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Abstract A simplicial complex K is called d-representable if it is the nerve of a col-
lection of convex sets in RY; K is d-collapsible if it can be reduced to an empty
complex by repeatedly removing a face of dimension at most d — 1 that is contained
in a unique maximal face; and K is d-Leray if every induced subcomplex of K has
vanishing homology of dimension d and larger.

It is known that d-representable implies d-collapsible implies d-Leray, and no
two of these notions coincide for d > 2. The famous Helly theorem and other im-
portant results in discrete geometry can be regarded as results about d-representable
complexes, and in many of these results, “d-representable” in the assumption can be
replaced by “d-collapsible” or even “d-Leray.”

We investigate “dimension gaps” among these notions and construct, for all d > 1,
a 2d-Leray complex that is not (3d — 1)-collapsible and a d-collapsible complex
that is not (2d — 2)-representable. In the proofs, we obtain two results of indepen-
dent interest: (i) The nerve of every finite family of sets, each of size at most d, is
d-collapsible; (ii) If the nerve of a simplicial complex K is d-representable, then K em-
beds in RY.

Keywords d-Representability - d-Collapsibility - Leray number - Simplicial
complex - Convex set - Nerve

1 Introduction

d-Representability Helly’s theorem [9] asserts that if Cy, Cy, ..., C, are convex
sets in RY, n > d + 1, and every d + 1 of the C; have a common point, then
(M, Ci # . This famous theorem and many others in discrete geometry deal with
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Fig. 1 An example of 2-collapsing

intersection patterns of convex sets in R?, and they can be restated using the notion
of d-representable simplicial complexes.

We recall that the nerve N(S) of a family S = {S1, S2, ..., S,} is the simplicial
complex with vertex set [n] := {1, 2, ...,n} and with a set 0 C [n] forming a simplex
if (e Si # 9. A simplicial complex K is d-representable if it is isomorphic to the
nerve of a family of convex sets in R? (all simplicial complexes throughout this paper
are assumed to be finite).

In this language, Helly’s theorem implies that a d-representable complex is deter-
mined by its d-skeleton. Other examples of theorems that can be seen as statements
about d-representable complexes include the fractional Helly theorem of Katchal-
ski and Liu [15], the colorful Helly theorem of Lovasz ([16]; also see [4]), the
(p, q)-theorem of Alon and Kleitman [1], and the Helly-type result of Amenta [3]
(conjectured by Griinbaum and Motzkin). Among the deepest results concerning
d-representable complexes, let us mention a complete characterization of their f-
vectors! conjectured by Eckhoff and proved by Kalai [11, 12]. We also refer to [5, 6,
17] for more examples and background.

d-Collapsibility and d-Leray Complexes Wegner in his seminal 1975 paper [22] in-
troduced d-collapsible simplicial complexes. To define this notion, we first introduce
an elementary d-collapse. Let K be a simplicial complex, and let o, T € K be faces
(simplices) such that

(1) dimo <d —1,
(ii) 7 is an inclusion-maximal face of K,
(iii)) o C 7, and
(iv) t is the only face of K satisfying (ii) and (iii).

Then we say that o is a d-collapsible face of K and that the simplicial complex
K :=K\{neK:o CnC 1} arises from K by an elementary d-collapse. A simplicial
complex K is d-collapsible if there exists a sequence of elementary d-collapses that
reduces K to the empty complex . Figure 1 shows an example of 2-collapsing.

Another related notion is a d-Leray simplicial complex, where K is d-Leray if
every induced subcomplex of K (i.e., a subcomplex of the form K[X]:=f{oc N X :
o € K} for some subset X of the vertex set V(K)) has zero homology (over Q) in
dimension d and larger.

