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Abstract. Let Sbea setof n pointsin d-space,no i + I pointson acommon(i - I)-fiat
for I ::: i ::: d. An oriented(d - I)-simplexspannedby d pointsin Sis calleda j -facetofS
if thereareexactly j pointsfrom S on thepositivesideof its affine hull. We show: (*) For
j ::: nl2 - 2, the total numberof(::: j)-facets(i.e. thenumberofi-facetswith 0::: i ::: j)
in 3-spaceis maximizedin convexposition(wherethesenumbersare known).A largepart
of this presentationis a preparatoryreview of somebasicpropertiesof the collectionof
j -facets-somewith theirproofs-andof relationsto well-establishedconceptsandresults
from thetheoryof convexpolytopes(h-vector,Dehn-Sommervillerelations,UpperBound
Theorem,GeneralizedLowerBoundTheorem).Therelationsareestablishedvia aduality
closelyrelatedto theGaletransform-similarto previousworksby Lee,by Clarkson,and
by Mulmuley.

A centraldefinition is asfollows. Given a directedline eanda j-facet F of S, we say
thateentersF if eintersectstherelativeinteriorof F in a singlepoint, andif eis directed
from the positive to the negativeside of F. Oneof the resultsreviewedis a tight upper
boundof e~~71) on the maximumnumberof j-facetsenteredby adirectedline.

Basedon theseconsiderations,we alsointroduceavectorfor a point relativeto a point
set,which-intuitively speaking-expresses"how interior" thepoint is relativeto thepoint
set.Thisconceptallowsusto showthatstatement(*) aboveis equivalentto theGeneralized
Lower BoundTheoremfor d-polytopeswith at mostd +4 vertices.

1. Introduction

Let S be a setof n points in jRd in generalposition,Le. no i + 1 pointson a common
(i - I)-flat for 1 ::: i ::: d. An oriented(d - I)-simplex spannedby d points in S is
calleda j -facetofS if it hasexactly j points from S on the positivesideof its affine
hull; hence,j E Z and0 ::: j ::: n - d. Thereis anobviouscorrespondencebetween
O-facetsandfacetsof theconvexhull of S.

The maximumpossiblenumberof j-facetsof ann-point setin IRd hasraisedsome
interest,startingwith first boundsin theplaneby Lovasz[12] andErdosetal. [8] in the
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earlyseventies.Thecurrentlybestupperboundin theplaneis of theordern Vj + 1due
to Dey [7]. Planarpointsetswherethenumberof j-facets is of theordern .en(.jlog(j+I) )

for 2j ::s n - 2areknowndueto arecentconstruction byT6th[19]. Wereferthereaderto
[3] and[2] for morereferences,alsoontherelatedproblemof"k-sets," andongeometric
algorithmswherethe numberof j-facets occursin the analysis(but seealso [17] for
very recentdevelopmentson theupperboundin threedimensions).

The emphasisof the first part of this paperis on the structureof the collectionof
j-facets, andonrelationsto moreestablishedconceptsin thetheoryofconvexpolytopes
thatgobeyondtheobservationthatO-facetsarefacetsof theconvexhull. To this end,we
definethatadirectedline l entersj -facetF if it intersectstherelativeinteriorof F in a
singlepoint, andif l is directedfrom thepositiveto the negativesideof F. If, instead,
l is directedfrom thenegativeto thepositivesideof F, thenwe saythatlleavesF.

Section2 provesthatno line canentermorethan e~~~I) j-facetsof a finite pointset
in jRd. TheproofmimicsMcMullen'sproofof theboundontheentriesof theh-vectorof
asimplicialconvexpolytopefor theUpperBoundTheorem[13]. Section3 makesthisre­
lationmoreexplicit via adualitycloselyrelatedto theGaletransform.(Forexample,this
duality translatestheDehn-Sommervillerelationsto thefact thateverydirectedline en­
tersandleavesthesamenumberof j -facets.)In slightlydifferentsettings-perhapsnotas
explicit, albeitessentiallyequivalent-sucharelationhasbeenworkedoutandexploited
by Lee[10], Clarkson[5] andMulmuley [15] (seealsoRemark3 attheendofthispaper).

