,M are stiffness and mass differential operators
and the problem consists in finding, for a given value of k,
the eigenvalues ω2 (admisible frequencies) and their corre-
sponding eigenvector functions U (x).

In the trivial case of a homogeneous medium (E(x) = E
and ρ(x) = ρ), after grouping terms, equation (3) results in

EU ′′(x) + i2EkU ′(x) + (ρω2 − Ek2)U (x) = 0 (4)

In this case, the eigenvalues can be found analytically testing
spatially harmonic solutions U (x) = U0eiξn x with periodic-
ity ξn = n 2π

L , and n ∈ Z. If these solutions are introduced in
Eq. (3), the resulting expression is

(ξn + k)2 = ω2
nρ

E
→ ωn

= (ξn + k)

√
E

ρ
= (ξn + k)c , n = 0, 1, 2 . . . (5)

where for each given k there are infinite eigenvalues ω2
n . For

each eigenvalue, the corresponding eigenvector is the plane
wave U (x) = U0eiξn x . The value c = √

E/ρ is the speed of
sound in the homogenous medium. The displacement solu-
tion corresponding to this frequency is

u(x, t) = U0e
i(ξn+k)x−ic(ξn+k)t (6)

that indeed is the general solution of a plane wave in a 1D
medium. Note that in this case the relation between k and ω

is linear, and therefore the medium is non-dispersive.

2.2 Waves in two and three dimensions

In the case of waves propagating in a periodic 2D or 3D
medium the problem is equivalent: for a wave with a given
wave vector k, obtain the possible values of frequencies ω

for which that wave can propagate. The periodic medium
in this case can be reduced to a unit cell, which for cubic
periodicity corresponds to � = [0, L1] × [0, L2] in 2D and
� = [0, L1] × [0, L2] × [0, L3] in 3D. The cell is formed
by different elastic phases and its microstructure is defined
by the value of the elastic stiffness and density in each point,
C(x) and ρ(x), with these functions being periodic in the
space, see Fig. 1. The wave vectors k can be studied in a
reduced domain due to the periodicity, k ∈ [0, π

L1
]×[0, π

L2
],

Fig. 1.
The Bloch theorem implies that the displacement field of

any material point is given by

u(x, t) = U(x)ei(k·x−ωt) (7)

where U(x) represents a periodic displacement vector field,
identical for each unit cell, and k is a wave vector that rep-
resents the spacial periodicity of the propagating wave. The
stress in the material is obtained from the displacement field
of the Bloch wave using small strain theory,

σ (x, t) = C(x) : ∇su(x, t)

= C(x) : (∇sU + iU ⊗ k)ei(kx−ωt). (8)

where ∇s is the symmetric gradient. Applying the conserva-
tion of linear momentum,

∇ · σ (x, t) = ρ(x)
∂2u(x, t)

∂t2
,

to the Bloch wave, and simplifying the resulting equation
leads to

∇ · [C(x) : (∇U + iU ⊗ k)]

+ iC(x) : (∇U + iU ⊗ k) · k + ρ(x)ω2U = 0 (9)
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Fig. 1 Left: 2D periodic
medium formed by a square
array of square inclusions (red)
embedded in a matrix (blue)
with the unit cell � in grey.
Right: The corresponding
reciprocal cell including the
definition of the admisible wave
vectors. (Color figure online)

where the minor symmetry of the stiffness tensor was used.
In components, the equation is written:

[
Ci jkl(x) : (Uk,l + iUkkl)

]
, j

+ iCi jkl(x) : (Uk,l + iUkkl)k j

+ ρ(x)ω2Ui = 0 (10)

This equilibrium condition can be reorganized andwritten
as the application of two linear differential operators to the
vector function U,

Ak {U(x)} = ω2M {U(x)} (11)

where the two differential operators acting on U(x), Ak{·}
and M{·}, are given by

Ak {U} = −∇ · [C(x) : (∇U + iU ⊗ k)]

− iC(x) : (∇U − iU ⊗ k) · k (12)

M {U} = ρ(x) {U} (13)

The existence of non-trivial solutions of Eq. (11) for U
implies solving a generalized eigenvalue problem, i.e. finding
the eigenvaluesω and the eigenvector fieldsU(x) correspond-
ing to each eigenvalue.

3 FFT-based algorithm for acoustic
dispersion diagrams

In this section, the method to obtain dispersion diagrams of
periodic heterogeneous media is presented. This method is
based on a regular discretization of the unit cell represent-
ing the heterogeneous medium, and the transformation of the
differential eigenvalue problem in the real space (Eq. 11) into
a discrete eigenvalue problem in Fourier space. The eigen-
value problem will be solved numerically using the efficient
FFT algorithm and two different approaches, the restarted
Lanczos method and the subspace iteration approach.

3.1 Discrete eigenvalue problem in Fourier space in
one dimension

Equation (3) can be transformed to Fourier space. For this,
the derivatives therein can be computed using the definition
of derivative in Fourier space,

F(U ′(x)) = iξF(U (x)) = iξÛ (ξ). (14)

where F corresponds to the Fourier transform and Û =
F(U ). After simplification, and expressing the equation as
function of Û , the resulting expression reads

(ξ + k)F
{
E(x)F−1[(ξ + k) Û ]

}

= ω2F(ρ(x)F−1(Û )). (15)

where F−1 is the inverse Fourier transform. It can be
observed that the resulting equation is also an eigenvalue
problem whose eigenvalues, ω2, are the same than the eigen-
values of the original partial differential equation.

The left-hand side of Eq. (15) is the Fourier transform
of the linear operator Ak , and acts on displacement fields
defined in Fourier space

Âk

{
Û

}
:= (ξ + k)F

{
E(x)F−1[(ξ + k) Û ]

}
. (16)

This new operator is also linear in Û , since it just contains
products with other functions and direct and inverse Fourier
transformations. The right-hand side of Eq. (15) contains the
Fourier transform of the mass linear operator.

M̂
{
Û

}
:= F(ρ(x)F−1(Û )). (17)

The eigenvalue equation can be written in Fourier space as

Âk(Û (ξ)) = ω2M̂(Û (ξ)) (18)
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which corresponds to a generalized eigenvalue equation for
the linear operator Âk (stiffness) and themass linear operator
M̂. The linear operators are Hermitian, as the original dif-
ferential operators, and therefore the eigenvalues are positive
real numbers defining the possible values of the angular fre-
quency ω2. The eigenvectors, Û (ξ), are complex functions
representing the mode corresponding to that frequency in the
Fourier space.

