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Abstract We consider a number of range reporting problems in two and three di-
mensions and prove lower bounds on the amount of space used by any cache-
oblivious data structure for these problems that achieves the optimal query bound
of O(logB N + K/B) block transfers, where K is the size of the query output.

The problems we study are three-sided range reporting, 3-d dominance reporting,
and 3-d halfspace range reporting. We prove that, in order to achieve the above query
bound or even a bound of f (logB N,K/B), for any monotonically increasing func-
tion f (·, ·), the data structure has to use Ω(N(log logN)ε) space. This lower bound
holds also for the expected size of any Las-Vegas-type data structure that achieves an
expected query bound of at most f (logB N,K/B) block transfers. The exponent ε

depends on the function f (·, ·) and on the range of permissible block sizes.
Our result has a number of interesting consequences. The first one is a new type

of separation between the I/O model and the cache-oblivious model, as deterministic
I/O-efficient data structures with the optimal query bound in the worst case and using
linear or O(N log∗ N) space are known for the above problems. The second conse-

Part of this work was done while P. Afshani had been visiting Dalhousie University.
C. Hamilton was supported by a Killam Predoctoral Scholarship.
N. Zeh was supported in part by the Natural Science and Engineering Research Council of Canada
and the Canada Research Chairs programme.

P. Afshani
MADALGO, Department of Computer Science, Aarhus University, IT Parken, Aabogade 34, 8200
Aarhus N, Denmark
e-mail: peyman@madalgo.au.dk

C. Hamilton · N. Zeh (�)
Faculty of Computer Science, Dalhousie University, Halifax, NS, B3H 1W5, Canada
e-mail: nzeh@cs.dal.ca

C. Hamilton
e-mail: chamilton@cs.dal.ca

mailto:peyman@madalgo.au.dk
mailto:nzeh@cs.dal.ca
mailto:chamilton@cs.dal.ca


Discrete Comput Geom (2011) 45: 824–850 825

quence is the non-existence of linear-space cache-oblivious persistent B-trees with
optimal 1-d range reporting queries.

Keywords Cache-obliviousness · Lower bound · Range reporting

1 Introduction

Range reporting is a well studied fundamental problem in computational geometry.
Given a set S of points in R

d , the goal is to preprocess S so that, for any query range
q of a given shape, all points in S ∩q can be reported efficiently. Typical query shapes
include axis-aligned boxes, circles, simplices, and halfspaces. To indicate the type of
permissible queries, the problem is then referred to more specifically as orthogonal,
circular, simplex or halfspace range reporting. Three-sided range reporting is a spe-
cial case of 2-d orthogonal range reporting that considers axis-aligned boxes whose
top boundaries are fixed at y = +∞. Dominance reporting is another important spe-
cial case of orthogonal range reporting: given a query point q , the problem is to report
all points in S that are dominated by q , that is, whose coordinates are less than q’s in
all dimensions. These different query types are illustrated in Fig. 1.

Most previous work on this type of problem has focused on standard models of
computation, such as the RAM model or the pointer machine model. The distinguish-
ing feature of these models is that the access cost to a data item is independent of the
location where the item is stored in memory. These models are useful for studying
the fundamental computational difficulty of a problem, but they ignore that in reality
the time to access an item can vary by a factor of up to 106 depending on its present
location (disk, internal memory, CPU cache, etc.).

A number of models have been proposed to capture the non-uniform access costs
in real memory hierarchies. See [31] for a survey. The two most widely adopted ones
are the input/output model (or I/O model) [6] and the cache-oblivious model [18].
Their success is due to the balance they provide between simplicity, in order to allow
the design and analysis of sophisticated algorithms, and accuracy in predicting the
performance of algorithms on real memory hierarchies.

The I/O model considers two levels of memory: a fast internal memory with the
capacity to hold M data items, and a slow but conceptually unlimited external mem-
ory. All computation has to happen on data in internal memory. The transfer of data
between internal and external memory happens in blocks of B consecutive data items;
the complexity of an algorithm is the number of such block transfers it performs.

Fig. 1 Standard query types in 2-d
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The cache-oblivious model provides a simple framework for designing algorithms
for multi-level memory hierarchies, while using the simple two-level I/O model for
the analysis. In this model, the algorithm is oblivious of the memory hierarchy and,
thus, cannot initiate block transfers explicitly. Instead, the swapping of data between
internal and external memory is the responsibility of a paging algorithm, which is as-
sumed to be offline optimal, that is, to perform the minimum number of block trans-
fers possible for the memory access sequence of the algorithm. Since the memory
parameters are used only in the analysis, the analysis applies to any two consecutive
levels of the memory hierarchy. In particular, if the analysis shows that the algorithm
is optimal with respect to two levels of memory, it is simultaneously optimal at all
levels of the memory hierarchy. See [18] for a more detailed discussion of this model
and for a justification of the optimality assumption of the paging algorithm.

In this paper, we study three-sided range reporting, 3-d dominance reporting, and
3-d halfspace range reporting in the cache-oblivious model. We prove that any cache-
oblivious data structure for these problems that achieves the optimal (or even a much
weaker) query bound has to use asymptotically more space than a data structure with
the same query bound in the I/O model.

1.1 Related Work

In the I/O model, much work has focused on orthogonal range reporting. A num-
ber of linear-space data structures have been proposed that achieve a query bound
of O(

√
N/B +K/B) block transfers in two dimensions and O((N/B)1−1/d +K/B)

block transfers in higher dimensions [9, 19, 20, 22, 26, 28], where K is the number of
reported points. The same bounds have been obtained in the cache-oblivious model
[5, 11]. In 2-d, Arge et al. [8] showed that Θ(N logN/ log logB N) space is sufficient
and necessary to obtain a query bound of O(logB N + K/B) block transfers for or-
thogonal range reporting in the I/O model. The main tool used to prove the upper
bound is an I/O-efficient version [8] of McCreight’s priority search tree [25] with
a query bound of O(logB N + K/B) block transfers for three-sided range reporting
queries and using linear space. The lower bound is obtained in the indexability model
of [21] (also see Sect. 2). Note that the lower bound shows that any data structure
achieving the optimal query bound for B = Nε must use Ω(N logN) space. In par-
ticular, any cache-oblivious data structure supporting 2-d orthogonal range reporting
queries in the optimal query bound has to use Ω(N logN) space.

In the cache-oblivious model, three data structures have been proposed that
achieve a query bound of O(logB N + K/B) block transfers for three-sided range
reporting, but using O(N logN) space. The first one, by Agarwal et al. [5], works
only if log logB is an integer. The second and third data structures, by Arge et
al. [10] and Arge and Zeh [7], remove this restriction. The data structure by Arge
and Zeh is obtained using standard techniques from a linear-space data structure for
optimal 2-d dominance reporting queries presented in the same paper. By applying
the same techniques to the O(N logN)-space three-sided range reporting data struc-
tures of [5, 7, 10], it is easy to obtain cache-oblivious 2-d orthogonal range reporting
data structures that use O(N log2 N) space and achieve the optimal query bound of
O(logB N + K/B) block transfers.
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Table 1 A summary of known upper bounds for three-sided range reporting, 3-d dominance reporting
and 3-d halfspace range reporting. For the sake of clarity, O-notation has been omitted

Query type Model Space Query bound References

2-d three-sided internal memory N logN + K [25]

I/O model N logB N + K/B [8]

cache-oblivious model N logN logB N + K/B [3, 5, 7, 10]

3-d dominance internal memory N logN + K [1, 24]

I/O model N logB N + K/B [1]

cache-oblivious model N logN logB N + K/B [3]

3-d halfspace internal memory N logN + K [2]

I/O model N log∗ N logB N + K/B [2]

cache-oblivious model N logN logB N + K/B [3]

For 3-d dominance reporting, Vengroff and Vitter [30] presented a data structure
with a query bound of O((log log logB N) log(N/B) + K/B) block transfers and us-
ing O(N log(N/B)) space in the I/O model. The query bound can be reduced to
O(logB N + K/B) block transfers by choosing the parameters in the data structure
more carefully [31]. Afshani [1] showed that an optimal query bound can in fact be
obtained using linear space, raising the question whether this result can be achieved
also in the cache-oblivious model. In [3], we show that the optimal query bound can
indeed be achieved by a cache-oblivious data structure, but our data structure uses
O(N logN) space.

Halfspace range reporting in 3-d has a longer history, in part because it can be
used to solve other problems, such as 2-d circular range reporting and 2-d K-nearest
neighbour searching. In internal memory, Chan described an O(N logN)-space data
structure with an expected query time of O(logN +K) [16]. Building on these ideas,
Agarwal et al. [4] obtained an O(N logN)-space data structure with an expected
query bound of O(logB N + K/B) block transfers in the I/O model. Further research
led to the development of internal-memory data structures with the optimal query
bound in the worst case and using O(N log logN) space [17, 27]. The same improve-
ments can be carried over to the I/O model. Recently, Afshani and Chan [2] described
a linear-space data structure with the optimal query bound in internal memory and
an O(N log∗ N)-space data structure that answers queries using O(logB N + K/B)

block transfers in the I/O model. In [3], we show how to achieve the optimal query
bound in the cache-oblivious model, but using O(N logN) space. Table 1 summa-
rizes these results.

