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Abstract A graph G of order # is said to be arbitrarily vertex decomposable if for
each sequence (ny, ..., ny) of positive integers such that ny + --- + ny = n there
exists a partition (V7, ..., Vi) of the vertex set of G such that foreachi € {1, ..., k},
Vi induces a connected subgraph of G on n; vertices. The main result of the paper
reads as follows. Suppose that G is a connected graph on n > 20 vertices that admits
a perfect matching or a matching omitting exactly one vertex. If the degree sum of
any pair of nonadjacent vertices is at least n — 5, then G is arbitrarily vertex decom-
posable. We also describe 2-connected arbitrarily vertex decomposable graphs that
satisfy a similar degree sum condition.
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1 Introduction

LetG = (V, E) be asimple, undirected graph of order n. A sequence t = (ny, ..., ng)
of positive integers is called admissible for G if n| + - - - +ny; = n. Such a sequence is
said to be realizable in G if there exists a partition (V1, . .., Vi) of V such that for each
i e{l,...,k},|Vi] = n; and the subgraph induced by V; is connected. This partition
of Viscalled arealization of tin G. A graph G is arbitrarily vertex decomposable
(avd for short) if for each admissible sequence t for G there exists a realization of ©
in G. Similarly, G is r-vertex decomposable if each sequence (ny, ..., n,) of length
r admissible for G is realizable in G.

Avd graphs have been a subject of interest of several authors in recent years. The
most important result on avd trees due to Barth and Fournier [2] (conjectured by
Hornidk and WoZniak [8]) states that if T is a tree with maximum degree A(T) at least
five, then T is not avd.

There are various results characterizing different families of avd trees [1,2,5,7,8].
The complete characterization of on-line avd trees was recently found by Horidk et
al. [9]. In Kalinowski et al. [10] investigated unicyclic avd graphs where the unique
cycle is dominating. They solved also the on-line version of the same problem in [11].

Lovész [13] using a homology theory proved that every k-connected graph is
k-vertex decomposable. This result was independently obtained by Gy6ri [6].

Since each traceable graph (i.e., containing a hamiltonian path) is (as is easily
seen) avd, each condition implying the existence of a hamiltonian path in a graph also
implies that the graph is avd. However, one can ask the question: What happens if we
weaken some known condition for traceability? Are the graphs satisfying this weaker
condition still avd? In this article we focus on an Ore-type condition for hamiltonicity.
Namely, for a graph G of order n define 02(G) := min{d(x) + d(y)| xy ¢ E}if G
is not a complete graph, and 02 (G) = oo, otherwise. Ore’s well-known theorem [16]
implies that if 02(G) > n — 1 then G is traceable, so also avd.

The purpose of this paper is to show that every connected graph G of order n > 20
with 02(G) > n — 5 is avd if and only if it admits a perfect matching or a quasi-
perfect matching (a matching omitting exactly one vertex). This theorem (Theorem
14 in Sect. 7) is an extension of a result due to the second author (cf. [14]). We also
characterize 2-connected avd graphs G with 02(G) > n — 4.

The problem of deciding whether a given graph is arbitrarily vertex decomposable
is NP-complete [1] but we do not know if this problem is NP-complete when restricted
to trees. Note also that one can find in [8] some references concerning arbitrarily edge
decomposable graphs.

2 Terminology and Notation

Let T = (V, E) be atree. A vertex x € V is called primary if d(x) > 3. A graph is a
star-like tree if it is a tree homeomorphic to a star K 4 for some g > 3. Such a tree
T consists of g paths Ay, ..., A, starting at the unique primary vertex of T'. For each
A; let a; > 2 be the order of A;. We shall denote the above defined star-like tree by
S(ai, ..., aq). Notice that the order of this star-like tree is equal to 1 + Z?:] (a; —1).
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Fig. 1 The graphs Gg and G7

Let G be a graph and let C be a cycle of G with a given orientation. Suppose a
is a vertex of C. We shall denote by a* = a™! the successor and by a~ = a~! the
predecessor of @ on C. We write a2 for (a™)™, a2 for (a™)~, a™™* for (aT*k~=D)*,
a=* for (a=*=D)~ and a™ for a. If A is a subset of V(C), then AT = {v| v € A}
and A ={v7|v e A}

Throughout the paper indices of a cycle C = xp, x2, ..., x), x| are to be taken
modulo p (i.e., x; = x; wheneveri = j (mod p),i,j € Z). If x ¢ V(C), we write
Nc¢ (x) for the set of neighbors of x on C and d¢(x) for the cardinality of N¢ (x).

Let P = x1,...,x, be apath and leta, b € V(P). By [a, b] we denote the set of
consecutive vertices of P from a to b (a and b included) in the direction specified by
the natural orientation of P (from x| to x,); it is called a segment of P from a to b or
simply a segment. We define the symbols a**, a=*, Np(x) and dp (x) analogously as
for a cycle with a given orientation.