In order to numerically solve the problem, the real space
will be discretized into a partition with N equal parts, and
the values of the functions will be represented by their value
in the center of each part,

E(x) → E(xn) = En,

ρ(x) → ρ(xn) = ρn

U (x) → U (xn) = Un (19)

with xn = L
N ( 12 + n) and n ∈ [0, N − 1]. The Fourier

transform and its inverse will correspond then to the discrete
Fourier transform that can be computed with the efficient
FFT algorithm. The corresponding N discrete frequencies in
the Fourier space are

ξk =
⎧⎨
⎩

2π
L (k − (N−1)

2 ) for N odd

2π
L (k − N

2 ) for N even
for k=0, . . . , N − 1

(20)

The discrete version of the eigenvalue problem in Eq. (18)
will be solved numerically in Fourier space. To this aim, the
linear operators defined in Eqs. (16,17) will be directly used
in an iterative algorithm, avoiding to form the corresponding
matrices.

3.2 Discrete eigenvalue problem in Fourier space in
2 and 3 dimensions

The eigenvalue differential problem (11) will be transformed
to Fourier space using the definition of differential operators
in Fourier space. After simplification, and making use of the
stiffness symmetries, the linear operators given in the real
space by Eqs. (12,13), have simple expressions in Fourier
space, given by

Âk

{
Û(ξ)

}
:= F

{
C(x) : F−1((ξ + k) ⊗ Û)

}
· (ξ + k)

(21)

or in components,

Âki

{
Û

}
:= (ξ j + k j )F

{
Ci jkl(x)F−1((ξl + kl)Ûk)

}

and

M̂
{
Û(ξ)

}
:= F

{
ρ(x)F−1(Û)

}
(22)

being both linear operators Hermitian.
The generalized eigenvalue problem in Fourier space cor-

responds to

Âk

{
Û(ξ)

}
= ω2M

{
Û(ξ)

}
(23)

where the eigenvalues are real and positive and define ω2

(equal to the angular frequency in the eigenvalue problem in
real space). For each eigenvalue ω2, Û is its corresponding
eigenvector, a complex function defined in Fourier space.

In order to solve themost general 3Dproblemnumerically,
the domain is discretized in N1 · N2 · N3 equispaced voxels,
with centers given by

xi, j,k =
(
L1

N1

(
1

2
+ i

)
,
L2

N2

(
1

2
+ j

)
,
L3

N3

(
1

2
+ k

))

(24)

with (i, j, k) ∈ [0, N1 − 1]× [0, N2 − 1]× [0, N3 − 1]. The
value of the material properties in each voxel, C(xi, j,k) and
ρ(xi, j,k) correspond to the property of the material occu-
pying that position. The displacement vector is discretized
using its value at the center of each voxel, u(xi, j,k).

The discrete fields in Fourier space have the same dimen-
sion as their counterparts in real space. Both Fourier and
inverse Fourier discrete transforms are computed using the
FFT algorithm. The corresponding N1 · N2 · N3 discrete fre-
quencies in the Fourier space are

ξ k1,k2,k3 = (
ξk1, ξk2 , ξk3

) =
(
k1

2π

L1
, k2

2π

L2
, k3

2π

L3

)
(25)

with ξk1, ξk2 , ξk3 defined as in the 1D case, (Eq. 20).
The discrete eigenvalue problem in Fourier space, given

by Eqs. (18) and (23) for one and higher dimensions, respec-
tively, will be solved numerically using two alternative
methods.

3.3 Eigenvalue extraction

The most critical aspect of the proposed method is an effi-
cient extraction of the smallest eigenvalues of the discrete
eigenvalue problem, defined by Eq. (18) for 1D and by Eq.
(23) for 3D. Two iterative methods are used to find the small-
est eigenvalues in the discrete Fourier space, the implicitly
restarted Lanczos method [44,45] and the subspace iteration
method [46,47]. Both methods can be adapted to use discrete
linear operators and therefore do not require to form amatrix.
The details of the implementation and use of each method
are described below. A detailed comparison between the two
approaches can be found in [48].
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3.3.1 Implicitly restarted Lanczos method

The Arnoldi method [49] is an iterative algorithm used
to extract the largest eigenvalues (and their correspond-
ing eigenvectors) of general matrices by constructing an
orthonormal basis of the Krylov subspace. In the present
particular case of Hermitian matrices, the Arnoldi method is
known as the Lanczos method, proposed by Lanzcos in [44].
In this method, discrete linear operators can be used without
an explicit assembly of their corresponding matrix, in our
case, directly using the actuation of the discrete linear opera-
tors Âk and M̂ on displacement vectors expressed in Fourier
space Û. Here we use the implicit restarted Arnoldi approach
[45] (IRAM) and its implementation in the ARPACK pack-
age [50]. This approach combines the Lanczos factorization
with an implicitly shifted QR scheme, aiming at splitting the
truncated matrix in the Krylov subspace as a product of an
orthogonal and an upper triangular matrices.

The resulting algorithm allows to efficiently compute a set
of the largest eigenvalues of very large operators. If a specific
eigenvalue spectrum is desired, e.g. the smallest eigenvalues,
the shift theorem has to be applied. The original problem
consists in finding the set of the p smallest eigenvalues from
a total of n, λ1 < λ2 < · · · < λp < · · · λn ,

λp, Ûp such Âk

{
Ûp

}
= λpM̂

{
Ûp

}
(26)

which, using the shift theorem for eigenvalues near 0 (small-
est ones), can be converted to find a the set of the p largest
eigenvalues β, β1 > β2 > · · · βp > · · · βn

βp, Ûi such Â−1
k

{
Ûp

}
= βpM̂−1

{
Ûp

}
(27)

where λp = 1/βp, p = 1, . . . , n. Â−1
k is the inverse opera-

tor, defined as

Â−1
k (Ŷ) := Û | Âk(Û) = Ŷ (28)

andM̂−1 is the inversemass operator,with a close expression
obtained from Eq. (22) given by

M̂−1(Ŷ) := F
{

1

ρ(x)
F−1(Û)

}
. (29)

The eigenvector corresponding to the eigenvalue λp in Eq.
(26) is the same than eigenvector corresponding to the eigen-
value βp = 1/λp in Eq. (27).

3.3.2 Subspace iteration method

This method was proposed by K.J. Bathe in the late 70s [46]
in the context of the Finite Element method for full struc-
tures and using the assembled stiffness and mass matrices.

The method is adapted here to solve the eigenvalue problem
of Eq. (23), which unlike the original approach, is defined
in a complex space and makes use of linear operators over
complex vectors instead of using full real matrices. A short
description of the method and its adaptation is presented. For
more details about the original method, the reader is referred
to the relevant literature [46,47].

The aim of the method is to obtain the subset of the
smallest eigenvalues λp = ω2

p, p = 1, . . . n and their

corresponding eigenvectors in the Fourier space, Ûp, p =
1, . . . , n, for the eigenvalue problem defined in Eq. ( 23).
Those pairs of eigenvalues and eigenvector fulfill

Âk

{
Ûp(ξ)

}
= λiM̂

{
Ûp(ξ)

}
, p = 1, ..., n (30)

with λ1 < λ2 < · · · < λn
The method is iterative. Let q > n (it is suggested

q = min{2n, n+8}) be the number of vectors of the subspace
considered. The iterative procedure startswith an initial set of
vectors, Ûp, p = 1, . . . , q. In the original approach [46,47],
guidance is given to obtain a good initial set. However, in this
work we follow a different strategy. If the eigenvalue prob-
lem has been solved for a vector number k0 near k (which
is the case when obtaining a full dispersion diagram), the
eigenvectors of that problem are used as initial vectors of the
current computation. In the absence of a close solution, the
initial eigenvectors are taken as unit vectors corresponding
to the lowest frequencies.

