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On the limiting behaviour of Lévy processes at zero
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Abstract We find an analytical condition characterising when the probability
that a Lévy Process leaves a symmetric interval upwards goes to one as the size
of the interval is shrunk to zero. We show that this is also equivalent to the
probability that the process is positive at time ¢ going to one as ¢ goes to zero

and prove some related sequential results. For each « > 0 we find an analytical

condition equivalent to X7, 7, Ve P 5 and Xt Ve L, soas r,t — 0 where

X is a Lévy Process and T, the time it first leaves an interval of radius r.

Mathematics Subject Classification (2000) 60G51 - 60G17

1 Introduction

Let X be a Lévy Process (LP); that is an R-valued stochastic process with
stationary, independent increments whose paths are taken to be almost surely
right-continuous. (We assume some familiarity with LPs and for an account
refer to Bertoin [2]). It can be shown that there is a one-to-one correspondence
between LPs and infinitely divisible distributions. We have

E(eiAXt) — e—[w(k)
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104 P. Andrew

where we will write ¥ (the Lévy exponent) as follows:
1 oo
Y() = 502,\2 — iph + / (1 — ™ + inxlyy<1)) T (dx); (1)
—00

where o, ¢ € R and I1 (the jump measure) satisfies ffooo 1 A |x]2T1(dx) < oo.

In this paper we are interested in results relating to the small-time behaviour
of Lévy Processes, particularly in regard to positivity in probability and exit from
small intervals. We give analytical conditions equivalent to P(X7, > 0) — 1,
PX; >0 — 1, XT,Tr_l/“ 2, 50 and Xt /e 2, % respectively. Many of
these form analogues to large-time results for Random Walks (RWs). We dis-
cuss when these conditions are satisfied and investigate some related conditions
in their sequential forms.

Note that since a non-zero Brownian component would dominate at small
times we exclude this case. (i.e. We will henceforth assume that o = 0.) Indeed,
if we let B; be a standard Brownian Motion and X; a Lévy Process with zero
Brownian component then it is a consequence of the results in Pruitt [13] (see
Theorem 6 below or [6]) that

B: »p
— — o0 as t— 0,
t

and thus if X had a non-zero Brownian component then we would have
lim o P(X; > 0) = lim; o P(B; > 0) = 1/2 etc.

We likewise assume that X is not acompound Poisson process since otherwise
lim; 0 P(X; = 0) = 1 while the probability that X leaves a small interval upwards
and other quantities of interest are similarly trivial.

Forx, r,t > 0let

T, ={infs >0:|X5| > r};
M; = sup | X;sl;

s<t

Al = max AX; (where AX; is the jump process of X);
§<

A = —(mi? AX);
§<
Ar= A VAT
V(x) = T(x, 00);

W(x) = II(—o00, —x);
Lx) =V + W),
Dx) =V — W),

A(X) = ¢+ xD(x) — Loy / yI(dy) 4+ 11y / y I(dy)

x<|y|<1 1<|y|=<x
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Limiting behaviour of Lévy processes at zero 105

1
— ¢+ D() —/D(y)dy;

Ux) = 2/yL(y)dy;
0

[A(x)] n U(2X)
X X

k(x) =

We define X" as X with jumps whose moduli are larger than r reduced to

size r.ie. X[ = Xp = 3 AXsljax,>n + 1 25 Waxe>n) — 7 2 HaXo<—)-
By differentiating characteristic functions we can show

E)V({ = A(r); Var)vflr =U(®r). )
Compare the following: for r < 1

E(X1 =D Lax=nAXs | =¢ - / xTI(dx) = A(r) —rD(r).  (3)

s<1 r<lx|<1

2 Main results

Theorem 1 The following are equivalent as r,t — 0 :

P(X7, > 0) — 1; (4)
P(X; > 0) — 1; (5)
X1, v, o (6)
AT ’
Aﬁti BLANN (7)
A(r)
W — 00. (8)

This result has a large time LP analogue [5], derived from a similar result for
RWs [10], which states:

A(r)
PX; >0 - 1 & PX 0)>1& ——— > o0(asr—>o00). (9
(X: > 0) XT, > 0) W oo (asr ) )
Note that in Theorem 1 r‘év((’z) — oo may be replaced by % — oo (or

vice versa in (9).)
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106 P. Andrew

Moreover, Doney [4] has already proved the equivalence of (5), (7) and (8)
using a direct proof that (5) is equivalent to (8) similar to the one used by
Kesten and Maller [10] to prove the RW version. We proceed here, however,
by first showing that (4) is equivalent to (8) using a proof similar to Griffin
and McConnell [9] for the RW case, before going on to show that (4) is also
equivalent to the other probabilistic conditions.