A sun with r rays is a graph of order n > 2r with r hanging vertices uy, ..., u,
whose deletion yields a cycle C,_,, and each vertex v; (on C,_,) adjacent to u; is
of degree three. If the vertices vy, ..., v, are situated on the cycle C,_, in such a
way that there are exactly b; > 0 vertices, each of degree two, between v; and v; 4
, i = 1,...,r, then this sun is denoted by Sun(by, ..., b,), and is unique up to
isomorphism. Clearly, every sun with one ray is avd since it is traceable.

The join of two vertex-disjoint graphs G and H is the graph denoted by G v H
obtained from G U H by adding all edges between V (G) and V (H).

For terminology and concepts not defined here we refer the reader to [4].

3 Two Families of Non-avd Graphs

Letn > 4 be an integer. Consider the disjoint union K, U K, U K, of three complete
graphs such that p + ¢ +r = n — 1 and denote by G, the join Ky V (K, UK, UK,).
We will assume that p < g <r < p+1,hencen — 1 =3p +d,where0 <d <2
(G and G7 are shown in Fig. 1).

Observe that 03(G,) = | %] forn = 1 (mod 3) and 02(G,) = [ %] — | otherwise.
Every connected subgraph of the graph K, U K, U K- contains at most p + 1 vertices
and the integer w = n —2(p+2) = p+d — 3 is non-negative for p > 3. This implies
that the sequence (w, p +2, p +2) ((p + 2, p + 2) for w = 0) is admissible and
non-realizable in G, for n > 10. It is easy to check that foreach4 <n <9,n # 5
(p < 2)there is an admissible sequence of the form (w, p+2, p+2), (p+2, p+2),
(w,p+1,p+1or(p+1, p+ 1) which is not realizable in the graph G,,.
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Fig. 2 The graphs Hg and Hj,

Similarly, for n > 6 let H, (H,, resp.) denote the join K, Vv (Kp UK, UK, UKjy)
(2K v (K, UK, UK, UKjy),resp.), where p + g +r +s = n — 2 and the numbers
p.q.r, s are as equal as possible (the graphs Ho and H|, are illustrated in Fig. 2).
Hence, H, can be obtained from H, by deleting the edge connecting two vertices
of degreen — 1 in H,. Thus, p < g <r <s < p+landn—-2 = 4p +d,
where 0 < d < 3. Every connected subgraph of the graph K, U K, U K, U K;
contains at most p + 1 vertices. Moreover, at most two connected subgraphs of H,
(or H}) of order at least p + 2 contain a vertex of K (or 2K). Thus, because the
integer w = n —3p — 6 = p + d — 4 is non-negative for p > 4, the sequence of
the form (w, p+2,p+2,p+2) ((p +2,p+2, p+ 2) for w = 0) is admissible
and non-realizable in both H, and H, for n > 18. It is easy to verify that for every
nsuchthat 6 < n < 17, n ¢ {7, 8, 11} there exists an admissible sequence of the
form (w,p+2,p+2,p+2),(p+2,p+2,p+2), w,p+1,p+1,p+1)or
(p+2, p+2, p+2) non-realizable in both H,, and H,/l. Moreover, H,, and H,/l are 2-con-
nected, 02 (H,) = 02(H,) = | 5] if n = 0 (mod 4) and 02 (H,,) = 02(H,) = | 5] + 1
otherwise.

To conclude this section note that the graphs G5 and H;, Hl.’ withi = 7,8, 11, are
easily seen to be avd.

4 Some Known Results

The first result characterizing avd star-like trees was found by Barth, Baudon and
Puech [1] and, independently, by Horiidk and Wozniak [7].

Proposition 1 A star-like tree S(2, a, b) is avd if and only if a and b are coprime.
Moreover, each sequence that is admissible for, but not realizable in the graph
S(2,a,b),isof the form (d, ...,d), wherea=b =0 (mod d) andd > 1.

The next proposition was presented in [14].

Proposition 2 Let G be the graph of order n > 4 obtained by taking a path P =
X1, ..., Xn—1, a single vertex x and by adding the edges xx;,, ..., XXi,, where 1 <
i1 <--<ip<n—1landp > 1 Then G is not avd if and only if there are integers
d>1,7A,A, ..., Apsuchthatn = Ad andi; = Ajd for j =1, ..., p. Moreover,
each sequence that is admissible for, but not realizable in G, is of the form (d', . . ., d"),
whereij=n=0 (modd'), j=1,...,p,andd > 1.
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Kalinowski et al. [10] characterized avd suns with at most three rays. We shall need
the “two rays characterization”.

Theorem 3 A graph Sun(a, b) is avd if and only if either its order n is odd or both a
and b are even. Moreover, each sequence that is admissible for, but not realizable in

the graph Sun(a, b) is of the form (2, ..., 2).

In the proofs of the main results of this paper we will apply two generalizations of
Ore’s theorem [16]. The first one is due to Pésa [17].