An alternativeproof of the boundon the numberof j-facets enteredby a line­
by inductioiI on the dimension-isgiven in Section4. Basedon the tools usedin this
proof, we also introducea vector for a point relative to a point set, which expresses
"how interior" the point is relative to the point set.This vectorrelatesto the g-vector
for convexpolytopes,andwe canemploytherich theorydevelopedthere[18], [14]. In
particular,theGeneralizedLowerBoundTheoremappearsusefulin our setting.

Finally, in Section5 we closewith a conclusionfor the overall numberof (::s j)­
facets(i.e. the total numberof i-facetswith i ::s j) of n-point sets.We showthat for
j ::s nl2 - 2, thenumberof (::s j)-facetsin jR3 is maximizedin convexpositionwhere
thesenumbersareknownto be2(ei2)n - 2ej3)) (this extendsa correspondingresult
of Alon andGyori in theplane[1]). In fact, this statementcanbeshownto beequivalent
to theGeneralizedLowerBoundTheoremfor d-polytopes with at mostd + 4 vertices.

Conventions. Forbrevityweuse(ai)i for thesequence(ai )~o = (ao, aI, ...). Mostof
the sequenceswe introducewill bedefinedfor all i E Z, mostly with ai = 0 for i < O.
Similarly, Li ai denotesL~o ai. However,all the sequences(ai)i we employin such
sumswill vanishexceptfor a finite numberof terms.

Thebinomialcoefficient (~), a, b E Z, is definedto be0 for b < 0 or a < b.

2. LinesEnteringj-Facets

Let S £; jRd be asetof n pointsin generalposition.Let l beadirectedline disjoint from
all convexhulls of d - 1pointsin S. For j E Z, let hj = hj (l, S) denotethenumberof
j-facetsenteredby line l; hence,hj = 0 for j < 0 andfor j > n - d.
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Upper Boundson the hj's. We derivea numberof simple facts. First observethat a
directedline penetratestheconvex hullof S at mostonce.This translatesto

Fact2.1. ho:S 1.

Next,weconsiderthesumsO := Lj hj. Thissumdenotestheoverallnumberof (d -1)­
simplicesspannedby d points in S that areintersectedby line i. It is not too difficult
to seethat the sumsl := Lj jhj denotesthe numberof d-simplicesspannedby d + 1
points in S that are intersectedby line i: Given a j-facet F enteredby i, there are
exactly j d-simpliceswith facetF whichareintersectedby i andwherethelastpointof
intersectionis in F. Similarly, for k E Z, sk = sk(i, S) := Lj (Dhj givesthe number
of (k + d)-elementsubsetsof S whoseconvexhull is metby line i; we havesk = 0 for
k < 0 andfor k > n - d. Now observethatnoneof thevaluessk changesif we move
a point in S parallel to i againin generalposition-thevector (sk)k is invariantunder
suchmotions.Ontheotherhand,wehavethefollowing inversionformulafor sequences
(ai)i and(bj)j of real numbers(proofomitted):

It assertsthat (skh determines(hj ) j. That is, the sequence(hj ) j is alsoinvariantunder
motionsof pointsparallelto l.

Fact2.2. If pESis replacedby someotherpoint pi again in generalpositionon the
line through p parallel to i, thenthe sequence(hj)j doesnot change.

In the next step we investigatethe effect of removal of a point p in S, first the
expectedeffect on the h-sequence,if p is random.(E(X) denotesthe expectationof
randomvariableX.)

Fact2.3. For j E Z, E(hj(i, S\{pm= «n - d - j)/n)hj + «(j + l)/n)hj+l, where
p is a randompoint chosenuniformly in S.

Proof. For0 :s j :s n - 1 - d, a j-facetof S\{p} is eithera j-facetof S with pone
of the n - d - j pointson its negativeside,or a (j + 1)-facetof S with p oneof the
j + 1pointson its positiveside.For j < 0 andj ~ n - d we getE(hj(i, S\{pm = 0
asrequired. 0

Fact2.4. For j E IE andPES,hj(i, S\{p}) :s hj.

Proof. For0 :s j :s n - 1 - d, Fact2.2allows us to move p sothatit doesnot lie on
thepositivesideof any (j + 1)-facetof S enteredby i-without changing~. Now the
removalof p will not generateanynew j-facetsenteredby i. For j < 0 andj ~ n - d
the inequalityis trivial. 0
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We havepreparedall theingredientsfor demonstratingtheupperboundsfor theh} 's.
Facts2.3 and2.4 entail

for all j, andso

- j+d­
h'+! < --h·

i - j+l i

for j 2: O. Combinedwith Fact2.1, this gives

h. < (j + d - 1) = (j + d - 1)
i- j d-l

for j 2: O.

