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Abstract We construct CW spheres from the lattices that arise as the closed sets of a
convex closure, the meet-distributive lattices. These spheres are nearly polytopal, in
the sense that their barycentric subdivisions are simplicial polytopes. The complete
information on the numbers of faces and chains of faces in these spheres can be
obtained from the defining lattices in a manner analogous to the relation between
arrangements of hyperplanes and their underlying geometric intersection lattices.
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1 Introduction

A well known result due to Zaslavsky [29] shows that the numbers of faces in an
arrangement of hyperplanes in a real Euclidean space can be read from the underlying
geometric lattice of all intersections of these hyperplanes. This result was extended

The first author was supported in part by NSF grant DMS-0100323. The second author was
supported by an NSF Postdoctoral Fellowship. The first two authors enjoyed the hospitality of
the Mittag-Leffler Institute, Djursholm, Sweden, during the preparation of this manuscript.

L.J. Billera (�)
Department of Mathematics, Cornell University, Ithaca, NY 14853-4201, USA
e-mail: billera@math.cornell.edu

S.K. Hsiao
Mathematics Program, Bard College, PO Box 5000, Annandale-on-Hudson, NY 12504-5000,
USA
e-mail: hsiao@bard.edu

J.S. Provan
Department of Statistics and Operations Research, University of North Carolina, Chapel Hill,
NC 27599-3260, USA
e-mail: Scott_Provan@UNC.edu



124 Discrete Comput Geom (2008) 39: 123–137

to the determination of the numbers of chains of faces in arrangements in [2, 8].
In [3], the numbers of chains in an arrangement were shown to depend only on the
numbers of chains in the associated geometric lattice. A particularly simple form of
this relationship, in terms of quasisymmetric functions, was given in [5].

Geometric lattices (matroids) are combinatorial abstractions of linear span in vec-
tor spaces. There is a different combinatorial model for convex span, known as con-
vex geometries (or anti-matroids) [12–15], for which the corresponding lattices are
the meet-distributive lattices. We show here that a similar situation exists for these;
that is, for each convex geometry, we construct a regular CW sphere, whose enu-
merative properties are related to those of the underlying geometry in essentially the
same way. Moreover, these spheres are nearly polytopes, in the sense that their first
barycentric subdivisions are combinatorially simplicial convex polytopes.

We begin by establishing some notation. Our basic object of study is a com-
binatorial closure operation called a convex or anti-exchange closure. This is de-
fined on a finite set, which we will take, without loss of generality, to be the set
[n] := {1,2, . . . , n}.

Definition 1.1 A convex closure is a function 〈·〉 : 2[n] → 2[n], A �→ 〈A〉, such that,
for A,B ⊆ [n],
(1) A ⊆ 〈A〉
(2) if A ⊆ B then 〈A〉 ⊆ 〈B〉
(3) 〈A〉 = 〈〈A〉〉
(4) if x, y /∈ 〈A〉 and x ∈ 〈A ∪ y〉 then y /∈ 〈A ∪ x〉.

The last condition is often called the anti-exchange axiom, and the complements
of the closed sets of such a closure system has been called an anti-matroid. We will
call a set together with a convex closure operator on it a convex geometry. The set
of closed sets of a convex geometry, that is, those sets A satisfying A = 〈A〉, form a
lattice when ordered by set inclusion. Such lattices are precisely the meet-distributive
lattices. A lattice L is meet-distributive if for each y ∈ L, if x ∈ L is the meet of (all
the) elements covered by y, then the interval [x, y] is a Boolean algebra.

One example of an anti-exchange closure operator is ideal closure on a partially
ordered set P ; here, for A ⊆ P , 〈A〉 denotes the (lower) order ideal generated by A.
The lattices of closed sets of these are precisely the distributive lattices. Another
class of examples comes from considering convex closure on a finite point set in
Euclidean space. Figure 1 illustrates the convex geometry formed by three collinear
points a, b, c. Note that the set {a, c} is not closed since its closure is {a, b, c}.

Meet-distributive lattices were first studied by Dilworth [11] and have reappeared
in many contexts since then (see [21]). Their study in the context of theory of convex
geometries was extensively developed about 20 years ago in a series of papers by
Edelman and coauthors [12–15]. See also [20] and [10] for general discussions. An
important (and characterizing) property of convex geometries is that every set has a
unique minimal generating set, that is, for each A ⊆ [n], there is a unique minimal
subset ext(A) ⊆ A so that 〈A〉 = 〈ext(A)〉 [13, Theorem 2.1]. The elements of ext(A)

are called the extreme points of A.
A simplicial complex on a finite set V is a family of subsets � ⊆ 2V such that if

τ ⊆ σ ∈ � then τ ∈ � and {v} ∈ � for all v ∈ V . The elements of � are called the
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Fig. 1 The convex geometry of
three collinear points and its
associated meet-distributive
lattice L

faces of the complex and the elements of V are its vertices. We will need an operation
on simplicial complexes known as stellar subdivision.

Definition 1.2 The stellar subdivision of a simplicial complex � over a nonempty
face σ ∈ � is the simplicial complex sdσ (�) on the set V ∪ {vσ }, where vσ is a new
vertex, consisting of

(1) all τ ∈ � such that τ 	⊇ σ , and
(2) all τ ∪ {vσ } where τ ∈ �, τ 	⊇ σ and τ ∪ σ ∈ �.

