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Abstract. In this paper we show that for any dimension d ≥ 2 there exists a non-spherical
strongly isoradial body, i.e., a non-spherical body of constant breadth, such that its orthog-
onal projections on any subspace has constant in- and circumradius. Besides the curiosity
aspect of these bodies, they are highly relevant for the analysis of geometric inequalities
between the radii and their extreme cases.

1. Introduction

It is about a century since Jung [31] and Steinhagen [39] published their famous articles
about the upper bounds on the circumradius–diameter ratio, and the width–inradius
ratio in euclidean spaces, respectively. Since then, the four quantities inradius, width,
circumradius, and diameter have been studied quite thoroughly [6]–[8], [18]-[20], [33],
[36], and [38].

In [24] Gritzmann and Klee consider the two more general classes of inner and
outer radii in arbitrary Minkowski spaces. In euclidean spaces the outer j-radius Rj (C),
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1 ≤ j ≤ d , of a convex body C is the minimum of the circumradii of the projections
of C on each j-dimensional subspace (thereafter called j-space). In particular, the outer
d-radius Rd(C) is the usual circumradius of C and R1(C) is half of the width of C .
Correspondingly, the inner j-radius rj (C) of C is defined as the radius of the largest
j-dimensional ball that fits into C . For simplicity of notation we abbreviate rj (C) and
Rj (C) to rj and Rj , respectively, whenever there is no risk of confusion. Note that rd is
just the usual inradius and r1 is half of the diameter. The inner and outer radii are dual
to each other in the sense that for a symmetric convex body C, i.e., when C = −C , and
its polar C◦, rj (C)Rj (C◦) = 1. Radii of convex bodies find applications in many areas,
e.g., computer graphics, robotics, pattern recognition, non-linear global optimization,
sensitivity analysis of linear programming, and computational metrology [1], [25]. For
some newer results about radii see [2]–[5], [9], [10], [22], [24], [27], [28], and [34].
Also algorithmic problems of the computation and approximation of radii, and their
complexity have been studied in great detail; see [12], [13], and [25], and the literature
given there.

In [11] the existence of bodies of constant breadth of any dimension, which have the
additional property that each of their (orthogonal) projections on at least two-dimensional
subspaces is different from a disk was shown. These bodies were called totally non-
spherical. Totally non-spherical bodies fulfill the following inequality chain:

rd ≤ · · · ≤ r2 < r1 = R1 < R2 ≤ · · · ≤ Rd . (1)

Especially, showing the existence of convex bodies for which r1 < R2 significantly
improves the results of Eggleston [21] and Weißbach [40], who constructed convex
bodies with r1 < Rd−1. Together with some standard observations the existence of
the totally non-sphericals proves that Fig.1 is complete in the following sense: for any
two radii which are not connected by a directed path, there exist convex bodies C1,C2

such that the relationship between the two radii is “less than” for C1 and “greater than”
for C2. Typical examples for such pairs of convex bodies C1,C2 are certain centrally
symmetric convex bodies, particularly ellipsoids with axes of mutually different length
and simplices or totally non-spherical bodies.

In this paper we drive (1) to the extreme by constructing convex bodies in Ed for
which

rd = · · · = r2 < r1 = R1 < R2 = · · · = Rd .

R3 Rd�2 Rd�1 RdR2R1

r1r2r3rd rd�1 rd�2

Fig. 1. The arcs imply a less than or equal relationship (from their origin to their sink) between the two
corresponding radii, that holds for all d-dimensional convex bodies.
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For reasons that will become clear later, convex bodies with

rd = · · · = r2 ≤ r1 = R1 ≤ R2 = · · · = Rd

are called strongly isoradial. Trivially, the unit ball is strongly isoradial. Hence the main
result of this paper is the construction of non-spherical strongly isoradial bodies, which
are highly relevant for deriving complete systems of inequalities for radii and their
corresponding Blaschke–Santaló diagrams (see [9], [15]–[17] and [35]).