If X has bounded variation (b.v.) (thatisif >, _; [AX| 2 oor equivalently
fol L(x)dx < 00) then the analytical condition (8) can be somewhat simplified.
In this case the process can be reduced to the sum of the difference of two
(pure-jump) subordinators with a drift d (where d = lim, o A(r)). The d # 0

case is not of interest since we then have X;r~! =% d (see [2] p. 84). If, on the
other hand, d = 0, then we write

Xe=Y— 7,

where Y; and Z; are (pure-jump) subordinators wih jump measures 1o I1(dx)
and 1.0y I1(dx) respectively. Rearranging (8) then yields the following equiv-

alent: .
Jo V(x) — W(x)) dx

10
rW(r) (10)

Moreover, it is easily deduced from (10) that for » > 0

Jo (V(x) — W(x)) dx
PY; > M) - 1& — (11)

rW(r)
Thus as t,r go to 0 (or co) we have
T (V(x) — W(x) d

Vi 2, o o o VOR) — W) dx Vi > 0. (12)

Z: rW (r)

It is interesting to compare (10) with the condition for the irregularity of
(—00,0). Namely, Bertoin [3] showed that for a b.v. X with zero drift then as
t]0

1
S, Y: as x|W(dx)|
Lix-0 Brle L™ ve [ 7 o
X:>0) 7 / X v)dy

In view of Bertoin’s result it might be wondered if there are any ostensibly
stronger probabilistic conditions equivalent to P(Y; > Z;) — 1. Note however
that (12) is stronger than (10). In fact, the following example shows that it is
possible for P(Y; > Z;) to go to one while P((1 — ¢)Y; > Z;) goes to zero for all
e > 0.
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Limiting behaviour of Lévy processes at zero 107

Example Let

Vin =

1 (1 n 3 ) W 1
=) W ;
rlog®r 2./ 1logr| rlog?r
such that

r

,
1 1 1

Vx)dx = —— (1 + —) ; /W(x)dx = .

0/ | log r| /| logr| / | log r|

Then

Jy (V@ - Woyde
rW(r) o

|log r|

and thus P(Y; > Z;) goes to one as ¢ goes to 0 by (10).
Whereas for any ¢ > 0

Jo Wx(1 —e) — V(x))dx
rV(r)
=o' U Wydx — f7 Vxdx
a rV(r)

~ 1 =& Ylogr| — |logr]| (1 +

i)
[log r|
and hence P((1 — &)Y; > Z;) goes to zero as t goes to 0 by (11).

If X has unbounded variation (u.b.v.) (and hence is regular for both half-
lines), then first note that (8) implies the prevalence of negative jumps in the
sense that

lim inf A(r) > 0. (13)
rl0

As we are now assuming fol W (x)dx = oo the analytical condition (8) further
requires that

1
Jim Jr W@dx
0 rW(x)

Thus frl W (x)dx must be slowly varying at zero (by Lemma 7). Hence by the
monotone density theorem W(r) is regularly varying with index —1. So X is
of unbounded variation but only just. (i.e. by (13) frl L(x)dx goes to infinity
‘slowly’.) We may compare this with other results where more variation leads
to less extreme (limiting) values of P(X; > 0). e.g. For spectrally negative
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108 P. Andrew

Lévy processes, P(X; > 0) — p is equivalent to the Laplace exponent (i.e.
—@(—i-)) regularly varying with index p~! (at 0 or oo respectively). Note that
in this case lim, o P(X; > 0) — 1 is equivalent to W (r) regularly varying at 0
with index —1. While for a stable process with index « the possible values of
P(X; > 0) = lim,; o P(X; > 0) range over [1 — a a1 (See Bertoin (1996)
for more details.)

For more on conditions (6) and (7) see the comments preceding Theorem 4
below.

Theorem 2 For o > 0 the following are equivalent as r,t — 0 :

X
f} Ly oo (14)
T,/
X p
—rzéV(g) — 00, A(Nr*~ ! > oo. (16)

Theorem 2 also provides an analogue to results at large times; see Kesten
and Maller [11] for the RW case and Doney [5] who shows the equivalence of
(14), (15), and (16) for & = 1 as r,t — oo. The sufficiency of (16) for (15) (as
r,t — 0) when « = 1 was first proved by Doney and Maller [6].

Similarly to above, if X has b.v. and zero drift then the analytical condition
may be rewritten. i.e. (16) becomes

Jo Vx) = W(x)dx
%
rW(r) + rl-« o

(17)

Note that for any @ € (0, 1) it is easy to find processes such that (10) holds while
(17) fails. Clearly if @ = 1 then the conditions in Theorem 2 are never satisfied
for any b.v. X.