The use of stellar subdivision to describe order complexes of posets was begun
in [22], where it was shown that the order complex of any distributive lattice can be
obtained from a simplex by a sequence of stellar subdivisions. Although this result
and some of its implications were discussed in [23], its proof was never published.
We will give a generalization of this result to meet-distributive lattices in the next
section. The proof is an adaptation of that in [22].

More recently, stellar subdivision was used in [9] to produce the order complex of
a so-called Bier poset of a poset P from the order complex of P .

In Sect. 2, we describe the order complex of a meet-distributive lattice as a stellar
subdivision of a simplex. We use this in Sect. 3 to construct the sphere associated
with the lattice. Finally, in Sect. 4 we relate enumeration in this sphere to that of the
lattice.

2 Order Complexes of Meet-Distributive Lattices

Let L be an arbitrary meet-distributive lattice. We can assume L is the lattice of
closed sets of a convex closure 〈·〉 on the set [n], for some n > 0. L has unique
maximal element 1̂ = 〈[n]〉 and minimal element 0̂ = 〈∅〉 (we may assume 〈∅〉 = ∅,
although this will not be important here). For simplicity of notation, we will write
〈i〉 for the principal closed set 〈{i}〉 whenever i ∈ [n]. These are precisely the join-
irreducible elements of L, that is, those x ∈ L \ {0̂} that cannot be written as y ∨ z,
with y, z < x. (This follows, for example, from [13, Theorem 2.1(f)].)

In fact, the convex closure 〈·〉 is uniquely defined from the lattice L: we take [n]
to be an enumeration of the join-irreducible elements of L and define, for A ⊆ [n],

〈A〉 =
{
j ∈ [n]

∣∣∣j ≤
∨
i∈A

i

}
.
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Thus we are free, without loss of generality, to use the closure relation when making
constructions concerning the lattice L.

Consider the simplex of all principal closed sets (join-irreducibles) {〈i〉 | i ∈ [n]},
and let �0 be the simplicial complex consisting of this simplex and all its faces (sub-
sets). Note that �(L \ {0̂}), the order complex of L \ {0̂}, is a simplicial complex on
the vertex set V = {〈A〉 | A ⊆ [n],A 	= ∅}.

Theorem 2.1 For any meet-distributive lattice L, �(L \ {0̂}) can be obtained from
the simplex of join-irreducible elements by a sequence of stellar subdivisions.

Proof Suppose L is the lattice of closed sets of a convex closure 〈·〉 on [n]. Let
A1,A2, . . . ,Ak be a reverse linear extension of L \ {0̂}, that is, the Ai are all the
nonempty closed subsets in [n], ordered so that we never have Ai ⊆ Aj if i < j . In
particular, A1 = [n].

The order complex �(L \ {0̂}) can be obtained from �0 by a sequence of stellar
subdivisions as follows. For i = 1, . . . , k, let

�i = sdext(Ai)(�i−1),

where, by a slight abuse of notation, ext(Ai) will denote the face of �i−1 having
vertices 〈j 〉, j ∈ ext(Ai). The new vertex added at the ith step will be denoted simply
by Ai . Note that because of the ordering of the Ai , the face ext(Ai) is in the complex
�i−1, so each of these subdivisions is defined.

We claim that �k = �(L \ {0̂}). The proof proceeds by induction on n. The case
n = 1 is clear.

When n > 1, consider the complex �1 = sdext(A1)(�0). Since �0 is a simplex,
the new vertex A1 is a cone point, that is, it is in every maximal simplex of �1. The
base of this cone (the link of A1) consists of all the facets F1, . . . ,Fm of �0 that
are opposite to vertices in ext(A1). By relabeling if necessary, we can assume that
ext(A1) = {1,2, . . . ,m}, and Fi = {〈j 〉 | j 	= i}. Since all further subdivisions are
made on faces not containing A1, the vertex A1 remains a cone point in all �i . So it
is enough to consider the effect of further subdivisions on each of the facets Fi .

Now, by induction, the face Fi is subdivided so that it becomes the order complex
of Li \ {0̂}, where Li is the lattice of closed subsets of [n] \ {i}. Since A1 is a cone
point in �k , and A1 is in every maximal chain in L, it follows that �k is the order
complex of L \ {0̂}. �

Notice that the stellar subdivisions over the principal closed sets (join-irreducibles)
are redundant and can be omitted without loss. Figure 2 gives the sequence of sub-
divisions leading to the order complex of the meet-distributive lattice generated by
the example of three collinear points. In this example, once �3 is constructed, every
subsequent subdivision is over a principal closed set and therefore has no effect on
the complex.

By a polyhedral ball we will mean a simplicial complex that is topologically a
d-dimensional ball and can be embedded to give a regular triangulation, that is, one
that admits a strictly convex piecewise-linear function (see, for example, [4] for the
definitions). Polyhedral balls are known to satisfy strong enumerative conditions [6].



Discrete Comput Geom (2008) 39: 123–137 127

Fig. 2 The sequence of �i for the example in Fig. 1

Corollary 2.2 For any meet-distributive lattice L 	= Bn, the order complex �(L \
{0̂, 1̂}) is a polyhedral ball.