1.2 New Results

As discussed in the previous section, there exist linear- or O(N log∗ N)-space data
structures that achieve the optimal query bound of O(logB N +K/B) block transfers
for three-sided range reporting, 3-d dominance reporting, and 3-d halfspace range
reporting in the I/O model. In contrast, the best known data structures achieving the
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same query bound in the cache-oblivious model use O(N logN) space. This raises
the question whether linear-space cache-oblivious data structures with the optimal
query bound exist for these problems. In this paper, we give a negative answer to
this question. We prove that any cache-oblivious data structure for three-sided range
reporting, 3-d dominance reporting or 3-d halfspace range reporting that achieves a
query bound of f (logB N,K/B), for any monotonically increasing function f (·, ·),
has to use Ω(N(log logN)ε) space.1 This lower bound holds also for the expected
size of Las-Vegas-type data structures, that is, data structures with randomized con-
struction and query algorithms that guarantee correct query answers but achieve the
desired query bound only in the expected case. The exponent ε depends on the func-
tion f (·, ·) and on the range of permissible block sizes. Our results are shown in a
multi-level extension of the indexability model of [21], which is discussed in more
detail in Sect. 2. In particular, they are independent of the set of supported internal-
memory operations (comparisons, algebraic operations, etc.).

As a consequence of our lower bound for three-sided range reporting, it follows
that there is no linear-space cache-oblivious persistent B-tree that achieves the opti-
mal 1-d range reporting bound of O(logB N + K/B) block transfers in the worst or
expected case, while such a data structure exists in the I/O model [13].

There have been previous results showing that the cache-oblivious model is less
powerful than the I/O model. Brodal and Fagerberg [15] established a lower bound
on the amount of main memory (as a function of B) necessary for optimal cache-
oblivious sorting, while Bender et al. [14] proved that cache-oblivious searching has
to cost a constant factor more than the search bound achieved in the I/O model using
B-trees [12]. Our result is the first to establish an asymptotically growing gap between
the space used by cache-oblivious and I/O-efficient data structures.

The key to obtaining our result is the construction of a hard point set and of a set
of hard queries over this point set in combination with techniques to explicitly use the
multi-level structure of the cache-oblivious model. Previous lower bound proofs for
range reporting problems in the I/O model [8, 21, 23, 29] involved the construction
of a hard point set together with a set of many “sufficiently different” queries of the
same size. Combined with counting arguments, this ensured that the point set cannot
be represented in linear space while guaranteeing a certain proximity (on disk) of the
points reported by each query. The problems we study in this paper allow linear-space
or O(N log∗ N)-space solutions in the I/O model [1, 2, 8], as well as linear-space
cache-oblivious solutions for queries of any fixed output size [3, 5, 10]. This means
the previous techniques are ineffective for our purposes. In order to force a given
point set to be hard for the problems we study, we construct many queries of different
sizes. Combined with the multi-level nature of the cache-oblivious model, this allows
us to create many incompatible proximity requirements for subsets of the point set
and, thus, force duplication. It should be noted here that our construction of a hard
point set (as well as the proof of Lemma 4) is inspired by a similar construction used
by Afshani and Chan to prove a lower bound on the shallow partition theorem [2].

1We call a function f (·, ·) monotonically increasing if x ≥ x′ and y ≥ y′ imply f (x, y) ≥ f (x′, y′).
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2 A Multi-Level Indexability Model

The results in this paper are proved in a multi-level extension of the indexability
model of [21]. In particular, apart from a change of notation, the model of [21] is the
same as our model restricted to one block size. This model allows us to prove lower
bounds for (cache-oblivious and cache-aware) data structures for multi-level memory
hierarchies without any restrictions of the set of supported internal-memory opera-
tions. The two main concepts of the model are those of workload, which captures
a particular combination of problem instance and memory hierarchy, and indexing
scheme, which provides an abstraction of a data structure. Next we define these two
concepts, as well as the size and efficiency of an indexing scheme, and discuss their
relationships to the data structure concepts they capture.

A workload is a triple W = (S,Q, B), where S is a set, Q is a set of subsets
of S, and B is a set of integers. We call S the base set, Q the query set, and the
elements of B block sizes. Intuitively, S is the set of elements to be stored in a data
structure, every element of Q contains the set of elements in S to be reported by
a particular query, and the elements of B are the cache block sizes of a particular
memory hierarchy. We call a workload realizable as a range reporting problem of a
given type if the elements in S can be identified with points in R

d so that for every
set q ∈ Q there exists a query range of the given type containing exactly those points
in S that correspond to the elements of q .

A block cover of S with block size B (short: B-cover) is a set of subsets (blocks)
of S, each of size at most B and such that their union is S. An indexing scheme for
the workload W = (S,Q, B) is a set of block covers of S, one for each block size
in B. Intuitively, an indexing scheme provides an abstraction of a data structure, as
every layout of a concrete data structure D in external memory can place only Bi

elements of S into each cache block of size Bi ∈ B. We refer to the indexing scheme
representing this placement of elements into cache blocks as ID .

For a workload W = (S,Q, B) and an indexing scheme I for W , we say that a
Bi -cover Ci in I is f -efficient, for a function f (·, ·), if every query q ∈ Q can be
covered with at most f (logBi

N,K/Bi) blocks in Ci , where N := |S| and K := |q|.
The indexing scheme I is f -efficient if all its block covers are f -efficient. Applied to
the indexing scheme ID corresponding to a data structure D, this captures the number
of cache blocks at each level of the memory hierarchy that need to be retrieved from D
to answer any query q ∈ Q. As in [21], the cost of locating these blocks is ignored. In
particular, a lower bound proved in this model is independent of the set of supported
internal-memory operations.

For a block cover C of S, the multiplicity μC (x) of an element x ∈ S is the
number of blocks in C that contain x. For an indexing scheme I for a workload
W = (S,Q, B), the multiplicity of x is defined as μI (x) = maxCi

μCi
(x), where Ci

ranges over all block covers in I . The size of I is
∑

x∈S μI (x). For the indexing
scheme ID representing a data structure D and a Bi -cover Ci in ID , every element
x ∈ S is stored in μCi

(x) cache blocks of size Bi in D. Hence, the multiplicity μCi
(x)

of an element x ∈ S is a lower bound on the number of times x is stored in D. Since
this is true for every block cover in ID , μID (x) is also a lower bound on the number
of times x is stored in D, and the size of ID is a lower bound on the size of D. Thus,
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given a workload W = (S,Q, B), it suffices to prove a lower bound on the size of
any f -efficient indexing scheme for W in order to obtain a lower bound on the size
of any data structure that achieves a query cost of f (logB N,K/B) block transfers
for all queries in Q and all block sizes B ∈ B.

The workloads W = (S,Q, B) we construct in this paper have a large number
of block sizes in B. Thus, our lower bounds apply to cache-aware data structures
with query cost bounded by f (logB N,K/B) block transfers only under the assump-
tion of a very deep memory hierarchy. A cache-oblivious data structure, on the other
hand, is independent of the specific memory hierarchy. If it achieves a query bound
of f (logB N,K/B) block transfers for an arbitrary two-level hierarchy with block
size B , it achieves this query bound at all levels of a multi-level hierarchy with the
block sizes in B. Thus, any lower bound we prove on the size of an f -efficient index-
ing scheme for W applies to any cache-oblivious data structure with a query cost of
f (logB N,K/B) block transfers.

3 A Lower Bound for Three-Sided Range Reporting

In this section, we present the main result of our paper: a lower bound on the space
used by any deterministic cache-oblivious data structure that supports three-sided
range reporting queries using at most f (logB N,K/B) block transfers in the worst
case, as stated in Theorem 1. The lower bounds for 3-d dominance reporting and
3-d halfspace range reporting are obtained from this result using reductions and are
discussed in Sect. 5. The same section discusses how to extend the lower bound to
Las-Vegas-type randomized data structures.

Theorem 1 Let f (·, ·) be a monotonically increasing function, and 0 < δ ≤ 1/2
a constant. Any cache-oblivious data structure capable of answering three-sided
range reporting queries using at most f (logB N,K/B) block transfers in the worst
case, for every block size B ≤ N2δ , must use Ω(N(log logN)ε) space, where ε :=
1/f (δ−1,1).

We prove Theorem 1 by constructing a workload W realizable as a three-sided
range reporting problem such that any f -efficient indexing scheme for W has size
Ω(N(log logN)ε); see Lemma 1 below. As discussed in Sect. 2, this implies Theo-
rem 1. However, while an indexing scheme and its efficiency are defined without ref-
erence to cache sizes, a data structure can take advantage of the amount of available
cache to speed up its queries. Our proof of Lemma 1 considers block sizes between
Nδ and N2δ . Thus, a sufficiently strong tall cache assumption (M = ω(B1/δ), for
all 0 < δ ≤ 1/2) implies that the entire point set fits in cache, and the queries in Q

can be answered without any block transfers after loading S into cache. This means
that Theorem 1 holds only under the assumption that M is polynomial in B . In prac-
tice, this is a reasonable assumption. In the remainder of this section, we prove the
following lemma.

Lemma 1 Let f (·, ·) be a monotonically increasing function, and 0 < δ ≤ 1/2 a
constant. For every integer N > 0, there exists a workload W = (S,Q, B) realizable
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as a three-sided range reporting problem, with |S| = N and Bi ≤ N2δ , for all Bi ∈ B,
and such that any f -efficient indexing scheme for W has size Ω(N(log logN)ε),
where ε := 1/f (δ−1,1).