If X has u.b.v. then, since (8) implies that rW(r) is slowly varying as r goes
to 0, it also forces A(r)r*~! to go to infinity for all « € (0,1) and hence

X,
MMMWﬁm>mﬁlimaLm)WE@U

While when o = 1 we have, as ¢ and r go to zero,

X p, _A0
1+rW(r)

Whereas, since (8) implies A (r) is bounded above by a slowly varying function,
(16) can never hold for & > 1.
This is slightly different to what happens at infinity where no matter how large

we take o we can find X such that X, /* L, o0, while, similarly to what happens
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Limiting behaviour of Lévy processes at zero 109

with u.b.v. X at zero, lim;_, o P(X; > 0) = 1 implies X,/t¢ 2, %o Va € 0,1)
(see e.g. [6]).

3 Sequential results

Note that the results (and comments) in this section are also valid at infinity.
However, as this can be shown using simple adaptations of the arguments used
below, and in keeping with the tone of the rest of the paper, we will concentrate
on the small-time cases.

Theorem 3 For any sequence ry |, 0 the following are equivalent:

W
Ao a0 (18)
k(\ry)
A
T,
Py, (19)
Tk
AXT, AO
—% P, (20)
Tk
A
T’k )4
BN 21
X (1)

k

This result is related to various earlier theorems concerning the relative
magnitude of overshoots or of biggest jumps at exit times. Indeed, in the full-
sequence case it may be seen as a simpler small-time one-sided analogue to
a result (Theorem 2.1) from Griffin and Maller [7], which gives an analytical

condition equivalent to |ST,|r‘1 2, 1 asr — oo for a RW S. The interesting
thing about Theorem 3, however, is that it is in strict sequential form, in which
case it turns out to be appropriate to study relations relative to the size of the

A
jump at Ty, rather than to X7, . (i.e. We consider when % % 0 rather than

X7, | p
—k = 1etc.)
k

when

Indeed, it is possible to have X T, /Tk 2 1 but not AX Ty, /Tk 2 0. For exam-
ple, we may construct a pure-jump subordinator X and a sequence 7, | 0 such
that (with high probability) X jumps over the small r, with a jump of size
(k 4+ 1)rr/k before the sum of the smaller jumps has reached ry/k. Moreover,
this example is typical in the sense that it can be shown by reasonings very
similar to those used in the proof of (step 2 of) Theorem 3 below that if we
have X T, /T 2 1 but there exists ¢ > 0 such that P(AX T, /r1 > ¢€) > 0then X
is ‘mesh-jumping’ relative to r;: that is, for a subsequence r; of ry, with proba-
bility approaching one as / gets large, X is confined to a set of small (relative
to r;) intervals before 7, neighbouring intervals being separated by a distance
close to a divisor d;(> 1/¢) of r; (imagine the rungs of a ladder). Consider the
subordinator X and sequence ry in the example above, and note that if we take
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110 P. Andrew

any bounded sequence of integers n; then we similarly have X Tor /MK A
p
while AX7, , /ngri 7> 0.
This in turn explains why X cannot be weakly stable (X7,7 ! % 1) and have

big jumps (in the sense that A}rr_1 7IZ> 0).
It is an immediate consequence of Theorem 3 that P(X T, > 0) — 1 implies

X Ty / A}rk 2 . This may be loosely justified as follows: if P(X T, < N A}rk)

(orP(X;,, <N A;k)) is bounded away from O then we could reason that, since X
has stationary, independent increments, it could have N such jumps before 7/,
(or tz) with probability bounded away from 0.

An argument of this kind can be formalised for X, , whence we have the
following Theorem.

Theorem 4

X, p ~

Ty,

(ii) For any sequence ty | 0, P(X;, > 0) - 1 & X—tf L5 .

Ik
We give an analytical condition that the probability a LP X leaves a sequence
of intervals [—ry, ri] approaches one. The proof is similar to that for Griffin and
McConnell’s [9] analogous result for the RW case.

(i) For any sequence ry | 0, JP’(XTyk >0)—->1s

Theorem 5 For any sequence ry |, 0,

L AGR W (i)
P(X 0 1 1 f 0 0 Vi>0.
X, >0 = e it o " kG g

4 Preliminaries and proofs

Our approach will be to first prove the sequential results of Sect. 3 before going
on to deduce the full-sequence results.

We will repeatedly appeal to the following theorem from Pruitt [13] (see also
[6].) It is similarly crucial in the proof of the large-time results.

Theorem 6 There exists C > 0 such that for any LP X and for all a,t > 0 :
() PM; = a) < Ctk(a);

C
(i) P(M; <a) < *@’

1
(i) Ck@) <ET, < w.

Furthermore forall x > 0, > > 1

13 k(\x) -

~ k() =3
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Limiting behaviour of Lévy processes at zero 111

We also require the following lemma (from e.g. [6]).

Lemma 7 Let f be any positive differentiable function such that

- ) 0
xl0 f(x)

Then f is slowly varying at Q.