There is another aspect worth mentioning. In [29] Hilbert and Cohn-Vossen asked
which properties uniquely characterize the ball in three dimensions? They listed eleven
properties, some of which do characterize the ball while others do not. Among the latter is
the constant breadth (they use the term constant width) property. A well-known extension
of the concept of constant breadth is that of constant outer and inner j-measures, j =
1, . . . , d−1 [8], [14], [32]. It is known that the three classes, bodies of constant breadth,
bodies of constant inner 1-measure, and bodies of constant outer 1-measure, coincide.
Firey [23] showed that non-spherical bodies of constant outer j-measure exist for all
j ∈ {1, . . . , d − 1}. On the negative side, it was recently shown that there do not exist
non-spherical bodies of constant breadth and constant brightness (constant outer (d−1)-
measure) in 3-space [30]. Hence the combination of these two properties does indeed
characterize the ball. As we will see, for strongly isoradial bodies, each outer and inner
j-radius is invariant with respect to all subspaces of appropriate dimension. However,
as our construction shows, this invariance does not characterize the ball.

This paper is organized as follows: Section 2 contains some preliminaries. Section 3
studies the concept of isoradiality in detail. The construction of strongly isoradial bodies
can be found in Section 4.

2. Preliminaries

Let Ed = (Rd , ‖ · ‖) be the d-dimensional euclidean space, let Bd and Sd−1 be the
unit ball and the unit sphere, respectively, and let 〈·, ·〉 denote the usual scalar product
〈x, y〉 = xT y. The linear, positive, and convex hull of some subset S ⊂ Ed are denoted by
lin(S), pos(S), and conv(S), respectively, while for j ∈ {0, . . . , d},Lj,d andAj,d denote
the set of all j-dimensional linear or affine subspaces of Ed , respectively. For A ⊂ Ed

and F ∈ Lj,d , let A|F denote the (orthogonal) projection of A on F . If s ∈ Ed\{0}
and F = (lin({s}))⊥, i.e., F is the hyperplane orthogonal to the line spanned by s,
we also use the abbreviation As for A|F and refer to this set as the projection of A
parallel to s. For any two sets A, B ⊂ Ed the Minkowski sum A + B is defined as
A + B = {a + b ∈ Ed : a ∈ A ∧ b ∈ B}.

A subset C ofEd is called a convex body if it is bounded, closed, convex, and contains
an inner point. Now for any j ∈ {1, . . . , d} the inner j-radius rj (C) of C is the radius
of a largest j-dimensional ball that fits into C , more formally

rj (C) = max
{
ρ ≥ 0 : ∃q ∃F : q ∈ F ∈ Aj,d ∧ (q + ρBd) ∩ F ⊂ C

}
.

The outer j-radius Rj (C) is defined by

Rj (C) = min
{
ρ ≥ 0 : ∃E : E ∈ Ad− j,d ∧ C ⊂ E + ρBd

}
.
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Since we are restricting ourselves to euclidean spaces, Rj (C) coincides with the circum-
radius of a minimal (with respect to circumradii) projection of C on j-spaces. While
r1 can also be defined in terms of maximal projections this is of course not true for the
inner radii in general. As an example, the inner 2-radius r2 of the regular 3-simplex with
edge-length 1 is

√
1/12 while the simplex can be projected onto a plane square whose

inradius is
√

1/8; see [10]).
A superscript k usually indicates that we consider a functional or object relative to

some explicitly given k-dimensional affine space F . (For example, for s ∈ Ed\{0},
Rd−1

j (Cs) is the outer j-radius of the projection Cs of C parallel to s while Bk denotes
the unit ball in F after identifying F with Ek .) For t ∈ Sd−1 the t-length of C is defined
as lt (C) = max{λ : ∃ c, c′ : c, c′ ∈ C ∧ c′ = c + λt} and the t-breadth bt (C) is
given by bt (C) = maxc∈C 〈c, t〉−minc∈C 〈c, t〉. The diameter diam(C) of C is defined as
diam(C) = maxc1,c2∈C‖c− t‖, and width(C) = mint∈Sd−1 bt (C) is the width of C . Note
that the diameter is the maximum distance between two points within C and the width
is the minimum distance of two parallel hyperplanes which support C . Clearly, the radii
of a convex body are invariant under rigid motions, and, of course, the ratio of two radii
is invariant under (non-zero) dilatation. The following propositions are all standard fare;
see, e.g., [24].

