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related to noninvasive medical treatments (Klaseboer et al. 
2007; Tagawa et al. 2012, 2013). The background-oriented 
schlieren (BOS) technique can provide global non-contact 
diagnostics for measuring the displacement field induced 
by the density change in fluid, which is used to infer the 
density and pressure fields. The BOS technique has been 
used in various measurements in compressible air flows 
and gas-mixing flows (Raffel et al. 2000; Meier 2002; 
Venkatakrishnan and Meier 2004; Murphy and Adrian 
2011). A review of the BOS technique is given by Raffel 
(2015). The BOS technique is an extension of the classical 
schlieren technique traditionally used in high-speed wind 
tunnel for aerodynamics measurements. Due to the sig-
nificant advance of digital cameras and image processing, 
the experimental setup of the BOS system is much simpler 
than its classical counterpart with complex arrangements of 
optics. In general, a background pattern plate placed behind 
a measurement domain of fluid is imaged by a camera in 
the cases with and without the fluid density gradient. The 
background pattern image is disturbed by the density gradi-
ent that deflects the light rays radiated from the background 
pattern plate. The disturbed image appears shifted relative 
to the undisturbed image taken in the case with the homog-
enous fluid density. The displacement field in the disturbed 
image is related to the path integral of the density gradi-
ent orthogonal to the line of sight. When the displacement 
field is measured, the density and pressure fields could 
be inferred. To determine the displacement field from the 
undisturbed and disturbed images, the cross-correlation 
method applied in particle image velocimetry (PIV).

However, the application of the BOS technique in liquid 
is more difficult compared to its application in gas flows 
since the light-ray deflection due to the density change in 
liquids is much smaller. In particular, the measurement of 
an underwater shock wave by using the BOS technique is 

Abstract The background-oriented schlieren (BOS) tech-
nique with the physics-based optical flow method (OF-
BOS) is developed for measuring the pressure field of a 
laser-induced underwater shock wave. Compared to BOS 
with the conventional cross-correlation method that is also 
applied for particle image velocimetry (here called PIV-
BOS), by using the OF-BOS, the displacement field gener-
ated by a small density gradient in water can be obtained 
at the spatial resolution of one vector per pixel. The cor-
responding density and pressure fields can be further 
extracted. It is demonstrated in particular that the suffi-
ciently high spatial resolution of the extracted displacement 
vector field is required in the tomographic reconstruction 
to correctly infer the pressure field of the spherical under-
water shock wave. The capability of the OF-BOS method 
is critically evaluated based on synchronized hydrophone 
measurements. Special emphasis is placed on direct com-
parison between the OF-BOS and PIV-BOS methods.

1 Introduction

Non-contact measurements of underwater shock waves 
are crucial for understanding some important phenomena 

 * Yoshiyuki Tagawa 
 tagawayo@cc.tuat.ac.jp

1 Department of Mechanical Systems Engineering,  
Tokyo University of Agriculture and Technology,  
Koganei, Tokyo 184-8588, Japan

2 Department of Mechanical and Aerospace Engineering, 
Western Michigan University, Kalamazoo, MI 49008, USA

3 Institute of Global Innovation Research, Tokyo University 
of Agriculture and Technology, Koganei, Tokyo 184-8588, 
Japan

http://orcid.org/0000-0002-0049-1984
http://crossmark.crossref.org/dialog/?doi=10.1007/s00348-016-2271-0&domain=pdf


 Exp Fluids (2016) 57:179

1 3

179 Page 2 of 11

scanty. Recently, using the BOS technique with the cross-
correlation method, we obtained the displacement field 
induced by the local density gradient of the underwater 
shock wave (Yamamoto et al. 2015). Based on these results, 
we tried to further reconstruct the pressure field from the 
displacement field. However, it is found that the pressure 
field could not be correctly reconstructed due to the insuf-
ficient number of the displacement vectors extracted by the 
typical correlation algorithm in PIV (Hayasaka et al. 2016). 
In order to overcome this problem, we propose a high-res-
olution BOS technique by incorporating the optical flow 
method, which is simply referred to as OF-BOS. Atcheson 
et al. (2009) suggested that the typical optical flow meth-
ods in computer vision, such as the Horn–Schunck method 
and the Lucas–Kanade method, could be used for the BOS 
technique. They found that these optical flow methods 
particularly the Horn–Schunck method performed better 
than the correlation method in terms of the accuracy and 
the spatial resolution. Ihrke et al. (2009), Iffa et al. (2010) 
and Xue et al. (2014) obtained the displacement field utiliz-
ing BOS technique with optical flow based on the Horn–
Schunck method or Lucas–Kanade method.