Theorem 4 Let G be a connected graph of order n > 3 such that
02(G) > d.
Ifd < n then G contains a path of length d and if d > n, then G is hamiltonian.

The second one was found by Bermond [3] and, independently, by Linial [12].
Theorem 5 Let G be a 2-connected graph such that
02(G) > d.
Then G contains either a cycle of length at least d or a hamiltonian cycle.
Notice that any realization of the sequence (2, ..., 2) is a perfect matching and

that of the sequence (2, ..., 2, 1) is a quasi-perfect matching (of the involved graph).
Therefore, the independence number o (G) of an n-vertex avd graph G satisfies« (G) <

[n/2].
In [15] the following was proved.

Theorem 6 Ler G be a connected graph of order n such that 02(G) > n — 3, a(G)
is at most [n/2] and G is isomorphic neither to Gg nor to G7. Then G is avd.

5 Preparatory Lemmas

Lemma 7 Let G be a connected graph of order n, P = x1,...,xs withs <n—2a
longest pathin G and Q = wy, ..., w; witht > 2 a longest pathin G[V(G)\ V(P)].
Then

(@) dp(wi) +dp(w;) < max{0,2[(s —20)/41} = (s —1)/2if t = 3;
(i) dp(wr) +dp(wy) < max{0,2[(s —4)/31} = 2(s —2)/3 ift = 2.

Proof Suppose first that ¢+ > 3 and observe that Np(w;) N {x1,...,x;} = @ and
Np(wi) N {xs—¢41,..., x5} = B fori = 1, ¢, for otherwise G has a path of order at
least s + 1, a contradiction. Thus, if s — 2¢ < 0, then dp(w1) + dp(w;) = 0 and
the inequalities in (i) hold. Therefore, we may assume that s — 27 > 1. Since P is
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a longest path in G, we have P (i, j) := |[Np(w;) N {x}, xj41,Xj12, Xj4+3}| <2 and
P, j)+ P(t,j) <2foranyi € {l,t}and j € {t + 1,...,s — t}. It follows that

[(s—=2t)/4]
dp(w) +dpw) = > (P(Lt+1+4(k—1)+ Pt 1+ 1+4%k— 1))
k=1

s — 2t
<2
<2[57]

and the inequalities in (i) hold. A similar argument shows that (ii) is also true. O

Lemma 8 Ler G be a connected graph of order n, C = x1, x2, ..., Xg, X] wWith s <
n — 2 a longest cycle in G and Q = wy, ..., w; with s > t > 2 a longest path in
GV (G) \ V(C)] with both endvertices having a neighbor in C. Then

(i) de(w) +dc(wy) <2[(s —0)/41 <s/2if1t = 3;
(i) de(wr) +dc(w;) <2[(s —2)/3]1 < 2s/3ift =2,

Proof Suppose t > 3. Since, by assumption, there are integers i, j € {1,2,...,s}
such that x; € Nc(w1) and x; € N¢(wy), it follows that for some r € {1, 2, ..., s},
Xrg1s Xr42y « - - s Xr4r & (Nc(wp)UNc(wy)). Using the same argument as in the proof
of Lemma 7 we can show that (i) is true. The proof of (ii) is analogous. O

Lemma 9 Let G be a connected nontraceable graph of order n with o2(G) > n — k
for some k < (n 4+ 11)/6. If P = x1, X2, ..., X5 is a longest path in G, then S =
V(G) \ V(P) is independent.

Proof Suppose S is not independent and let H = G[S]. Then |V (H)| > 2. Since G is
connected and P a longest path, x; and x; are not adjacent. Moreover, by the classical
Ore-type argument we have d(x1) + d(xy) < s — 1, because otherwise G would have
a cycle containing all the vertices of P and also a path of order at least s 4 1. Assume
d(x1) <d(xs). Hence d(x1) < (s — 1)/2 and if w is a vertex of H, then

dw)=n—k—(s—1)/2, (1)
because x; and w are not adjacent.

Case 1: A(H) = 1. Let x and y be two adjacent vertices of H. Hence dy(x) =
dy(y) = 1. Now, by (1) and Lemma 7,

2 2
2 —k)—(s—1) <dx) +d(y) < g(s—2)+2 < 3(”_ D).
Since2(n—k)—(s—1) > 2n—2k—(n—3) = n+3—2k,wehaven+3—-2k < (2n—2)/3
and this implies n + 11 < 6k, a contradiction.

Case 2: A(H) > 2. Consider a longest path Q = wy, ..., w; in H of order t > 3.
Clearly, dy(w1) 4+ dg (w;) < 2(t — 1). Theorem 4 implies that

s>n—k+1. 2)
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By Lemma 7 we also have
dp(wi) +dp(w;) < (s —1)/2. (3)
Combining (1), (2) and (3) we get

20 —k) — (s = 1) =d(w1) +d(wy) =dg(wi) +dp(wy) +dp(wr) +dp(wy)
1 1 3 1 3 3
52(t—1)+§(s—t):§s+§t—2§§s+§(n—s)—2:5n—s—2
3 1

Now, since 2(n — k) — (s — 1) > 2n — 2k — (n — 4) = n — 2k + 4, we have
n —2k+4 <n/2+ k — 3, therefore 6k > n + 14, a contradiction. O

Lemma 10 Let G be a connected graph of order n with a longest path of order n — 1.
If 02(G) = n — k for some k < (n 4 6)/4, then there is a longest path P of order
n — 1 and a vertex w ¢ V(P) withd(w) > (n — k)/2.