First we show that, to prove Lemma 1, it suffices to focus on the case δ = 1/2, that
is, to allow arbitrarily large block sizes Bi ≤ N in B.

Lemma 2 If Lemma 1 holds for δ = 1/2, it holds for any 0 < δ ≤ 1/2.

Proof Consider a particular choice of N , f , and δ in Lemma 1, and let N ′ := N2δ and
f ′(x, y) := f (x/(2δ), y). Since we assume that Lemma 1 holds for δ = 1/2, there ex-
ist a workload W ′ = (S′,Q′, B) realizable as a three-sided range reporting problem,
with |S′| = N ′ and Bi ≤ N ′, for all Bi ∈ B, and such that any f ′-efficient indexing
scheme for W ′ has size Ω(N ′(log logN ′)ε), where ε := 1/f ′(2,1) = 1/f (δ−1,1).

Now we construct a workload W = (S,Q, B) with |S| = N as follows. Let
m := N/N ′. For 1 ≤ i ≤ m, we define sets Si := {(x, i) | x ∈ S′} and Qi := {{(x, i) |
x ∈ q} | q ∈ Q′}. The sets S and Q are defined as S := S1 ∪ S2 ∪ · · · ∪ Sm and
Q := Q1 ∪ Q2 ∪ · · · ∪ Qm. Since W ′ is realizable as a three-sided range reporting
problem, so is W : it suffices to place m copies of the point set representing S′ side
by side.

The workload Wi = (Si,Qi, B) is the same as W ′ after renaming every ele-
ment x ∈ S′ to (x, i). Thus, every f ′-efficient indexing scheme for Wi has size
Ω(N ′(log logN ′)ε). Now observe that f ′(logB N ′,K/B) = f ((logB(N2δ))/(2δ),

K/B) = f (logB N,K/B), that is, the restriction of every f -efficient indexing
scheme for W to the elements of Si is an f ′-efficient indexing scheme for Wi . This
implies that every f -efficient indexing scheme for W has size Ω(mN ′(log logN ′)ε)
= Ω(N(log logN)ε). �

By Lemma 2, it suffices to prove Lemma 1 for arbitrarily large block sizes. For a
given size N of the set S, we construct the sets S, Q, and B in the workload W =
(S,Q, B) recursively. Since the workload is to be realizable as a three-sided range
reporting problem, we do not distinguish between the elements in S and the points in
R

2 representing them, nor between the queries in Q and their corresponding three-
sided query ranges.

The recursive construction of the point set S is illustrated in Fig. 2a. At the first
level of recursion, we divide the plane into a t × 2t−1-grid T , for a parameter t

to be chosen later, and place different numbers of points into its cells. The points
within each cell are arranged by dividing the cell into a t × 2t−1-grid of subcells and
distributing the points over those subcells. This process continues recursively as long
as each cell of the current subgrid contains more than

√
N points.

The construction of the query set Q follows the recursive construction of the point
set S. Each query at the top level comprises a union of cells of T chosen so that each
top-level query outputs roughly the same number of points. For each grid cell, we
construct a set of queries over the subgrid in this cell in a similar fashion. We repeat
this construction recursively until we reach the last level in the recursive construction
of the point set S.
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Fig. 2 (a) The recursive construction of the point set. Fat solid lines bound grid cells, dotted lines separate
subcolumns. (b) The set of queries in QT . Only one query is shown for each level of QT . (c) Queries at
recursive levels output only points from their subgrids

The main idea now is to prove that, by choosing the top-level queries in Q appro-
priately and including an appropriate block size in B, we can ensure that, for every
f -efficient indexing scheme I for W , there exists a grid cell in T at least half of
whose points have multiplicity Ω(tε) in I . For each subgrid at the next level of re-
cursion, we add another block size to B that ensures that this subgrid has a cell at least
half of whose points have multiplicity Ω(tε), and so on for every level of recursion.
By making the recursion sufficiently deep, we achieve that at least a constant fraction
of the points have multiplicity Ω(tε). The required recursion depth depends on t , and
the largest value of t that allows for a sufficient recursion depth is t ≈ log logN (see
remark at the end of Sect. 3.1). This gives the lower bound stated in Lemma 1.

We divide the details of our proof into two parts. In Sect. 3.1, we discuss the
construction of the point set S and of the query set Q more precisely and prove that
Lemma 1 follows if we can force at least half the points in one cell of each of the
subgrids in the recursive construction to have the claimed multiplicity. In Sect. 3.2,
we discuss how to achieve this duplication of points for each subgrid by including
appropriate block sizes in B.

3.1 The Point Set and Query Set

To define the point set S, we construct a t × 2t−1-grid T , for a parameter t :=
(log logN)/4. This parameter remains fixed throughout the recursive construction.
We refer to the grid cell in row i and column j as Tij , for 1 ≤ i ≤ t and 1 ≤ j ≤ 2t−1.
Every column of T is divided into t subcolumns, which also splits each cell Tij into
t subcells Tijk , for 1 ≤ k ≤ t . We now place 2i−1N1 points into each cell in row i,
where N1 := N/(22t−1 − 2t−1). The points in cell Tij are placed into subcell Tiji .
This is illustrated in Fig. 2a. Observe that this ensures that each column of the grid
receives (2t − 1)N1 points. Since there are 2t−1 columns, the total number of points
in the grid is (22t−1 − 2t−1)N1 = N . The layout of the points within each cell is now
obtained by applying the same procedure recursively to the set of points assigned to
each cell. The recursion stops when the smallest cell in the current subgrid receives
at most

√
N points.

The query set Q is constructed by following the recursive construction of S. For
the top-level grid T , we construct a set QT of queries consisting of t levels. For
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1 ≤ i ≤ t , level i contains 2i−1 queries, the kth of which is the union of all grid
cells Ti′j ′ satisfying 0 < i′ ≤ i and (k − 1)2t−i < j ′ ≤ k2t−i ; see Fig. 2b. It is easily
verified that every query in QT contains between 2t−1N1 and (2t −1)N1 points. Note
that, even though we specify these queries as unions of grid cells, that is, effectively,
as four-sided queries, we can move their top boundaries to infinity without changing
the set of points they report. To complete the construction of the query set Q, we
apply the same construction recursively to each cell, adding a query set QT ′ to Q,
for each subgrid T ′ in the recursive construction of S. Again, we can move the top
boundary of each query in QT ′ to infinity to make it three-sided without changing the
set of points it reports. Indeed, this clearly does not change the set of points from T ′
reported by the query, and the staggered layout of the points in each grid column into
x-disjoint subcolumns ensures that there are no points in S that belong to the x-range
of T ′ but are outside its y-range. This is illustrated in Fig. 2c.

Now let W = (S,Q, B) be a workload with S and Q as just defined. The following
lemma provides the framework we use to prove Lemma 1.

Lemma 3 Let I be an arbitrary indexing scheme for W and assume that every sub-
grid T ′ in the construction of S has a cell at least half of whose points have multi-
plicity Ω(m) in I . Then the size of I is Ω(mN).

Proof We construct a set of disjoint cells such that at least half of the points in each
cell have multiplicity Ω(m) and the total number of points in these cells is Ω(N).
This proves that I has size Ω(mN).

To construct this set of cells, we apply the following recursive selection process,
starting with T ′ = T . By the assumption of the lemma, the grid T ′ has a cell C′ at
least half of whose points have multiplicity Ω(m). We add C′ to the set of selected
cells and recurse on the subgrids in each of the remaining cells of T ′ unless the
current grid T ′ is already at the lowest level of recursion in the construction of the
point set S.

The set of cells selected in this fashion is easily seen to be disjoint, since we
recursively select cells only from subgrids in cells not selected at the current level.
We call a point selected if it is contained in one of the selected cells. We have to show
that there are Ω(N) selected points in T .

For a grid T ′ containing N ′ points, the construction of S implies that each cell
contains at least N ′/(22t−1 − 2t−1) > N ′/4t points. This allows us to show that at
most N ′(1 − 4−t )r

′+1 points from T ′ are not selected by the recursive selection pro-
cess, where r ′ denotes the minimum recursion depth inside the cells of T ′. Indeed, if
r ′ = 0, exactly the points in C′ are selected, leaving at most N ′′ = N ′(1−4−t ) points
in T ′ unselected. If r ′ > 0, we observe that, by induction, at most N ′′(1 − 4−t )r

′ =
N ′(1 − 4−t )r

′+1 points in the cells of T ′ other than C′ are not selected, while all
points in C′ are selected.

Since the recursion stops when the smallest cell of the current subgrid contains
at most

√
N points and, as just argued, every cell of a grid T ′ containing N ′ points

contains at least N ′/4t points, the recursion depth r inside each cell of the top-level
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grid T is at least

log4t

N√
N

= (logN)/2

2t
= logN

log logN
>

√
logN,

for N sufficiently large. Hence, the number of points in T that are not selected is at
most

N(1 − 4−t )r+1 ≤ Ne−(r+1)/4t ≤ N/e

because t = (log logN)/4. Therefore, at least (1 − 1/e)N = Ω(N) points in T are
selected. This completes the proof. �

The proof of Lemma 3 is the reason we cannot choose a value of t = ω(log logN).
To bound the number of unselected points by N/e, we need that r + 1 ≥ 4t . Since the
recursion depth r is at most logarithmic in N , we cannot have t = ω(log logN).