Symmetryof (h})}EZ. We concludethis sectionby demonstratingthe identity h) =
hn - d-}. An (n - d - j)-facet enteredby line l correspondsto a j-facet left by l by
changingtheorientationof the(d - 1)-simplex.Hence,theidentityclaimsthatadirected
line entersandleavesthe samenumberof j-facets. The readeris encouragedto verify
therelationvia Fact2.2,but we takea differentpath.First observethat

Fact 2.5. ho= hn-d.

For j, k E oZ, define

h7 := I: (i.) .hi . (n -~ ~ i).
i=O J k J

h; is theoverallnumberof j-facets in (k +d)-element subsetsof Senteredby line l, i.e.

h; = L:QEC~d) ~(l, Q): For an i-facet of S to becomea j-facet in a (k + d)-element

subsetof S, we haveto selectj from the i points on its positiveside,k - j from the
n - d - i pointson its negativeside,andall d pointsthat spanthe i-facet. Becauseof

-k -k
Fact2.5, we haveho = hk , andso

Theinversionfonnula(1) tells usthattheseidentitiesdeterminetheterms(hn- d - i - hi)'
Thushn- d - i - hi = 0 for alIOS i S n - d is the uniquesolution.

This countingargumentmakesexplicit thatthesymmetryof thesequence(h})} is an
immediateconsequenceof thefact thatthenumberofO-facetsenteredequalsthenumber
of O-facetsleft (Fact2.5); this numberhappensto be0 or 1, which is notessentialin our
proof, though.

We summarizethefindings of this section.
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Theorem1. Let Sbea setofn pointsin ~d in generalposition,andlet ebea directed
line disjointfrom all convexhulls ofd - 1pointsin S. Thenumbershj of j -facetsofS
enteredbyesatisfy

(i) hj = hn-d-j for all j E Z, and
(ii)

h < min { (j + d - I) (n - j - I) }
J- d-I' d-l

forO:::; j :::; n - d, andhj = 0, otherwise.

The boundin (ii) is a consequenceof (i) andhj :::; e~~~I). We will seelater that there
arepoint setsandlines wherethis boundis attainedfor all j.

3. ConvexPolytopesandh·Vectors

Let 5 be a finite multisetof points in ~d. For i E Z, let 1; = 1;(5) be the numberof
(i +1)-elementsubsetsof5 thatarecontainedin asupportinghyperplane.For P aconvex
polytopeandi E Z, let fi = fi(P) be the numberof i-facesof P, wherewe agreeon
f-I = 1 and fd = O. If S is a setin generalposition(in particular,thereareno multiple
copiesof the samepoint), thenconvS is a simplicial polytopeand1;(S) = fi (convS)
for all i E Z.

Theh-vector(hj )1=o = (hj (p»1=o ofasimplicialconvexpolytopeP canbedefined
astheuniquesequenceof numberssatisfying(recall (1»

Vi,O:::;i:::;d, E. l=~( j ).h.
}l- ~ d . J'

j=O -I

Vj, O:::;j:::;d,

see[20]. We skip herethe more geometricequivalentdescriptionof the h-vectorvia
shellings.Importantpropertiesof the h-vectorof a simplicial n-vertexd-polytopeare:

• TheDehn-SommervilleRelations:

Vj, 0:::; j :::; d,

• The UpperBoundTheorem[13]:

. . {(j +n- d - I) (n - j - I)}hJ < ffiln , ,
- n-d-I n-d-I

andthis boundis attainedfor all j for theconvexhull of n pointson the moment
curve{(ti)f=l It E ~}.

• The GeneralizedLowerBoundTheorem(GLBT):l

Vj, l:::;j:::;(d+I)/2,

1 Sometimes,the statementis presentedfor j :": d/2. However,for d odd and j = (d + 1)/2, we have
hj _I = hj becauseof theDehn-SommervilleRelations.
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The only proof known for the GLBT goesvia the g-theorem,which characterizesall
possibleh-vectorsof simplicial d-polytopes[4], [18], [14].