Proof Let L be the lattice of closed sets of the convex closure 〈·〉 on [n]. Since L 	=
Bn, we have that ext([n]) 	= [n], and so every stellar subdivision that is involved in
producing �(L \ {0̂}) takes place on the boundary of the simplex �0.

Since being the boundary complex of a simplicial convex polytope is preserved
under taking stellar subdivisions [23], we conclude that the boundary of �(L\ {0̂}) is
the boundary of a simplicial convex polytope Q. By means of a projective transforma-
tion that sends the vertex A1 = [n] = 1̂ to the point at infinity, we see that the image
of Q under such a map is the graph of a strictly convex function over �(L\ {0̂, 1̂}). �

It was shown in [23] that stellar subdivision preserves the property of being vertex
decomposable, which in turn implies shellability. As a consequence we get that both
�(L \ {0̂}) and �(L \ {0̂, 1̂}) are vertex decomposable and hence shellable, as stated
in [7, Theorem 8.1] (and its proof) in the language of greedoids. Theorem 2.1 was
first proved for distributive lattices in [22] precisely to show that order complexes of
distributive lattices were shellable. The result in [22] was stated for �(L), which is a
cone over the complex we consider.

3 The Associated CW Spheres

We define now a triangulated sphere derived from the order complex of a meet-
distributive lattice L. It will turn out that this triangulated sphere is the barycentric
subdivision of a regular CW sphere that has the same enumerative relationship to L∗
(the dual to L) as an arrangement of hyperplanes (oriented matroid) has to the under-
lying geometric lattice.

3.1 The complex ±�

For a meet-distributive lattice L, let � = �(L \ {0̂}), a triangulation of the (n − 1)-
simplex �0. We will define a triangulation ±� of the n-dimensional crosspolytope
On as follows. If the vertex set of the simplex �0 is [n] = {1,2, . . . , n}, then that
of the crosspolytope is ±[n] = {±1,±2, . . . ,±n}. Faces of the crosspolytope are all
σ ⊆ ±[n] such that not both i and −i are in σ .
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Fig. 3 Triangulation of the
boundary of the octahedron
induced by reflecting �6

We reflect the triangulation � to obtain a triangulation ±� of the crosspolytope,
much as the crosspolytope can be built by reflecting the simplex generated by the unit
vectors. We consider the simplex �0 to be embedded as the convex hull of the unit
vectors and define the triangulation ±� by reflecting the triangulation �.

Formally, ±� is the simplicial complex whose vertices are all equivalence classes
of pairs (A, ε), where A ∈ L \ {0̂}, ε is a map from [n] to {±1}, and we identify
(A, ε) and (A, ε′) when ε|ext(A) = ε′|ext(A). For arbitrary ε : [n] → {±1} and σ =
{A1,A2, . . . ,Ak} ∈ �, let

σε := {(A1, ε), (A2, ε), . . . , (Ak, ε)}
and

�ε = {σε|σ ∈ �}.
�ε is essentially the triangulation � transferred to the face of the crosspolytope given
by the sign pattern ε. Finally, define

±� =
⋃
ε

�ε,

the union being taken over all ε : [n] → {±1}.
Remark 3.1 Note that boundary faces of � can result in faces of ±� having more
than one name; in fact, σε = σρ if and only if ε and ρ agree on the set

ext(σ ) :=
k⋃

i=1

ext(Ai).

Figure 3 shows the complex ±� for the example of three collinear points.

Theorem 3.2 For any meet-distributive lattice L, ±�(L \ {0̂}) can be obtained from
the n-dimensional crosspolytope by a sequence of stellar subdivisions, and so it
is combinatorially the boundary complex of an n-dimensional simplicial polytope,
where n is the number of join-irreducibles of L.
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Proof As before, suppose L is the lattice of closed sets of a convex closure 〈·〉 on [n],
and let A1,A2, . . . ,Ak be a reverse linear extension of L \ {0̂}. We can extend this
order to an order on all pairs (Ai, ε), ε : [n] → {±1}, by ordering lexicographically,
with the given order on the first coordinate and any order on the second.

It is now relatively straightforward to adapt the proof of Theorem 2.1 to show that
the complex ±� is obtained by carrying out stellar subdivisions over faces of On in
the order given by the order of the (Ai, ε). The subdivision corresponding to (Ai, ε)

is done over the face {ε(j) · j | j ∈ ext(Ai)} of On; in ±�, every face containing
{ε(j) · j | j ∈ ext(Ai)} is subdivided as it would be by doing the subdivision in the
boundary of On. Again, since stellar subdivision preserves the property of being the
boundary complex of a polytope, the result follows. �

3.2 The poset QL

We construct a regular CW complex � having ±� as its barycentric subdivision.
Equivalently, if F(�) is the face poset of �, then �(F(�)) = ±�.

We begin by defining a poset QL associated to any meet-distributive lattice L.
The elements of QL are all equivalence classes of pairs (A, ε), where A ∈ L and ε

is a map from [n] to {±1} as before. We define the order relation on QL by (A, ε) ≤
(B, δ) if and only if A ⊆ B and the maps ε, δ agree on the set ext(A) ∩ ext(B).
We include an element 1̂ ∈ QL for convenience; the element (0̂,∅) corresponding to
0̂ ∈ L serves as 0̂ in QL. Note that when L is distributive, QL is the signed Birkhoff
poset of [19].