3.2 Forcing Duplication in at Least One Cell

In this section, we prove that there exists a block size BT ′ , for every subgrid T ′ in the
recursive construction of S, such that every f -efficient BT ′ -covering C of S has the
property that there exists a cell of T ′ at least half of whose points have multiplicity
Ω(tε) in C . By including the block size BT ′ in B, for every subgrid T ′ in the recur-
sive construction of S, we obtain that every f -efficient indexing scheme I for the
workload W = (S,Q, B) satisfies Lemma 3 with m = tε . Lemma 1 follows.

The argument is the same for all subgrids T ′. Therefore, we focus on the top-level
grid T and its corresponding query set QT in the remainder of this section. Recall
that every query in QT contains between N12t−1 and N1(2t − 1) points. We choose
a block size BT := (2t − 1)N1. Then every query q ∈ QT satisfies |q| ≤ BT . Further-
more, BT ≥ N1 ≥ √

N and, therefore, logBT
N ≤ 2. Thus, by the monotonicity of

f (·, ·), every f -efficient BT -covering C of S covers every query in QT with at most
α := f (2,1) blocks.

In the remainder of this section, we fix an arbitrary f -efficient BT -covering C
of S. We can represent every block in C by a unique colour and assign corresponding
colour sets to the points in S and queries in QT . The colour set C(p) of a point p

comprises the colours of those blocks in C that contain p. Every query q ∈ QT can
be covered using at most α blocks in C ; we fix such a set of α blocks and define C(q)

to be the set of their colours. Our goal can now be rephrased as showing that there
exists a cell in T at least half of whose points have Ω(tε) colours, for ε := 1/α. We
do this in two steps. In Lemma 4, we show that there exists a set of s := Ω(t/ logα)

cells in the same column of T such that half of the points in each cell are “exposed”
in a sense defined below. Then we show that there exists at least one cell among these
s cells such that every exposed point in this cell has at least sε = Ω(tε) colours.2

Consider a subset Z of cells of T . Each cell c ∈ Z has a corresponding query
qc ∈ QT that contains the points in c but not the points in the cell of T immediately

2Since α = 1/ε, we have sε = Ω((t/ log(1/ε))ε), and it is not hard to show that (log(1/ε))−ε > 1/2, for
all 0 < ε < 1.



Discrete Comput Geom (2011) 45: 824–850 835

below c. Let QZ be the set of queries corresponding to the cells in Z. We say a query
q covers a point p if C(p)∩C(q) �= ∅, that is, p is contained in one of the α blocks of
C chosen to cover q . A point p in the ith row of T is Z-exposed if no query qc ∈ QZ

that belongs to a level j < i in QT covers p. A cell of T is Z-exposed if at least half
its points are Z-exposed. An observation we use in the proof of the following lemma
is that a Z-exposed point or cell is also Z′-exposed, for every subset Z′ ⊆ Z.

Lemma 4 There exists a column in T containing a set Z of Ω(t/ logα) Z-exposed
cells.

Proof Let h be a parameter to be chosen later, and consider the subgrid Th of T

consisting of the rows with numbers 1, h + 1,2h + 1, . . . . As each cell in row ih + 1
contains N12ih points, and there are 2t−1 cells in each row, the total number of points
in row ih + 1 is Xi := N12t+ih−1.

Next we bound the number of points in row ih + 1 covered by queries at lev-
els 1, h + 1, . . . , (i − 1)h + 1 of the query set QT . Level jh + 1 contains 2jh

queries. Hence, the total number of queries at levels 1, h + 1, . . . , (i − 1)h + 1 is∑i−1
j=0 2jh < 2(i−1)h+1. The colour set of each such query contains at most α colours,

and there are at most B = N1(2t − 1) points with the same colour. Hence, at most
Yi := αN12t+(i−1)h+1 = (4α/2h)Xi points have a colour belonging to the colour set
of at least one of these queries and, thus, can be covered by these queries.

Now we choose h = �log(16α)�. Then Yi ≤ Xi/4. This implies that at least half
of the cells in row ih + 1 are Th-exposed. Since this applies to all rows in Th, there
exists a column in Th at least half of whose cells are Th-exposed. Let Z be the set of
Th-exposed cells in this column. Since Th has �t/h� = Ω(t/ logα) rows, Z contains
Ω(t/ logα) cells, all of which are Z-exposed because Z ⊆ Th. �

By Lemma 4, there exists a sequence Z = 〈c1, c2, . . . , cs〉 of s = Ω(t/ logα)

Z-exposed cells in some column of T . Now, for all 1 ≤ i ≤ s, we choose pi to be
a Z-exposed point in cell ci with the minimum number of colours. It suffices to
show that there exists an index i such that pi has at least sε colours, as this im-
plies that all Z-exposed points in ci have at least this many colours and at least half
the points in ci are Z-exposed. To prove this, we consider the point-query sequence
〈(p1, q1), (p2, q2), . . . , (ps, qs)〉, where pi is chosen from the set of Z-exposed
points in cell ci as just discussed, and qi := qci

, for all 1 ≤ i ≤ s. The sequence
〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 has the following three properties.

(i) For 1 ≤ i ≤ j ≤ s, C(pi) ∩ C(qj ) �= ∅ (because pi ∈ qj ).
(ii) For 1 ≤ j < i ≤ s, C(pi) ∩ C(qj ) = ∅ (because pi is exposed).

(iii) For 1 ≤ j ≤ s, |C(qj )| ≤ α.

We prove that any assignment of colour sets to the points and queries in 〈(p1, q1),

(p2, q2), . . . , (ps, qs)〉 that satisfies these three properties also has the property that
|C(pi)| ≥ s1/α = sε , for some 1 ≤ i ≤ s. We use the following terminology and no-
tation.

We call an assignment of colour sets to the points and queries in the sequence
〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 a colouring. The colouring is proper if it satis-
fies conditions (i) and (ii). The colouring is an (α,β)-colouring if each query is
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assigned at most α colours (condition (iii)) and each point is assigned at most
β colours. We say that a point-query sequence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 is
(α,β)-colourable if it has a proper (α,β)-colouring. Finally, let L(α,β) be the max-
imum length s such that the sequence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 is (α,β)-
colourable, and 	(α,β) := L(α,β − 1) + 1 the minimum length s such that the se-
quence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 is not (α,β − 1)-colourable. With this nota-
tion, our goal is to show that 	(α,β) ≤ βα because it implies that 	(α, s1/α) ≤ s, that
is, a colouring of a point-query sequence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 of length s

that satisfies conditions (i)–(iii) assigns at least s1/α points to at least one point pi .

Lemma 5 For α ≥ 0 and β ≥ 1, 	(α,β) = (
α+β−1

α

) ≤ βα .

Proof First we prove that 	(α,β) satisfies the recurrence relation

	(α,β) =
{

1 α = 0 or β = 1

	(α,β − 1) + 	(α − 1, β) α > 0 and β > 1.
(1)

The base case (α = 0 or β = 1) is fairly obvious: a point-query sequence of length
1 is neither (0, β)-colourable, for any β , nor (α,0)-colourable, for any α, while a
point-query sequence of length 0 is (α,β)-colourable, for any α and β .

For the inductive step (α > 0 and β > 1), we prove that L(α,β) = 	(α,β) +
L(α − 1, β). This implies that

	(α,β) = L(α,β − 1) + 1

= 	(α,β − 1) + L(α − 1, β − 1) + 1

= 	(α,β − 1) + (	(α − 1, β) − 1) + 1

= 	(α,β − 1) + 	(α − 1, β).

First we prove that L(α,β) ≤ 	(α,β) + L(α − 1, β). To this end, we consider
a point-query sequence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉, where s := L(α,β). Since
L(α −1, β) ≥ 0, for all α and β , s ≤ 	(α,β) would immediately imply s ≤ 	(α,β)+
L(α − 1, β). Thus, we can assume that s > 	(α,β). Let s′ := 	(α,β).

Now let C be a proper (α,β)-colouring of 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉. Since
the restriction of the C to the point-query sequence 〈(p1, q1), (p2, q2), . . . , (ps′ , qs′)〉
is a proper (α,β)-colouring of this sequence, the definition of 	(α,β) implies that
there exists a point pk , 1 ≤ k ≤ s′, such that |C(pk)| = β and C(pk) ⊆ ⋃s′

j=1 C(qj ).
We use this to construct a proper (α − 1, β)-colouring C′ of the subsequence
〈(ps′+1, qs′+1), (ps′+2, qs′+2), . . . , (ps, qs)〉, thereby showing that its length s − s′
is at most L(α − 1, β), which implies that L(α,β) = s = s′ + (s − s′) ≤ 	(α,β) +
L(α − 1, β).

To obtain such a colouring C′, we define C′(pi) = C(pi) and C′(qi) = C(qi) \
C(pk), for all s′ < i ≤ s. By property (i) of C, C(qi) ∩ C(pk) �= ∅, for s′ < i ≤ s

and, hence, |C′(qi)| < |C(qi)| ≤ α, while |C′(pi)| = |C(pi)| ≤ β . Thus, C′ is an
(α − 1, β)-colouring of the sequence 〈(ps′+1, qs′+1), (ps′+2, qs′+2), . . . , (ps, qs)〉.
Next we show that C′ is proper.
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First observe that, for s′ < j < i ≤ s, C′(pi) ∩ C′(qj ) ⊆ C(pi) ∩ C(qj ) = ∅, by
property (ii) of C. Hence, C′ satisfies property (ii).