IThe f-vector of a d-dimensional simplicial complex K is the integer vector (fy, fi. ..., f4), where f; is
the number of i-dimensional simplices in K.
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Fig. 2 A complex that is
1-collapsible but not
1-representable

Fig. 3 The triangulation of the
dunce hat [22]; vertices with the
same numbers should be
identified

Wegner [22] proved that every d-representable complex is d-collapsible and every
d-collapsible complex is d-Leray. By inspecting proofs of several theorems about
intersection patterns of convex sets in R4, i.e., about d -representable complexes, one
can sometimes see that they actually use only the d-collapsibility, and thus they are
valid for all d-collapsible complexes (good examples, among those mentioned earlier,
are the fractional Helly theorem and the colorful Helly theorem).

With more work it has been shown that all of the results mentioned above and
some others also hold for d-Leray complexes. For example, for Helly’s theorem, this
follows essentially from Helly’s own topological generalization [10], for the (p, g)-
theorem, this was proved in [2], and for the colorful Helly theorem and for Amenta’s
theorem, this was shown recently by Kalai and Meshulam [13, 14]. Kalai’s charac-
terization of f-vectors of d-representable complexes is also valid for the f-vectors
of d-Leray complexes, showing that f-vectors cannot distinguish these classes.

These results indicate that the notions of d-representable, d-collapsible, and
d-Leray are similar in some important respects. However, no two of them coincide.
Figure 2 shows an example of a 1-collapsible complex that is not 1-representable.
Wegner [22] noted that the well-known examples of 2-dimensional complexes that
are contractible but not collapsible, such as suitable triangulations of the “dunce hat”
(Fig. 3) or Bing’s house (see, e.g., [8]), are 2-Leray but not 2-collapsible.

Results  The goal of the present paper is to exhibit stronger differences among these
notions; more precisely, to investigate “dimension gaps.” We set

o (K) :=min{d : Kis d-representable} (“representability”),
¥ (K) := min{d : K is d-collapsible} (“collapsibility”),
A(K) := min{d : K is d-Leray} (“Leray number”).
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Theorem 1.1 (a) For every d > 1, there exists a complex K with y(K) =d and
o(K) =2d — 1 (i.e., d-collapsible and not (2d — 2)-representable).

(b) For every d > 1, there exists a complex K with L(K) = 2d and y (K) = 3d (i.e.,
2d-Leray and not (3d — 1)-collapsible).

In part (a), our example is the nerve of a d-dimensional simplicial complex L that
is not embeddable in R*¥~2. A well-known example of such L is the d-skeleton of
the (2d + 2)-dimensional simplex, due to Van Kampen [20, 21] and Flores [7]. The
proof of Theorem 1.1(a) then follows immediately from the two propositions below,
which may be of independent interest.

Proposition 1.2 Let L be a simplicial complex such that the nerve N(L) is
d-representable. Then L embeds in R?, even linearly.

Proposition 1.3 Let F be a finite family of sets, each of size at most d. Then the
nerve N(F) is d-collapsible.

For part (b) of Theorem 1.1, our example is a d-fold join of the dunce hat triangu-
lation from Fig. 3.

Open Problems The main questions, which we unfortunately have not solved, are:
Can representability be bounded in terms of collapsibility (formally, is there a func-
tion f1 such that p(K) < f1(y (K)) for all K)? Can collapsibility be bounded in terms
of the Leray number (formally, is there a function f> such that y (K) < f>(A(K)) for
all K)? Theorem 1.1 shows that f1(d) > 2d — 1 and f>(2d) > 3d — 1.

It is clear that our method cannot give a better lower bound for f; than Theo-
rem 1.1(a), since every d-dimensional complex embeds in R??~!. A 2-collapsible
complex whose representability might perhaps be unbounded was noted by Alon et
al. [2], namely, a finite projective plane (regarded as a simplicial complex, where the
lines of the projective plane are the maximal simplices). More generally, any almost-
disjoint set system is easily seen to be 2-collapsible, and it would be interesting to
decide whether all almost-disjoint systems are dp-representable for some constant dy.