In this paper, we adopt the physics-based optical flow 
method in BOS, which is developed by Liu and Shen 
(2008) for various flow visualizations. This method could 
achieve a spatial resolution of one vector per pixel and a 
better accuracy (Liu and Shen 2008), which is important 
for the application of the BOS technique in water.

Following this instruction, we will describe the OF-BOS 
technique, tomographic reconstruction of the field of the 
divergence of the displacement vector, and determination 
of the density field by solving the Poisson’s equation. Then, 
the experimental setup will be described for BOS measure-
ments of the laser-induced shock wave. Next, the results will 
be discussed, focusing on the effects of the spatial resolu-
tion of the extracted displacement field on reconstruction of 
the density and pressure fields. In particular, we will quan-
titatively compare the pressure distributions obtained from 
both the OF-BOS and the PIV-BOS with hydrophone data.

2  Optical‑flow‑based BOS technique

2.1  BOS

The basic equations in the BOS technique are briefly reca-
pitulated for convenience of reading. The working prin-
ciple of the BOS technique is illustrated in Fig. 1 (Ven-
katakrishnan and Meier 2004; Yamamoto et al. 2015). A 
typical BOS system consists of a camera, a background 
pattern plate (such as a random-dot pattern plate), a light 
source, and a computer for image/data processing. For 

simplicity, it is assumed that the background reference 
plane (x, z) is parallel to the image plane. Thus, the image 
coordinates are equal to �(x, z), where � is a proportional 
constant in the orthographical projection. The light ray 
radiated from the background pattern plate is deflected 
from the original straight path through a fluid domain with 
the density gradient due to optical refraction, and therefore, 
the image of the background pattern has an apparent dis-
placement (shift) field.

The displacement on the image plane is proportional 
to the path integral of the small density gradient through 
a fluid domain. For BOS setting, Hinsberg and Rösgen 
(2014) gave the following relation for the in-plane dis-
placement vector w′ in the background plate

where c (100 μm in this case) is the thickness of the den-
sity gradient domain, l0 (8 mm in this case) is the distance 
from the density gradient domain to the background plate, 
n0 is the refractive index of water at the condition without 
a shock wave, n is the refractive index of water in the test 
condition, and ∇ is the gradient operator on the coordinate 
plane (x, z). The relation between the refractive index and 
the fluid density is given by the Gladstone–Dale equation 
(Merzkirch 2012; Raffel 2015)

where K is the Gladstone–Dale constant (3.34 × 10−4/kg 
for water) and ρ is the density of the fluid. Substitution of 
Eqs. (2) into (1) yields

where ρ0 is the fluid density under hydrostatic pressure. 
It is emphasized that the displacement vector w′ obtained 
by the BOS technique is the path-integrated (or projected) 
quantity across the measurement domain with the density 
gradient. In general, to extract the 3D field from the path-
integrated quantity requires tomographic reconstruction 
from data at multiple viewing directions.

(1)w
′ =

1

2
c(c + 2l0)

1

n0
∇n,

(2)n = Kρ + 1,

(3)w
′ =

1

2
c(c + 2l0)

K

1+ Kρ0
∇ρ,

Fig. 1  Illustration of the principle of the BOS technique
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Further, applying the dot product of ∇ to Eq. (3), we 
have the Poisson’s equation for the density

where the source term S is proportional to the divergence of 
the displacement vector w′ by

In principle, when the displacement vector w′ is measured, 
the density field can be determined by solving Eq. (4). The 
Gauss–Seidel method is used to solve Eq. (4) numerically 
here. Then, the pressure field can be further determined by 
applying the Tait equation

where p0 is the hydrostatic pressure, B is a constant of 
314 MPa, and the exponent α is 7 (Brujan 2010; Yamamoto 
et al. 2015). In this study, we measure a spherical shock 
wave in water with the peak overpressure of about 1 MPa. 
In this case, the density change due to the overpressure 
is >1 kg/m3. This means that the change in the refractive 
index is very small [O(10−4)].

The BOS technique acquires an undisturbed background 
pattern image and the corresponding disturbed image. 
Figure 2 shows the typical images obtained in the experi-
mental setup in this work. Figure 2i shows a shadowgraph 
snapshot of a shock wave propagating spherically around 
a laser-induced bubble, where the high-pressure region is 
expected at a shock front. Figure 2ii, iii shows an undis-
turbed background reference image and the corresponding 
disturbed image, respectively. The zoomed-in image of the 
particle pattern is shown as well. Without image process-
ing, it is difficult to see directly the shock wave in Fig. 2iii 
since the change of the refractive index of water is so small.