Proof of Theorem 3 To avoid an overabundance of minus signs later in the
proof we will prove Theorem 3 for —X. Namely, we show that the following are
equivalent (for any sequence r;):

V(Ar))
0 VvViA>0; 22
kG e 22)
T
—i P (23)
ri
AXT, Vv 0
Ty 14 0; (24)
ri
T
WP
— — 0 25
Xz, (25)
A+
"B Py s 0 (26)
AFi
AXT,,, VvV 0
1;3” 2.0 vaso. 27)
ri

We let

Yi= 2 Laxen.

O<s<t

((22)= (26)) Given ¢ > 0 we have

P(A}, > hrie) < E(YE')
< EY""ET;,
EY}"™
<c
— k(ire)
- cV(Aris) ,
—  k(irie)

where the second inequality follows by Optional Stopping and the third from
Theorem 6. ((26)= (27))

AT, = AXT,, V0.
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112 P. Andrew

(27)= (22)) Since {AXT,,,, vV 0 > 34r;/2} implies {AX7,, vV 0 > 3Ari/2} we
have

]P’(AXTM V0> Ar) > P(AXTM/Z v 0 > 3ari/2)

_ 3rri/2
- E(YTM,/Z )

_ EY3M'/2ETM[-/2
CV(3)\}’,'/2)
= “kGrri2)°

where we have again used Optional Stopping and Theorem 6. Hence we have
shown that (22), (26) and (27) are equivalent.
We have trivially that

+

AAT,, N AXT”\/ 0 »

ATrl p

AFi i i

AT A%
i.e. (26) = (23) = (24). Since, given A > 0, )\T“’ < % " forn large enough,
‘(24) = (26)’ (and hence the equivalence of (26), (23), (24)) would follow if we
could show that

A
(24) = —2 L, 0. (28)

ri

We will prove (28) in the following two steps:-

AX
Step 1: RHS (of (28)) fails = 3n € Ns.t.
AXT,. Vv 0 AXT, V0
Tr, 7[2) 0 = T2r, 712) 0

Step 2:
P ri ri

Thus, the failure of the RHS of (28) will imply #2" A0 (by Step 1),
whence we deduce (by Step 2) the failure of (24).

Proof of Step I Assume 3¢ > 0,n € N and {r;} C {r;} such that

IP(AJTFZI > ;—;) > ¢

for all r.
For all s, let

7y = 0; 7/ = inf (t > ‘Xt - Xff_l‘ > rs/2”+1) forjeN.
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Then, for any s, any j,

s
P (Tzn+4j < Ter

T;n+4(j_1) < TZFS)
—P (XTr,\v/Z""'l < O)

2n+4

<1-P(X7, ., >0)

s

<1—(1/2)*"".
Therefore there exists an integer N such that P(‘L’ZS,Z way = Tyr) < e/2 for all s,
and hence
& Fg
E S ]P) (A-T‘FZVS > 2_;) - P (r5n+4N S TZI’X)
r
=P (A—;zrx = 2_2’ Tiin Tz”)
<P(Af Is
- Tén+4N 2”
n+4 + r_s
<2"N x P (ATrS/Z'H’l 2”)
Thus

P (AXT e =7 /2n) > /(25N

completing the proof of Step 1.
Proof of Step 2 We assume for contradiction that

AX7. Vv 0
L%O

Ti

and
AXTZr' \% O )4
— 50

Ti

Thus we must have either {r,} C {r;}, A’ > 0, &’ > 0 such that
P (X7, > (14+A)rs) > o Vrg,
or {rp} C {ri}, A > 0, «” > 0 such that

IP’(XT,b >0, X7, - < —A”)rb) >ao” Vrp.

(29)

(30)

(1)

(32)
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If (31) holds then by the Markov property applied on entry into [r,(1—21'/2), r,]
we have

P (AXT,, > A'ra/2) = P (X visits [rs(1 —1/2), r4] before T»,)
x P (X7, > (1+A)ra),

and thus by (30)
P (X visits [ra(1 —1'/2), rq] before To,) — 0

as rg | 0. If on the other hand (32) holds then by stopping X when it enters
[r5, r» (1 +2”/2)] we similarly have

P (X visits [rp, r (1 +1"/2)] before T,,) — 0,

which in turn (by stopping X in [ry, (1 — A”/4) , rp] and spotting lim inf,, P(X7,
> 0) > 0) implies that

P (X visits [rb (1 —A\"/4), ”b] before T2rb) — 0.

Hence in all cases (when (29) and (30) hold) we may define a positive d such
that

d= sup sup{s:P (X visits [ry(1 —3), rs] before T,) — 0}.