2 Representability of the Nerve and Embeddability

In this section, we will prove Proposition 1.2. First, we recall a classical lemma of
Radon ([19]; also see, e.g., [6] or [17]) in the following form:

Lemma 2.1 Let P be a set of affinely dependent points in R. Then there exist two
disjoint affinely independent subsets A, B C P with conv(A) Nconv(B) # .

We will also need the following result of a similar flavor:
Lemma 2.2 Let A and B be finite subsets of R?. Suppose that there is a point x €

(conv(A) Nconv(B)) \ conv(A N B). Then there exist disjoint affinely independent
sets A’ C A and B’ C B such that conv(A’) Nconv(B’) # 0.
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Proof The proof is similar to the usual proof of Radon’s lemma, only slightly more
complicated.
We can write x as a convex combination of points of A:

r=Ywa, (1)

acA

where o, >0 foralla € Aand )", _, aq = 1. Similarly,

x = Z Bvb, 2

beB

where 8, >0 forallbe Band ), g By =1.Let K := AN B, and let
K+::{peK:otp>,3,,}, K~ :=K\K™.

We define the sets Ag:= A\ K~ and By := B\ K+ and note that Ag N By = ¥ and
AgU By = AU B. We claim that conv(Ag) Nconv(Bg) # @; this will imply the lemma,
since the desired affinely independent A" and B’ can be obtained from Ag and By by
removing redundant points.

For notational convenience, we extend the definition of o), and B, toall p e AUB
by letting o), =0 for p ¢ A and B, =0 for p ¢ B. By subtracting (2) from (1) and
rearranging we get

Y @p—Br=)_ (Bp—app.

PEA) PEBy

All coefficients on both sides of this equation are nonnegative. Let us set S :=
> pea,(@p — Bp).Since - =3, pBp=1 wealsohave S=3  p (Bp —
ap). Moreover, since x ¢ conv(K), at least one o, with p € A \ K is nonzero, and
thus S # 0. We set

1 1
vi=g D (ap=Bpr= Y (Bp—app;

PE€AD peBy

thus, y is expressed as a convex combination of points of Ay and also as a convex
combination of points of By. Hence, conv(Ag) N conv(By) # @, as claimed. Il

Proof of Proposition 1.2 Let L be a simplicial complex such that N(L) is d-
representable. This means that there exists a system (C, : 0 € L) of convex sets in
R4 such that, for every collection M C L of simplices, we have ﬂg em Co =0 iff
MM =9.

For every v € V (L), we fix a point p(v) € [
empty since v € [ {t €L:v € 1}).

This defines a mapping p: V(L) — R?. For every o € L, we set

reL.ver Cr (this intersection is non-

Dy :=conv(p(0)).
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We claim that each D, is a simplex in R? and that the D, form a geometric repre-
sentation of K in R¥. To this end, it suffices to verify that the set p(o) is affinely inde-
pendent for every o € L and that D, N D; = Dy, for every two simplices o, T € L.

First, let us suppose for contradiction that p(o) is affinely dependent for some
o € L. Then by Radon’s lemma (Lemma 2.1) there are two disjoint affinely indepen-
dent subsets A, B C p(o) with intersecting convex hulls. Then we have A = p(«)
and B = p(p) for disjoint simplices «, 8 € L. But we have p(v) € C, for all v € «,
hence Dy = conv(p(a)) € Cy, and similarly Dg € Cg. Then Cy, N Cg 2 Dy N
Dg # {, and this contradicts the assumption that the C, form a representation of
N(L). So each p(o) is affinely independent.

Next, let o, T € L. We clearly have Dyn; € Dy N D;. To prove the reverse in-
clusion, we assume for contradiction that there is some x € (Dy N D;) \ Dgony-
Lemma 2.2 provides disjoint ¢’ C o and 7/ C t with Dy N Dy # @, and this is a
contradiction as above. O

3 d-Collapsibility of the Nerve

Here we prove Proposition 1.3.

