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Abstract This paper discusses the relationships among

the aerosol extinction coefficient error (AECE), back-

ground noise, and distance associated with lidar measure-

ments. The AECE calculation is explained in detail,

revealing that the AECE is the product of background

noise, range squared, and a relation function. The result of

an AECE calculation that uses lidar measurements

obtained in Nanjing, China, agrees with a calculation that

uses a simulated lidar signal. The AECE equation is veri-

fied with lidar measurement data and a simulated lidar

signal, indicating the AECE equation is reasonable.

1 Introduction

Aerosols are a source of uncertainty and an important cause

of climate change. Aerosols also strongly pollute the

atmospheric environment and are harmful to public health

[1–3]. Consequently, scientists continue to consider aerosol

research an important topic, as different aerosol optical

properties cause different atmospheric radiation effects,

and a database of aerosol optical properties has yet to be

established in atmospheric research. High-accuracy aerosol

optical properties are necessary for atmospheric studies.

For instance, the aerosol extinction coefficient, and the

related visibility and optical depth, are essential in mete-

orology research [4]. Lidar can measure aerosols with high

efficiency and range resolution. However, deficiencies still

exist in lidar aerosol measurements. Aerosol measurement

uncertainty exists for two reasons: the inversion method for

the aerosol parameter, which has many assumptions [5],

and systematic error due to the lidar system. Systematic

error due to background noise is especially important,

because it persists in aerosol lidar measurements. It

remains an open question as to how background noise

should be handled. Researchers commonly reduce back-

ground noise, experimentally, by making lidar measure-

ments at night, using a narrow bandpass filter, and by

decreasing the telescope’s field of view. However, few

studies have examined aerosol measurement error due to

background noise [6]. This paper presents the theoretical

calculation of the aerosol extinction coefficient error

(AECE) due to background noise. The equation relating the

AECE and background noise is calculated in detail. The

AECE is calculated using experimental data and a simu-

lated lidar signal.

2 Theory of the AECE

The aerosol extinction coefficient inversion equation is as

follows [7]:

rðr; xÞ ¼ exp½ðSðr; xÞ � SmÞ=k�
r�1

m þ 2
k

R rm

r fexp½ðSðr; xÞ � SmÞ=k�gdr
ð1Þ

where x, a variable related to noise dp, is introduced for ease of

discussion dp ¼ op
ox dx

� �
, r is the distance (x and r are

independent), r(r, x) is the aerosol extinction coefficient,

Sðr; xÞ ¼ ln½r2pðr; xÞ�, p(r, x) is the lidar return signal, rm is
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the boundary value of the extinction coefficient, Sm is the

boundary value of S, and k is a constant. Therefore,

½Sðr;xÞ � Sðrm;xmÞ�=k ¼ ln½r2pðr;xÞ� � ln½r2
mpðrm; xmÞ�

� ��
k

¼ ln
r2pðr;xÞ

r2
mpðrm;xmÞ

� �1
k

ð2Þ

and

exp½ðSðr; xÞ � Sðrm; xmÞÞ=k� ¼ r2pðr; xÞ
r2

mpðrm; xmÞ

� �1
k

: ð3Þ

Using (2) and (3) in (1), we obtain

rðr; xÞ ¼
r2pðr;xÞ

r2
mpðrm;xmÞ

h i1
k

r�1
m þ 2

k

R rm

r
r2pðr;xÞ

r2
mpðrm;xmÞ

h i1
k

dr

: ð4Þ

For convenience, the functions U(x) and V(x) are

introduced as follows:

UðxÞ ¼ r2pðr; xÞ
r2

mpðrm; xmÞ

� �1
k

; ð5Þ

VðxÞ ¼ r�1
m þ

2

k

Zrm

r

r2pðr; xÞ
r2

mpðrm; xmÞ

� �1
k

dr: ð6Þ

Taking the differentials of (5) and (6) with respect to x

we obtain

dUðxÞ ¼ 1

k

r2pðr; xÞ
r2

mpðrm; xmÞ

� �1
k�1

r2dp

r2
mpðrm; xmÞ

ð7Þ

and

dVðxÞ ¼ 2

k

1

k

Zrm

r

r2pðr; xÞ
r2

mpðrm; xmÞ

� �1
k�1

r2dp

r2
mpðrm; xmÞ

dr: ð8Þ

Using (5)–(8), the differential of (4) can be written as

drðxÞ ¼ dUðxÞVðxÞ � UðxÞdVðxÞ
V2ðxÞ ð9Þ

Setting k = 1 in (9), we obtain

drðxÞ ¼ Tðr; xÞr2dp ð10Þ

where

Fig. 1 Aerosol lidar return signal and inverse extinction coefficient

946 N. Cao et al.

123



Tðr; xÞ ¼ T0ðr; xÞ � Fðr; xÞ ð11Þ

where

T0ðr; xÞ ¼
1

r�1
m r2

mpðrm; xmÞ þ 2
R rm

r r2pðr; xÞdr
ð12Þ

Fðr; xÞ ¼
2pðr;xÞ

dp

R rm

r r2dp dr

r�1
m r2

mpðrm; xmÞ þ 2
R rm

r r2pðr; xÞdr
	 
2 ð13Þ

We discuss the relationships among T(r, x), T0(r, x),

F(r, x) with reference to experimental and simulation data,

as described below. The calculation results show that

F(r, x) is negligibly small.

3 Analysis of aerosol lidar measurement data

Aerosol lidar measurement data and related analysis are

shown in Fig. 1. In lidar measurements, the background

noise is obtained using a cover over the top of the telescope

to block scattered light. We handle the background noise

according to (14), and compute

pðr; xÞ � r2 ¼
Pn

i¼1 ðpiðr; xÞ � noiseÞ
n

� r2 ð14Þ

According to (14), we subtract the background noise

from the experimental data, and then apply smoothing to

obtain the range-corrected signal (the lidar signal multi-

plied by range squared) without noise (Fig. 1a). We sub-

tract the background noise from the experimental data to

obtain a lidar signal without noise. Figure 1b shows the

extinction coefficient obtained via inversion from the sig-

nal in Fig. 1a. Because the return lidar signal without

background noise is smooth, the corresponding AECE

profile in Fig. 1b is also smooth. Figure 1c shows the

aerosol lidar range-corrected signal with background noise.

Figure 1d is the extinction coefficient profile obtained via

inversion from the noisy lidar signal in Fig. 1c. The

extinction coefficient profile in Fig. 1d has more fluctua-

tion with increasing range than does that in Fig. 1b. This

result indicates that the aerosol extinction coefficient

fluctuation (extinction coefficient error) is mainly due to

background noise. According to the above theory, (10) is

the relationship between AECE and background noise,

range, and the relation function T(r, x). Equations (11)–(13)

Fig. 2 a–d The function T0(r, x) calculated from experimental data and a polynomial fit, the function F(r, x), the polynomial fit of T0(r, x), and

the relation function T(r, x)
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Fig. 3 a Relation function T(r, x). b Range-corrected noise signal

(noise signal intensity multiplied by range squared). c Aerosol

extinction coefficient error (AECE) calculated from (10). d Extinction

coefficient calculated from the signal without noise. e Extinction

coefficient calculated from the signal with noise. f Sum of d and c

Fig. 4 a Simulated return lidar signal. b Simulated range-corrected

signal with and without background noise. The background noise is

the assumed constant

Fig. 5 a Functions T0(r, x) and F(r, x) calculated using simulation

data (see Fig. 4). b Enlargement of a, showing the function T0(r, x).

c Function T(r, x) calculated using simulation data
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indicate that T(r, x) depends on the lidar return signal and

range. Using measurement data, T(r, x) is calculated and

shown in Fig. 2. According to (12), the function T0(r, x) is

calculated using experimental data p(r, x) and p(rm, xm),

small fluctuations in T0(r, x) are due to noise in the

experimental data, and we performed a polynomial fit

calculation for T0(r, x), as shown in Fig. 2a. According to

(13), the function F(r, x) is calculated using experimental

data, small fluctuations in F(r, x) are due to noise in the

experimental data, and the value of F(r, x) is close to zero,

as shown in Fig. 2b. Figure 2c is the same as Fig. 2a but

with the vertical axis enlarged, showing the polynomial fit

calculation for T0(r, x). According to (11), the relation

function T(r, x) differs between T0(r, x) and F(r, x), as

shown in Fig. 2d.