Let s be the iteration number, the subspace iteration
method algorithm applied to obtain the eigenvalues and
eigenvectors of Eq. (23) is given in Algorithm 1. The main
modification respect the original approach is that the linear
equations

[Âk]x = b, (31)

which are solved in block for a set of b’s in the original for-
mulation, are solved here sequentially and iteratively using
the conjugate gradient method. This is expressed in Algo-
rithm 1 as the inverse operator given in Eq. (28) where the
details for an efficient evaluation are given in next section.

3.3.3 Inverting the A operator andmethod comparison

As presented above, both the subspace iteration method and
the Lanczos algorithm with shifting require the evaluation of
the inverse of the discrete operator Âk . Since the operator is
Hermitian, and all its eigenvalues are positive for k 
= 0, the
operator is invertible and a unique solution of Eq. (31) can
be found.

For one dimension the inverse operator Â−1
k (Ŷ ) can be

obtained explicitly after somemanipulation, and corresponds
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Data: Vector number k, T OLeig

Operators Âk{·}, M̂{·} and Â−1
k {·} all defined in C

n → C
n

Initial vectors (iteration s = 0, Û(s=0)
p , p = 1, . . . , q, Ûp ∈ C

n ,
while err1 > T OLeig &err2 > 10 T OLeig do

vp = M̂{Û(s)
p } p = 1, . . . , q

Ū(
.
.
., p) = Â−1

k {vp} p = 1, . . . , q ; Ū ∈ C
n×q (1)

Kn(
.
.
., p) = vp, p = 1, . . . , q ;Kn ∈ C

n×q

Mn(
.
.
., p) = M̂{Ū(

.

.

., p)} i = 1, . . . , q;Mn ∈ C
n × C

q

K = conj(ŪT ) · Kn, K ∈ C
q × C

q

M = conj(ŪT ) · Mn, M ∈ C
q × C

q

λ
(s+1)
p ,qp = EIG(K,M), p = 1, . . . , q (2)

Û(s+1)
p = (Ū · [q1|q2| · · · |qq ])T

err1 =
(∑n

1(λ
(s+1)
p − λ

(s)
p )2/

∑n
1(λ

(s)
p )2

)1/2
err2 = maxp≤n

{
Âk{Û(s+1)

p } − λpM̂{Û(s+1)
p }

}
end
Output: λp, Ûp, i = 1, . . . , n
(1) The inverse operator is computed numerically using
Algorithm 2

(2) Is a generalized eigenvalue problem of small matrices
(dimension q) which can be easily solved with any method.
Here the QR algorithm is used

Algorithm 1: Algorithm to find the eigenvalues and
eigenvectors defined by the linear operators Âk,M̂
using the subspace iteration method.

to

Â−1
k (Ŷ ) := 1

ξ + k
F

{
1

E(x)
F−1

[
1

ξ + k
Ŷ

]}
(32)

For higher dimensions, there is no explicit solution of the
inverse operator, and a numerical procedure is needed to eval-
uate Eq. (28). Themethod needs to be very efficient, since the
inverse operator is used many times in both eigenvalue algo-
rithms. Ideally, a direct method would be optimal to solve
the equation since, once factorized, each resolution of the
system would require just the substitution. However, oper-
ator Âk written as a matrix is fully dense, so the storage
grows as O(n2) and the number of operations O(n3) limits
this approach to very small cases. The alternative is the use
of a Krylov-based iterative solver, in which the coefficient
matrix is not stored. Thanks to the positive definiteness of
the operator, the conjugate gradient method arises as an ideal
method to perform this inverse numerically. Nevertheless,
the number of iterations needed for solving directly the lin-
ear system defined in Eq. (28) is very large, and the use of
a preconditioner becomes essential. A preconditioner is an
approximate operator of the inverse, which can be computed
with small computational cost. If the unit cell is considered to
be homogeneous, using C

0 in the expression Âk , the result-
ing operator does not require to compute Fourier transforms

Âapp
k,i

{
Û

}
:= (ξ j + k j )F

{
C0
i jklF−1((ξl + kl)Ûk)

}

= C0
i jkl(ξ j + k j )(ξl + kl)Ûk(ξ). (33)

The previous operator just corresponds to the product of the
matrix P(ξ), given by the acoustic tensor,

Pik = C0
i jkl(ξ j + k j )(ξl + kl) (34)

and the value of Û(ξ) for each Fourier voxel ξ and therefore
the operator can be inverted directly as

Âapp,−1
k

{
Ŷ

}
= P̂

{
Ŷ

}
= P−1(ξ)Ŷ(ξ) (35)

being the 3 × 3 matrix inverse computed only once, at the
beginning of the algorithm. Note that the preconditioner P̂
is equivalent to the one derived in [41] for the displacement-
based FFT approach, DBFFT, but replacing the Fourier
frequency with the sum of that frequency with the Bloch
wave vector , ξ ← ξ + k. For the value of C0, the volume
averaged stiffness provides good numerical performance, as
shown in [41] for static simulations. It must be remarked that
the use of the preconditioner is essential for the application
of the method since it reduces the number of iterations by
orders of magnitude.

The resulting algorithm to compute the inverse operator
is written in pseudo-code in Algorithm 2.

Function InvA(A,P,Y, T OLlin):
Call to Conjugate Gradient solver for linear operator function
A, preconditioner function P and independent term Y being
a vector field

return U | A(U ) = Y and ‖A(U ) − Y‖ < T OL · ‖Y‖
Function P(Û(ξ)):

Compute the preconditioner linear operator P {·}, Eqs.
(35, 34)

return P
{
Û(ξ)

}
= P−1

ik Ûk(ξ)

Algorithm 2: Function for the inverse of the stiffness
linear operator

Concerning the numerical performance of each method, it
depends on the particular system and application. In general,
for obtaining the eigenvalues of a single wave vector k (not
the full diagram), Lanczos tends to be faster since it does
not require an initial guess of the eigenvalues to be solved.
In the case of a full dispersion diagram, subspace iteration
method may be competitive if the increments in k are small,
since the previously converged eigenvectors can be used as a
guess for the newk. Bothmethodswere used in the validation
of the model (Sect. 4) and it was observed that for these
cases the Lanczos method performance was always superior.
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Therefore, the rest of the cases presented herewere computed
using the Lanczos method.