{rey{ri}
Now choose ¢ < 1/50, {rs} C {r;} and & > 0 such that
P (X visits [ry(1 — d(1 — ¢)), r;] before T},) — 0 (33)
asrs | 0and
P (X visits [0V [rs(1 —d(1+¢))], rs(1 — d(1 — &))] before T».,) > & (34)

for all rs. Then, by stopping in [2rsde, rsd(1 — ¢)] and considering (34) and (33),
we must have

PP (X visits [2rsde, ryd(1 — &)] before T;,) — 0. (33)
Consequently, stopping in [2rs —red(1 — &), 2ry — erd!;“] ,we deduce from (30)

that
P (X visits [2ry — ryd(1 — &), 2ry — 2ryde] before Ty,,) — 0. (36)

Then, noting that,
P (X visits[2rs — 2ryde, 2r] before Toy, | X7,, > 0) — 1
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we must have
P (X visits [—rsd(1 — &), —2ryde] before T,) — 0, 37)

since otherwise (36) would fail. From (35) and (37) we see that the probability
X leaves [—2rgde, 2rsde] by a jump with modulus bigger than dr,/2 goes to one
as rg goes to 0. For each s we may consider X as the sum of two independent
processes Y* and Z° such that Z° consists of the jumps of X with modulus bigger
than dr,/2. By (29) we may choose « > 0 such that

lim inf P(X7, > 0) > «,
I h

and hence we must also have a positve p such that
p = liminf P (the first jump of Z° is positive) > 0.
Let
E; = [2rg — rede, 2ry)
such that

lim inf P (X visits E; before T2,,) > liminf P (X7, > 0) > o
rs s

Is
Hence (by (30)), stopping in Ej,

lim inf P (Z* jumps before Y* visits (0, 00)) — 0. (38)
§—>00

Thus, if we define

Aj =P (Y visits (csry, 00) before Zg jumps ),
then for each large s, there must exist ¢ > 0 such that

]P’(Ais) € (1/3,2/3);
to see this spot that ]P’(A;) decreases as y increases, that P(A? dr, .) 1s close to
0 (by (35)), while by (38) Ixs > 0 s.t. P(AS)) is close to one; whereas we can
exclude a discontinuity bridging (1/3,2/3) since for x > 0, P(A3,) > ]P’(Ajc)z.
As noted above we have

P (X enters E; before Ty, | X7, >0) — 1,
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and hence

lim inf P (X enters {E;s — cyrs} before T5,,)
§—> 00

> liminf P (X enters E before T, |ACS,XT,S > 0,X7,,>0)

§—> 00

> lim inf P (ACA,,XT” > 0,X71, > 0)

§—> 00

> a?/3.
Thus, finally, we have

liminf P(AX7, > dry/3) > liminf P (X enters {Es — cyry} before Ty,)
§—00 N §— 00
X]P’(lhe first Zs-jump is +ve and occurs before Y leaves [—2rde, csrs])

> ozzp/9,

which contradicts (30) and completes the proof of Step 2.

We complete the proof of Theorem 3 by showing the the equivalence of (23)
and (25).

(23) = (25)isimmediate. Now assume (23) fails. Then, by above (24) fails too
and hence there exists {r;} € {r;}, ¢ > 0 and ¢ > O such that P (AXTrj/r]- > c) >

& Vrj. Thus for each r; we have that with probability greater than &

+
Ar, AXT, 1
J > J >
Xr, = AXT, +71 1 +c!

j

and hence (25) fails. O

Informally, Theorem 3 shows that if X sometimes has large negative jumps
before T}, then these jumps will on occasions carry it out of the interval [—r, ri].
Thus when we come to the question of determining when the probability that
X leaves an interval upwards goes to 1 as the interval is shrunk to 0 we may

exclude all processes where A7 7€> 0.
s

Furthermore, it can be deduced from the well known fact that a simple
asymmetric random walk diverges that for a LP with no negative jumps

liminf P(X7, > 0) =p > 1/2= P(X7, > 0) > 1.
r

Indeed, define a simple RW such that P(§; = 1) =p =1-P(5; = -1) > 1/2.
We may then find N > 0 such that the probability S leaves an interval [-N, V]
upwards is arbitrarily close to 1. Since X has no negative overshoots

liminf P(X7, > 0) = liminf P(X7,, > 0) > P(S7, > 0).
rl0 rl0
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Limiting behaviour of Lévy processes at zero 117

It turns out that a similar reasoning can be applied in this instance, and is used
in the following proof, which is similar to that used in Griffin and McConnell
[9] for the RW case.

Proof of Theorem 5 First note that
IP’(XT,k >0)—>1= IED(XTSrk >0 —1 V§>D0, (39)
since if § < 1 then we can let N be the smallest integer > 1/§ and reason via:
P(Xt,, <O <P(X7, <O0);
whereas if § > 1 then for any integer N > § we have

P(Xt,, >0) = P(X7, > O,

Recall that we defined {X,'\ "kt > 0} as X with all jumps whose modulus is
bigger than Ary being reduced to a size of Arg. In other words we adjust the
jump measure as follows:

W) =Wkx), V) =Vk) for x < Arg
Wx) =0, V() =0 for x > irg.