OrthogonalDual. We describea duality betweensequencesof n points in jRd and
jRn-d-1 that is closelyrelatedto the Gale transform,see[9] and [20] (seethe remark
precedingLemma2). Thisallowsusto relatetheh-vectorofsimplicialconvexpolytopes
to theIi-sequenceswehaveconsideredin Section2.

For integers0 ~ d < n, we call a matrix A E jRnxd legal if AT. i = 0andif A has
full rank d. We usei and0for vectorsof alII's andO's, respectively,of appropriate
dimension;herei = In and0=()d. We interpretmatrix A asa sequenceSA = (Pi)7=1
ofn pointsin jRd in theobviousway: thei th row givescoordinatesof Pi. Theconditions
for "legal" translateto the facts that the origin is the centerof gravity of the points in
SA, and that thereis no hyperplanecontainingall points in SA-anassumptionmuch
weakerthangeneralposition!

Given legal matricesA E jRnxd and B E jRnx(n-d-l),we call B an orthogonaldual
ofA, in symbolsA.l B, if AT. B = ()dx(n-d-J). In otherwords, the columnsof A are
orthogonalto the columnsof B. That is, the columnsof A spana linear vectorspace
of dimensiond orthogonalto the linearspaceof_dimensionn - d - 1 spannedby the
columnsof B, andbothspacesareorthogonalto 1. Hence,givena legalmatrix A, there
is alwaysan orthogonaldual B which is uniqueup to linear transformations.Clearly,
A.l B ¢=::} B.l A. (This convenientsymmetry,enforcedby theconditionAT·i = 0, is
theonly differenceto thestandardGaletransform-apartfrom expositorydetails.)

Lemma2. For 0 ~ d < n, let A E jRnxd and B E jRnx(n-d-J) be legal matrices
with A.l B, andlet SA = (Pi)7=1 and SB = (pi}7=1' For somef 5'; {I, 2, ... , n}, let
F := {Pi liE I} andF* := {p7 I i ¢ I}.

(i) ifF iscontainedin a supportinghyperplaneofthepointsin SA,then0 E convF*.
(ii) If 0 E convF, then F* is containedin a supportinghyperplaneof the points

in SB.

Proof Let F lie in a supportinghyperplane.That is, thereis a vectorv E jRd+I, such
that for A = (Ai )7=1 := (Ai) . v, we haveA =1= 0, Ai 2: 0 for all I ~ i ~ n andAi = 0
for i E f. «Ai) denotesthematrix A with anextracolumnof l's.) Moreover,

T T - -B . A = B . (Al)v = 0
'-...-'
O(n-d-l)x(d+l)

which meansthattheorigin is apositivelinear(andthusconvex)combinationof points
p7 with i ¢ f.

For the reversedirection (ii), let A E jRn be a vector that witnessesthe fact that
oE convF. Thatis, 0 ~ A =1= 0, ATA =0, andAi =0 for Pi ¢ F; if Pi ¢ F, theni ¢ f.
A is orthogonalto thelinearspacespannedby thecolumnsin A; consequently,it is in the
linearspacespannedby thecolumnsof (Bi), andthereis a vectorv with (Bi) . v = A.
Hence,v correspondsto asupportinghyperplanethatcontainsall p7 with Ai = O. Since
Ai = 0 for i ¢ f, thehyperplanecontainsall pointsin F*. 0
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f - and h-Vector underOrthogonalDuals. For 8 a finite multisetof points in ~d, cp
an i-flat, andk E Z, let Sk = sk(cp,8) denotethe numberof (k + d + 1 - i)-element
subsetsof 8 whoseconvexhull is intersectedby cpo This generalizesour definition for
linesfrom theprevioussection.We employit herealsofor points(i.e. O-flats).

Lemma 3. For 0 :5 d < n, let A E ~nxd and B E ~nx(n-d-I) be legal matriceswith
A 1- B, and let 8 s;;: ~d and 8* s;;: ~n-d-I be the multisetsofpoints in SA and SB,
respectively.Then

];(8) = Sd-i-I(O,8*) and ];(8*) =sn-d-i-2(O,8).

Proof There is a bijection of (i + I)-elementsubsetsof 8 containedin supporting
hyperplanesand(n - (i + 1))-e1ementsubsetsof 8* thatcontain0 in their convexhull,
and(d - i - 1) + (n - d - 1) + 1 = n - (i + 1); therefore,the left equality.Theright
equalityfollows from thesymmetryof orthogonalduality. 0

Theorem4.