Proposition 2.1. Let C be a convex body in Ed . Then

(a) diam(C) = maxt∈Sd−1 lt (C) = maxt∈Sd−1 bt (C) = 2r1(C) and
(b) width(C) = mint∈Sd−1 lt (C) = mint∈Sd−1 bt (C) = 2R1(C).

Proposition 2.2. Let C be a convex body in Ed and let j ∈ {1, . . . , d}. Then

(a) R1(C) ≤ · · · ≤ Rd(C),
(b) r1(C) ≥ · · · ≥ rd(C),
(c) R1(C) ≤ r1(C), and
(d) rj (C) ≤ Rd+1− j (C).

If the t-breadth bt (C) is constant for all t ∈ Sd−1 (so that diam(C) = width(C)), then C is
called a body of constant breadth. A convex body C is called complete if r1(D) > r1(C)
for all D � C . If C is a convex body, then a convex body Ĉ is called a completion of C ,
if C ⊂ Ĉ , Ĉ is complete and r1(Ĉ) = r1(C).

Proposition 2.3 gives some known facts about bodies of constant breadth [8], [37],
which we use later; for surveys see [14], and [26].

Proposition 2.3. Suppose C ⊂ Ed .

(a) The following three statements are equivalent:
(i) C is of constant breadth.

(ii) For each s ∈ Sd−1 the projection Cs is a body of constant breadth.
(iii) C is complete.

(b) There exists at least one completion of C , which also has the same circumsphere.
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(c) If C is a body of constant breadth, then its incenter (is unique and) coincides with
its circumcenter, and rd(C)+ Rd(C) = 2r1(C).

3. Isoradiality

By Proposition 2.2, rd ≤ R1 ≤ r1 ≤ Rd . Hence in E2 the radii are linearly ordered.
Figure 1 however depicts the fact that in higher dimensions this is not the case. For
instance, for symmetric convex bodies R1 ≤ rd−1 and Rd−1 ≤ r1 hold, with “=” only
in some very special cases; while for the regular simplex rd−1 < R1, for d ≥ 3, and
r1 < Rd−1, for d ≥ 4 [2], [40]. Three-dimensional convex bodies with r1 < R2 were
first described in [21]; see also [40], and the existence of totally non-spherical bodies of
constant breadth shows that r2 < R1 and r1 < R2 is possible in all dimensions [11].

In any case, if d ≥ 3 there is not even a full description of all relations between
any three radii (the so-called Blaschke–Santaló diagrams) yet; see [9]. A particularly
important role in the two-dimensional analysis is played by the bodies of constant breadth,
see [15]–[17] and [35], for which r1 = R1. Hence it is natural to generalize this notion
and to study classes of convex bodies for which various other radii coincide. As the non-
spherical strongly isoradial bodies show, such classes are richer than one might at first
expect. By forming outer parallel bodies of such convex bodies it becomes apparent that
such inequalities induce non-trivial boundary structures in the corresponding Blaschke–
Santaló diagrams; see also [9].

Before constructing strongly isoradial bodies, we give a formal definition of the
isoradiality notions that we use, and prove some preliminary results.

Definition 3.1. Let C be a convex body in Ed , let j ∈ {1, . . . , d − 1}, let I =⋃d−1
k=1{rk, Rk}, and let ∅ �= R ⊂ I. Then we call C

(a) outer j-isoradial or Rj -isoradial if for every E ∈ Ld− j,d there exists p ∈ Ed

such that (p + E)+ Rj (C)Bd ⊃ C ,
(b) inner j-isoradial or rj -isoradial if for every F ∈ Lj,d there exists q ∈ Ed such

that (q + rj (C)Bd) ∩ (q + F) ⊂ C ,
(c) R-isoradial if C is rj - and Rj -isoradial for all rj , Rj ∈ R,
(d) totally isoradial if C is I-isoradial, and
(e) strongly isoradial if

rd(C) = · · · = r2(C) ≤ R1(C) = r1(C) ≤ R2(C) = · · · = Rd(C).