Proof Let P = x1, x2,...,Xx,—1 be alongest path in G, and let w € V(G) \ V(P).
Hence x1, x,—1 ¢ N(w). Suppose d(w) < (n — k) /2.

By the classical Ore-type argument we have d(x1) + d(x,—1) < n — 2. Assume
without loss of generality that d(x1) < d(x,—1). Hence d(x;) < (n —2)/2 and

dw)>n—k—(mn—-2)/2> (n—2)/4, @)

because x; and w are not adjacent. Since d(w) < (n — k)/2 and 02(G) > n — k,
we may assume Xz, x,—» ¢ N(w), for otherwise in G there is a path P’ of order
n — 1 either with x; ¢ V(P") andd(x1) > n—k — (n —k)/2 = (n — k)/2 or with
Xp_1 ¢ V(P)andd(x,_1) > (n —k)/2.

If x; € N(w), then x;41 ¢ N(x1) and xj41 ¢ N(w), since P is a longest path.
Moreover, we may assume x4 ¢ N(x1), for otherwise there is a longest path P’
of order n — 1 such that x4 ¢ V(P"), but d(xj+1) > (n —k)/2, and we are done.
Hence,d(x1) < (n—1)—1—-2d(w) = n —2d(w) — 2. Thus, by (4), d(x1) +d(w) <
n—dw)—2<n—m-2)/4—2 = 3n—6)/4. But Bn — 6)/4 < n — k for
k < (n + 6)/4, a contradiction. m]

Lemma 11 Let G be a connected graph of order n > 15 with a longest path P
of order n — 1 and a vertex w ¢ V(P). If

n—>5
d > —
(w) > 5

then G is avd or n is even and G has no perfect matching.
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Proof Let P = x1, x2,...,Xx,—1 be alongest path in G, and let w € V(G) \ V(P).
Suppose G is not avd.

Since G is nontraceable and d(w) > ? > % for n > 15, there is an index a such
that x,w € E(G) and x,4ow € E(G). By Proposition 2 there are integers d > 1,
A, A and wsuchthata = Ad,a +2 = A'd andn = ud, sod = 2, n is even and
(2,...,2) is the sequence not realizable in G. Thus G has no perfect matching. 0O

6 2-Connected avd Graphs

Theorem 12 Let G be a 2-connected graph of order n such that G ¢ {Ho, Hyo, Hj,
H{,}. If G admits a perfect matching or a quasi-perfect matching and

02(G) =z n —4,

then G is avd.

Proof By Theorem 5, G contains a cycle of length at least n — 4. If G has a cycle of
length at least n — 1, then G is traceable, so also avd. Moreover, if n < 7 it follows
that 02(G) > 4 > n — 3 and Theorem 6 can be applied. Therefore, we shall assume
that G contains neither C, nor C,,_1 and n > 8. Suppose, contrary to our claim, that
G is not avd.
Case 1: G has no cycle of length at least n — 3, i.e., the circumference of G equals
n — 4. Denote by C a cycle of length n — 4 with a given orientation and let X :=
V(G)\V(C) ={x,y,z,t}
Case 1.1: The set X is independent. Suppose without loss of generality d(x) > d(y)
andlet A = N(x) = N¢(x). Since x and y are not adjacent and d (x) > d(y), we have
d(x) > (n—4)/2. Note that no two neighbors of x are consecutive on C, for otherwise
G would contain acycle of lengthn—3. Hence d (x) = (n—4)/2,nis even and, because
x and y are not adjacent, we have d(y) = (n — 4)/2. We can show in a similar way
thatd(t) = d(z) = (n—4)/2.If u and v belong to N (x), then uTv™ ¢ E(G), because
otherwise u™, vt, v*2, ... u", u, x,v,v",v"2, ..., ut would be a cycle of length
n — 3 contradicting our assumption. Consider a vertex w € {y, z, t}. We have either
utw ¢ E(G) orvtw ¢ E(G), for otherwise replacing the subpath u, u™, ..., v, v
of C by the path u, x, v, v, ..., u", w, v" we would obtain a cycle in G of length
n — 2, a contradiction. Thus, [N (w) N AT| < 1. Clearly, N(w) € {A, AT}. However,
from d(w) = (n — 4)/2 > 2 it follows that N (w) = A.