Let us assume that the ground set of F is [n]. Let us fix an arbitrary linear order-
ing < on F. The nerve K = N(F) consists of all intersecting subfamilies of F. For
i=1,2,...,n, let K; consist of all intersecting families G € K with min (|G =i (so
the K; form a partition of K).

Let us consider a G € K;. Each of the elements 1,2, ...,i — 1 is excluded from
(G by at least one G € G. Let us define the minimal exclusion sequence mes(G) =
(G1,Ga,...,G;_1) as follows. First, we choose G| as the smallest set of G with
1 ¢ G. Having already defined sets G1,...,G; 1 € G (not necessarily all distinct),
we define G as follows: If at least one of the sets among Gy, ..., Gj_ avoids the
element j, we let G be such a G with the smallest possible k. In this case, we call
Gj old at j. On the other hand, if all of Gy, ..., G;_ contain j, then we let G ; be
the smallest set of G not containing j, and we call it new at j.

Let M (G) € K; be the family consisting of all sets G ; that occur in mes(G). In par-
ticular, for i = 1, we have M(G) = @ for all G € K. It is easily seen that we always
have |M (G)| <d (indeed, G covers at most d — 1 elements among 1,2,...,i — 1,
and only these elements may contribute G ;’s distinct from G1). We also note that
mes(M (G)) = mes(G).

We let M; = {M(G) : G € K;} and M = | J!_; M;. The families in M will be the
d-collapsible simplices we will use for d-collapsing the simplicial complex K = N(F).
We order them first by decreasing i, i.e., M,, comes first, then M,,_1, etc., and within
each M;, we order the families lexicographically by their minimal exclusion se-
quences. Let < denote this linear ordering of M. This defines the sequence of ele-
mentary collapses.

Clearly, each simplex G € K contains at least one simplex of M, namely, M (G). It
remains to verify that each M € M is contained in a unique maximal simplex in the
simplicial complex obtained from K by collapsing all A" < M.
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We inductively define

KMz{HeK\ U KN:MQH};
N<M

as we will see, this is the set of all simplices removed from the current simplicial
complex by collapsing M.

We need to express Kpq as the set of all simplices of K\ (Jy Ky
that contain M and are contained in a suitable maximal simplex 7 (M). As
we will see, the desired 7'(M) can be described as follows (here M € K; and
mes(M) = (Gy,...,Gi-1)):

TIM)y=MU{FeF:ieFand F>Gjforall j ¢ F such that G; is new at j}.

That is, T(M) consists of M plus those sets of F that contain i/ and satisfy
mes(M U {F}) = mes(M). Clearly T(M) € K and M < T(M). We also have
M(T(M)) =M.

We let K/M ={He K\ Un.mKnv:MCHCT(M)}, and by induction we
prove that K/M = K. This will show that T (M) is indeed the unique maximal
simplex containing M. So we consider some M € M; and assume that KQ\[ =Ku
for all N < M.

By just comparing the definitions we immediately obtain K’M C K. For the
reverse inclusion, let us consider an 7 € K, and, for contradiction, suppose that H
contains a set F' ¢ T (M). We will exhibit an N' € M with /' € ‘H and N < M this
will lead to the desired contradiction, since then we either have H € Kas or H has
been collapsed even earlier.

By the definition of T7'(M), there can be two reasons for F & T (M). First, it
might happen that i ¢ F. But then min[|H > i, and therefore N := M(H) < M.
This leads to a contradiction as explained above, and hence we may assume i € F.