As an example, note that by Proposition 2.3(a) every body of constant breadth is
{r1, R1}-isoradial and vice versa. Therefore, in E2 the bodies of constant breadth are the
only totally isoradial bodies. In higher dimensions the picture is much more complicated.

Also note that a convex body C is Rj -isoradial if and only if Rk
j (C |F) is independent

of F ∈ Lk,d for each k ∈ { j, . . . , d}. Similarly, C is rj -isoradial if and only if for each k ∈
{ j, . . . , d} and F ∈ Lj,d there exists a point q ∈ Ed such that rk

j (C ∩ (F + q)) = rj (C).
From the definition it is not immediately clear that any strongly isoradial body is

totally isoradial. However, Lemma 3.2 shows that even a somewhat stronger statement
holds.
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Lemma 3.2. Let j ∈ {1, . . . , d−1}. Every convex body C with Rj (C) = · · · = Rd(C)
is {Rj , . . . , Rd−1}-isoradial, and every convex body C with rd(C) = · · · = rj (C) is
{rj , . . . , rd−1}-isoradial.

Proof. Clearly,

Rj (C) = min{Rj (C |F) : F ∈ Ld− j,d} ≤ max{Rj (C |F) : F ∈ Ld− j,d} ≤ Rd(C).

Hence isoradiality follows from Rj (C) = Rd(C). A similar argument holds for the inner
radii.

Corollary 3.3. Any strongly isoradial body is totally isoradial.

As an example, an ice cream cone

conv({(0, 0, 1)T} ∪ (B2 × {0}))

satisfies R2(C) = R3(C) and therefore is R2-isoradial. Note, however, that the converse
of Lemma 3.2 is not true since two-dimensional convex bodies C of constant breadth
that are different from B2 fulfill neither R1(C) = R2(C) nor r1(C) = r2(C).

The following lemma is fundamental since it greatly reduces the requirements for
the core construction needed to prove the existence of non-spherical strongly isoradial
bodies.

Lemma 3.4. Let C be a convex body and let j ∈ {2, . . . , d − 1} such that r1(C) <
Rj (C) = Rd(C). Then there exists a completion Ĉ of C such that

rd(Ĉ) = rj (Ĉ) < R1(Ĉ) = r1(Ĉ) < Rj (Ĉ) = Rd(Ĉ).

Proof. It follows from Proposition 2.3(b) that there exists a body of constant breadth
Ĉ with Ĉ ⊃ C such that

Rj (Ĉ) ≤ Rd(Ĉ) = Rd(C) = Rj (C) ≤ Rj (Ĉ).

Thus the relationship holds with equality and every term is greater than r1(C) = r1(Ĉ).
Hence, by Proposition 2.3(a),

R1(Ĉ) = r1(Ĉ) < Rj (Ĉ) = Rd(Ĉ).

Now it follows from Proposition 2.3(c) that

rd(Ĉ)+ Rd(Ĉ) = 2r1(Ĉ).

Since for each F ∈ Lj,d the projection Ĉ |F is also a body of the same constant breadth,

rj (Ĉ |F)+ Rj (Ĉ |F) = 2r1(Ĉ |F)
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holds. By Lemma 3.2,

Rj (Ĉ |F) = Rj (Ĉ) = Rd(Ĉ)

for all F ∈ Lj,d . Hence, we obtain rj (Ĉ |F) = rd(Ĉ) for all F ∈ Lj,d , and therefore
rj (Ĉ ∩ E) ≤ rd(Ĉ) for all E ∈ Aj,d . This implies that rd(Ĉ) = rj (Ĉ). Since Ĉ is a
non-trivial body of constant breadth, rd(Ĉ) < R1(Ĉ). Thus

rd(Ĉ) = rj (Ĉ) < R1(Ĉ) = r1(Ĉ) < Rj (Ĉ) = Rd(Ĉ),

which completes the proof.