(i) If (hj )1=o is the h-vectorofa simplicial n-vertexd-polytope,then there is a set
S ofn points in generalposition in ~n-d, anda line f. disjoint from all convex
hulls of(n - d) - 1 pointsin S, suchthathj (f., S) = hj for 0 :5 j :5 d.

(ii) LetSbea setofnpointsin generalpositionin]Rd, andlet f. bea line disjointfrom
all convexhullsofd - 1pointsin S. Iff. intersectstheconvexhull ofS, thenthere
is a simplicial m-vertex(n - d)-polytopeP with m :5 nandhj(P) = hj(f., S)
for 0 :5 j :5 n - d.

Proof Let P bea simplicial n-vertexd-polytope,andlet V bethesetof verticesof P.
SinceP is simplicial, a small perturbationof the vertexsetof P thatdoesnot change
its f-vector allows us to assumethat V U {c}, c the centroidof V, is a setof n + 1
pointsin generalpositionin ]Rd. Moreover,a translationof P allows us to assumethat
the origin is the centroidof V. Let A E JRnxd be a matrix which hasthe coordinates
of the points in V in its rows. Now consideran orthogonaldual B E IRnx(n-d-l) of
A, andlet T be the multisetof points in SB. The generalpositionof V U {OJ implies
that T U {OJ is a setof n + 1 points in generalposition (argumentomitted).We have
fi(P) = ];(V) = sd-i-I(O, T). Now we lift T s;;: IRn- d- 1 to a setS s;;: ~n-d by adding
to eachpoint in T an (n - d)th coordinate,suchthat S is in generalpositionin JRn- d

(randomcoordinatesuniform from [0, 1) will do with probability 1). Let f. denotethe
xn_d-axisdirectedtowardxn_d= +oo.Obviously,sd-i-I(O,T) = sd-i-I(f., S),andso,
accordingto therelationbetweensk(f.,S) andhj = hj(f., S) wehadderivedin Section2,

for -1 :5 i :5 d - 1. Equation(2) implies hj = hj for 0 :5 j :5 d via (1), andwe have
completedtheproofof statement(i).
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Fortheproofof(ii), letS S; ]Rd andl asin theclaimedstatement,with l n convS i= 0.
A suitableprojectionand perturbationgives a set T S; ]Rd-l andx E ]Rd-l suchthat
T U {x} is in generalposition,x E convT andsk (x, T) = sk (l, S) for all k E Z. Let
c be the centroidof T. We first assumethatc = x. Thenwe apply a translationwhich
mapsc = x to the origin O. Now we apply the orthogonaldual constructionas in (i)
which givesus a setV of pointsin ]Rn-(d-l)-l = JRn-d. P = convV is the requested
(n - d)-polytopewith at mostn vertices(employan identity similar to (2». If c i= x,
thenthereis ahyperplaneH nonnalto c - x and disjointfrom convT, suchthatwe can
applyaprojectivetransfonnationrr whichmakesH thehyperplaneatinfinity with rr(x)
the centroidof neT)andSk(X, T) = sk(rr(x), rr(T» for all k E Z (detailedargument
omitted).Now we canproceedasbeforeto show(ii). 0

The theoremshowsthatnot only theproofof Theorem1 mimicsMcMullen'sproof
of the Upper BoundTheorem-thestatementsare actually equivalentto the Dehn­
SommervilleRelationsandthe UpperBoundTheorem.The fact that the UpperBound
Theoremis tight for pointsonthemomentcurveimpliesthattheboundsin Theorem1are
tight. We do not give aproofof theGeneralizedLower BoundTheoremin the"j -facet
setting",but we will shortly interpretanduseit in this setting.

4. Lines Enteringj-Facetsup to a Point

Alternative Prooffor the Boundson the hj's. Let Sf be a setof n points in ]Rd+! in
generalposition(it is (d+ I)-spacenow!). Let l beadirectedlineparallelto thexd+!-axis
anddisjoint from all convexhulls of d pointsin Sf. For j E Z, let hj =hj(l, Sf).