Let
Y, = X" — EX{"t.

As Y is a (well-behaved) martingale and T, r, a stopping time (the first time the
process X leaves the interval [—ry, r¢]), we have from Optional Stopping that

a ATk
EX.* = EX\"ET,,.

Tk

Moreover

EXY* > 1 P(XE* > 0) — (0 + D P(XY* < 0)
Trk Trk T’k

>+ 2)rkIP’()V(;rk > 0) — (A + Dry;
"k

while by similar reasoning

E)?;’k < A+ 2 P(XY* > 0) — 7.

k T’k
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Hence
EX[*ET,rit +1+1 . EX[*ET, it +1
]P(X ks 0) > (40)
A 42 Ty, A+2

If we set A = 2 then (since any jump with modulus greater than 2r; occurring

before 7, will carry X out of [—rg,7x]) T, = Ty, and (X5 >0} = {XTrk > 0}.
Tk

Therefore, by (40), Theorem 6 and (2)

AQry)

= k) “

1 .
P(X7, > 0) < ZEXf’kET,kr,gl
And so then by (39) and Theorem 3

LHS(of theorem) = (AXT,k A 0) et 20, P(Xr,, >0) > 1 Y>0
— RHS.

We now assume RHS and will proceed from (40) to show that
lim lim inf P(X2* > 0) = 1 (42)
A0 il Ty
from whence we will immediately have LHS since then by Theorem 3

lim lim mfIP(XV ~ 0) < lim lim inf []P’(XT >0 +P(A7, = Ark)]
)LJ,O rk¢0 A. 0 rk¢

< liminf P(X7, > 0).
rkl,O k

Given A < 1/2, define for all r:

=0 T =inf(t> 0 11X~ Xg| > ) forj=0.1.2....

Then, for any integer #, |X M | = 2nhry and hence if we let s(A) be the largest

integer less than 1/2, Trk Z T, (;k) Thus

ET,, > Erj(;’; = S(WETsy,
and so

3AET,, > ET,.

@ Springer



Limiting behaviour of Lévy processes at zero 119

Then by (40), Theorem 6 and (2) we have

A (A A A 1
]P’(X“" 0 ¢ (Arg) [ Arik (hry) + ' 43)

Ty A+2

Replacing ry with §r; and 1 with 18~ we have for 8§ > 0, A < §/2
P ( e o 0) o G AGrY)/Ark () +1
8y N A1 42

Thus 3p; > 1/2 such that V§ > 0

lim lim inf ]P’(X > 0)>p; (44)

MO rel0 Srk
As alluded to above, if we consider the Simple Random Walk {S;,, n € N} with
parameter p; (i.e. P(S; = 1) = py1, P(S; = —-1) =1 —py) then P(S7, > 0) - 1

as n — oo. (We are taking T for a RW as the first time it leaves [—N, N].)
Hence for ¢ > 0 we may choose N, H € N such that

PSSty >0, Ty <H)>1-—c¢.
For given A, r let R, be a simple RW such that R has the same distribution as

X261 X% =1 Then

Tron Tron

P ()v()"k leaves [—ry /2 — ArH, ry/2 — AriH] upwards )
> P(Ryx > 0, TR < H)
> P(Szg > 0, Ty <H)>1-¢.

Therefore for any & > 0

aliréllmfan(XA’k leaves [—ri(1/2 4+ &), rp(1/2 — &)] upwards) > 1 — ¢,
Tk

which implies lim;, o liminf,, 1o IP’()V( ;r" > 0) > (1—¢)? and as epsilon is arbitrary
Tk
(42) follows and the proof is complete. ]

Proof of Theorem 4 (i) First note that
RHS = IP’(XT,k > A; ) — 1 = LHS,
while the converse follows from Theorem 3 as

P(X7, >0)—> 1= (—AX7, A0)/re —> 0= A, Ik N
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We then have ’X T, | /A

(i) RHS=LHS is again immediate. To prove the converse we assume for
contradiction that 3¢ | 0, k € Nand ¢ > 0 such that

~ 2, 0 and hence Xt /AT 2, o from LHS.
Trk Tk Trk

li[m P(X; >0)=1 and P(X; < ZkA;) > 8¢ for all ¢;. (45)
i

Let
Ej ={X; < 2kAt7};
and for each f; choose ¢; such that
P(Ej, A; <¢)=>2¢ (46)

and
P(E], At; >¢) > 6¢. 47)