3.4 Full algorithm

The final algorithm to compute the dispersion diagram is just
the application of one of the eigenvalue methods presented
for obtaining the eigenvalues of Eq. (23) for a set of wave
vectors k which cover the area of interest. The algorithm is
presented in Algorithm 3

Obtain the first n bands for a list of wave vectors
kr , r = 1, . . . , N
Data: Microstructure and properties: C(x), ρ(x), linear operator

inversion tolerance, T OLlin , eigenvalue problem
tolerance T OLeig

(a) Discretization of unit cell, storage of C(xi, j,k), ρ(xi, j,k) and
ξ i, j,k
(b) Loop in wave vectors

for r in N do
k = kr

if method == Lanczos then
λrp, Û

r
p =

Lanczos(Â−1
k ,M̂, T OLlin, T OLeig), p = 1, . . . n

(Sect. 3.3)
end
if method == Subspace then

λrp, Û
r
p =

Subspace(Âk , Â−1
k ,M̂, Ûr−1, T OLlin, T OLeig), p =

1, . . . , n (Algorithm 1)
end
ωr
p = √

λrp, p = 1, .., n

Ur
p = F−1{Ûr

p}
Function Âk( Û(ξ)):

Compute the stiffness linear operator Âk {·}, Eq. (21)
return Âk(Û)

end
Function M̂ (Û(ξ)):

Compute the mass linear operator M̂ {·}, Eq. (22)
return M̂(Û)

Algorithm 3: Full algorithm for obtaining a dispersion
diagram

The full FFT-based method for obtaining dispersion dia-
grams (Algorithm 3) has been programmed in Python within
the FFTMAD code developed by S. Lucarini and J. Segurado
[38]

4 Validation of themethod

In this section, the proposed methodology will be validated
using exact solutions when available (homogeneous material
and laminate material). In more complex cases, where no

explicit solution exists, the method is compared with pub-
lished results from the literature, obtained using FS/plane
wave analysis.

4.1 Homogeneous solid

First, the proposed framework will be used to obtain the
dispersion relation for elastic waves traveling in a homo-
geneous material in one and two/three dimensions. In both
cases, analytical solutions can be found for the eigenvalues
ω as function of the wave vector k. In one dimension, the
different eigenvalues are given by equation (5), where the
different n modes for a particular wave number are given by
ωn = n 2π

L . In the case of higher dimensions, considering
the eigenvalue equation in Fourier space (Eq. 23) constant
values of C(x) = C and ρ(x) = ρ leads to

Ci jkl(ξ + k) j (ξ + k)l Ûk = ω2ρÛ (36)

where ξ = 2π
L [p, q, r ] defines the different eigenvalues for

a particular k being p, q, r ∈ Z. Equation (36) corresponds
to an eigenvalue problem of dimension 2 or 3, which can be
solved analytically. If a matrix P (acoustic tensor) is defined
for each ξ

Pik = Ci jkl(ξ + k) j (ξ + k)l ,

the eigenvalue problem to solve for each given ξ is

1

ρ
P U = ω2U

and the two/three eigenvalues (depending on the dimension
of the problem) correspond to the longitudinal and transverse
modes for that particular ξ .

The homogeneous material simulated as example is an
epoxy resin whose properties are given in Table 1, taken from
[9]. The dispersion diagrams obtained numerically using the
proposed FFT-based approach are given in Fig. 2 for one and
two dimensions, together with the analytical solution given
by Eqs. (6) and (36) respectively. In the 1D case, k values
are chosen 0 ≤ k ≤ π/L , while in the two dimensional case,
the vectors k follow the path M − 
 − X − M (Fig. 1).
The numerical results were obtained using the two numer-
ical approaches for extracting the smallest eigenvalues, the
implicitly restarted Lanczos method and the subspace itera-
tion method, both providing identical results. The number of
discretization points used in the numerical approach has to
provide sufficient degrees of freedom to the system, account-
ing for longitudinal and transversal modes in more than one
dimension. This number of degrees of freedom has to be
at least equal to the number of eigenvalues to be obtained.
The diagram in one dimension (Fig. 2a) contains 6 eigenval-
ues and the discretization uses 6 points. The diagram in two
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dimensions uses a discretization of 4×4 points and the small-
est 12 eigenvalues are represented in Fig. 2b. In both cases,
the resulting frequencies ω are normalized by�0 = L/2πc0
with c0 the wave speed given by c0 = √

E/ρ in one dimen-
sion and by the longitudinal speed c0 = √

C1111/ρ in 2D.
The results in Fig. 2 show that the proposed numerical
technique provides the exact behavior of the homogeneous
medium both for one and two dimensional cases. This triv-
ial result confirms the ability of the numerical schemes for
eigenvalue extraction to provide the correct ordering of the
eigenmodes.

4.2 Multilayer materials

The second validation case corresponds to obtaining the
dispersion diagram in amulti-layer composite for wave prop-
agation perpendicular to the layer surfaces. This problem
can be reduced to a 1D heterogeneous medium containing
two phases in which an analytical solution is available. The
unit cell is formed by a bi-layer of epoxy (phase 1) and car-
bon (phase 2) whose properties are given in Table 1. The
microstructure is defined by a layer of epoxy located in
0 < x < L/2 and a carbon layer in L/2 < x < L .

The analytical solution for this problem is given in [7,51]
and the eigenvalues for each given value k correspond to the
different solutions ω of the non-linear equation

cos(kL) = cos

(
ωL

2c1

)
cos

(
ωL

2c2

)

+ 1 + p2

2p
sin

(
ωL

2c1

)

× sin

(
ωL

2c2

)
(37)

with p =
√

E2ρ2
E1ρ1

, c1 =
√

E1
ρ1

and c2 =
√

E2
ρ2

The problem is solved numerically using the proposed
method and four different power-of-two spatial discretiza-
tions, from n = 16 to n = 256, in order to analyze the effect
of the discretization on the resulting diagram. Wave vectors
are taken 0 ≤ k ≤ π/L . The restarted Lanczos method was
used to solve the eigenvalue equation. The results obtained
for the four different discretizations are represented in Fig. 3,
togetherwith the analytical results obtained usingEq. (37). In
the graphs the normalization factor is �0 = L/2πc0, where
c0 corresponds to the wave velocity in an equivalent homo-

geneous medium, c0 =
√
E/ρ where 1

E
= .5 1

E1
+ .5 1

E2
and ρ = .5ρ1 + .5ρ2 are the homogeneized Youngs modulus
and density respectively using the value of the phase prop-
erties in Table 1. The obtained dispersion relation (Fig. 3)
does not correspond anymore to a linear relation between
angular frequency and the wave number (constant slope of
the curves), and depends non-linearly on the particular wave

number. Moreover, several band gaps are found, indicating
a range of frequencies for which corresponding waves will
not transport elastic energy in the material. Concerning the
comparison with the analytical result, it can be observed that
the first eigenvalues are exactly captured for any discretiza-
tion of the domain, but the higher eigenvalues considered
here are only accurately reproduced using a larger number
of points in the discretization. In particulxar, to accurately
predict the sixth eigenvalue, n > 256 points are needed. It
should be noted that in this problem the microstructure is
exactly represented for any value of n, so the need of using
a large number of points for accurate values in higher fre-
quencies is due to the need of an accurate representation of
the complex shape of the corresponding eigenvectors. This
result indicates that the classical Fourier series analysis to
compute dispersion diagrams [9] using a small number of
modes is inaccurate, even if the microstructure can be repre-
sented exactly for simple geometries. Moreover, the use of a
larger number of modes in these approaches would improve
the results, but lead to large dense matrices which eigen-
values cannot be extracted efficiently. The complex shape
of the eigenvectors obtained, corresponding to the periodic
displacement U (x) in the cell is represented in Fig. (4) for
the eigenvalues 1,3 and 6 corresponding to k = π/L and
using 256 points. No analytical expressions are available for
heterogeneous materials for higher dimensions so, in next
sections, solutions obtained with the proposed method will
be compared with results obtained using alternative numeri-
cal approaches.