Let S be theorthogonalprojectionof Sf to thehyperplanexd+1 = 0 andlet x be the
projectionof l. That is, by removingthe lastcoordinate,we canconsiderS U {x} asa
setof pointsin ]Rd. A smallperturbationof Sf thatdoesnot changethehj 's allows us to
assumethat S U {x} is in generalposition.

We choosea directedline J... in ]Rd throughx thatis disjoint from all convexhulls of
d - 1 points in S. For i E :E, we let hi = hi(x, J..., S) be the numberof i-facetsof S
enteredby J... beforex (i.e. with x on thenegativeside).

We want to arguethat

(3)

for all j E Z. Beforeweproceedwith this argument,notethathi ::s hi(J..., S). Ifwe know
thathi (J..., S) ::s C~~ ~!), thenfrom (3) it follows that

- I:j A A I:j A I:j (i + d - 1) (j + (d + 1) - 1)h·= (h·-h d .)< h·< =
J . 1 n- -I -. 1 - . d _ 1 (d + 1) - 1

1=0 1=0 1=0

andwe haveaninductiveproofof theupperbounded~~!) startingin dimensiond = 1.
So why does(3) hold?We countthe numbersk = sk(x, S) of (k + d + I)-element

subsetsof S whoseconvexhulls containx, or, equivalently,the numbersk(l, Sf) of
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(k + (d + l))-elementsubsetsof S' whoseconvexhull is intersectedby l. For k E Z,

sk(l, S') = L G}hi = L C~ 1) .(hi- 1 - hi),
~ I

G::)-(k~l)

(4)

wherethe first equalitywasderivedin Section2.
We developthe numbersSk "directly" in ]Rd in the set S. To this endwe observea

point ~ moving on)... towardx. As ~ entersan i-facetof S, it exits (k~l) convexhulls of
k + d + 1 points,andit penetrates(n;~~i) convexhulls of k + d + 1 pointsin S'. This
showsthat

k ~ ~ ((n -d - i) (i )) ,,( i ) ~ ~s (x, S) = fa hi . k + I - k + I = ~ k + I . (hn-d-i - hi) (5)

for k E Z. sk(l, S') = sk(x,S), (4), and(5) imply (3) via (1).
Apart from the alternativeproof of the upperboundsfor the hj's, we want to point

out two implicationsof (3). First, the differencehj - hn - d- j doesnot dependon the
choiceof line)... throughx. Second,sincewe know from theGLBT thathj ?: hj - 1 for
2j ~ (n - (d + 1))+1= n -d, wecancondudethathj -hn-d-j ?: Ofor2j ~ n -d.
In otherwords,the GLBT saysthat for 2j ~ n - d, we canneverleavemore j-facets
thanwe enterj -facetsaswe movealonga line startingata pointoutsidetheconvexhull
of S.

The g-Valuesof a Point Relativeto S. Let S be a set of n points in ]Rd in general
position,let x bea point not in S suchthat S U{x} is in generalposition,andlet)... bea
directedline throughx which is disjoint from all convexhulls of d - 1 pointsin S. We
define

gj = gj(x, S) := hj(x,)..., S) - hn-d-j(x,)...,S)

for 0 ~ j ~ n - d (seeFig. 1). Recallthatgj doesnot dependon thechoiceof )....

Fig. 1. Thefunction g3(x, S) for asetSof ninepointsin theplane.Darkershadingindicateslargerg3(x, S)
for pointsx in thatarea.
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LemmaS.

(i) gj = -gn-d-jforO:s j :s n - d.
(ii) For n - d even,g(n-d)/2 = O.

(iii) gj ::=: Ofor 0 :s 2j :s n - d.
(iv) sk(x, S) = - L7:;; (k~l)gi (x, S) for all k E oZ.
(v) x f/ convS iffgj(x, S) = Ofor all j, O:s j :s n - d.

E. Welzl

(6)

Recallthat (iii) is equivalentto theGLBT for simplicial (n - d - I)-polytopeswith
at most n vertices.While this statementseemsto be difficult to prove, the readeris
encouragedto verify it for j < (n - d)/d via centerpoints(see[10]): Given S ~ ]Rd,

a point c E ]Rd is called a centerpointif every hyperplanecontainingc has at most
dlSI/(d + 1) pointsfrom S oneitherside.Suchacenterpointexistsfor everyfinite point
set.