Then (by (47)) we must have either a subsequence {t,, ¢, Eim} € {tj,cj, Ej} such

that
P(Em, A, > 2cm) > 2e Vm (48)

or a subsequence {t,, ¢y, Ex} € {1, ¢j, Ej} such that
P(En,cn < A, <2¢y) > 46 Vn. (49)
First assume that (48) holds and for each m let
X =YY"+ Z)

where Z}" consists of all the jumps smaller than —2c,, by time t. (i.e. Z]* =
Z()Ssgt AXsl{AXx<—2cm}-) Further let

= > Lax,<—20,):

0<s<t

the number of jumps of Z}* by time t. Then since we have P (Nt’;‘l >1) > 2
(from (48)) and P (N} =0) > 2¢ (from (46)) the parameters, say p,,, of the
Poisson distributions Ny must be bounded uniformly away from 0 and oo for
all m. Therefore 3¢ > 0 'such that for all large m

P (N > k) > e Pmpk /k! > &.
From (45) and (46)

P(Y]" € (0,2kem), Z;! =0) > &
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for all large m and as Y} and Z}" are independent we have (for all large m)

P (sz < 0) >P (YZ’: € (O,2kcm),Nt':’n > k)
=P (YZ: € (0,2kcm)) P (N;Z > k)
> g€,

which gives the required contradiction (when (48) holds).
If on the other hand (49) holds then we now let X; = Y;' + Z} where

= > AXdax=—c,)

O<s<t

and define

N =Nax,;<—c)-
By (45) and (49) we then have for all large n
3¢ <P (X,” € (0,4cky), A = cn)
= i]}»(o <Y} +Z] <4kc,, N} =a)
a=1

o0
=ZIP(-Z§; <Y} <dkey — Z}|N! =a)P (N} =a).

Similarly to above, each Ny has a Poisson distribution with parameter say pp,
(where p,, = t,T1(—00, —c,]). Since for all n P (N}} > 1) > 4e the p, must be
uniformly bounded away from 0. (i.e. lim inf,, p,, > 0.) For the moment we will
assume that they are also uniformly bounded away from infinity. Thus we may
choose C € N and ¢ > 0 such that for all n

P (N} =a+4k)  pial
P(N! =a)  (a+4k)!

P (N >C) <& and > ¢ Ya < C.

Thus, as Y}! and Z} are independent, we have for all large n

n

P (X;, <0) > Z]P’ (=2} <Y <dkcy — Z}| N =) P (N} = o + 4k)

c
P(N}, =a+4k)
> > " P(-21, <V} <dken—2}, N =a) P (N} = o) (IM[;Zth—=°‘)
a=l1 "
> 2¢¢,
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which gives a contradiction (under the assumption that lim sup,, p, < cc.) Thus
we may now suppose without loss of generality that p,, — oo. But then

sup P (N} € [m,m+4k]) - 0 asn — oo.

meN

Therefore (by (45) and (49)) for all large n there exists H,, € N such that
]P’(th € (0,4kc,,),Nt'; 1S [1,Hn]) >¢g P (Nﬁl > H, +4k) > g,
and hence
P (X, <0) = P (X, € (0,4ke,)| N} < Hy)P (N} > H, +4k) > &*
for all large n, which completes the proof. O

We now move on to the relation between the probability X is positive at
small times and the probability X leaves small intervals upwards. We use a
proof similar to that used by Kesten and Maller [11] to prove the analogous
result for RW.

Proposition 8 (i) limsup, o P(X; > 0) =1 < limsup, (P(X7, > 0) =1.
(i) lim; o P(X; > 0) =1 & lim, o P(X7, > 0) = 1.

Gii) Fora >0, X 2 ooast ) 0o 5 2 soasr | 0.
r

1o

Proof Recall that we have assumed that X is not a compound Poisson process
and so

PX;=0)=0 Vr>D0; lijr&k(r) = 00.
r
Choose large [ > 0, and then for each r > 0 define

[

Note that #(r) — 0 (continuously) as r | 0 and so

lim inf P(Xy > 0) = lim inf P(X] 0).
im in (X5 > 0) im fn Xiry > 0)
By Theorem 6 we have C > 0 such that

£(r)
P (1_2 <T, < t(r)) > 1 -PMywey =2 1) —PMyrpy < 1)

>1-2C/L (50)
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For r > 0 we let

1’6 =0; ‘L'jr = inf {S > ‘L'jr_l : ‘Xs - Xr]-il

> r} forj € N.
Proof of (i) and (ii) For Vr > 0, applying the Markov property

PXiy <0 2 P(Xg, — Xy <—r, V<Pl 1 <1 <7})

> (IP’ (IE—? St U, Xy < —r))

> ([P(X7, < 0) —2C/1] v 0)" by (50).