For s′ < i ≤ j ≤ s, we have C(pi) ∩ C(pk) ⊆ C(pi) ∩ ⋃s′
h=1 C(qh) = ∅, by prop-

erty (ii) of C. Hence, C′(pi) ∩ C′(qj ) = C(pi) ∩ (C(qj ) \ C(pk)) = C(pi) ∩ C(qj )

�= ∅, by property (i) of C. Thus, C′ satisfies property (i). This concludes the proof of
the inequality L(α,β) ≤ 	(α,β) + L(α − 1, β).

Next we prove that a point-query sequence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 of
length s := 	(α,β) + L(α − 1, β) = L(α,β − 1) + L(α − 1, β) + 1 is (α,β)-
colourable. This proves that L(α,β) ≥ 	(α,β) + L(α − 1, β).

We divide the sequence into three subsequences 〈(p1, q1), (p2, q2), . . . , (ps1, qs1)〉,〈(ps1+1, qs1+1)〉, and 〈(ps1+2, qs1+2), (ps1+3, qs1+3), . . . , (ps, qs)〉, where s1 := L(α,

β − 1) and s3 := s − s1 − 1 = L(α − 1, β). By the choice of s1 and s3, the se-
quence 〈(p1, q1), (p2, q2), . . . , (ps1, qs1)〉 has a proper (α,β − 1)-colouring C1, and
the sequence 〈(ps1+2, qs1+2), (ps1+3, qs1+3), . . . , (ps, qs)〉 has a proper (α − 1, β)-
colouring C3. We can assume that the two colourings use different colours. We define
a colouring C of the sequence 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉 as

C(pi) =

⎧
⎪⎨

⎪⎩

C1(pi) ∪ {γ } 1 ≤ i ≤ s1

{γ } i = s1 + 1

C3(pi) s1 + 2 ≤ i ≤ s

and

C(qi) =

⎧
⎪⎨

⎪⎩

C1(qi) 1 ≤ i ≤ s1

{γ } i = s1 + 1

C3(qi) ∪ {γ } s1 + 2 ≤ i ≤ s,

where γ is a new colour not used by either C1 or C3. Since C1 is an (α,β − 1)-
colouring of the sequence 〈(p1, q1), (p2, q2), . . . , (ps1, qs1)〉 and C3 is an (α − 1, β)-
colouring of 〈(ps1+2, qs1+2), (ps1+3, qs1+3), . . . , (ps, qs)〉, C is an (α,β)-colouring
of 〈(p1, q1), (p2, q2), . . . , (ps, qs)〉. Next we show that C is proper.

First consider property (i). For a point pi and a query qj with 1 ≤ i ≤ j ≤ s,
we distinguish three cases. If j ≤ s1, then C(pi) ⊃ C1(pi) and C(qj ) = C1(qj ).
Hence, since C1(pi) ∩ C1(qj ) �= ∅ (by property (i) of the colouring C1), we have
C(pi) ∩ C(qj ) �= ∅. If i ≤ s1 + 1 ≤ j , we have γ ∈ C(pi) ∩ C(qj ). If s1 + 1 < i,
then C(pi) = C3(pi) and C(qj ) ⊃ C3(qj ). Hence, since C3(pi) ∩ C3(qj ) �= ∅ (by
property (i) of the colouring C3), we have C(pi) ∩ C(qj ) �= ∅.

Next we verify property (ii). Consider a point pi and a query qj with 1 ≤ j <

i ≤ s. If i ≤ s1, we have C(pi) ∩ C(qj ) = ∅ because C1(pi) ∩ C(qj ) = C1(pi) ∩
C1(qj ) = ∅ (by property (ii) of the colouring C1) and γ �∈ C(qj ). If j ≤ s1 < i, we
have C(qj ) ∩ C(pi) = ∅ because γ �∈ C(qj ) and colourings C1 and C3 use different
colours. Finally, if s1 + 1 ≤ j , then C(pi) ∩ C(qj ) = ∅ because C(pi) ∩ C3(qj ) =
C3(pi) ∩ C3(qj ) = ∅ (by property (ii) of the colouring C3) and γ �∈ C(pi).

This shows that C is a proper (α,β)-colouring of the sequence 〈(p1, q1), (p2, q2),

. . . , (ps, qs)〉 and, hence, that 	(α,β) + L(α − 1, β) = s ≤ L(α,β).
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Having established the correctness of (1), it remains to derive a closed form for
	(α,β). We do this using induction. For the base case, we have 	(0, β) = 1 = (

β−1
0

)

and 	(α,1) = 1 = (
α
α

)
. For the inductive step, we obtain

	(α,β) = 	(α,β − 1) + 	(α − 1, β)

=
(

α + β − 2

α

)

+
(

α + β − 2

α − 1

)

=
(

α + β − 1

α

)

.

This finishes the proof. �

To summarize, Lemma 1 is established by invoking Lemma 4 to prove that there
exists a set Z of s = Ω(t/ logα) Z-exposed cells in T . Using Lemma 5, we show
that the Z-exposed point with the minimum number of colours in at least one of
these cells has at least sε = Ω(tε) colours, for ε = 1/α and α = f (2,1). Thus, ev-
ery Z-exposed point in this cell has at least Ω(tε) colours. Since at least half the
points in a Z-exposed cell are Z-exposed, at least half the points in this cell have
Ω(tε) colours. The same argument can be applied to every subgrid in the recursive
construction of the point set S, which implies that every f -efficient indexing scheme
for the workload W satisfies Lemma 3 with m = Ω(tε), which proves Lemma 1 for
δ = 1/2. By Lemma 2, this implies Lemma 1 for any 0 < δ ≤ 1/2.

4 Tightness of the Lower Bound

In this section, we show that the lower bound of Lemma 1 is tight for the workload
W = (S,Q, B) we constructed in the previous section, up to the dependence of ε on
f (·, ·).

Theorem 2 Let f (·, ·) be a monotonically increasing function such that f (x, y) ≥
�y�, and let α := f (2,1). There exists a g-efficient indexing scheme I for W of size
O(N(log logN)1/α), for some function g(·, ·) that satisfies g(x, y) = O(f (x, y)).

The condition that f (x, y) ≥ �y� is not a restriction because every function f (·, ·)
such that there exists an f -efficient indexing scheme for W satisfies this condi-
tion. To prove Theorem 2, we define a linear layout of the points in S that stores
each point O(t1/α) times and such that every query q ∈ Q can be decomposed into
O(α + 1) contiguous subsequences of this linear layout. By partitioning the lay-
out into blocks of size B , for any B , we obtain a B-cover of S that can cover
every query in Q with O(α + 1 + K/B) = O(f (logB N,K/B)) blocks because
α = f (2,1) = O(1) and f (logB N,K/B) ≥ �K/B�. In particular, the Bi -covers ob-
tained in this fashion, for all Bi ∈ B, form a g-efficient indexing scheme of size
O(Nt1/α) = O(N(log logN)1/α) for W , where g(x, y) = O(f (x, y)).



Discrete Comput Geom (2011) 45: 824–850 839

The layout To construct the layout of the points in S, let β be the smallest integer
such that 	(α,β + 1) ≥ t ; that is, β = O(t1/α) = O((log logN)1/α). To simplify the
argument, we can assume that 	(α,β + 1) = t , which we can achieve by padding
each grid with empty rows at the bottom. Our layout consists of β copies of S, which
immediately implies that the layout uses Nβ = O(N(log logN)1/α) space.

In the first copy, we divide the rows of the top-level grid T into α + 1 groups
G0,G1, . . . ,Gα , ordered from top to bottom. The size of group Gi is 	(α − i, β).
The cells in each group are laid out in column-major order. This is illustrated in
Fig. 3a. Note that the groups G0,G1, . . . ,Gα cover all the rows of T because
t = 	(α,β + 1) = ∑α

i=0 	(i, β); the second equality follows from the classic equality
(
n+1
m+1

) = ∑n
i=0

(
i
m

)
. To complete the layout of the points in the first copy of S, we

have to determine the order in which to arrange the points in each cell of T . Since
each cell of T is divided recursively into t × 2t−1 subgrids, we can divide the rows
of each such subgrid T ′ into groups G′

0,G
′
1, . . . ,G

′
α in the same fashion as just de-

scribed and lay out the cells in each group in column-major order. This continues
recursively until we reach subgrids T ′ whose cells have not been divided further in
the construction of the point set S. For each such subgrid, we arrange the points in
each cell in an arbitrary order.

For 1 < k ≤ β , the layout of the points in the kth copy of S is obtained by dividing
the groups used to define the (k − 1)st copy into subgroups and laying out the cells in
each subgroup in column-major order. In particular, a group G in the (k − 1)st copy
consisting of 	(α′, β − k +2) rows is divided into α′ +1 subgroups G0,G1, . . . ,Gα′ ,
with Gi covering 	(i, β − k + 1) rows. This is illustrated in Fig. 3a for the second
copy of S. Similar to the argument for the first copy of S, we have 	(α′, β − k + 2) =
∑α′

i=0 	(i, β −k+1), that is, the subgroups cover the rows of G exactly. To determine
the order in which to lay out the points in each cell of T , we apply the same refinement
process to the groups in each subgrid T ′ in the recursive construction of S.