Proposition 3.3 �(QL \ {0̂, 1̂}) = ±�.

Proof The maximal simplices in ±� are the simplices

σε := {(A1, ε), (A2, ε), . . . , (An, ε)},
where A1 ⊆ A2 ⊆ · · · ⊆ An is a maximal chain in L \ {0̂}. Then clearly,

(A1, ε) < (A2, ε) < · · · < (An, ε)

is a maximal chain in QL \ {0̂, 1̂}.
Conversely, if

(A1, ε1) < (A2, ε2) < · · · < (An, εn)

is a maximal chain in QL \ {0̂, 1̂}, then, if we let σ = {A1,A2, . . . ,An} ∈ �, we have
ext(σ ) = [n] and so there is an ε : [n] → {±1} such that εi = ε|ext(Ai) for each i. Thus

{(A1, ε1), (A2, ε2), . . . , (An, εn)} = σε

is a maximal simplex in ±�. �

Next, we define a cell complex �L from the lattice L (the underlying convex
closure 〈·〉 on [n]) and the simplicial complex ±� as follows. For each A ∈ L \ {0̂}
and ε : [n] → {±1}, we define a cell C(A,ε) that is a union of simplices in ±�. For
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A = [n], we take C(A,ε) to be the star of (A, ε) in the complex ±�, that is, the union
of all maximal simplices containing the vertex (A, ε).

For proper closed sets A ∈ L, we consider the subgeometry 〈·〉 restricted to subsets
of A, with lattice LA = [0̂,A] and order complex �A = �(LA \ {0̂}). The complex
�A is the subcomplex of � subdividing the face of �0 spanned by the vertices i ∈
A, and the corresponding complex ±�A is the subcomplex of ±� subdividing the
faces of the crosspolytope spanned by all vertices ±i, i ∈ A. For any A ∈ L and any
ε : [n] → {±1}, we define the cell C(A,ε) to be the star of (A, ε) in the complex ±�A.

Since ±�A is the boundary of a simplicial polytope by Theorem 3.2, each cell
C(A,ε) is topologically a disk of dimension |A| − 1, and its boundary is the link of
the vertex (A, ε) in the complex ±�A and so is a sphere. We define �L to be the
collection of all the cells C(A,ε), A ∈ L \ {0̂}.

Lemma 3.4 The boundary of C(A,ε) is the union of all cells C(B,δ), where B ⊆ A,
B 	= A and the maps ε, δ agree on ext(A) ∩ ext(B).

Proof By definition, we have

C(A,ε) =
⋃

A∈σ∈�
γ |ext(A)=ε|ext(A)

σ γ . (3.1)

Since ∂C(A,ε) is the link of (A, ε) in ±�A, that is,

∂C(A,ε) =
⋃

τ∈lk�A
(A)

γ |ext(A)=ε|ext(A)

τ γ ,

the statement of the lemma is equivalent to

⋃
τ∈lk�A

(A)

γ |ext(A)=ε|ext(A)

τ γ =
⋃
B�A

δ|ext(A)∩ext(B)=ε|ext(A)∩ext(B)

C(B,δ). (3.2)

Here the unions are over γ : [n] → {±1} and δ : [n] → {±1}, respectively, and
lk�A

(A) = {τ ∈ �A | A /∈ τ, τ ∪ {A} ∈ �A} is the link of A in �A.
To see the equality in (3.2), note that if τγ , τ ∈ lk�A

(A), γ |ext(A) = ε|ext(A), ap-
pears on the left side, then τγ ⊆ C(B,γ ), where B is a maximal element of τ . Since
γ |ext(A)∩ext(B) = ε|ext(A)∩ext(B), the cell C(B,γ |ext(B)) appears on the right side.

For the opposite inclusion, suppose τγ is a maximal simplex of ±�A in C(B,δ),
where B � A and δ|ext(A)∩ext(B) = ε|ext(A)∩ext(B). Then γ |ext(B) = δ|ext(B) by (3.1),
and so

γ |ext(A)∩ext(B) = δ|ext(A)∩ext(B) = ε|ext(A)∩ext(B).

Since i ∈ ext(A)∩B implies i ∈ ext(B) (otherwise i ∈ 〈B \ {i}〉 ⊆ 〈A\ {i}〉), we have
that the only places where γ | ext(A) and ε might not agree are outside of B . Since
ext(τ ) ⊆ B , we may, by Remark 3.1, adjust γ to γ ′ outside of B so that τγ ′ = τγ and
γ ′|ext(A) = ε|ext(A). Thus τγ appears on the left of (3.2), establishing the equality. �
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We can now prove the main result of this section.

Theorem 3.5 The cells in �L form a regular CW sphere, with face poset QL \ {0̂, 1̂}
and barycentric subdivision ±�.