(4)∇2ρ = S,

(5)S =
2(1+ Kρ0)

cK(c + 2l0)
∇ · w′

.

(6)
p+ B

p0 + B
=

(

ρ

ρ0

)α

,

2.2  Optical flow method

The key element in the BOS technique is to determine the dis-
placement vector field in the undisturbed background refer-
ence image and the corresponding disturbed image. This com-
putation is usually carried out by using the cross-correlation 
method in PIV. An effort has been made to adopt the classi-
cal optical flow methods in computer vision science in BOS 
(Atcheson et al. 2009). The optical flow method can be further 
developed based on rational physical foundations for various 
flow visualizations (Liu and Shen 2008). The optical flow is 
described by the generic equation in the image plane, i.e.,

where u is the velocity in the image plane referred to as the 
optical flow, g is the normalized image intensity, ∇ is the spa-
tial gradient in the image plane, and f is a term related to the 
diffusion and boundary fluxes which are negligibly small in 
most cases. In velocimetry, the optical flow in Eq. (7) has a 
clear physical meaning, that is, the optical flow is proportional 
to the light-ray-path-averaged velocity of fluid or particles in 
flows. We call this method as the physics-based optical flow 
technique. In a special case where ∇ · u = 0 and f = 0, Eq. 
(7) is reduced to the Horn–Schunck brightness constraint 
equation which is the foundation of the classical optical flow 
method developed by Horn and Schunck (1981). It is noted 
that in a general case the optical flow is not divergence-free 
and ∇ · u = 0 is not physically true. For BOS applica-
tions, the difference ∂g/∂t ≈ �g/�t is used in Eq. (7), where 
�g = g− gref  is the difference between the disturbed image 
and the undisturbed reference image, and the nominal time 
interval is unitary (�t = 1). Therefore, the optical flow in Eq. 
(7) is interpreted as the displacement vector field in the image 
plane (i.e., u = w) that is generated by the deflected light ray 
through the density gradient domain. The displacement vector 

(7)
∂g

∂t
+∇ · (gu) = f ,

Fig. 2  Typical images obtained the experimental setup in this work: i A shadowgraph snapshot of the laser-induced shock wave, ii non-dis-
turbed image in BOS, and iii disturbed image in BOS



 Exp Fluids (2016) 57:179

1 3

179 Page 4 of 11

in the background plane is related to that in the image plane by 
w = �w

′.

To determine the displacement vector field in the 
image plane, a variational formulation with a smooth-
ness constraint is typically used (Liu and Shen 2008). By 
minimizing the functional, the Euler–Lagrange equation 
is given for the optical flow. The standard finite differ-
ence method is used to solve the Euler–Lagrange equa-
tion with the Neumann condition on the image domain 
boundary for the optical flow. The optical flow algorithm 
used in this work has the routines: the Horn–Schunck 
estimator for an initial solution (Horn and Schunck 
1981) and the Liu–Shen estimator for a refined solution 
of Eq. (7) (Liu and Shen 2008). The relevant parameters 
in preprocessing and optical flow computation should be 
suitably selected. The main parameters are the Lagrange 
multipliers for the Horn–Schunck and Liu–Shen estima-
tors. Other parameters are the number of iterations in 
successive improvement of optical flow computation by 
using a coarse-to-fine iterative scheme, and the sizes of 
the Gaussian filters for correcting the effect of a local 
illumination intensity change and removing small ran-
dom noise in images. A mathematical analysis of the 
physics-based optical flow and an iterative numerical 
algorithm are given by Wang et al. (2015). Quantitative 
comparison between the optical flow and cross-correla-
tion methods for PIV images has been evaluated by Liu 
et al. (2015). The variational optical flow method based 
on Eq. (7) is a differential approach that can achieve the 
theoretical spatial resolution of one vector per pixel. 
Figure 3 illustrates the difference between the optical 
flow method as a differential approach and the cross-
correlation method as a region-based integral approach. 
The optical flow method is particularly suitable to detect 
small displacements in narrow regions (such as shock 
wave).