4. Dark Orbits

In order to produce non-spherical isoradial bodies we adjust a construction in [11] of a
packing of spherical caps that is intersected by each great 2-circle. More precisely, we
prove the following theorem.

Theorem 4.1. For any dimension d ≥ 3 there exists a finite set of pairwise disjoint
closed spherical caps±C1, . . . ,±Cm on Sd−1 such that every great 2-circle on S meets
the relative interior of at least one pair ±Ci .

Any packing of spherical caps according to Theorem 4.1 is called a dark orbit.
The construction proceeds in four steps.

Step 1. The starting point is the construction of a dark cloud.
Let H be a hyperplane in Ed−1, let ρ > 0, let B be a ball of radius 1 in H , and let P

be a packing of ρB in H . Further, let t ∈ Sd−2 be orthogonal to H , let n ∈ N, and let
a1, . . . , an ∈ H . Then the set

K =
n⋃

i=1

(ai + i t + P)

is called a dark cloud (for H ) in Ed−1 if each line that intersects H in a single point also
meets K .

We refer to H as the shadowed hyperplane, toP as the underlying packing and to ρ as
the radius of the balls. The existence of dark clouds is long known; see [11] for a specific
construction. In particular, the radius of the balls can be assumed to be sufficiently close
to 0 so that the distance of the different layers exceeds the radius by any positive factor
that one likes. Also, the underlying packing P can be restricted to lattice packings. By
increasing the number of layers the distance of any two balls in P can also be made
as large as necessary for the subsequent construction. Finally, suitable scalings can be
applied to change the “absolute metric” of the construction without changing the ratios.

Step 2. Naturally, we cannot only shadow a hyperplane but—with suitable finite unions
of dark clouds—also darken the whole unit sphere. In fact, let ε ∈ (0, 1) and let Aε =
{x ∈ Ed−1 : 1 ≤ ‖x‖ ≤ 1+ ε}. Further, let P be a simple polytope with

Bd−1 ⊂ P ⊂ (1+ ε/3)Bd−1,
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and let H1, . . . , Hk denote the affine hulls of its facets. Then take the union of k dark
clouds K1, . . . , Kk shadowing H1, . . . , Hk , respectively, scaled so that for i = 1, . . . , k
each dark cloud Ki is contained in the strip between Hi and (1 + ε/6)Hi and the
radius of the balls is less than ε/3. A simple calculation then shows that (1+ ε/6)P ⊂
(1+2ε/3)Bd−1. Now, let L be a line that intersects Bd−1. Then L also meets (1+ε/6)P
and hence cuts through one of the dark clouds within (1 + 2ε/3)Bd−1. Therefore L
intersects a ball of the corresponding dark cloud which is completely contained in ((1+
ε)Bd−1)\Bd−1.

Step 3. Now we construct a suitable finite packing of spherical caps on Sd−1.
Let α, β ∈ (0, 1) with α < β, and let S = {x ∈ Sd−1 : β − α ≤ xd ≤ β}. The radial

projection of S on the hyperplane H = {x ∈ Ed : xd = 1} forms an annulus A in H , for
which we apply the previous part of the construction. Let Ĉ denote the set of all balls in
the correponding dark clouds within A and let Ĉ denote its union. Then Ĉ is met by every
line in H that intersects the projection of the cap D = {x ∈ Sd−1 : β ≤ xd} on H . Let
C be obtained from Ĉ by replacing each (d − 2)-dimensional ball by the d-dimensional
ball with the same radius and center, and let E be the set of cones formed by all rays
issuing from 0 that meet a single ball of C, i.e.,

E = {pos(C) : C ∈ C}.