Hence, AT U X is an independent set of cardinality (n —4)/2 +4 = (n+4)/2 >
[n/2], a contradiction.
Case 1.2: The length of a longest path in G[X] is one. We may assume without loss
of generality that 71z € E(G). Because G is 2-connected there are two independent
edges, say tu and zv, joining the set {z, ¢} to C. Clearly, the distance (on C) between
u and v is at least three. Thus, there are at least four vertices of C that do not belong
to N(z) UN(t),son > 10.If xy ¢ E(G), then d(x) = d(y) = (n — 4)/2 (see Case
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1.1), hence d(z) > (n — 4)/2 and d(t) > (n — 4)/2. By Lemma 8,

n—4<di)+d() <

@ +2, 5)

thusn < 10. Hence G has 10 vertices, v = 3 andut,u™ € N(x)orvt,v™ € N(x).
It follows that G has a cycle of length at least n — 3, a contradiction.
We may assume xy € E(G),d(z) > (n —4)/2 and d(t) > (n — 4)/2 (otherwise
d(x) > (n—4)/2and d(y) > (n — 4)/2). It follows that (5) holds and n = 10.
Hence, v = u™ = u™3, dc(x) = dc(y) = dc(z) = dc(t) = 2, Ne(x) =
Nc(y) = Nc(z) = Nc(t) = {u, u+3} and there are no edges between the sets
{ut, ut?} and {ut?, ut3} (because the circumference of G is 6). Thus, because
du™) = 3, fori = 1,2,4,5, we have Nt > {u,ut3},i = 1,2,4,5and G
is isomorphic to Hl’o (if u and ut3 are not adjacent), or to Hjo (if u and ut3 are
adjacent), which contradicts our assumption.
Case 1.3: The length of a longest path in G[ X] is two. We may assume that P = x, y, z
is a longest path in the graph induced by X.
Case 1.3.1: d(t) = dc(t). Because G is 2-connected, P can be chosen so that there
are two independent edges, say xu and zv, joining the ends of P to C. Hence n > 12.
Applying a similar argument as in Case 1.1 we can easily show thatd (x) > (n—4)/2
and d(z) > (n —4)/2. By Lemma 8,

n—4gd(x)+d(z)s$+4, (6)

son < 12. Therefore, n = 12, v = ut*, Ne(x) = Ne(z) = {u, v}, d(x) = d(z) =
d(t) = 4, {u, v} C N(¢) (otherwise G has a cycle of lengthn —3), sou™?, v € N(r)
and it is easy to show that G possesses a cycle of order n — 2, a contradiction.

Case 1.3.2:d(t) = dc(t)+1,i.e., t and y are adjacent and X induces the graph K 3.
Suppose there exists a vertex u with Nc(x) = N¢(z) = N¢(t) = {u}. Thus, because
xz ¢ E(G),d(x)+d(z) =242 >n—4,s0n = 8, and, since G is 2-connected,
there is v € V(C), v # u, such that yv € E(G), so G contains a cycle of length
at least 5, a contradiction. Therefore, we may assume that there are two independent
edges joining the ends of P to C and n > 12. Observe that there are at least two
vertices u, u’ € {x, z, 1} of degree at least (n — 4)/2 > 4, so the analogue of the
inequalities (6), obtained when replacing x by u and z by «’, is true. Hence n = 12
and dc(w) > (n — 4)/2 — 1 = 3 for w = u, u’, thus G contains a cycle of length at
least n — 3, a contradiction.

Case 1.4: The subgraph induced by X contains a path P of length three. We may
assume that P = x, y, z, t. If x or ¢ has a neighbor on C, then G is traceable, a con-
tradiction. If N¢(x) = N¢(t) = @, then, because d(x) > 2 and d(t) > 2, G[X] has a
hamiltonian cycle. Clearly, there is an edge joining X and C, so G is traceable, again
a contradiction.

Case 2: The circumference of G is n — 3. Let C be a cycle of length n — 3 > 5 and
let X =V(G)\V(C) = {x,y,z}.
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Case 2.1: X is an independent set in G. Assume without loss of generality that d(x) >
d(y) > d(z). Set A = N(x). Since x and y are not adjacent and d(x) > d(y),
we have d(x) > (n — 4)/2. If n is odd, then d(x) > (n — 3)/2, and, because no
two neighbors of x are consecutive on C, d(x) = (n — 3)/2. Now, applying the
same argument as in Case 1.1 we can show that the set A™ U {x} is independent and
IN(y) N AT| < 1. Suppose |N(y) N AT| = 1. Thus there are two different vertices u
and v withu € ANN(y) andv € AT N N(y). Then, because vt # u, v~ # u and
u=?e A thecyclevt, v, y,u,ut...,v", x,u"2,u=3, ..., v haslengthn —2, and
we obtain a contradiction. Finally, we conclude that N (y) C A. Now, using the same
argument as above, we can show that N(z) C A and A" U {x, y, z} is an independent
set of cardinality (n — 3)/2 + 3 > [n/2], so G has no quasi-perfect matching and we
get a contradiction.

Therefore, we can assume that niseven andd(x) = d(y) = d(z) = (n—4)/2 > 2.