4.3 Long fibre reinforced composite

A long fibre reinforced composite will be studied using the
proposed methodology, and the solutions will be compared
with the results obtained in [9] using the Fourier series
approach. The composite is formed by an elastic epoxy
matrix reinforced with carbon long fibers, with the prop-
erties of both phases given in Table 1. Two types of fibres
are considered: with circular and rectangular sections [9].
The material with circular fibre section contains a volume
fraction 55% of fibres, and the one with square fibres con-
tains 65%. The combination of high volume fractions and
large contrast in phase properties results in the formation of
band-gaps in which the waves do not propagate [9].

The dispersion diagrams have been simulated for 90 wave
vectors k in the transverse section, k = [kx , ky, 0], regularly
sampled in the path M−
− X −M (Fig. 1). A three dimen-
sional model was used, and the unit cells were discretized
using a grid with 128 × 128 × 1 points. The use of a single
point in the longitudinal axis (parallel to the fibres) is due to
the uniformity of themicrostructure in that direction, andwas
also included in the original simulations in [9]. The restarted
Lanczos method was chosen for the eigenvalue extraction
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Fig. 2 Dispersion diagram for a one dimensional (left) and two dimensional (right) homogeneus materials

Table 1 Parameters of the
composite material

Matrix Particles

Composite 1 Epoxy Carbon

E = 4.507 GPa, ν = .4 E = 230 GPa, ν = .3

ρ = 1200 Kg/m3 ρ = 1750 Kg/m3

Composite 2 Aluminium Tungsten

E = 74.44 GPa, ν = 0.334, E = 388.46 GPa, ν = .283

ρ = 2692 Kg/m3 ρ = 19,300 Kg/m3

since it was shown that in this case it was faster than the sub-
space iteration method. The numerical results including 10
eigenvalues are represented in Fig. 5 together with the results
obtained in [9] using a Fourier series approach with 6 modes.
As in the previous cases, the graphs are normalized with a
factor�0 = L/2πc0, where c0 here corresponds to the trans-

verse wave velocity in a monolithic medium, c0 =
√
G/ρ

where G = .5G1 + .5G2 and ρ = .5ρ1 + .5ρ2 are the shear
modulus and density of the monolithic medium respectively,
and G1,G2, ρ1 and ρ2 are taken from Table 1.

Figure 5 shows how the results obtained using the present
approach qualitatively reproduce the results obtained in [9]
exhibiting a band gap between 5th and 6th eigenvalues.
However, quantitatively, our results differ from the values
obtained in [9], with the difference increasing for the largest
eigenvalues. As shown in the 1D case, this difference is due
to the small number of plane waves used the Fourier series
approach in [9]. It can also be observed that the agreement
between both approaches is fairly good for the lowest bands,
also in agreement with the 1D case.

A remarkable difference between Fourier analysis and the
present method is that in the former approach [9], the geom-
etry is accounted through a structure factor that, for simple

cases of two-phasematerials such as circular and square cells,
has an analytical expression. On the contrary, in our approach
the geometry of the cell might have any arbitrary shape and
contain many different phases since the microstructure is
accounted explicitely by a voxelized representation.

4.4 Effect of the discretization

The long fiber composite problem of the previous section
has been solved using different levels of discretization to
analyze the convergence of the eigenvalues with the number
of points used to solve the problem. For the two microstruc-
tures considered, a fixed vector number k = [π/L, 0, 0] is
used, obtaining the first six eigenvalues for a discretization
of the cell from 16 × 16 × 1 to 512 × 512 × 1. The results
are represented in Fig. 6 using the same normalization factor
�0 as in Fig. 5.

First, it can be observed that in the case of circular fibers, a
discretization of at least 32×32×1 is required to have an error
below 5%, while in the case of the square section 16×16×1
is sufficient. The faster convergence of the eigenvalues in the
second case is due to the exact representation of the geome-
try in the case of the square section. In the case of a circular
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Fig. 3 Simulation results of plane wave propagation of a 1D bi-material, Dispersion relation for n = 16, 32, 64, 256 points

fibers, the voxelized representation of the geometry leads
to small differences in the actual volume fraction for very
coarse discretization, which is mainly responsible for the
differences. The convergence of the eigenvalues with the dis-
cretization becomes slower for higher bands, as it happened
in the 1D case. Moreover, the convergence is also very dif-
ferent depending on the vector number chosen. In the present
case,when the branch
−X (k ∝ [1, 0, 0]) is explored, it can
be observed that our approach provides results very similar
to the Fourier series approach with 10 modes [9] (Fig 5 with
k in the middle between 
 and X ), indicating that a coarse
discretization is sufficient. On the contrary, for values of k
between X and M (k oriented between [1,0,0] and [1,1,0])
the convergence rate becomes much slower, indicating that
the actual eigenvectors for that branch have a very complex

shape and therefore require a finer spatial discretization to be
accurately represented.

5 Application to elastic polycrystals

In this section, the developed methodology will be applied to
study the acoustic response of elastic polycrystals. First, an
ideal 1D polycrystal will be analyzed to compute the depen-
dence of the wave group velocity as function of the ratio
between incident wave length and average grain size. Then,
realistic 3D polycrystals will be simulated to study the effect
of crystal anistropy and texture on the dispersion diagrams.
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Fig. 4 Periodic normalized wave shapesU (x) obtained in the unit cell
of the 1D bi-layer composite for eigenvalues 1, 3 and 6 and k = π/L

5.1 One dimensional polycrystals

An idealized system will be considered here to simplify the
analysis for incident waves with wave lengths smaller than
the periodic domain. The system is a bar composed by Nc

crystals where each grain has a different length which is ran-
domly assigned to follow a Gaussian distribution with mean
D̄. A sketch of the 1D polycrystal is given in Fig. 7. The crys-
tal elastic constants C11 and C12 as well as the density value
are taken from pureNi,C11 = 253GPa,C12 = 152GPa [52]
and ρ = 8908Kg/m3. The constantC44 is fixed artificially to
set the anisotropy level. For this, the Zener anisotropy ratio

A, given by

A = 2C44

C11 − C12
, (38)

is fixed and C44 is obtained from previous equation.
Four levels of crystal anisotropy are considered, A=1

(isotropic single crystal), A=2.45 (which corresponds to the
actual Zener ratio in Ni where C44 = 124 GPa) and A=5
and A=10. The number of crystals is set to Nc = 64 and the
number of voxels to 256. Three grain sizes distributions are
considered,with D̄ = 10, 50 and100μm,combinedwith two
standard deviations, 0 (monodisperse case) and D̄ (polydis-
perse case). The resulting lengths of the periodic cells were
0.64mm, 3.2 mm and 6.4 mm, respectively. In the 1Dmodel,
the only relevant elastic constant is the Youngmodulus in the
direction of the bar, which is obtained for each grain rotating
the three dimensional stiffness tensor according to its orienta-
tion. A random texture is chosen, so each crystal orientation
is randomly generated.