2.3  Tomographic reconstruction on a spherical surface

The tomographic reconstruction technique is used to recon-
struct the relevant physical quantity (such as the fluid 
density or the divergence of the displacement vector) on 
a spherical surface of a propagating shock wave from the 
path-integrated or projected quantity obtained from the 
BOS measurements. In volumetric flow visualizations, an 
image can be modeled as a set of 1D projections of a field 
of a quantity with the given projection angles through a 
2D domain as illustrated in Fig. 4. The basic tomographic 
problem is how to reconstruct the 2D field from these 
projections. The projection of the quantity q(x, y) can be 
expressed as an integral along a ray, i.e.,

where l = x cos θ + y sin θ is the coordinate along a projec-
tion line, θ is the angle defining the projection lines, R(q) 
denotes the Radon transform, and δ denotes the Dirac delta 
function. An inversion of the Radon transform is sought for 
q(x, y). This tomographic problem has been studied in 3D 
flow measurements (Feng et al. 2002; Venkatakrishnan and 
Meier 2004). We introduce the Fourier transform

Then, the solution of the integral equation Eq. (8) can be 
formally given by

(8)

R(q) ≡ Q(l, θ)

=

∫ ∞

−∞

∫ ∞

−∞

q(x, y)δ(x cos θ + y sin θ − l)dxdy,

(9)Sθ (ξ) =

∫ ∞

−∞

Q(l, θ)e−j2πξ l
dl.

(10)q(x, y) =

∫ π

0

∫ ∞

−∞

Sθ (ξ)e
j2πξ l|ξ |dξdθ .

Fig. 3  Illustration of measurements of displacement vectors. i PIV-
BOS. ii OF-BOS

Fig. 4  Projections of light rays through a domain on the image plane, 
where l′ is an axis on the image plane
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Clearly, the tomographic reconstruction of q(x, y) requires 
many projections in θ ∈ [0,π ]. In actual computation, the 
inverse Radon transform in MATLAB is used in this 
work. In this process, we generate the sinogram digitally. 
Although the Abel transform is simpler for the recon-
struction of an axial symmetrical field, we do not utilize 
it because of its high sensitivity to noise (Venkatakrishnan 
and Meier 2004).

In the BOS measurement of a spherical shock wave, the 
following procedures are proposed as illustrated in Fig. 5.

1. Image registration based on the affine transformation is 
applied to the reference and disturbed images to cor-
rect any global misalignment between them caused by 
the possible movement of the camera and other factors 
during measurements.

2. The projected quantity is selected as the divergence of 
the projected displacement vector, i.e., Q(l, θ) = ∇ · w′ 
from the BOS measurement since it is the source term 
of the Poisson’s equation for the fluid density. The 
quantity ∇ · w′ is mapped onto the image plane based 
on an assumption of the axial symmetrical structure 
of the laser-induced shock wave. This is illustrated in 
Steps (1–2) in Fig. 5.

3. The Radon transform Q(l, θ) = ∇ · w′ is given as a 
sinogram at section at a given z-coordinate, as illus-

trated in Steps (2–3). In the sinogram, we generate 180 
projected data in θ ∈ [0,π ].

4. The distribution of q(x, y) at that section is recon-
structed by using the inverse Radon transform (sym-
bolically expressed as q(x, y) = R−1(Q)), as illustrated 
in Steps (3–4). In MATLAB computation, we apply the 
spline interpolation to the back projection method and 
calculate the inverse Radon transform without filtering.

5. The field of ∇ · w′ on the spherical shock wave is 
obtained by superposition of the reconstructed fields 
over a set of cross sections in the z-coordinate, as illus-
trated in Steps (4–5). This superposition procedure for 
a spherical shock wave is further illustrated in Fig. 6.

Fig. 5  Tomographic reconstruction procedures for a spherical shock wave

Fig. 6  Superposition of reconstructed fields at all cross sections in 
the z-coordinate
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6. The field of the density is obtained by solving the 
axisymmetric Poisson’s equation for a given source 
term on the plane of symmetry and the corresponding 
pressure field is calculated by using Eq. (6), as shown 
in Steps (5–6).

It is necessary to comment the selection of the projected 
quantity for tomographic reconstruction. In the BOS meas-
urements proposed by Venkatakrishnan and Meier (2004), 
the projected fluid density was obtained first by solving the 
Poisson’s equation, and then, the local density was recon-
structed by using the tomographic technique. In contrast, 
the present procedures conduct the tomographic recon-
struction before solving the Poisson’s equation. The pro-
jected quantity is the divergence of the projected displace-
ment vector, i.e., Q(l, θ) = ∇ · w′, and thus, the divergence 
of the local displacement vector is first reconstructed by 
using the tomographic technique. Next, the local density is 
calculated by solving the Poisson’s equation. In principle, 
since the Poisson’s equation is valid for both the local and 
path-integrated (projected) quantities, the approach used by 
Venkatakrishnan and Meier (2004) should be equivalent to 
the present approach. Nevertheless, the rationale behind the 
present arrangement is to avoid the propagation of the error 
in solving the Poisson’s equation into tomographic recon-
struction that is more sensitive to the errors.