Consequently, any two consecutive neighbors of x on C, except exactly one pair, are
separated by one vertex of C, and this exceptional pair is separated by two vertices
of C. Obviously, the sets N(y) and N (z) have an analogous property. Moreover, we
can show as in Case 1.1 that the set AT U {x} is independent, |[N(y) N AT| < 1
and |N(z) N AT| < 1. Clearly, z or y is adjacent to a vertex v of A™, for otherwise
A" U X would be an independent set of cardinality (n —4)/2 + 3 > [n/2]. Suppose
ve ATNN(y) and vT € A. Then because v+ and v*? do not belong to N(y), we
have v*3 € N(y) and v—, x, vt, v, y, v, v, ... v isacycle of length n — 2, a
contradiction. Similarly, if v € AJr N N(z) and v € A then G has a C,_», a contra-
diction. Assume then v € AT N N(y) and v+? € A. It follows that v™> ¢ N(y) and
v™3 € ANN(y). Set B = N(y) and consider the set BT = (AT \ {v) U{vT} = A~
and suppose there is a vertex u such that u € BT N N(z). If u™ € B then we can
show as above that G has a C,,_» and we get a contradiction. Suppose then u*? € B.
Clearly, u = v=2 € At and ut € A, which is impossible. It follows that B = N (z),
so BT U X is an independent set of cardinality (n — 4)/2 +3 > n/2 = [n/2], a
contradiction.
Case 2.2: The set X induces the disjoint union K U K ;. We may assume without loss
of generality that xy € E(G), xz ¢ E(G), yz ¢ E(G) and d(z) < (n — 3)/2. Since
G is 2-connected, there are independent edges, say xu and yv, connecting {x, y} with
C. This implies n > 9.

Suppose firstd(z) = 5= 3 andn > 9is odd. Using a similar argument as in Case 1.1
we can show that N¢(x) C N(z) and Nc(y) C N(z). Therefore, u*? and v*2 both
belong to N(z), so v*2, z,ut?, u™3, ... v, y, x,u,u", ..., v"2 is a cycle of length
n — 2, a contradiction.

Consider now the case d(z) = 5% and n is even. Hence d(x) > (n — 4)/2 and
d(y) = (n—4)/2. By Lemma 8,

3 2n
d(x)+d(Y)<ZT+2< 3 @)

therefore, n < 12. If n = 12, we have |V (C)| =9, Nc(x) = Ne(y) = {u, ut3, u™®}

and d(z) = 4. It follows that w=, wT € N(z) for some w € Nc¢(x) and G
has a cycle of length at least n — 2, a contradiction. Suppose n = 10.
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Now d(x) = d(y) = d(z) = 3 and we may assume N¢(x) = Ne(y) = {u, u™3}).
Since G does not contain a cycle of order at least 8, we have N(z) = {u, ut3, u+5},
and the path u™, ™2, u™3, 2z, u™, u™® u, y, x together with the edge u*3u™* form
a spanning subgraph of G which is isomorphic to the avd graph S(2, 3, 7), a contra-
diction.

It remains the case d(z) < % But now d(x) +d(y) > n—3,and, by (7),n = 9.
It follows that d(z) = 2, Nc(x) = Nc(y) = {u, u™3}, so N(z) N {u, u™3} # @ since
otherwise G has a cycle of order at least n — 2. Suppose N(z) = {u, u?3}. We have
du*) =3, and so Nwt) > {u,ut3),i = 1,2,4,5. If uu™ € E(G), then G is
isomorphic to Hog, and if uu™3 ¢ E(G), we obtain Hé, a contradiction. Assume then
IN(z) N {u, ut3} =1, say u, ut® € N(z). Now the path x, y, u™>, u™*, u™> u, z,
u™2, ut is a hamiltonian path in G, a contradiction.
Case 2.3: The set X induces a connected subgraph H of G. Then H contains a path
of order three, and, because at least two vertices of X are joined to G — X (since G is
2-connected), G is traceable, a contradiction.
Case 3: G contains a cycle of length n —2 (i.e., the circumference of G isn —2). Let C
be such a cycle with a given orientation and let x and y be the two vertices of G outside
C. Since G is 2-connected, these two vertices together with C and two independent
edges connecting {x, y} with C form a spanning subgraph H of G isomorphic to a
graph Sun(a, b). By our assumption G is not avd, so it follows from Theorem 3 that
n is even, a is odd and G has no perfect matching, a final contradiction. O

7 Connected avd Graphs

Theorem 13 Let G be a connected graph of order n > 11. If G admits a perfect
matching or a quasi-perfect matching and

02(G) > n —4,
then G is avd.

Proof Suppose G is not avd. Therefore, G is not traceable and, by Theorem 12, G is
not 2-connected. Let x denote a cut vertex of G andlet A, Ay ..., A  be the connected
components of G —x. Clearly, s = 2, since otherwise 02(G) < @ a contradiction
because n > 11. Putn; = |V(A)],i = 1,2.If ny <n —6and ny < n — 6, then
da,(x) +dy,; (y) = n; for each pair x, y of nonadjacent vertices of A;,i = 1, 2, thus
every component A; is either hamiltonian, or isomorphic to K>, or else isomorphic to
K. Thus G is traceable, a contradiction.