The algorithm presented in Sect. 3 is used to compute the
dispersion diagram of 40 different random polycrystals with
grain size distributions having mean grain size D̄ = 50μm.
Three cases are considered, two of them asume real Ni
properties with A=2.45 and (a) monodisperse grain size dis-
tribution, or (b)Gaussian distributionwith standard deviation
equal to the average grain size. The third case, (c) corresponds
to theGaussian distribution and an extremely anisotropic sin-
gle crystals, with A=10. The results are represented in Fig. 8
where the angular frequency is normalized by�0 = L/2πc0
with c0 defined as the wave speed for an equivalent homoge-
neous medium with homogenized Young’s modulus E .

Fig. 5 Dispersion diagrams of an epoxy matrix reinforced with a square arrangement of long carbon fibers a circular sec tion and volume fraction
55% b square section and volume fraction 65%. In black, the present FFT approach, in grey the results obtained in [9] using Fourier series
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Fig. 6 Effect of the number of points used for the discretization in the frequency for in k = [π/L, 0, 0] a, b the composite with circular fibers c, d
the composite with square section and volume fraction 56.25%

Fig. 7 Sketch of a 1D random
textured polycrystal. Arrows
indicate the direction of the
[100] direction of each crystal

c0 =
√

E

ρ
,

1

E
= 1

L

∑
i

Di
1

Ei
, (39)

where Ei and Di correspond to the Young’s modulus and
density of crystal i , respectively.

Figure 8 shows that, due to their random microstructures,
each polycrystal produced a dispersion diagram slightly dif-
ferent from the rest and, when representing all the diagrams
together, the plot appears as an indivudual dispersion dia-
gram, but with the curves thickened. Thewidths of the curves

correspond to the statistical dispersion. The curves corre-
sponding to the first eigenvalue and small k are almost coin-
ciding since they represent incidentwave lengthsmuch larger
than periodic length and grain size. Differences increase with
the eigenvalue number, since for the same k the different
eigenvalues correspond to waves with same wave number
reduced to the first Brioullin zone k, but decreasing wave
length. If p is the eigenvalue number, p = 1, 2, 3 . . ., then
ωp(k) is the frequency corresponding to a wave of length λp

given by
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Fig. 8 Dispersion diagram of 40 different 1D polycrystals with D̄ = 50. a Zener parameter =2.45 and monodisperse grain size b Zener parameter
=2.45 and polydisperse grain size, c Zener parameter =10 and polydisperse grain size

λp = 2π

k + 2π p
L

(40)

In all cases, the superposition of curves gets thicker near
the diagram edges k = 0, k = π/L . This is because the
total polycrystal length is equal to an integer number wave
lengths for those k values. This effect is an artefact related to
the polycrystal’s periodicity. It can be observed that differ-
ences between polycrystals increase (i.e. curves get thicker)
with the grain size distribution range (Fig. 8a, b) and, for the
same grain size distribution, differences increase with crystal
anisotropy (Fig. 8b, c).

It is well known that the group wave velocity is defined as

cgroup = dω

dk
. (41)

In a monolitic material, cgroup is constant for any wave, but
in a heterogeneous medium cgroup it depends on the incident
wave length, if this length is in the order of the heterogeneity
size. Therefore, dispersion diagrams can be used to esti-
mate the wave velocity in dispersive media by computing the
derivative in Eq. (41) for a particular incident wave. More-
over, in a 1D diagram for a given reduced k, is very easy to
identify the wavelength with the eigenvalue branch using Eq.
(40) so computing that derivative in higher branches would
provide the wave group velocity for decreasingwave lengths,
smaller than the polycrystal periodicity L . For a sufficient
high eigenvalue number, the wave length would be in the
order of the grain size, and for that range it is expected that
cgroup decreases due to interactions with grains. This calcu-
lation has been performed for the same 40 polycrystals and
the group velocity (Eq. 41) has been obtained for k = π/3L
and k = 2π/3L and increasing eigenvalues numbers. The
average group velocity, normalized by c0 (Eq. 39), has been
plotted against the incident wave lengths given by (Eq. 41)
in Fig. 9 for the polydisperse grain size distribution, and for
A = 2.45, 5 and 10. The case A = 1 is trivial since it cor-

responds to a monolithic material and provides a constant
cgroup for every wave, and has not been plotted. Figure 9
shows that cgroup is almost constant for all microstructures,
and equal to the wave velocity in a monolithic equivalent
media for large wave lengths

lim
λ→∞

dω

dk
= lim

k→0

dω

dk
= c0

On the contrary, when incident the wave length decreases
the wave speed drops, showing the dispersive behavior of
the polycrystal due to elastic anisotropy. The wave length
at which the drop starts depends on the average grain size.
This is a very important result since Fig. 9 is a theoretical
prediction of the wave attenuation as function of grain size
distribution, which, if extended to 3D and adequately cal-
ibrated, could potentially allow estimating grain size from
acoustic measurements.

5.2 Three dimensional polycrystals

In this subsection, the dispersion diagrams for 3-D polycrys-
talline unit cells are computed using the method described
above. Three different periodic and random polycrystalline
cells are used, each one discretized in a 643 grid. An example
of a polycrystaline RVE is represented in Fig. 10

Each polycrystalline cell contains a set of grains with
a mono-modal grain size distribution. The microstructure
is generated using an weighted Voronoi tesellation using
the FFTMAD code [38]. The grain diameters follow a log-
normal distribution with average diameter of 200μm, and
scatter of 10μm. The cell size is 1 mm3 and the average
number of grains per cell is around 240. The elastic proper-
ties correspond to pure Ni with same constants used in the
previous section [52] and a random orientation distribution,
texture represented in Fig. 13a. FFT-based homogenization
has been used to compute the effective elastic constants of
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Fig. 9 Average normalized wave group velocity in a 1D polycrystal as function of incident wave length for different levels of anisotropy. a Zener
parameter = 2.45, b Zener parameter = 5, c Zener parameter = 10

Fig. 10 Polycrystalline RVE used for the simulations, discretization
corresponds to a 643 grid. The colors represent the crystal number

the polycrystal. The resulting polycrystal’s elastic behavior
is almost isotropic, with small differences along equivalent
directions due to the discrete number of grains considered.
The effectiveYoung’smoduluswas E = 161.4GPa, thePois-
son’s ratioν = 0.355, and the shearmodulusμ = 61.05GPa,
which correspond to a nearly isotropic material (Zener ratio
A = 1.025).