3  Experimental setup

Figure 7 shows a schematic of the experimental setup of 
the BOS measurements of a shock wave generated by a 
pulsed laser. A laser pulse with the wavelength of 532 nm 
and pulse width of 6 ns (Nd:YAG laser Nano S PIV, Litron 
Lasers Ltd.) was focused through a 20× microscope objec-
tive lens to a point inside a distilled-water-filled glass tank 
(450× 300× 300mm3). The underwater shock wave was 
generated at a laser-focused point, propagating spheri-
cally. The background random-dot pattern plate was placed 
behind the laser-focused point inside the tank. The shock 
wave was recorded by using a camera with 2048× 2048 
pixels (FASTCAM Mini WX50, Photron Ltd.). The spatial 
resolution was set at 5.18 μm per pixel. The light source 
utilized for illuminating the background pattern was a laser 
stroboscope (SI-LUX 640, Specialized Imaging Ltd.) with 
the pulse width of 20 ns. The pulsed laser, camera, and 
light source were synchronized by using a delay function 
generator (Model 575, BNC Co.). We utilized a PVDF 
pressure sensor (i.e., hydrophone) (Muller–Platte Needle 
Probe, error: ±2% Zhou et al. 2016 Mueller Instruments) 
to validate the results obtained by using the OF-BOS and 
the PIV-BOS. The pressure sensor was set toward a center 
of the laser-induced shock. The distance from the center 

to the hydrophone was 5.0± 0.1 mm. In the PIV-BOS, the 
open-source MATLAB PIV code called PIVlab is used to 
determine the displacement vectors, which is described by 
Thielicke and Stamhuis (2014).

4  Results

4.1  Typical case

A typical case with the laser power of 1.2 mJ is consid-
ered to compare the results obtained by using the OF-BOS 
and the PIV-BOS. Figure 8 shows the displacement mag-
nitude fields obtained by using the OF-BOS and the PIV-
BOS. The OF-BOS gives 2008× 1085 vectors, while the 

Fig. 7  Experimental setup for BOS measurements of the laser-
induced shock wave

Fig. 8  The displacement magnitude fields in the half domain 
(10× 5mm2): i OF-BOS and ii PIV-BOS
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PIV-BOS gives 250× 138 vectors in the same domain in 
Fig. 8. In optical flow computations, the Lagrange multi-
pliers for the Horn–Schunck estimator and the Liu–Shen 
estimator are 20 and 2000, respectively. In PIV compu-
tations, the window size is iteratively reduced from the 
initial size of 32 × 32 pixels to 16 × 16 pixels and then 
to 8 × 8 pixels. Both the OF-BOS and the PIV-BOS cap-
ture the sharp change induced by the shock wave in the 
displacement fields. As expected, the cross-correlation 
computations in windows in the PIV-BOS tend to smooth 
out sharp features like the shock waves. Figure 9 shows 
the profiles of the measured displacement along a ray 
aligned with the hydrophone, where the averaging opera-
tion over 50 lines for the OF-BOS and 20 lines for the 
PIV-BOS in the z-direction is applied to reduce the noise. 
The displacements were estimated from pressure data by 
using Eqs. (3)–(6) with an assumption of constant speed 
of propagation. It is indicated that both the OF-BOS and 
the PIV-BOS give results consistent with that given by the 
hydrophone at that location. In particular, the displacement 
induced by the shock wave is well captured by both the 
techniques. Nevertheless, the OF-BOS achieves a much 
higher spatial resolution.

Figure 10 shows the reconstructed pressure fields 
obtained by using the OF-BOS and the PIV-BOS. The OF-
BOS capture correctly the sharp pressure change across 
the shock wave, while the PIV-BOS has a larger error in 
the reconstructed pressure field particularly near the ‘north 
pole’ and ‘south pole’ due to its low spatial resolution. For 
quantitative comparison, as shown in Fig. 11, the pressure 
profiles reconstructed based on the displacement vector 
fields given by the OF-BOS (2008 × 1085 vectors) and 