In thenextsectionwe use

r j = rj(S) :~ L gj(p, S \ {p})
pES

for 0 :s j :s (n - 1) - d, and

Ek = Ek(S) := _ (n~-d ( i )r
i

i=O k + 1

for k E oZ. We recordthe immediate implicationsof Lemma5 to the introducedvalues.

Lemma 6.

(i) ForO:S j :s (n - 1) - d, r j = -r(n-l)-d-j.
(ii) For (n - 1) - d even,r(n-d-I)/2 = O.

(iii) r j ::=: Ofor 2j :s (n - 1) - d.
(iv) For all k E oZ, Ek is the numberofpairs (p, Q), Q E (k+~+l)' P E S\Q, with

p E convQ.
(v) S is in convexpositioniffr j = ofor all j, O:s j :s (n - 1) - d.

S. A Conclusion

Givena setS of n pointsin ]Rd in generalposition,we denoteby ej = ej (S) thenumber
of j-facetsof S andwe set Ej = Ej(S) := Li~j ei(S).We showa tight upperbound
on Ej in 3-spacefor 2j :s n - 4. Two simplefactswe will needbelow:ej = en-d-j and
En-d = 2G)·

First, we count the numberof O-facetsof (k + d)-elementsubsetsof S, i.e. e~ .­
LQE(kid) eo(Q),in termsof the E/s:

e~ = L (n - d - j) ej =I: (j) ej
j k '-v-" j =0 k '-v-"

en-d-j Ej-Ej_1



EnteringandLeaving j-Facets 361

Second,we countthenumberof verticesof theconvexhulls of (k + d)-elementsubsets
of S, i.e. ft := LQE(k~d) fo(conv Q):

"k + ~k-2 = (k + d) ( n )
JO k +d

sinceeverypair (p, Q), Q E (k+~-l)' P E S\Q, contributeseitherone to ft (if p f/.
conv Q) or oneto ~k-2 (if p E conv Q). We substitute~k-2 accordingto (6):

In theplane,e~ = ft yields

~ C~ l)(Ej + rj ) = C:2) (2e;2) - (k + 2)).
)-0 'v '

k(k+2)

Thisequalityis satisfiedfor andonly for Ej +r j = (j +l)n. In 3-space,Euler'sRelation
givese~ = 2ft - 4(k:3) and

~ C~ l)(Ej + 2rj ) = C:3) (2e;3) - 2(k + 3) + 4).
)-0 'v '

k(k+l)(k+5)/3

Here,Ej + 2rj = 2Wi2)n - 2(ij3)) constitutestheunique solution.

Lemma7.

(i) In theplane,En-2 = 2(;) and Ej = (j + l)n - r j for 0 :s j :s n - 3.
(ii) In 3-space,En- 3 = 2(;) andEj =2(ei2)n - 2et3

) - rj)forO :s j :s n - 4.

Lemma6(iii) and(v) provide

Corollary 8.

(i) In theplane, Ej :s (j + l)n for 0 :s 2j :s n - 3 with equalityfor S in convex
position.



362 E. Welzl

(ii) In 3-space,Ej :s 2(ei2)n - 2et3
) for 0 :s 2j :s n - 4 with equalityfor S in

convexposition.

Bound (i) hasbeenpreviouslyestablishedin [1] and [16]. Bound (ii) was known for
j :s n/4 - 2 [2]. The restrictionof "2j :s n - d - 1" is a crucial thresholdfor exact
Erbounds, since,for n - d even,E(n-d)/2 = C) + e(n-d)/2/2.

For constantdimensiond, an asymptoticboundof the order n ld/2J (j + l)f d/ 21_
asymptoticallytight for pointson themomentcurve-isknown [6].

Remark 1. We write GLBT(d,n) for the statementof theGeneralizedLower Bound
Theoremfor simpliciald-polytopeswith atmostn vertices.WehaveseenthatGLBT(d,
d + 3) impliesCorollary8(i), andGLBT(d,d + 4) impliespart (ii) of thatcorollary. In
fact, onecanshownow thatGLBT(d,d + 3) is equivalentto (i) andGLBT(d,d + 4) is
equivalentto (ii). Thatis, [1] and[16] haveshownGLBT(d,d + 3).