Suppose thatn; > n — 5. Then np <4 < n — 6 and there is a hamiltonian path in
the graph induced by {x} U V (A,) that starts at x. Thus, there is a vertex y € V(A1)
with d(y) < (n1 + 1)/2, because otherwise there is a hamiltonian cycle in A| and G
is traceable, a contradiction. Now, if u is a vertex of Ay, thenn —4 < d(y) +d(u) <
(n1+1)/24ny = (n+n3)/2. Hencen < 8+ny < 12andn, € {3, 4}. By considering
alongest path in G[V (A1) U {x}] starting at x we can easily show that G is traceable,
a final contradiction.
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The next theorem concerns the case where oo > n — 5. In order to avoid many
exceptional graphs of small order, we restrict our attention to graphs of order n > 20.
This will allow us, in particular, to make use of Lemma 9.

Theorem 14 Let G be a connected graph of order n > 20. If G admits a perfect
matching or a quasi-perfect matching and

02(G) =n—35,

then G is avd.

Proof Suppose G is not avd. Thus G is not traceable. Let P = xi,...,x,—p be a
longest path in G. By Theorem 4 we have 1 < p < 4.Let X = V(G) \ V(P) =
{wi, ..., wp}. Since k =5 < (n+ 11)/6 for n > 20, by Lemma 9 the set X is
independent. Thus, there are four cases to be considered.

Case I: p = 1.

Thus X = {w}. Since k =5 < (n + 6)/4 for n > 20, it follows from Lemma 10
that there is a path P’ of order n — 1 and a vertex u ¢ V (P’) with d(u) > (n — 5)/2.
By Lemma 11, n is even and G has no perfect matching, a contradiction.

Case 2: p =2.

Then, the set X consists of two independent vertices w1 and wy with d(w;) < %,

i =1,2. Assuming d(w1) > d(w>) we get

=3 ) = % ®)

Case 2.1: n is even.

Then, by inequality (8), we have d(w;) = %‘ > 8. Let A = N(w;). Clearly,
|[A* N N(wp)| < 1. Suppose that a™ € N(wy) for some a € A. Thus, there is
b € V(P) such that {b, b*2,b**} C A and [a,a™] N [b, b *] = @. If b succeeds
a® on P, then, since d(wy) > “5°, there is i € {2, 4} such that b*' € N(w») and
X1, X2, ... a,wi, b2 at wo, b x,_ is a path of order n — 1, a con-
tradiction. Otherwise, a™ succeeds b on P and we can find a path of order n — 1
similarly as above, again a contradiction.

Thus N(wz) C A and by using a typical Ore-type argument, it is easy to see that
the set

B=A"U{x;, wi, w)}

is independent. But |B| > % +3= # > [57, which contradicts the existence of
a perfect matching in G.
Case 2.2: n is odd.

Consider first the case d(w) = % We define the sets A and B as above, and by
the same argument we prove the independence of B. Now we have |B| > % +3=

# = % + 1, which contradicts the existence of a quasi-perfect matching in G.
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So, we may assume that d(wp) = % The condition 02 (G) > n — 5 also implies
that d(wj) = % So, the vertices w; and w; have the same number of neighbors on
P. We shall prove that in fact we have:

Claim N(w;) = N(w»).

Let A = N (wy). Suppose first that there exists a vertex a € A such that a* belongs
to N (w7). Without loss of generality we may assume that the distance on P between
a and x,_3, the second end of P, is >9, since otherwise we could exchange w; with
wy and take the reverse order on P (recall that n > 20). Observe that the edge wix,—3

does not belong to E(G), since otherwise the path x1, x2, ..., a, W1, X,—3, Xn—a, ...,
a™’, wp would be longer than P, a contradiction. Consider now the edge wix,_4. If
it belongs to E(G), then the path xq, x2,...,a, wi, X,—4, Xp—5, ..., at, wy would

be a longest path in G with two adjacent vertices outside of it. This would be a con-
tradiction with Lemma 9. Since two elements of N (w1) cannot be consecutive on P
and neither wx,_3 nor wx,_4 belongs to E(G), a simple counting argument shows
that wix,—s € E(G), wixy € E(G) and the distance on P between consecutive
vertices of A (with respect to P) is exactly two. But then a™> € A and the path
Xn—2, Xn—3,...,a 2, wi, X2, X3, ...,at, wy is longer than P, a contradiction. Thus
at ¢ N(ws) and, by a similar argument, a~ ¢ N (w>).