PIV-BOS (250 × 138 vectors) are plotted against the data 
obtained by the hydrophone. The pressure profile given by 
the OF-BOS along a ray aligned with the hydrophone is 
consistent with that given by the hydrophone. In contrast, 
the pressure profile obtained by the PIV-BOS exhibits a 
considerably broader distribution extending to the inner 
region although its peak value at that location agrees with 
the data given by the hydrophone. Clearly, the OF-BOS 
provides the more accurate reconstruction of the pressure 
field of the shock wave. In contrast, the PIV-BOS has a 
much larger deviation from the data given by the hydro-
phone, which is particularly contributed by the large errors 
near the ‘north pole’ and ‘south pole’ (as shown in Fig. 10). 
In this case, the major issue of the PIV-BOS is its much 
lower spatial resolution that tends to corrupt the tomo-
graphic reconstruction of the shock wave.

Fig. 9  The profiles of the measured displacement along a ray aligned 
with the hydrophone, where R (=5 mm) is the radius of the shock 
wave, where the averaging operation over 50 lines for the OF-BOS 
and 20 lines for the PIV-BOS in the z-direction is applied to reduce 
the noise

Fig. 10  The reconstructed pressure fields (10× 6mm2) obtained by 
using i the OF-BOS and ii the PIV-BOS

Fig. 11  Comparisons between the pressure profiles obtained by 
using the OF-BOS, the PIV-BOS, and the hydrophone, where R (= 5 
mm) is the radius of the shock wave
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4.2  Effect of laser energy

Measurements at different levels of the laser power were 
conducted to further compare the data obtained by using 
the OF-BOS, the PIV-BOS, and the hydrophone. Figure 12 
shows the typical displacement distributions induced 
by the laser-induced shock wave at three levels of the 
laser energy, where the OF-BOS and PIV-BOS data are 

obtained along the ray aligned with the hydrophone. Over-
all, the OF-BOS and PIV-BOS data are in good agreement 
with the hydrophone data in the low and medium levels 
of the laser energy (0.6 and 1.4 mJ). The maximum pixel 
displacements obtained by OF-BOS are 0.8, 1.7 and 2.3 
pixel, respectively. In the cases of the higher levels of the 
laser energy (2.1 and 2.9 mJ) with larger displacements, 
a coarse-to-fine iterative scheme is adopted to improve 

Fig. 12  The profiles of the measured displacement at three levels of the laser energy, where the OF-BOS and the PIV-BOS data are obtained 
along the ray aligned with the hydrophone and R (= 5 mm) is the radius of the shock wave

Fig. 13  Typical pressure distributions of the laser-induced shock wave at three levels of the laser energy, where the OF-BOS and the PIV-BOS 
data are obtained along the ray aligned with the hydrophone and R (= 5 mm) is the radius of the shock wave
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the accuracy of optical flow computation (Liu et al. 2012; 
Liu et al. 2015). In this scheme, images are initially down-
sampled by 2 for a coarse-grained velocity field and then 
a refined velocity field with the full image resolution is 
obtained in iterations for correction of the large displace-
ments. Two and three iterations are applied to the cases of 
2.1 and 2.9 mJ, respectively. Figure 13 shows the corre-
sponding pressure distributions of the laser-induced shock 
wave at three levels of the laser energy. The OF-BOS is 
able to detect the weak shock wave and the pressure peaks 
of the shock wave are consistent with those given by the 
hydrophone. Figure 14 shows the peak pressure value of 
the shock wave as a function of the laser energy, indicat-
ing the favorable comparison between the data obtained by 
using the OF-BOS and the hydrophone. The PIV-BOS also 
detects the peak pressure in the lower energy cases, but the 

pressure distribution inside the shock front does not match 
that of hydrophone.

4.3  Effect of spatial resolution

It is conjectured that the spatial resolution of the extracted 
displacement field would have a significant impact on the 
tomographic reconstruction of the pressure field of the 
shock wave. This is because the spatial derivatives of the 
displacement vector field should be calculated accurately 
for the tomographic reconstruction of the divergence of 
∇ · w′, which will have the direct influences on the extracted 
density and pressure fields. To examine this problem, the 
displacement field of 2008 × 1085 vectors in the half-circle 
domain obtained by the OF-BOS is downsampled into sev-
eral fields with the lower resolutions. Then, the tomographic 
reconstruction procedures are applied to these fields to 
observe the effect of the spatial resolution. Figure 15 shows 
the reconstructed pressure fields based on the selectively 
downsampled displacement fields, where the field obtained 
by the PIV-BOS is also shown for reference. It can be 
observed that the quality of the reconstructed pressure field 
is degraded as the spatial resolution decreases. The degraded 
result given by the PIV-BOS is particularly obvious.