Proof Since each �ε is a cone on ([n], ε),

|�L| =
⋃

(A,ε)∈QL\{0̂,1̂}
C(A,ε) =

⋃
ε:[n]→{±1}

C([n],ε) = | ± �|,

so |�L| is a sphere by Theorem 3.2.
By construction, the only inclusions C(B,δ) ⊆ C(A,ε) possible among cells is when

C(B,δ) ⊆ ∂C(A,ε), so C(B,δ) ⊆ C(A,ε) if and only if (B, δ) ≤ (A, ε) in QL \ {0̂, 1̂} by
Lemma 3.4.

To see that |�L| is a regular CW sphere, one can assemble |�L| according to a
linear extension of the poset QL \ {0̂, 1̂}. By Lemma 3.4, all the boundary faces of
any cell C(A,ε) will be present when it comes time to attach it.

Since the poset of inclusions among the faces of �L is QL \ {0̂, 1̂}, it will have
±� as barycentric subdivision by Proposition 3.3. �

3.3 Join-distributive lattices

We note briefly that everything in this section works for a join-distributive lattices,
that is, a lattice L whose dual L∗ (reverse all order relations) is meet-distributive.
Here we have to reverse the roles of 0̂ and 1̂. In particular, both L and L∗ have the
same order complex, so we have �(L \ {1̂}) = �(L∗ \ {0̂}) = �, which gives rise to
the same simplicial polytope ±�.

For join-distributive L, the poset QL = (QL∗)∗, and so the corresponding spheri-
cal complex �L is defined by defining the maximal cells to correspond to the maxi-
mal elements of QL \ {1̂} (the minimal elements of QL∗ \ {0̂}). Here, the CW sphere
�L = (�L∗)∗ is the dual to �L∗ .

Figure 4 shows the CW sphere for both the meet-distributive L from three collinear
points and the corresponding join-distributive L∗. Note that both ±� and �L retain
the full (Z/2Z)n symmetry of the crosspolytope.

Fig. 4 The spheres �L and �L∗ for L from three collinear points
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We remark that if L is the lattice of the convex geometry on n collinear points,
then one can verify that QL∗ is isomorphic to the Tchebyshev poset Tn of [18]. Het-
yei showed that Tn is the face poset of a regular CW sphere and its order complex
subdivides a crosspolytope. In fact his proof of the latter assertion uses essentially the
reflection construction discussed at the beginning of Sect. 3.1.

4 Enumerative Properties of QL

For a graded poset P (with 0̂ and 1̂) with rank function ρ, define

ν(P ) =
∑
t∈P

(−1)ρ(t)μ(0̂, t), (4.1)

where μ denotes the Möbius function as defined in [24, Chap. 3]. If L is the in-
tersection lattice of a real hyperplane arrangement, a well known result due to Za-
slavsky [29] gives ν(L) as the number of connected components in the complement
of the arrangement. He extended this to show how all the face numbers of an arrange-
ment depend solely on the lattice of intersections. As a generalization, [8, Proposi-
tion 4.6.2] expresses the flag numbers of an arrangement, that is, the enumerators of
chains of faces having prescribed rank sets, in terms of the functional ν applied to
intervals in the intersection lattice.

We now show that for join-distributive L, the flag numbers of QL may be com-
puted similarly from intervals in L. (For meet-distributive L, the flag numbers of QL

can be obtained from this by duality.) Suppose that L consists of the closed sets of
a convex geometry ordered by reverse inclusion. In analogy with the zero map on
oriented matroids [8], we define the map z : QL \ {0̂} → L by z((A, ε)) = A.

Proposition 4.1 Let c = {A1 < A2 < · · · < Ak = 1̂} be a chain in the join distributive
lattice L and z−1(c) denote the set of chains in QL that are mapped by z to c. Then

|z−1(c)| =
k−1∏
i=1

ν([Ai,Ai+1]).

Proof Given a sign function εi : [n] → {±1} for some 2 ≤ i ≤ k, there are
2| ext(Ai−1)\ext(Ai)| essentially different sign functions εi−1 : [n] → {±1} such that
(Ai−1, εi−1) < (Ai, εi) in QL, since the only restriction on εi−1 is that it agree
with εi on ext(Ai) ∩ ext(Ai−1). Thus, starting with εk = ∅, there are precisely∏k−1

i=1 2| ext(Ai)\ext(Ai+1)| ways to build a sequence of sign functions εk, . . . , ε2, ε1 re-
sulting in a chain (A1, ε1) < · · · < (Ak, εk) in QL.

To complete the proof it suffices to show that for 1 ≤ i ≤ k,
∑

Ai≤B≤Ai+1

(−1)ρ(Ai ,B)μ(Ai,B) = 2| ext(Ai)\ext(Ai+1)|. (4.2)

The Möbius function of a join-distributive lattice satisfies

(−1)ρ(Ai ,B)μ(Ai,B) =
{

1 if [Ai,B] is a Boolean lattice,
0 otherwise.
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(This follows, for example, from [13, Theorems 4.2, 4.3].) By definition of join-
distributivity, for B ∈ [Ai,Ai+1] the interval [Ai,B] is a Boolean lattice pre-
cisely when B is less than or equal to the join of atoms of [Ai,Ai+1], which are
those Ai \ {a} such that a ∈ ext(Ai) \ ext(Ai+1). Hence the left side of (4.2) re-
duces to a sum of the form

∑
B 1 with B ranging over a Boolean lattice of rank

|ext(Ai) \ ext(Ai+1)|. �

The complete enumerative information on chains in a graded poset P is carried by
the formal power series

FP :=
∑

0̂=t0<t1<···<tk=1̂
0<i1<···<ik

x
ρ(t0,t1)
i1

x
ρ(t1,t2)
i2

· · ·xρ(tk−1,tk)

ik
,

where ρ(s, t) = ρ(t) − ρ(s). As P ranges over the family of graded posets, the FP

span the (Hopf) algebra of quasisymmetric functions, denoted Q. The definition of
FP is due to Ehrenborg [16]. See [25, Sect. 7.19] for further background on quasi-
symmetric functions.