By continuing in this fashion until k = β , we obtain that every group in the βth
copy of S consists of 	(α′,1) = 1 rows, for some α′. Hence, the βth copy of S stores

Fig. 3 (a) An O(N(log logN)1/α)-space layout for the point set S (layout shown for α = 3). (b) Answer-
ing a query on the first two levels of the layout. The dark portion of the query in each copy of S forms a
contiguous subsequence of the column-major layout of the respective group. The light portion is answered
using subsequent copies of S



840 Discrete Comput Geom (2011) 45: 824–850

the cells in each row of T (and of any subgrid T ′) in x-sorted order. This is illustrated
on the right of Fig. 3a.

Answering queries Since the layout arranges the cells of each subgrid T ′ in the
recursive construction of S in the same fashion as the cells of T , it suffices to prove
that any query q ∈ QT can be partitioned into at most α +1 contiguous subsequences
in the layout.

Assume the query q is at the ith level of QT , that is, its bottom boundary coincides
with the bottom boundary of the ith row of T . If this row is the bottom-most row of
some group Gj1 in the first copy of S, observe that the points in q that belong to any
group Gj , 0 ≤ j ≤ j1, are stored contiguously in the first copy of S. Hence, the points
in q are divided into j1 + 1 contiguous subsequences.

If row i belongs to group Gj1 but is not its bottom row, we use the first copy of S

to report all points of q that belong to groups G0,G1, . . . ,Gj1−1 and use subsequent
copies of S to report all points in q that belong to Gj1 . We say that group Gj1 is
the partial group of q in the first copy of S. By the arguments in the previous para-
graph, the points of q that belong to groups G0,G1, . . . ,Gj1−1 form j1 contiguous
subsequences in the first copy of S.

To see how subsequent copies of S are used to report the remaining points of q ,
consider the kth copy and let G be the partial group of q in the (k − 1)st copy. This
group has 	(α′, β − k + 2) rows, for some α′. Then we consider the subgroup Gjk

of G containing row i. As for the first copy of S, if row i is the bottom-most row of
group Gjk

, we use groups G0,G1, . . . ,Gjk
to report all points in G that belong to q .

These points are stored in jk + 1 contiguous subsequences of the kth copy of S. If
row i is not the bottom-most row of group Gjk

, then Gjk
is once again a partial group

of q , and we report only those points in q that belong to G0,G1, . . . ,Gjk−1 using the
kth copy of S, and use subsequent copies of S to report the points in q that belong to
Gjk

. Figure 3b illustrates this recursive partitioning of query q for the first two copies
of S. Note that this procedure terminates at the latest when reaching the last copy of
S because this copy stores all rows in x-sorted order, that is, the group Gjβ cannot be
partial.

It remains to bound the number of contiguous subsequences into which the points
of q are divided by this procedure. If the procedure terminates after inspecting the first
s copies of S, the points in q are divided into 1 + ∑s

k=1 jk contiguous subsequences,
jk in the kth copy of S, for 1 ≤ k < s, and js + 1 in the sth copy. For all 1 < k ≤ s,
if the partial group G of q in the (k − 1)st copy of S has 	(α′, β − i + 2) rows,
then jk ≤ α′ and Gjk

has 	(α′ − jk, β − i + 1) rows. Since j1 ≤ α, this implies that
1 + ∑s

k=1 jk ≤ α + 1 using a simple inductive argument, that is, each query q ∈ Q is
partitioned into at most α + 1 contiguous subsequences of the layout.

5 Further Lower Bounds

In this section, we show that the proof technique from Sect. 3 can be used to obtain
the same lower bound as in Theorem 1 for other range searching problems and to
obtain a lower bound on the space consumption of cache-oblivious persistent B-trees
with optimal 1-d range queries. The lower bounds in Sect. 5.1, for 3-d dominance
reporting and persistent B-trees, are obtained using direct reductions from three-sided
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range reporting. In Sect. 5.2, we prove the same lower bound for 3-d halfspace range
reporting, but this requires more care, as there is no direct reduction from three-sided
range reporting to 3-d halfspace range reporting. Finally, in Sect. 5.3, we show that
all lower bounds proved in Sects. 3, 5.1, and 5.2 also hold for the expected size
of Las-Vegas-type data structures that achieve an expected query bound of at most
f (logB N,K/B) block transfers.

5.1 3-D Dominance Reporting and Persistent B-Trees

The first result in this section is a lower bound on the space consumption of any
cache-oblivious data structure for 3-d dominance reporting, as summarized in the
following theorem.

Theorem 3 Let f (·, ·) be a monotonically increasing function, and 0 < δ ≤ 1/2 a
constant. Any cache-oblivious data structure capable of answering 3-d dominance
reporting queries using at most f (logB N,K/B) block transfers in the worst case, for
every block size B ≤ N2δ , must use Ω(N(log logN)ε) space, where ε = 1/f (δ−1,1).

Proof Just as Theorem 1, this result follows if we can show that the workload W =
(S,Q, B) constructed in Sect. 3 to prove Lemma 1 is realizable as a 3-d dominance
reporting problem. We do this using a simple geometric transformation. We map
each input point p = (xp, yp) in S to the point φ(p) = (−xp, xp,−yp) in R

3, and
every three-sided query range q = [l, r] × [b,+∞) in Q to the query range φ(q) =
(−∞,−l] × (−∞, r] × (−∞,−b]. A point p ∈ S belongs to a three-sided query
range q ∈ Q if and only if φ(p) belongs to φ(q), that is, the mapping provides a
realization of W as a 3-d dominance reporting problem. �

A similar reduction shows the following result.

Theorem 4 Let f (·, ·) be a monotonically increasing function, and 0 < δ ≤ 1/2
a constant. Any (partially) persistent cache-oblivious B-tree capable of answer-
ing 1-d range reporting queries on any previous version of the tree using at most
f (logB N,K/B) block transfers in the worst case, for every block size B ≤ N2δ ,
must use Ω(N(log logN)ε) space to represent a sequence of N update operations,
where ε = 1/f (δ−1,1).

Proof Again, we need to show that the workload W = (S,Q, B) from Sect. 3 is
realizable in the framework of 1-d range reporting queries on persistent B-trees. We
say that W is realizable as a persistent 1-d range reporting problem if there exists
a sequence of insertions and deletions of the elements in S and a mapping of the
elements in S to points on the real line such that, for every query q ∈ Q, there exists
an interval [l, r] and an integer t with the property that a 1-d range reporting query
with interval [l, r] after the t th operation in the update sequence reports exactly the
points in q .

To obtain such a realization of the workload W , we map each point p = (xp, yp)

in S to the point xp on the real line and define an update sequence that inserts the
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points in S by decreasing y-coordinates. For a query q = [l, r] × [b,+∞) in Q, let t

be the number of points p ∈ S with yp ≥ b. Then a 1-d range query with interval
[l, r] after the t th insertion reports exactly the points in q . Thus, W is realizable as a
persistent 1-d range reporting problem. �

5.2 Halfspace Range Reporting in Three Dimensions

In this section, we prove the same lower bound as in Theorem 1 for 3-d halfspace
range reporting.

Theorem 5 Let f (·, ·) be a monotonically increasing function, and 0 < δ ≤ 1/2
a constant. Any cache-oblivious data structure capable of answering 3-d half-
space range reporting queries using at most f (logB N,K/B) block transfers in the
worst case, for every block size B ≤ N2δ , must use Ω(N(log logN)ε) space, where
ε = 1/f (δ−1,1).

As in the proofs of Theorems 3 and 4, we need to show that the workload
W = (S,Q, B) from Sect. 3 is realizable as a 3-d halfspace range reporting prob-
lem. This requires more care than for 3-d dominance reporting and persistent 1-d
range reporting. We begin with a reduction from 2-d parabolic range reporting to 3-d
halfspace range reporting (see, e.g., [2]). A parabolic range reporting query is defined
by a parabola y = a(x − b)2 + c, for a ≥ 0, and asks to report all points p = (xp, yp)

in S that satisfy yp ≥ a(xp − b)2 + c. The reduction from [2] maps each point p in
R

2 to a point ψ(p) in R
3 and each parabola q to a halfspace ψ(q) such that p ∈ q

if and only if ψ(p) ∈ ψ(q). Thus, every workload realizable as a 2-d parabolic range
reporting problem is also realizable as a 3-d halfspace range reporting problem. In
particular, it suffices to show that W is realizable as a 2-d parabolic range reporting
problem. We do this by distorting the point set S so that there exists a parabolic query
range φ(q) for every three-sided query q ∈ Q with the property that q and φ(q)

contain the same points in S.
We follow the recursive construction of S and Q from Sect. 3 and, for every sub-

grid T ′ in the construction, replace the three-sided queries in QT ′ with parabolic ones
as shown in Fig. 4a. If we embed the subgrids of T ′ inside the white squares in the
figure, each query outputs the same set of points in T ′ as its corresponding three-
sided query. However, we also have to ensure that the queries in QT ′ output only
points from T ′. For three-sided queries, we achieved this by ensuring that there are
no points in the x-range of T ′ but outside its y-range. As shown in Fig. 4b, this is
not sufficient for parabolic queries, as parabolic queries over T ′ cannot be confined
to the x-range of T ′. Instead, we use the following construction, which extends a
construction from [2].