The quality of the pressure field particularly near the 
shock wave directly depends on the spatial resolution of 
the reconstructed field of the divergence of the displace-
ment field, which is illustrated in Fig. 16. Furthermore, as 
shown in Fig. 17, the effect of the spatial resolution on the 
reconstructed pressure field can be quantitatively observed 
in the pressure profiles along the ray aligned with the 
hydrophone. For the OF-BOS, the displacement field of 
2008 × 1085 vectors is downsampled to that of 268 × 148 
vectors. As shown in Fig. 17a, the reconstructed pressure 
distribution exhibits that the pressure peak is broadened 
increasingly with the decrease in the spatial resolution 

Fig. 14  The peak pressure value of the shock wave as a function 
of the laser energy, where the OF-BOS and the PIV-BOS data are 
obtained along the ray aligned with the hydrophone

Fig. 15  The reconstructed 
pressure fields (10× 5 mm2) 
obtained by the OF-BOS based 
on the selectively downsampled 
displacement fields to show the 
effect of the spatial resolution 
on the tomographic reconstruc-
tion, where the field obtained 
by the PIV-BOS is shown for 
reference
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and the peak value deviates from the data given by the 
hydrophone. In addition, the displacement field obtained 
by the PIV-BOS can be interpolated to generate a pseudo-
high-resolution field of 2091 × 1000 vectors. As shown in 
Fig. 17b, such interpolation could indeed improve the qual-
ity of the reconstructed pressure field even though the peak 
value becomes lower.

5  Conclusion

In BOS measurements of a shock wave induced by a laser 
in water, it is critical to obtain the displacement vector 

field with the high spatial resolution. In this work, the 
physics-based optical flow method is incorporated into 
the BOS technique, simply called the OF-BOS, which can 
obtain the displacement vector field from BOS images 
at the theoretical resolution of one vector per pixel. The 
tomographic reconstruction for a spherical laser-induced 
shock wave is proposed, which is applied to the fields of 
the projected divergence of the displacement vector at 
cross sections in the vertical direction. Superposition of 
the tomographic solutions at these cross sections yields 
the local field of the divergence of the displacement vec-
tor in the domain of the spherical shock wave. Then, the 
local density field is obtained by solving the Poisson’s 

Fig. 16  The effect of the spatial 
resolution of the field of the 
divergence of the displacement 
vector on the tomographic 
reconstruction on the pressure 
field of the shock wave

Fig. 17  The effect of the spatial 
resolution of the displacement 
field on the pressure profiles 
along the ray aligned with the 
hydrophone: a the OF-BOS and 
b the PIV-BOS, where R (= 5 
mm) is the radius of the shock 
wave
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equation and further the corresponding pressure field is 
calculated.

The OF-BOS gives the pressure field consistent with 
the result obtained by the hydrophone. In contrast, the 
BOS with the conventional cross-correlation method in 
PIV (simply called the PIV-BOS) fails to correctly reveal 
the shock wave in the reconstructed pressure field due to 
its much lower spatial resolution. It is found that the qual-
ity of the tomographic reconstruction of the divergence of 
the displacement vector field significantly depends on the 
spatial resolution of the extracted displacement vector field. 
Therefore, the reconstructed density and pressure fields of 
the spherical shock wave are directly affected by the spatial 
resolution, giving OF-BOS an advantage over the PIV-BOS 
method.

Acknowledgements This work was supported by JSPS KAKENHI 
Grant Number 26709007 from the Japan Society for the Promo-
tion of Science. This work was financially supported by Institute of 
Global Innovation Research at Tokyo University of Agriculture and 
Technology.

Open Access This article is distributed under the terms of the Crea-
tive Commons Attribution 4.0 International License (http://crea-
tivecommons.org/licenses/by/4.0/), which permits unrestricted use, 
distribution, and reproduction in any medium, provided you give 
appropriate credit to the original author(s) and the source, provide a 
link to the Creative Commons license, and indicate if changes were 
made.