In the context of combinatorial Hopf algebras [1], the functional ν can be seen as
the pullback of a certain “odd character” νQ to the Hopf algebra of graded posets
along the map P �→ FP ; that is, ν(P ) = νQ(FP ). By the general theory there is an
induced Hopf algebra map ϑ : Q→ Q satisfying

ϑ(FP ) =
∑

0̂=t0<t1<···<tk=1̂
0<i1<···<ik

ν([t0, t1]) · · ·ν([tk−1, tk])xρ(t0,t1)
i1

· · ·xρ(tk−1,tk)

ik
.

In fact ϑ is precisely the map introduced by Stembridge [26] to relate the quasisym-
metric weight enumerator for P -partitions of a labeled poset to the enriched quasi-
symmetric weight enumerator of that poset. See [1, Examples 2.2, 4.4, 4.9].

The main result of this section is an extension of [19, Theorem 5.15]:

Theorem 4.2 For a join-distributive lattice L, we have

2FQL
= ϑ(F

L∪{0̂}),

where 0̂ denotes a new minimum element adjoined to L.

Proof This is essentially the argument used to prove [3, Theorem 3.1]. Extend z to a
map z : QL → L ∪ {0̂} by requiring z(0̂) = 0̂. By Proposition 4.1,

FQL
=

∑
c={0̂=A0<···<Ak=1̂}⊆L∪{0̂}

i1<···<ik

|z−1(c)|xρ(A0,A1)
i1

· · ·xρ(Ak−1,Ak)

ik

=
∑

0̂=A0<···<Ak=1̂
i1<···<ik

ν([A1,A2]) · · ·ν([Ak−1,Ak])xρ(A0,A1)
i1

· · ·xρ(Ak−1,Ak)

ik
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= 1

2

∑
0̂=A0<···<Ak=1̂

i1<···<ik

ν([A0,A1]) · · ·ν([Ak−1,Ak])xρ(A0,A1)
i1

· · ·xρ(Ak−1,Ak)

ik

= 1

2
ϑ(F

L∪{0̂}).

The third equality holds because 0̂ is covered by only one element in L∪{0̂}, implying
that μ(0̂,A1) vanishes if ρ(A1) > 1; hence ν([0̂,A1]) = μ(0̂, 0̂) − μ(0̂, [n]) = 2. �

Analogously, if Z is the face lattice of the zonotope associated with a hyperplane
arrangement and L is the intersection lattice of the arrangement, then

2FZ = ϑ(F
L∪{0̂})

[3, 5, Proposition 3.5]. It is easy to see that a join-distributive lattice L must be semi-
modular, as are geometric lattices. One is led to speculate whether this relationship
holds for all semimodular lattices, namely, whether for any semimodular lattice L,
there exists a regular CW sphere �L with face poset QL (with 0̂, 1̂ adjoined) such
that

2FQL
= ϑ(F

L∪{0̂}).

The role played by convex closures in this work might be played instead by interval
greedoids (see [10, Theorem 8.8.7]; we are grateful to Anders Björner for suggesting
this connection). Note that this would imply the existence of spheres �L for geomet-
ric lattices that are not necessarily orientable. In nonorientable case, one might also
ask for the relationship of ϑ(F

L∪{0̂}) to the (dual) face counts of the homotopy-sphere
arrangements of Swartz [28]. Simple examples suggest the former might provide
lower bounds for the latter. In the orientable case, these bounds are clearly achieved
by the results of [3, 5]. One could speculate further that achieving the bounds implies
orientability.

There is a well-known bijection between multichains of a fixed length in a dis-
tributive lattice J (P ) and P -partitions (order-preserving maps) whose parts have a
certain fixed upper bound [24, Proposition 3.5.1]. Edelman and Jamison [13, Theo-
rem 4.7] extended this to a bijection between multichains in a meet-distributive lattice
and extremal functions, which are generalizations of P -partitions. We will conclude
with a discussion of an analogous correspondence between multichains in QL and a
new class of functions called enriched extremal functions, which are generalizations
of enriched P -partitions [26]. (We are grateful to Paul Edelman for suggesting that
we seek such a correspondence.)

Let L be the lattice of closed sets of a convex closure 〈·〉 on the set [n]. Consider
the linear ordering −1 ≺ 1 ≺ −2 ≺ 2 ≺ · · · of the set of non-zero integers Z \ {0}. For
a function f : [n] → Z \ {0} and a closed set A, let fA denote the minimum element
of {f (a) | a ∈ A} with respect to ≺.