Second, letting mes(M) = (G, G», ..., Gi_1), there may be some j <i, j & F
such that G; is new at j and F < G; (we cannot have F = G; since we as-
sumed that F & M). Let j be the smallest possible with this property. We con-
sider the family G ={G1,G2,...,Gj—1, F, G 41, ..., G;_1}, whichis in K;. Hence
N = M(G) is in M;, and we also have A/ C H. It now suffices to verify that
N < M. To this end, we check that the first j terms of the sequence mes(\) are
G1,G2,...,Gj_1, F, since then mes(N) is indeed lexicographically smaller than
mes(./\/l) = (G], Gz,..., Gj_], Gj, )

Let us suppose that mes(N) agrees with (G1, G, ..., Gj_1, F) in the first k — 1
terms, and we want to check that the kth terms agree as well. This is clear if k < j
and Gy, is old at k£ in mes(M). If k < j and Gy is new at k in mes(M), then k € F
or F > Gy, for otherwise, we should have taken k instead of j, and hence the kth
terms also agree in this case. Finally, for k = j, G; is new at j in mes(M) by the
assumption, so G is the smallest set in M not containing j. Then F is an even
smaller such set, and so it is in the jth position of mes(N\/). This concludes the proof
of Proposition 1.3.
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4 Collapsibility Versus Leray Number

In this section we prove Theorem 1.1(b).

First, we recall the notion of join of two simplicial complexes K and L. First, as-
suming that the vertex sets V(K) and V(L) are disjoint, the join is the simplicial
complex KxL:={o Ut :0 €K, 7 €L} on the vertex set V(K) U V(L). If the ver-
tex sets are not disjoint (as will be the case in our application below), we first take
isomorphic copies of K and L with disjoint vertex sets and then we form the join as
above.

The next lemma shows that the Leray number behaves nicely with respect to joins.

Lemma 4.1 For every two nonempty simplicial complexes K and L, we have A(K* L)
=A(K) + A(L).

Proof This is a simple consequence of the Kiinneth formula for joins

HXxY)= @ H X ®H;Y) 3)
itj=k—-1

for any two simplicial complexes X and Y, where Hj(-) denotes the k-dimensional
reduced homology group (over Q). The Kiinneth formula in this form can easily be
derived from [18], Example 4 (p. 349) and Exercise 3 (p. 373).

For notational convenience, we assume that V(K) N V(L) =@ and let A(K) =k
and A(L) = £. Then there exist A C V(K) and B € V(L) such that flk_l (K[A]) #0+#
ﬁg_l(L[B]). Since (K % L)[A U B] = K[A] * L[B], (3) shows that
I:IkH,] ((K*L)[AU B]) #0, and thus A(Kx L) >k + £.

On the other hand, every induced subcomplex of KL has the form K[A]*L[B] for
some A C V(K) and B C V (L), and if H; (K[A]) =0 for all i >k and H;(L[B]) =0
forall j > ¢, (3) gives H,(K[A] *L[B]) =0 forall s > k+ ¢, thus showing L(KxL) <
k+¢. O

We cannot say how y (-) behaves under joins but we can do so for the following
related quantity:

10(K) := min{d : K has a d-collapsible face}.

Lemma 4.2 For every two simplicial complexes K, L, we have yy(K x L) = yp(K) +
yo(L).

Proof Again we assume that V(K) N V(L) = @. It is easily checked that if o is a
k-collapsible face of K and 7 is an £-collapsible face of L, then o U T is a (k + £)-
collapsible face of K x L, which shows that y(K * L) < y9(K) 4 y0(L). On the other
hand, every d-collapsible face of K x L is of the form o U 7, 0 € K, T € L, and one
can check that o is k-collapsible and t is £-collapsible for some k, £ with k + £ =d.
This gives the reverse inequality. O
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Proof of Theorem 1.1(b) We let Ky be the triangulation of the dunce hat in Fig. 3.
We have A(Kg) =2 < y0(Kp) according to Wegner [22], and actually yp(Ko) = 3
because dimKg = 2. Then the join K of d copies of Ky satisfies L(K) = 2d and
¥ (K) > y9(K) = 3d by Lemmas 4.1 and 4.2. Il
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