Given a grid cell and a subgrid T ′ to be embedded inside this cell, we use G

to denote the portion of the cell where the points in T ′ are to be placed (the white
squares in Fig. 4a). We call G the grid box of T ′. Every parabolic query over T ′ is
guaranteed to output only points from T ′ if it leaves the x-range of G only above the
top boundary of the top-level grid T . We represent this using a column box C that
shares its left, right, and bottom boundaries with G and whose top boundary is the
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Fig. 4 (a) Replacing three-sided queries with parabolic ones. The white squares are the areas where the
subgrids in each grid cell are to be placed. (b) A naively constructed query in the subgrid in cell T3,6 also
reports points in other cells (e.g., T2,6). (c) Placement of a subgrid within a grid box G that is nested inside
a column box C. (d) Incremental embedding of a subgrid T ′ inside a grid box

top boundary of T ; see Fig. 4c. The parabolic queries over T ′ must intersect only
the top boundary edge of C. Once we have obtained an embedding of T ′ inside G

and a set of parabolic queries over T ′ that output the same set of points as the three-
sided queries in QT ′ and intersect only the top boundary of C, we can define grid and
column boxes for the subgrids of T ′ as above and apply this construction recursively.
Thus, to prove that W is realizable as a 2-d parabolic range reporting problem, it
suffices to prove that, given any grid box G and any column box C ⊇ G, we can
embed T ′ inside G and construct appropriate parabolic queries over T ′ that intersect
only the top boundary of C.

Lemma 6 Given a column box C and a grid box G ⊆ C, a subgrid T ′ can be em-
bedded inside G so that, for every three-sided range reporting query q ∈ QT ′ , there
exists a parabolic range reporting query q ′ that reports the same set of points in T ′
as q and intersects only the top boundary of C.

Proof For the sake of this proof, we can assume that each grid cell of T ′ contains
exactly one point, as we can embed the subgrid represented by each such point in
a sufficiently small neighbourhood of the point without altering the properties of the
construction. We can further assume that the bottom boundaries of C and G coincide,
that C is twice as wide as G, and that G is horizontally centred inside C, as this can be
enforced by shrinking G and C appropriately without relaxing the constraints placed
by these two boxes on the embedding of T ′ and on the queries constructed over T ′.
We denote the widths and heights of G and C by wG, wC , hG, and hC , respectively.

We construct T ′ row by row, placing the points in each row at the same
y-coordinate and spacing them evenly in x-direction. The top row of T ′ coincides
with the top boundary of G, and we centre T ′ horizontally in G. The points in each
row have distance δ > 0 between every pair of consecutive points. After placing the
points in the ith row, we construct parabolic queries for all queries at level i in QT ′
that output exactly those points in rows 1 through i contained in their three-sided
counterparts in QT ′ . The next row of points is then placed infinitesimally below
the horizontal line through the apexes of these level-i queries. This is illustrated in
Fig. 4d.

Once we have placed the points of all rows of T ′ in this fashion, we obtain an em-
bedding of T ′ inside a box of width δ(2t−1 − 1) and height ht . We derive a bound on
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ht as a function of δ. By choosing δ small enough, we can ensure that the constructed
box (and, hence, T ′) is completely contained in G.

To discuss this construction in detail, consider the construction of the ith row. Let
Bi−1 be the smallest box containing all points already placed in rows 1 and i − 1 and
such that its bottom boundary passes through the apexes of all level-(i − 1) queries
we have just constructed. The width of Bi−1 is δ(2t−1 − 1), and we denote its height
by hi−1. For i = 1, we assume that h0 = 0, that is, that B0 is a line segment contained
in the top boundary of G. To construct the ith row of T ′, we evenly distribute 2t−1

points along a horizontal line segment of the same width as Bi−1 and infinitesimally
below the bottom boundary of Bi−1. This ensures that no point in the ith row is
contained in any query at a level less than i. To construct the queries at the ith level,
we observe that each such query q ′ has to output points pi′j ′ with 1 ≤ i′ ≤ i and
(k′ − 1)2t−i < j ′ ≤ k′2t−i , for some 0 < k′ ≤ 2i−1, where pij denotes the j th point
in the ith row. For ease of notation, let j1 = (k′ − 1)2t−i + 1 and j2 = k′2t−i . We
construct the parabola q ′ so that it passes through points pij1 and pij2 and such that
points p1,j1−1 and p1,j2+1, as well as the two top corners of C, lie below q ′. This
ensures that q ′ outputs exactly the desired set of points and intersects only the top
boundary edge of C.

To obtain a bound on the height ht of the final box Bt , we first derive a bound on
the distance bi between the apex A of q ′ and the ith row of points, for all 1 ≤ i ≤ t ,
and then use the recurrence hi > hi−1 +bi . To ease the exposition, we assume that the
apex A of q ′ is at the origin, so that q ′ is given by an equation of the form y = aix

2.
Let di = δ(2t−i − 1)/2 be half the distance between points pij1 and pij2 . Since A has
distance bi from the ith row of points and q ′ passes through points pij1 and pij2 , q ′
must satisfy

bi = aid
2
i . (2)

In order for points p1,j1−1 and p1,j2+1 to lie below q ′, q ′ must satisfy

hi−1 + bi < ai(di + δ)2, (3)

as the distance of A from the first row is infinitesimally greater than hi−1 + bi and
the distance between two neighbouring columns of T ′ is δ. Finally, if we can satisfy
(2) and (3) while placing A inside G, then q ′ intersects only the top boundary edge
of C if

hC < ai

w2
G

4
, (4)

as the height of C is hC and the distance between G and either of the two vertical
boundary edges of C is wG/2.

By substituting (2) into (3) and rearranging the result, we obtain that (3) holds if

ai >
hi−1

2diδ + δ2
. (5)

Inequalities (4) and (5) are both satisfied if

ai >
hi−1

2diδ + δ2
+ 4hC

w2
G

, (6)
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which gives

bi >

(
hi−1

2diδ + δ2
+ 4hC

w2
G

)

d2
i (7)

by substituting (6) into (2). By using the equation di = δ(2t−i −1)/2 and simplifying
appropriately, we obtain that (7) holds if

bi > 2t−i−2hi−1 + 4t−iδ2hC

w2
G

. (8)

By substituting this into the recurrence hi > hi−1 + bi , we obtain that we can satisfy
(8) as long as

hi > hi−1
(
1 + 2t−i−2) + 4t−iδ2hC

w2
G

,

which holds if we set h0 = 0 and hi = 4it δ2hC/w2
G and as long as t ≥ 2. Thus, by

choosing δ no greater than min(wG/2t ,

√
hGw2

G/(4t2
hC)), we can ensure that all

points of T ′ lie inside G, and that all parabolas in QT ′ have their apexes inside G,
output the same set of points as their corresponding three-sided queries, and intersect
only the top boundary edge of C. This completes the proof. �

5.3 Las-Vegas-Type Data Structures

The lower bounds we have proved so far apply to data structures with deterministic
construction algorithms and worst-case query bounds. In many cases, however, it is
significantly easier to obtain efficient randomized data structures of the Las Vegas
kind, that is, with expected query bounds resulting from randomness in their con-
struction and in the query procedure (see, e.g., [17]). Therefore, we obtain a much
stronger statement of the difficulty of cache-oblivious range reporting if we can show
that the lower bounds shown in the previous sections apply also to this type of data
structure.

Formally, we consider data structures whose construction algorithm and query
procedure both have access to a sequence of random bits. The random bits used dur-
ing the construction influence the shape of the data structure, while the random bits
used by the query procedure influence which blocks are read to answer a given query.
In a Las-Vegas-type data structure, the random bits may influence the costs of in-
dividual queries, but the answer provided by a query must always be correct. The
following theorem extends the lower bounds we have proved for deterministic data
structures with worst-case query bounds to randomized data structures of the Las
Vegas kind.

Theorem 6 Let f (·, ·) be a monotonically increasing function, and 0 < δ ≤ 1/2 a
constant. Any cache-oblivious data structure for three-sided range reporting, 3-d
dominance reporting or 3-d halfspace range reporting constructed by a randomized
algorithm and capable of answering queries using at most f (logB N,K/B) block
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transfers in the expected sense, for every block size B ≤ N2δ , must use expected
Ω(N(log logN)ε) space, where ε = 1/(4f (δ−1,1)).

A cache-oblivious persistent B-tree that supports 1-d range reporting queries on
any previous version of the tree using at most f (logB N,K/B) block transfers in the
expected sense, for every block size B ≤ N2δ , must use expected Ω(N(log logN)ε)

space to represent a sequence of N update operations.

To prove Theorem 6, it suffices to prove it for three-sided range reporting and
δ = 1/2. As before, Lemma 2 then extends the result to smaller values of δ, and the
reductions in Sects. 5.1 and 5.2 extend the lower bound to 3-d dominance reporting,
3-d halfspace range reporting, and cache-oblivious persistent B-trees.

Again, we formulate our proof in the multi-level indexability model from Sect. 2.
To do so, we need to extend the model to allow for randomness in the construction
of the indexing scheme. The randomness in the query procedure can be eliminated
using the following argument. A randomized query procedure for an indexing scheme
I would make random choices in selecting the blocks to cover a given query q .
The efficiency of an indexing scheme, however, is defined based on the existence
of a small set of blocks to cover each query q ∈ Q. This is equivalent to a query
procedure that deterministically selects the minimum number of blocks to cover each
query in Q, and randomness cannot improve on this query cost.