Definition 4.3 Given a convex closure on [n], a function f : [n] → Z \ {0} is called
enriched extremal function provided that

(1) For every closed set A there exists a ∈ ext(A) such that f (a) = fA, and
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(2) For every a ∈ [n], if f (a) < 0 then a ∈ ext{b ∈ [n] | f (b) � f (a)}.

We remark that if f satisfies condition (1) then {a ∈ [n] | f (a) � b} is closed for
any b ∈ Z \ {0}. This justifies the notation used in (2).

For the convex closure on three collinear points there are four enriched ex-
tremal functions f : {a, b, c} → {−1,1}. They are given by (f (a), f (b), f (c)) =
(1,1,1), (−1,1,1), (1,1,−1), and (−1,1,−1).

Notice that if 〈·〉 is the upper-order-ideal closure on a poset P = ([n],≤P ),
then f is an enriched extremal function if and only if for all a <P b, we have
(1) f (a) � f (b), and (2) f (a) = f (b) implies f (a) > 0; in other words f is an
enriched P -partition with respect to a natural labeling of P [26].

The zeta polynomial of a graded poset Q, denoted Z(Q, t), is determined by the
property that for a positive integer m, Z(Q,m) is the number of multichains in QL

of the form 0̂ = q0 ≤ q1 ≤ · · · ≤ qm = 1̂. It will be convenient to introduce another
polynomial Z(Q, t) given by

Z(Q, t) =
∑

q maximal in Q\{1̂}
Z([0̂, q], t).

Thus Z(Q,m) is the number of multichains in Q of the form 0̂ = q0 ≤ · · · ≤ qm,
where qm is a maximal element in Q \ {1̂}.

For a positive integer m, recall ±[m] = {−m, . . . ,−2,−1,1,2, . . . ,m}.

Proposition 4.4
Suppose that L is the meet-distributive lattice of closed sets of a convex closure 〈·〉

on [n]. Then for m ≥ 1,

Z(QL,m) = # of enriched extremal functions f : [n] → ±[m].

Sketch of proof Given a multichain ([n], ε0) = (A0, ε0) ≥ (A1, ε1) ≥ · · ·
≥ (Am, εm) = (∅,∅) in QL \ {1̂}, we obtain an enriched extremal function f : [n] →
{±1, . . . ,±m} by setting, for a ∈ Ai−1 \ Ai ,

f (a) =
{−i if a ∈ ext(Ai−1) and εi−1(a) = −1,

i otherwise.

Conversely, for an enriched extremal function f : [n] → ±[m], if we write {|f (1)|,
|f (2)|, . . . , |f (n)|} = {s1 < s2 < · · · < sk} then we can recover the corresponding
multichain by setting Ai = {a ∈ [n] | f (a) � −sj } for 1 ≤ j ≤ k and sj−1 ≤ i < sj ,
where s0 = 0, and setting εi(a) equal to the sign of f (a). �

To obtain a similar formula for the zeta polynomial Z(QL,m), we extend 〈·〉 to a
convex closure on [n+1] by declaring that 〈n+1〉 = [n+1]. If L′ denotes the lattice
of closed sets for the new closure then it is easy to see that Z(QL′ ,m) = 2 Z(QL,m).
It follows that

2 Z(QL,m) = # of enriched extremal functions f : [n + 1] → ±[m].
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Proposition 4.4 may be viewed as the enriched analogue of [13, Theorem 4.7],
which asserts that Z(L,m) enumerates certain extremal functions and that by reci-
procity (−1)nZ(L,−m) enumerates strictly extremal functions. It turns out that for
QL we have self-reciprocity, that is,

Z(QL,−t) = (−1)n+1Z(QL, t)

and

Z(QL,−t) = (−1)nZ(QL, t)

for any meet-distributive lattice L (cf. [26, Proposition 4.2]). This follows, for exam-
ple, from [24, Proposition 3.14.1] and the fact that QL is an Eulerian poset of rank
n + 1.

A further corollary of Proposition 4.4 is that if L is the lattice of upper order ideals
of a poset P and P0 denotes the poset obtained from P by adjoining a new minimum
element, then

2 Z(QL,m) = # of enriched P0-partition f : P0 → ±[m].
(See also [19, Corollary 5.3].) As an application we describe a way to translate the re-
cent counterexamples of Stembridge’s enriched poset conjecture [27] into new coun-
terexamples of Gal’s real root conjecture for flag triangulations of spheres [17].

It can be shown (e.g., [24, Chap. 3, Exercise 67b]) that the generating function for
Z(QL,m) satisfies

∑
m≥0

Z(QL,m)tm = t · h�(QL\{0̂,1̂})(t)
(1 − t)n+1

,

where h�(QL\{0̂,1̂})(t) denotes the h-polynomial of the order complex �(QL \{0̂, 1̂}).
Stembridge found examples of a poset P such that the numerator of the rational
generating function enumerating enriched P0-partitions has non-real roots, thereby
disproving an earlier conjecture of his [26]. From such a poset one can construct
via our results a flag simplicial complex (meaning every minimal non-face has size
two)—namely �(QL \ {0̂, 1̂}), where L is the lattice of upper order ideals of P —that
barycentrically subdivides a regular CW sphere and whose h-polynomial has non-
real roots. In fact, this simplicial sphere will be a simplicial polytope. We have thus
provided additional counterexamples of Gal’s conjecture that the h-polynomial of a
flag simplicial triangulation of a sphere should have only real roots [17].