References

Atcheson B, Heidrich W, Ihrke I (2009) An evaluation of optical flow 
algorithms for background oriented schlieren imaging. Exp Flu-
ids 46:467–476

Brujan E (2010) Cavitation in Non-Newtonian fluids: with biomedical 
and bioengineering applications. Springer Science & Business 
Media, Berlin

Feng J, Okamoto K, Tsuru D, Madarame H, Fumizawa M (2002) Vis-
ualization of 3D gas density distribution using optical tomogra-
phy. Chem Eng J 86(3):243–250

Hayasaka K, Tagawa Y, Liu T, Kameda M (2016) Measurement of a 
laser-induced underwater shock wave by the optical-flow-based 
background-oriented schlieren technique. In: Proceedings of the 
18th international symposium on application of laser and imag-
ing techniques to fluid mechanics, Lisbon, pp 249–257

Horn BK, Schunck BG (1981) Determining optical flow. Artif. Intell. 
17(1–3):185–203

Iffa ED, Aziz ARA, Malik AS (2010) Concentration measurement 
of injected gaseous fuel using quantitative schlieren and optical 
tomography. J Eur Opt Soc Rapid Publ 5:10029

Ihrke I, Berger K, Atcheson B, Magnor M, Heidrich W (2009) Tomo-
graphic reconstruction and efficient rendering of refractive gas 
flows. In: Imaging measurement methods for flow analysis. 
Springer, pp 145–154

Klaseboer E, Fong SW, Turangan CK, Khoo BC, Szeri AJ, Calvisi 
ML, Sankin GN, Zhong P (2007) Interaction of lithotripter 
shockwaves with single inertial cavitation bubbles. J Fluid Mech 
593:33–56

Liu T, Shen L (2008) Fluid flow and optical flow. J Fluid Mech 
614:253–291

Liu T, Wang B, Choi DS (2012) Flow structures of Jupiter’s Great 
Red Spot extracted by using optical flow method. Phys Fluids 
24(9):096,601

Liu T, Merat A, Makhmalbaf M, Fajardo C, Merati P (2015) Com-
parison between optical flow and cross-correlation methods for 
extraction of velocity fields from particle images. Exp Fluids 
56:166

Meier G (2002) Computerized background-oriented schlieren. Exp 
Fluids 33:181–187

Merzkirch W (2012) Flow visualization. Elsevier, New York
Murphy MJ, Adrian RJ (2011) PIV through moving shocks with 

refracting curvature. Exp Fluids 50:847–862
Raffel M (2015) Background-oriented schlieren (BOS) techniques. 

Exp Fluids 56:60
Raffel M, Richard H, Meier G (2000) On the applicability of back-

ground oriented optical tomography for large scale aerodynamic 
investigations. Exp Fluids 28:477–481

Tagawa Y, Oudalov N, Visser CW, Peters IR, van der Meer D, Sun C, 
Prosperetti A, Lohse D (2012) Highly focused supersonic micro-
jets. Phys Rev X 2(3):031,002

Tagawa Y, Oudalov N, El Ghalbzouri A, Sun C, Lohse D (2013) Nee-
dle-free injection into skin and soft matter with highly focused 
microjets. Lab Chip 13(7):1357–1363

Thielicke W, Stamhuis E (2014) PIVlab-towards user-friendly, afford-
able and accurate digital particle image velocimetry in MAT-
LAB. J Open Res Softw 2(1):e30

van Hinsberg N, Rösgen T (2014) Density measurements using near-
field background-oriented schlieren. Exp Fluids 55:1720

Venkatakrishnan L, Meier G (2004) Density measurements using the 
background oriented schlieren technique. Exp Fluids 37:237–247

Wang B, Cai Z, Shen L, Liu T (2015) An analysis of physics-based 
optical flow. J Comput Appl Math 276:62–80

Xue T, Rubinstein M, Wadhwa N, Levin A, Durand F, Freeman WT 
(2014) Refraction wiggles for measuring fluid depth and veloc-
ity from video. In: European conference on computer vision. 
Springer, pp 767–782

Yamamoto S, Tagawa Y, Kameda M (2015) Application of back-
ground-oriented schlieren (BOS) technique to a laser-induced 
underwater shock wave. Exp Fluids 56:93

Zhou H, Zhang Y, Han R, Jing Y, Wu J, Liu Q, Ding W, Qiu A (2016) 
Signal analysis and waveform reconstruction of shock waves 
generated by underwater electrical wire explosions with piezo-
electric pressure probes. Sensors 16(4):573

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

	Optical-flow-based background-oriented schlieren technique for measuring a laser-induced underwater shock wave
	Abstract 
	1 Introduction
	2 Optical-flow-based BOS technique
	2.1 BOS
	2.2 Optical flow method
	2.3 Tomographic reconstruction on a spherical surface

	3 Experimental setup
	4 Results
	4.1 Typical case
	4.2 Effect of laser energy
	4.3 Effect of spatial resolution

	5 Conclusion
	Acknowledgements 
	References