Finally, consider the case where a™> € N (w») \ A. We may assume at, at3 ¢ A,
so there exists a vertex y (= a*?), a neighbor of w», such that the segment [y~, y*]is
disjoint with A. Moreover, such a segment is exactly one, so we may assume wixa €
E(G). Itis easy to see thatif y~y™ ¢ E(G), then the set

B=A"U{x;,y", wi, wa}

is independent. But |B| = % +4 = # > [51, which contradicts the existence of

a quasi-perfect matching in G.
On the other hand, if y~y™ € E(G), then the path

) + =
X1, X2, ..., Y L, WL, Xp-3,Xp—4,Y ,y ,), W2

is longer than P (the case where y = x,_3 is easy to check). This finishes the proof
of the claim.

Denote by aj,az,...,a,, r = %, the consecutive (with respect to the natural
orientation of P) elements of A. The set V(P) \ A is clearly the union of segments
[x1,a;], [ar+ , X,—2] and those of the form [al.+, a[.jrl]. By a simple counting argument
it is easy to show these segments contain one, two or three elements. Moreover, we
have either exactly one segment containing three elements or exactly two segments
containing two elements (while the remaining segments contain exactly one element).
In this way, the proof of the Case 2.2 splits naturally into two subcases.

Case 2.2.1: There is one three-element segment.

Denote by u1, uj, u3 the consecutive elements of this segment. Without loss of gen-
erality we may assume thatx, € A.Lett = (a1, o2, ..., o), 0] > ap > -+ > g, be
an admissible sequence for G. We shall show that 7 is realizable in G. If «; > 4 then
we define V| as the set containing the vertices xy, x2, wi, wy as well as (for a; > 5)
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some consecutive vertices of P with x3 as the first one. The graph induced by V] is
evidently connected and the remaining part of G is traceable.

If ; = 3 and ap = 3, then we define V) as the set containing the vertices
{x1,x2, w1} and V5 as the set containing the vertices {u, us, u3}. Now, the graph
induced by V] is a star, the graph induced by V5 is a path (or a cycle) on three vertices
and the remaining part of G is traceable.

Since the sequence (3, 2, ..., 2) is realizable in G by assumption of the theorem,
we are done.
Case 2.2.2: There are two two-element segments.

As above, let T = (aq, -+, k), 0] > a2 > ... > oy, be an admissible sequence

for G. We shall show that 7 is realizable in G.

If @1 > 4 then we proceed as above except for the case where oy = 4 and both
“large” segments are on the ends of P. In this case we define V] as the set containing
the vertices {x1, x2, x3, w1}. Evidently, the graph induced by V| is connected and it
is easy to see that the remaining part of G has a spanning subgraph isomorphic to the
graph S(2, 2, n — 6), which is avd by Proposition 1.

If «; = 3 then we define V; as follows: V| = {a;H,ajH, aﬁrl} where aj, aji1,
ajyo are three consecutive vertices of A such that both segments [a;r, aj_+1] and

[aj.'+1 , aj_+2] contain one element. Such vertices exist since n > 20. Again, it is easy

to see that the remaining part of the graph has a spanning subgraph which is avd by
Proposition 2.

Since all other possible admissible sequences are evidently realizable in G, this
finishes the proof of this case.
Case 3: p = 3.

Then, the set X consists of three independent vertices wy, wy and w3. Let d(wy) >
d(wz) > d(w3). Then, by assumption on 02 (G), # >d(wy) > %

Let A = N(wy). Using a similar argument as in Case 2.1, we can easily show that
N(w;) C A fori =2, 3. Thus the set

B = A" U {x1, wy, wy, w3}

is independent. But |B| > % +3= # > [57, which contradicts the existence of
a perfect matching or a quasi-perfect matching in G.

Case4: p =4.

The set X consists of four independent vertices wy, wo, w3 and wy. Let d(wy) >
d(wz) = d(w3) > d(w4). By assumption on o», we have d(w1) = d(wz) = d(w3) =
d(wy) = 5.

Let A = N(wp). Again, it is easy to see that the set

B = AT U {x1, wy, wy, w3, wa}

is independent. However, the inequality | B| > ? +5= # > [%] contradicts the
existence of a perfect matching or a quasi-perfect matching in G.

This finishes the proof of the theorem. O
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8 A problem

The requirement 02(G) > n — 5 in Theorem 14 is probably not the best possible. We
suggest to consider the following problem which is based on our results.

Problem Find a function f(n) and a constant ng that have the following proper-
ties: if G is a connected graph of order n > ng that admits a perfect matching or a
quasi-perfect matching and fullfils

02(G) = f(n),

then G is avd.

The graphs G,, show that such a function satisfies f(n) > 02(G,) > L%"J —1.By
Theorem 14 we have f(n) < n — 6 forn > 20. We believe that f(n) < n — 7 for suf-
ficiently large n. However, a proof of an analogue of Theorem 14 with 02(G) > n—6
following our ideas would be technical and long.

Open Access This article is distributed under the terms of the Creative Commons Attribution Noncom-
mercial License which permits any noncommercial use, distribution, and reproduction in any medium,
provided the original author(s) and source are credited.
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