References

1. Aguiar, M., Bergeron, N., Sottile, F.: Combinatorial Hopf algebras and generalized Dehn–
Sommerville relations. Compos. Math. 142, 1–30 (2006)

2. Bayer, M., Sturmfels, B.: Lawrence polytopes. Can. J. Math. 42, 62–79 (1990)
3. Billera, L.J., Ehrenborg, R., Readdy, M.: The c-2d-index of oriented matroids. J. Comb. Theory Ser.

A 80, 79–105 (1997)
4. Billera, L.J., Filliman, P., Sturmfels, B.: Constructions and complexity of secondary polytopes. Adv.

Math. 83, 155–179 (1990)



Discrete Comput Geom (2008) 39: 123–137 137

5. Billera, L.J., Hsiao, S.K., van Willigenburg, S.: Peak quasisymmetric functions and Eulerian enumer-
ation. Adv. Math. 176, 248–276 (2003)

6. Billera, L.J., Lee, C.W.: The numbers of faces of polytope pairs and unbounded polyhedra. Eur. J.
Comb. 2, 307–322 (1981)

7. Björner, A., Korte, B., Lovász, L.L.: Homotopy properties of greedoids. Adv. Appl. Math. 6, 447–494
(1985)

8. Björner, A., Las Vergnas, M., Sturmfels, B., White, N., Ziegler, G.M.: Oriented Matroids. Cambridge
University Press, New York (1993)

9. Björner, A., Paffenholz, A., Sjöstrand, J., Ziegler, G.: Bier spheres and posets. Discret. Comput.
Geom. 34, 71–86 (2005)

10. Björner, A., Ziegler, G.: Introduction to greedoids. In: White, N. (ed.) Matroid Applications, pp. 284–
357. Cambridge University Press, Cambridge (1992)

11. Dilworth, R.P.: Lattices with unique irreducible decompositions. Ann. Math. 41(2), 771–777 (1940)
12. Edelman, P.H.: Meet-distributive lattices and the anti-exchange closure. Algebra Universalis 10, 290–

299 (1980)
13. Edelman, P.H., Jamison, R.E.: The theory of convex geometries. Geometriae Dedicata 19, 247–270

(1985)
14. Edelman, P.H.: Abstract convexity and meet-distributive lattices. In: Rival, I. (ed.) Combinatorics and

Ordered Sets (Arcata, 1985). Contemporary Mathematics, vol. 57, pp. 127–150. American Mathemat-
ical Society, Providence (1986)

15. Edelman, P.H., Saks, M.E.: Combinatorial Representation and convex dimension of convex geome-
tries. Order 5, 23–32 (1988)

16. Ehrenborg, R.: On posets and Hopf algebras. Adv. Math. 119(1), 1–25 (1996)
17. Gal, S.: Real root conjecture fails for five- and higher-dimensional spheres. Discret. Comput. Geom.

34, 269–284 (2005)
18. Hetyei, G.: Tchebyshev posets. Discret. Comput. Geom. 32, 493–520 (2004)
19. Hsiao, S.K.: A signed analog of the Birkhoff transform. J. Comb. Theory Ser. A 113, 251–272 (2006)
20. Korte, B., Lovász, L.L., Schrader, R.: Greedoids. Springer, Berlin (1991)
21. Monjardet, B.: A use for frequently rediscovering a concept. Order 1, 415–417 (1985)
22. Provan, J.S.: Decompositions, shellings, and diameters of simplicial complexes and convex polyhedra.

Ph.D. Dissertation, Cornell University, Ithaca (1977)
23. Provan, J.S., Billera, L.J.: Decompositions of simplicial complexes related to diameters of convex

polyhedra. Math. Oper. Res. 5, 576–594 (1980)
24. Stanley, R.: Enumerative Combinatorics, vol. 1. Cambridge Studies in Advanced Mathematics,

vol. 49. Cambridge University Press, Cambridge (1997)
25. Stanley, R.: Enumerative Combinatorics, vol. 2. Cambridge Studies in Advanced Mathematics,

vol. 62. Cambridge University Press, Cambridge (1999)
26. Stembridge, J.R.: Enriched P -partitions. Trans. Am. Math. Soc. 349(2), 763–788 (1997)
27. Stembridge, J.R.: Counterexamples to the poset conjectures of Neggers, Stanley, and Stembridge.

Trans. Am. Math. Soc. 359, 1115–1128 (2007)
28. Swartz, E.: Topological representations of matroids. J. Am. Math. Soc. 16, 427–442 (2003)
29. Zaslavsky, T.: Facing up to arrangements: face count formulas for partitions of space by hyperplanes.

Mem. Am. Math. Soc. 1(154) (1975)


	Enumeration in Convex Geometries and Associated Polytopal Subdivisions of Spheres
	Abstract
	Introduction
	Order Complexes of Meet-Distributive Lattices
	The Associated CW Spheres
	The complex ±Delta
	The poset QL
	Join-distributive lattices

	Enumerative Properties of QL
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