The resulting dispersion diagrams for the three random
isotropic polycrystals are represented in Fig. 11, together
with the result for a monolithic material with the homo-
geneized elastic properties of one of the random realizations.
Two wave directions have been explored, oriented in the x-
direction (k = k[1, 0, 0]) and the z-direction (k = k[0, 0, 1])

Fig. 11 Dispersion diagram of 3 random polycrystals (grey dots) and
a monolithic metal with equivalent elastic response (black lines)

with k ∈ (0, π/L). For each direction, 30 wave numbers reg-
ularly distributed have been used. In Fig. 11, the black lines
correspond to the monolithic material with homogeneized
properties while grey points represent the response of the
three polycrystalline unit cell realizations. The diagram is
almost symmetric with respect to k = [0, 0, 0] and this is due
to the random texture that result in nearly isotropic materials,
in which all directions are equivalent. The diagram shows
lines corresponding to longitudinal and transverse waves
(straight lines) and coupled modes (curved lines). Some of
the lines are almost coinciding and cannot be distinguished,
since they represent equivalent modes. This happens, for
example, for the two perpendicular transverse modes with
different eigenvectors but same frequency. Nevertheless, a
closer look reveals that the lines are not exactly the same due
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to the non-strict isotropic response that breaks the eigenvalue
degeneracy.

Regarding the difference between the diagram of an
homogeneous solid and the results when the polycrystalline
character of the microstructures is considered, it is observed
that such difference isminimal for low frequencies, forwhich
black lines and grey points (results of FFT-based simulations
for the three random microstructures) are almost coincid-
ing. On the contrary, for higher frequencies (ω >15 GHz),
the results for the three different numerical realizations show
some scatter and do not lie exactly on the line representing the
monolithic material. These differences are due to the inter-
action of the waves with the microstructure, which at low
frequencies is negligible, since the waves have wavelengths
much larger than the grain size. These differences will be
more clear when analyzing the deformation modes (Fig. 12).

A quantitative analysis that can be carried outwith the pro-
posedmethod consists in obtaining the groupwave velocities
for low frequencies, i.e. waves with length much larger than
the characteristic size of the microstructure, the grain size in
this case. The elastic properties of the homogeneized mate-
rial will give directly the wave velocity of very large waves
(wave number k → 0), both the transverse and longitudi-
nal velocities, cT and cL , for a wave traveling in a particular
direction. For a homogeneous material, cL is independent on
the direction, and transverse wave velocities are unique. For
general anisotropy, if thewave vector (propagation direction)
is set as k = [1, 0, 0], then the longitudinal and transverse
wave velocities are given by

cL =
√
C̄1111

ρ̄
; cT 1 =

√
C̄1212

ρ̄
; cT 2 =

√
C̄1313

ρ̄
(42)

and these velocities can be defined for each direction of k. In
the present case, using the values ofC obtained by FFT-based
homogenization, the group velocities correspond to longitu-
dinal velocity cL = 5461.74 m/s and transverse velocities
cT 1 = 2612.62 m/s and cT 2 = 2525.52 m/s. The dispersion
diagrams can be used to compute the wave velocities for
polycrystals as function of the incident wave number, since
the wave group velocity for a given frequency corresponds
to the derivative of the dispersion relation. In particular, for
waves traveling in direction 3, k = [0, 1, 0]K with K → 0
(very large wave length), the transverse wave velocities cor-
responds to the two smallest eigenvalues ω1, ω2 and the
longitudinal velocity with the third eigenvalue ω3

cT = lim
K→0

dω1

dK

cL = lim
K→0

dω3

dK
(43)

These derivates are evaluated near the origin using the
numerical results shown in Fig. 11 and the wave veloci-
ties obtained are cL = 5461.76m/s, cT 1 = 2599.41m/s and
cT 2 = 2637.71m/s. As it can be observed, the relative differ-
ences between the velocities computed by the two different
approaches are below 0.5% confirming that the influence of
the microstructure is negligible for low frequencies.

5.2.1 Eigenvectors

The displacement eigenvector corresponding to each eigen-
value p = 1, . . . , n for a given k is computed in Fourier
space, Ûp

k . The corresponding periodic displacement in real
space is a complex-valued field, in which all the points have
the same phase φ = arctan(Im(U )/Re(U )). The actual dis-
placement field is then obtained transforming the eigenvector
back to real space as

Up
k (x) = e−iφF−1(Ûp

k ). (44)

The Bloch periodic displacement fields Up
k (x) corre-

sponding to the eigenvalues represented in Fig. 11 have
been computed using Eq. (44). The deformed polycrys-
talline domain corresponding to the eigenvalues p = 6 for
k = 0.999π/L[1, 0, 0] and k = 0.999π/L[1, 0, 1] are repre-
sented in Fig. 12, superimposing as contour plot the value of

ε11 = ∂U1
p
k

∂x1
. In the case of k = 0.999π/L[1, 0, 0], the sixth

eigenvalue corresponds to a longitudinal mode for the homo-
geneousmedium (Fig. 11). This can be observed in Fig. (12a)
where the deformed shape shows a harmonic displacement
in x1 which depends only on x1. When the same eigenvector
is obtained for the polycrystal (Fig. 12b) the displacement
field is a superposition of the harmonic displacements of the
homogeneousmediumwith a fluctuation due to the heteroge-
nousmicrostructure. The strain due to this displacement field
is therefore a harmonic field in the homogeneous case, while
in the polycrystal local strain fluctuations can be observed
near the grain boundaries. These fluctuations are the respon-
sible for the dispersive character of the polycrystal, and the
deviations from the acoustic behavior of an homogeneous
medium.

5.2.2 Effect of texture

Threedifferent grain orientationdistribution functions (ODF)
have been considered to study the effect of the texture on the
acoustic response of the polycrystal, namely, the random dis-
tribution used in previous section, and two fibre distributions,
in which all the crystals have the directions [111] and [100],
respectively, oriented in the z direction. The inverse pole fig-
ures corresponing to the z direction of the three ODFs are
given in Fig. 13.
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Fig. 12 Bloch eigenvalues of
the polycrystal. a
k = [0.999, 0, 0]π/L ,
equivalent homogeneous
material. b
k = [0.999, 0, 0]π/L , random
polycrystal. c
k = [0.999, 0, 0.999]π/L ,
equivalent homogeneous
material. d
k = [0.999, 0, 0.999]π/L ,
random polycrystal. The
deformation corresponds to the
eigenvalue U(x) and the colour
levels correspond to the strain
ε11 = ∇U(x)

Fig. 13 Inverse pole figures of the polycrystals textures considered a random, b fiber [111] in z, c fiber [100] in z

The dispersion diagrams for the caseswith [111] and [100]
fibre textures are represented in Fig. 14.