Theargumentproceedsasfollows. Supposewe haved + 4 pointsin generalposition
in ]Rd, whoseconvexhull violatesGLBT(d,d + 4). By thedualitydescribedin Section3
thiscorrespondsto asetofn = d +4pointsin]R4 andadirectedline f. suchthathj -I > hj

for some2j :s d + 1 = n - 3. Now we project this point setparallel to f. to obtain
a three-dimensionaln-point setS with a point x with gj (x, S) < O. Note that we can
project S to a spherecenteredat x without changinggj (x): clearly, sucha projection
will not changesk(x),k E :E, andso,dueto Lemma5(iv), it will not changethegj(x)'s.
Let S' bethis projectedsettogetherwith x, i.e. IS'I = n + 1. Sinceall pointsin S' apart
from x areextreme,we havef j (S') = gj (x, S'\{x}) < 0, where2j :s n - 3 = IS'I - 4.
Now Lemma7 infers the fact thatS' hasmore(:s j)-facets thana setof n + 1pointsin
convexposition.

Remark 2. It is not clearhow theboundsin Corollary 8 generalizeto higherdimen­
sions. All we can claim at this point (without providing the proof here) is that if the
numberof (:s j)-facetsin 4-spaceis maximizedin convexpositionfor 2j :s n - 5, then
it is maximizedfor pointson the momentcurve,or, moregenerally,by the vertexsets
of neighborlypolytopes(wherethesenumbersareknown).

Remark 3. We havementionedrelationsto otherpapersin the Introduction.In Lee's
contribution[10] theduality is workedout, anda winding numberis introduced,equiv­
alenttothegrvaluesof apoint we definedhere.Also a proofof GLBT(d,d + 3) in this
dualsettingis presented.

In [5] Clarksonpresentsa nice probabilisticproof for an upperboundof e~~~I)
for thenumberof so-calledlocal minimain j -levelsof arrangementsof hyperplanesin
d-space. This translatesto theboundsfor the numberof j-facets enteredby a line (by
polarduality). HeusesLP-dualityto showthatthiswayhegaveanewproofof theUpper
BoundTheorem.

Finally, Mulmuleyconsidersin [15] so-calledh-matricesofboundedk-complexes of
arrangementsof hyperplanes."Our" h- andh-vector appearsin suchanh-matrixasthe
first row andcolumn.Again,propertiesarederivedsimilar to theUpperBoundTheorem
andDehn-SommervilleRelations.
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Onedifferencebetweenour settingandtheones(relatedby polarduality) in [5] and
[15] is that theyhaveto addextraobjectsin orderto ensureboundedness-anissuethat
neveroccursin our scenario.

Remark 4. A k-setof a finite set S in lRd is a subsetK of S that can be separated
from S\K by a hyperplane.By the relationbetweenk-setsand j-facetsmentionedin
Theorem3 of [2], Corollary 8 implies thatfor k S nl2 - 1 the numberof (S k)-setsof
n-pointsetsin lR3 is maximizedin convexposition.

Remark 5. We refer to a paperby Linhart [11], sincehe provesthe sameboundfor a
similarproblem.We briefly translatehis settingto a scenariocomparablewith ours.We
aregiven a setS' of n + 2 points in generalpositionin lRd • Let x andy be two distinct
points in S', andS := S'\{x, y}. For 0 S j S n + 1 - d, we denoteby ej the number
of j-facetsof S U {x} incidentto x andwith y on its positiveside;Ej := 'L{""o ej. Then
Linhart provesthatfor all 0 S j S n - (d - 1) we haveEj S (j + l)n if d = 3, we
haveEj S 2(Vi2)n - 2e~3)) if d = 4, andwe haveEj S nW12)(n - 1) - 2e~3))/2
if d = 5.

Sohow doesthis relateto our problemof countingall j-facets?If x canbeseparated
from S by a hyperplaneH, then we can considerS", the set of intersectionsof the
segmentsxp, PES,with the hyperplaneH. Clearly, thereis a bijection betweenthe
j-facetsof S incidentto x on onehand,andthe j-facetsof S" in H on the otherhand.
That is, on onehand,the boundwe obtainedherefor (S j)-facetsin 3-spaceimplies
Linhart's bound in 4-spaceonly when x is separable;on the other hand, we are not
restrictedto j-facetscontaininga specificpoint y. Hencethe resultsare incomparable.
It explainswhy Linhart'sboundsarevalid for all j, while this cannotbethecasefor our
problem.
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