2

Hence

liminf P(X() < 0) = 0 = liminf P(X7, < 0) < 2C/I,
rl0 rl0

lim P(X,) < 0) = 0 = limP(X7, < 0) <2C/I
r0 rl0

and since [/ is arbitrary we have ‘(=)’ for (i) and (ii).
Similarly to above we have

P(X;) > 0) > P (erﬂ — Xy, = rforallj < 2P, ¢ <t(r) < rzrlz)

C
> P(X7, > 0)2 — 7 —P(me <1).

Now, letting Z(n, p) be a random variable with binomial distribution B(n, p),

=1

22
]P)('L'ZIZ < t(r)) < P Zl{‘[j+1 — T]' > t(}’)liz} < 12)

=P (2(212,IP>(T, <P > 12)
<PZQE,Cl™Y > B).

And thus by Chebyshev’s inequality

20 4 ¢

P (e < 1(n) < B +l—2§ T

and ‘(<) follows trivially.
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Proof of (iii) Assume RHS (and hence by (ii) that limg o P(Xy > 0) = 1). Thus
for given K > 0, we have by (50) and the strong Markov property

liminf P(Xy > Ks%) > lim inf P(X;() > Kt(r)®)
540 rl0
> 1imi inf P(X7, > KPAT®, t(r)~2
r

<T,<ur), Xt(r) _XT, > 0)
> nmi inf P(X7, > KP*T%) —2C/I
r

>1-2C/l,

and LHS follows as / is arbitrary.
Now assume LHS. For given K > 0, / € Nand any ¢ > 0 we have

P(Xyr) < KPt(r)*) > P(E1} N {E2})

where
{Er} =10 < Xy — X < K(tj—g)“forj =1,2,...,.P);
(B} =t <t — 1y <t(r) forj = 1,2,..., ).
Thus
im sup (PO < X1, < KT —2C/I)" <0,
,
and RHS follows easily. O

Proof of Theorem 1 The equivalence of (4), (5), (6) and (7) is immediate from
Theorem 4 and Proposition 8. From Theorem 5 and (41) we have

A G
k() o k()

4) & liminf
()@1%%?

It thus remains to show that

im 2 e tim YD Z o fimins A0
r0 rWr) o k@) 0 r0 rk®r)

> 0. (51)

Assume RHS (of (51)). Then LHS follows easily as

A(r) . k() A®)
im = lim = o0
r0 W) ri0 W(r) rk(r)
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Now assume LHS (of (51)). First note that Vlf,((’ r)) > r‘év((’f) and hence

lim Y _ g
rl0 k(r)

Then since lim, o % = oo implies A(r) > 0 for small r we have

A
lim inf ) >0 iff limsup v < 00
rl0 rk(r) rl0 TA(r)

(52)

For any ¢ > 0 we have ¢A(x) > xW(x) for all small x. Thus, given &, we have

(for small r)

(53)

/xW(x)dx < s/A(x)dx
0 0
r 1
<e (rgo +rD(1) —//D(y)dydx)
0 x
r y 1 r
<e (r(p +rD(1) —//D(y)dxdy - //D(y)dxdy)
00 ro0
<erA(r) —e / yWydy + ¢ / yW(ydy.
0 0

Thus
/ W@ dx(1 —e)e™' < rA(@r).
0

Furthermore, setting ¢ = 1 in (53), we see that

r

/xV(x)dx < rA(r).
0

Hence we must have ¢ > 0 such that for small r

Uwr)/2 = /x(W(x) + V(x))dx < crA(r).
0

O
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Before proving Theorem 2 we need the following Lemma.

Lemma 9 For o > 0 the following are equivalent as r, | 0O:

My

1Py oo (54)

'n
rok(ry) — o0; (55)
LN, (56)

In
Proof ((54) = (55)) For any K € N we have
P(Myg > Kry) — 1,
which implies
P (M = rp) — 1,
and hence

lirr;ninf CK1%k(ry) = 1

by Theorem 6.
((55) = (56)) Assume (56) fails. Then 3p, K > 0 and {r,,} € {r,} such that for
all ry,

p <P@y/T:, <K)
< I['D(]\/Irﬁ‘n/K = rm)
CK

< .
rqu(rm)

Thus

liminf r§ k(r,) < CK/p
'n

and so (55) also fails.
((56) = (54)) Given K € N we have P(T}, < r;/K) — 1. Thus P(M,«/x >
rn) — 1 and hence P(M,» > r,K) — 1. O

Proof of Theorem 2 We have ‘(14) < (15)’ from Proposition 8.
Assume that (16) holds. But then as A(r)r*~! — oo implies r*k(r) — oo we

have rT, Ve 7.~ from Lemma 9. Thus since P(X7, > 0) — 1 by Theorem 1,
(14) holds.
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Limiting behaviour of Lévy processes at zero 127

Now assume that (15) holds. We have from Lemma 9 that r*k(r) — oo while

from (51) liminf, o 3{% > 0.Henceasr | 0
A
Are—t = ") r*k(r) — oo.
rk(r)

]
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