Then by the assumption about the dark clouds, the cones of E that belong to the balls
of a single dark cloud are disjoint except for 0. Also, since P is a simple polytope, each
connected component of

⋃
E∈E int(E) contains at most d − 1 cones and can be covered

by a single cone issuing from 0 and spanned by a ball in order to produce a packing
of cones. The intersection of these cones with Sd−1 has the property to be a packing of
sperical caps such that each great 2-circle that meets D intersects at least one of the caps.
Clearly, the packing is confined to a spherical annulus whose parameters can be adjusted
as needed.

Step 4. We now complete the construction.
Every great 2-circle on Sd−1 meets one of the hyperplanes Ji = {x ∈ Ed : xi =

1/
√

d}; i = 1, . . . , d . Now we apply Step 3 to each of the regions

Si =
{

x ∈ Sd−1 :
1√
d
− ε ≤ xi ≤ 1√

d

}
.

Handling overlapping caps as in Step 3, we obtain a set of spherical caps with the required
properties.

5. A Strongly Isoradial Body

Now we are ready to prove the main result:

Theorem 5.1. There are non-spherical strongly isoradial bodies of any dimension
d ≥ 2.
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Proof. We have already mentioned that in the plane the bodies of constant breadth are
strongly isoradial and vice versa. Hence we concentrate on d ≥ 3.

Because of Lemma 3.4 we only have to show that there exists a convex body C such
that r1(C) < R2(C) = · · · = Rd(C).

The idea of our construction is to choose a certain union T of closed regions on the
unit sphere and take their convex hull. The regions are chosen such that

(i) for any point x in T , the antipodal point on the sphere is not in T , and
(ii) each great 2-circle of Sd−1 meets T in three points, whose convex hull con-

tains 0.

By the first property, the diameter of the constructed convex body is strictly less than
1 while the second property guarantees that R2(C ∩ F) = 1 for every plane F ∈ L2,d

and hence that R2(C) = Rd(C).
To construct T let±C1, . . . ,±Cm be caps according to Theorem 4.1. For i = 1, . . . ,m

let βi ∈ (0, 1) and ui ∈ Sd−1 such that Ci = {x ∈ Sd−1 : 〈x, ui 〉 ≥ βi }. Further, let η be
a sufficiently small positive number and let

Ai = {x ∈ Sd−1 : βi − 2η ≤ 〈x, ui 〉 ≤ βi − η}, i = 1, . . . ,m.

Ai is a small spherical annulus just below Ci and disjoint from Ci . Note that we do not
produce annuli for −Ci . Since ±C1, . . . ,±Cm are pairwise disjoint, we may choose η
sufficiently small, such that the union of all the Ai ’s does not contain antipodal points
and such that all Ai are disjoint from each other and from all the sets ±Ci .

Our set T is then just the union
⋃m

i=1 Ai ∪
⋃m

i=1(−Ci ). By construction T does not
contain antipodal points of the sphere. Further, if D is a great 2-circle, then D meets
some cap Ci in some point x , say. Since the annulus Ai lies below Ci it follows that
D ∩ Ai contains two points y and z such that x, y, z lie in the same open half-circle of
D and x lies between y and z on this half-circle.

Since also−x ∈ −Ci ∩D, we have 0 ∈ relint conv{−x, y, z}with−x, y, z ∈ T ∩D.
Hence T has the desired properties (i) and (ii). Thus conv(T ) is totally isoradial.

6. Conclusions

By Blaschke’s selection theorem it is clear that there must exist a strongly isoradial body
with maximal ratio Rd/rd . Computing the maximal ratio (let alone characterizing the
corresponding convex bodies) seems to be extremely hard, but even good lower or upper
bounds of the maximal ratio would be interesting.

It is not too hard to see that the construction of dark orbits can be extended to general
Minkowski spaces whose unit ball is strictly convex. Hence we can construct convex
bodies in such spaces for which r1 < R2 = · · · = Rd . However, it is not known whether
the completion within the unit sphere can be done in general Minkowski spaces and,
even if it can, in non-euclidean spaces complete bodies (of dimension at least 3) are not
necessarily of constant breadth [14].
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