As a model of randomness in the construction of an indexing scheme for a work-
load W = (S,Q, B), we define the concepts of a randomized block cover and of
a randomized indexing scheme. If the construction of an indexing scheme uses
b random bits, it is capable of constructing n := 2b different indexing schemes
I 1, I 2, . . . , I n, depending on the value of these bits. For a block size Bi ∈ B, let
Ck

i be the Bi -cover in I k . Then we call the set Ci = {C 1
i , C 2

i , . . . , Cn
i } a randomized

Bi -cover and the set I = {I 1, I 2, . . . , I n} a randomized indexing scheme for W .
The expected size of I is the average size of I 1, I 2, . . . , I n. We say the randomized
Bi -cover Ci in I is f -efficient if the average number of blocks needed to cover each
query in Q is at most f (logBi

N,K/Bi), where the average is taken over all block
covers C 1

i , C 2
i , . . . , Cn

i in Ci . The randomized indexing scheme I is f -efficient if all its
randomized block covers are f -efficient. As such, the efficiency of a randomized in-
dexing scheme and its expected size capture the expected query cost and the expected
size of a cache-oblivious data structure, assuming that each of the n data structures
that can be constructed using b random bits is equally likely.

To prove Theorem 6, we show now that an f -efficient randomized indexing
scheme I = {I 1, I 2, . . . , I n} for the workload W = (S,Q, B) from Sect. 3 has ex-
pected size Ω(N(log logN)ε). To this end, we represent the construction of the point
set S using a tree T . The root of T is the top-level grid T , and its internal nodes
represent the subgrids constructed recursively. A grid T ′′ is a child of a grid T ′ in
T if T ′′ is the subgrid constructed in one of the cells of T ′. Now we make n copies
T 2, T 2, . . . , T n of T and associate the copy T k with the indexing scheme I k , for all
1 ≤ k ≤ n. We refer to the copy of a node T ′ ∈ T in T k as T ′

k , and we say that a point
p in T ′

k has multiplicity m if its multiplicity in I k is m.
To prove the desired lower bound on the expected size of I , we mimic the proof

of Lemma 1. To prove Lemma 1, we first showed that every grid T ′ ∈ T has a cell
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at least half of whose points have multiplicity Ω(tε) in an f -efficient (determinis-
tic) indexing scheme I . By Lemma 3, this implied Lemma 1. This proof was based
on the fact that every query q ∈ QT ′ can be covered with at most α blocks in the
BT ′ -cover in I . In a randomized indexing scheme {I 1, I 2, . . . , I n}, there may be no
indexing scheme I k whose BT ′ -cover can cover every query in QT ′ with at most α

blocks. Nevertheless, we can prove that at least n/4 of the copies T ′
1, T

′
2, . . . , T

′
n of

each grid T ′ ∈ T have a cell at least half of whose points have multiplicity Ω(tε)

(Lemma 7 below). This suffices to show that the total size of the indexing schemes
I 1, I 2, . . . , I n is Ω(nN(log logN)ε), that is, their average size is Ω(N(log logN)ε).

Lemma 7 Every node T ′ ∈ T has at least n/4 copies among T ′
1, T

′
2, . . . , T

′
n such that

each has a cell at least half of whose points have multiplicity Ω(tε).

Proof Consider the Bi -covers C 1
i , C 2

i , . . . , Cn
i , where Bi = BT ′ is the block size in

B corresponding to the grid T ′. We consider a query q ∈ QT ′ cheap for Ck
i if q

can be covered using at most 4f (2,1) blocks in Ck
i , and expensive otherwise. Since

the randomized Bi -cover Ci is f -efficient, q must be cheap for at least 3n/4 of the
Bi -covers C 1

i , C 2
i , . . . , Cn

i . The j th row of T ′
k is cheap if at least half of the level-j

queries in QT ′ are cheap for Ck
i ; otherwise the row is expensive. As each query is

cheap for at least 3n/4 of the Bi -covers C 1
i , C 2

i , . . . , Cn
i , every row of T ′ is cheap in

at least n/2 of the copies T ′
1, T

′
2, . . . , T

′
n. Thus, the total number of cheap rows over

all copies of T ′ is at least tn/2, which implies that there are at least n/4 copies of T ′
that have at least t/3 cheap rows each. We show that each such copy T ′

k has a cell at
least half of whose points have multiplicity Ω(tε).

The block cover Ck
i defines a colouring of the points in T ′

k and of the queries in
QT ′ as in Sect. 3.2. For a subset Z of cells of T ′

k , we call a point p in a cell c in row
j of T ′

k weakly Z-exposed if no cheap query q ∈ QZ that belongs to a level less than
j in QT ′

k
covers p, that is, if it is Z-exposed in the sense defined in Sect. 3.2. Point

p is strongly Z-exposed if it is weakly Z-exposed and the query qc is cheap for Ck
i .

As in Sect. 3.2, we call a cell of T ′
k weakly or strongly Z-exposed if at least half its

points are weakly or strongly Z-exposed. Now it suffices to show that T ′
k contains a

set Z := {c1, c2, . . . , cs} of cells in the same column whose length is s = Ω(t/ logα)

and all of whose cells are strongly Z-exposed, for α := 4f (2,1). Since each query qci

is α-coloured in this case, Lemma 5 then shows that the Z-exposed points in at least
one of these cells have at least sε = Ω(tε) colours. This finishes the proof because at
least half the points in a Z-exposed cell are Z-exposed.

Let T c be the subgrid of T ′
k consisting of only the cheap rows of T ′

k , and, similarly
to the proof of Lemma 4, let T c

h be the subgrid of T c consisting of rows 1, h + 1,

2h + 1, . . . of T c. Using the same arguments as in the proof of Lemma 4, at most a
(4α/2h)-fraction of the points in each row of T c

h can be covered by cheap queries at
higher levels of T c

h . Thus, for h = �log(32α)�, at least a 7/8-fraction of the points
in each row of T c

h are weakly T c
h -exposed. Since a cell is weakly T c

h -exposed if at
least half of its points are weakly T c

h -exposed, this implies that at least a 3/4-fraction
of the cells in each row of T c

h are weakly T c
h -exposed. It follows that at least a 1/4-

fraction of the cells in each row are strongly T c
h -exposed because every row of T c

h

is cheap. This, however, implies that there exists a column of T c
h such that at least
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a 1/4-fraction of its cells are strongly T c
h -exposed. Since the height of T c

h is at least
t/(3h) = Ω(t/ logα), this shows that T ′

k contains a set Z of Ω(t/ logα) strongly
T c

h -exposed cells in the same column. These cells are also strongly Z-exposed be-
cause Z ⊆ T c

h . �

Using Lemma 7, we can now prove that the average size of the indexing schemes
I 1, I 2, . . . , I n—that is, the expected size of I —is Ω(N(log logN)ε). To this end,
we call a node T ′

k ∈ T k accounted for if there exists an ancestor T ′′
k of T ′

k in T k for
which we can guarantee that at least half the points in T ′′

k have multiplicity Ω(tε). We
call a point accounted for if it is contained in a grid T ′

k that is accounted for. Our goal
now is to show that there exists a level i in T such that at least a constant fraction
of the points in all level-i nodes of trees T 1, T 2, . . . , T n are accounted for. Since
at least half of the accounted-for points have multiplicity Ω(tε), this shows that the
total size of the indexing schemes I 1, I 2, . . . , I n is Ω(nNtε), and their average size
is Ω(Ntε) = Ω(N(log logN)ε), as claimed.

For a given level i in T , we consider all nodes at level i in T that have more than
7n/8 unaccounted-for copies in trees T 1, T 2, . . . , T n. Let Ni be the total number of
points in these nodes of T . By Lemma 7, each such node T ′ has at least n/8 copies in
trees T 1, T 2, . . . , T n that are unaccounted for and such that each has a child that is
accounted for at level i + 1. If T ′ contains N ′ points, then any child of T ′ contains at
least N ′/4t points, as argued in Sect. 3.1. Hence, at least (n/8) · (Ni/4t ) new points
are accounted for at level i + 1.

For Ni > N/2, this shows that at least nN/(16 ·4t ) = nN/(16
√

logN) new points
are accounted for at depth i + 1. Since there are only nN points in total, this implies
that there can be at most 16

√
logN levels in T that satisfy Ni > N/2. However,

we have shown in Sect. 3.1 that the height of T is at least logN/ log logN , which is
greater than 16

√
logN , for N sufficiently large. Hence, there exists a level i in T with

Ni ≤ N/2, and at least N/2 of the points in S are accounted for in at least n/8 of the
trees T 1, T 2, . . . , T n. Since at least half of the accounted for points have multiplicity
Ω(tε), the total size of the indexing schemes I 1, I 2, . . . , I n is thus Ω(nNtε), as
claimed. This concludes the proof of Theorem 6.

6 Conclusions

In this paper, we have provided another separation result between the cache-oblivious
model and the I/O model by proving an Ω((log logN)ε) gap between the space
bounds of range reporting data structures with optimal query bounds in the two mod-
els. While previous separation results between the two models had been obtained
(with considerable technical difficulty and using sophisticated techniques), our result
is the first one that concerns the size of data structures in the two models.

Our lower bound still leaves a sizable gap to the O(N logN) space bound required
by the currently best cache-oblivious data structures for the problems we considered.
As our analysis in Sect. 4 shows, the result we obtained is in fact the best possible with
the point and query sets we considered. Thus, it remains open whether stronger lower
bounds can be obtained using harder point sets or whether the O(N logN) space
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bound of the currently best data structures for these problems can be lowered. In par-
ticular, it seems plausible that O(N logε N)-space data structures for these problems
may exist.
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