Thefirst difference between these dispersion diagrams and
the one obtained for a random texture is the lack of symmetry
with respect to the origin. In the cases of anisotropic textures,
the direction of the wave propagation k changes the acoustic
response and the right side of the diagrams (k in direction 3)
is different to the left side (k in direction 1). This difference
is more clear in the case of [100] fibre texture, due to stronger
mechanical anisotropy resulting from this texture. Three dif-
ferent wave speeds can be obtained for each direction for low

frequencies (K → 0)

cLz = lim
K [0,0,1]→0

dω3

dK
cT z1 = lim

K [0,0,1]→0

dω1

dK

cT z2 = lim
K [0,0,1]→0

dω2

dK

cLx = lim
K [1,0,0]→0

dω3

dK
cT x1 = lim

K [1,0,0]→0

dω1

dK

cT x2 = lim
K [1,0,0]→0

dω2

dK
(45)
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Fig. 14 Dispersion diagrams for polycrystals with fiber textures. a [100] and b [111]

Table 2 Effective properties extracted from uniaxial tests on cubic-
diagonal lattice design and actual geometries

Random [111] Fibre texture [100] Fibre texture

cLz cT z cLz cT z cLz cT z

5444.80 2606.26 5567.24 2492.10 5329.08 2380.84

2621.06 2514.76 2380.86

cLx cT x cLx cT x cLx cT x

5461.76 2599.41 5529.70 2492.20 5604.71 2380.98

2637.71 2627.61 2995.45

The resultingwave speeds are represented in Table 2 together
with the ones obtained in the case of random texture. The
Table clearly quantifies how the texture affects the anisotropy
of the wave propagation. In the case of longitudinal speed,
differences between x- and z-directions are only 0.3% for the
random polycrystal, increasing to 0.6% and 5% for [111] and
[100], respectively, showing that [100] texture is by far the
most anisotropic case. In terms of absolute values, the fastest
longitudinal wave speed is 5604.71 m/s for [100] texture and
a wave moving in x-direction (perpendicular to the fibre) and
the slowest is 5329.08 m/s happening in the same material
when longitudinal wavesmove in the direction of the fibre. In
the case of transverse waves, differences between two direc-
tions are much larger and the material with [100] texture, and
waves traveling perpendicular to the fibre have two velocities
differing more than 25%. These results show that the wave
speeds obtained from the dispersion diagram for the different
textures are clearly different, which could be used in combi-
nationwith experimental measurements of wave propagation
to infer the texture by inverse method analysis.

Finally, it is interesting to mention that the evolution of
the group velocity in 3D for different incident wave lengths
(or frequencies) can be also obtained from the dispersion
diagrams, as it was the case in 1D. However, this would
require to identify the eigenvalues corresponding to a par-
ticular mode, making the analysis much more complicated
than in one dimension. Such analysis will be the subject of
another publication.

6 Conclusions

A method based on the Fast Fourier Transform has been
developed to obtain dispersion relations of acoustic waves in
heterogeneous periodicmediawith arbitrarymicrostructures.
The microstructure is explicitly considered in a unit cell,
which is discretized in voxels. The dispersion diagrams were
obtained solving a discrete eigenvalue problem for Bloch
waves in Fourier space. To this aim, two linear operators rep-
resenting stiffness and mass were defined thorough the use
of differential operators in Fourier space. The smallest eigen-
values were obtained iteratively using the implicitly restarted
Lanczos and the subspace iterationmethods, and the required
inverse of the stiffness operatorwas solved numerically using
conjugate gradients with a preconditioner to improve conver-
gence.

• The proposed method has been validated for multilayer
and homogeneousmaterials, for which analytical expres-
sions are available. The proposed approach recovers
exactly the analytical results. In the case of laminates,
capturing accurately higher bands requires a fine dis-
cretization.
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• The method has been used to simulate the response of
long fibre reinforced compositeswith regularmicrostruc-
ture. The results of the FFT-based approach converge
with the number of voxels for discretizations around 128
voxels per direction. The results were compared with
Fourier series analysis from the literature, and bothmeth-
ods give similar predictions for lower frequencies. On the
other hand, we observed that for higher frequencies and
for capturing accurately the band-gaps, the Fourier series
results are not accurate enough.

• The Lanczos method is in general faster than subspace
iterations for the cases considered.

As a general conclusion, the presented methodology com-
bines the simplicity and efficiency of spectral approaches,
like the Fourier series method, with the versatility of Finite
Elements to account for complex geometries. Moreover, the
periodicity requirement in Bloch wave analysis is a natural
condition for FFT solvers, while in FEM analysis imposing
this periodicity may increase the computational cost. In sum-
mary, the proposed methodology is able to deal efficiently
with geometrically complex unit cells, directly using pix-
elized or voxelized microstructural images without the need
of meshing.

In terms of numerical efficiency, the convergence rate
of the method depends on the mechanical contrast between
phases.Althougha comparisonof the numerical performance
of the prosed method with FEM has not been done, it is
expected that when the phase contrast becomes very large
(for example in the presence of voids), wave Finite Ele-
ments might become competitive or faster than FFT, as it
happens for static analysis. Since the FFT-based approach
convergence rate depends for small contrast between phases,
the proposed methodology becomes ideal for studying sys-
tems as polycrystalline metals in which the heterogeneity
corresponds just to the different orientations of the same
crystal forming each grain. Therefore, the method has been
used for a first exploration of the effect of polycrystalline
microstructures on the propagation of acoustic waves in elas-
tic polycrystals.

• Idealized (1D) layered polycrystals were used to study
the effect of crystal anisotropy, showing that the group
velocity computed by deriving the lines in the dispersion
diagram becomes dependent on the incident wave length,
and decays very fast for wave lengths approaching the
grain size.

• In 3D polycrystals, it has been observed that the lower
bands of the dispersion diagrams are almost coincident
with the ones obtained for monolithic materials with
homogenized properties. On the contrary, for higher
frequencies, the results deviate from the homogeneous
response.

• The proposed method has been able to predict the strong
effect of the texture in the propagation of acoustic waves.
Symmetry of dispersion diagrams is broken and the trans-
verse and longitudinal wave speed become dependent on
the propagation direction. In the case of Ni single crystal,
with anisotropy given by Zener= 2.45, the differences in
the wave speed in different directions can be up to 25%,
whichwas obtained for themost anisotropic case of [100]
fibre texture. In general, these differences increase with
both the crystal anisotropy and the anisotropy induced
by the texture. Isotropic acoustic behavior is recovered
for isotropic crystals, independently on the texture, or for
random textures, independently on the crystal anisotropy.
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