It is clear that T(r, x) is almost equal to T0(r, x) and that

F(r, x) is negligibly small. Figure 3 shows the relation-

ships among AECE, T(r, x), and background noise.

Figure 3a shows that T(r, x) increases with increasing

range; consequently, AECE also increases in this way.

The background noise signal was measured immediately

after each aerosol measurement, and is shown in Fig. 3b.

The AECE, calculated according to (10), is proportional

to the background noise and becomes larger with

increasing range (Fig. 3c). We subtracted background

noise from measurement data to obtain an aerosol mea-

surement signal without background noise. Figure 3d

shows the extinction coefficient calculated from the aer-

osol measurement signal without background noise, and

Fig. 3e shows the extinction coefficient calculated from

the lidar signal with background noise, using the follow-

ing equation:

rðlidarsignalþ noiseÞ ¼ rðlidarsignalÞ þ dr ð15Þ

where r(lidarsignal ? noise) and (r(lidarsignal)) are the

aerosol extinction coefficients calculated from the lidar

signal with and without background noise, respectively,

and dr is the AECE. Using (15), and thus adding the data

from Fig. 3c, d, we obtain the aerosol extinction coeffi-

cient profile (Fig. 3f). The similarity of the profiles in

Fig. 3f and 3e indicates the validity of equation (10),

from which the result shown in Fig. 3c was obtained.

Fig. 6 Extinction coefficient calculated from the simulated signal.

a Relation function T(r, x). b Error of the extinction coefficient

calculated from (10) using the simulated signal. c Extinction

coefficient profiles corresponding to the simulated signal with and

without background signal. d Profiles 1 and 3 are those in c; profile 4
is the error shown in b; profile 2 shows the sum of profiles 3 and 4
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4 Simulations

To verify the AECE theory further, we performed addi-

tional simulations. Figure 4a shows the simulated lidar

return signal without background noise, and the back-

ground itself, which is assumed to be the constant, while

Fig. 4b shows the range-corrected signal with and without

background noise. Based on simulations, T(r, x), T0(r, x),

and F(r, x) are calculated as in Fig. 5.

Figure 5a shows T0(r, x) and F(r, x). Figure 5b is the

same as Fig. 5a but with the vertical axis expanded,

showing T0(r, x). Figure 5c shows T(r, x)—the difference

between T0(r, x) and F(r, x). F(r, x) is negligibly small

(Fig. 5a) and T(r, x) is almost equal to T0(r, x), similar to

Fig. 2b. Using the simulation data in Fig. 4 and T(r, x) in

Fig. 5, AECE can be calculated as in Fig. 6. Figure 6a

shows that the relation function T(r, x) is similar to that in

Fig. 3a, as they both increase with increasing range.

T(r, x) in both Figs. 6a and 3a is calculated using (11);

however, T(r, x) in Fig. 3a (Fig. 6a) is based on the mea-

surement (simulated) data. Employing (10), we use the

simulated data to calculate the extinction coefficient error

(AECE) due to background noise (Fig. 6b). The extinction

coefficient error increases with distance, assuming the

background noise is constant (Fig. 4a). The extinction

coefficient error shown in Fig. 6b corresponds to that in

Fig. 3c. The AECE shown in Fig. 3c relates to the exper-

imental noise. The two extinction coefficient profiles

shown in Fig. 6c are based on the simulated data, and

correspond to the range-corrected signals with and without

background noise, which are shown in Fig. 4b.

The extinction coefficient profile 1 (profile 3) in Fig. 6d

is calculated from the simulated signal with constant

(without) background noise. Profile 4 in Fig. 6d is the error

of the extinction coefficient. The extinction coefficient,

profile 2 in Fig. 6d, is the sum of profiles 3 and 4. Recall

that profile 1 is the extinction coefficient calculated using

(1), and profile 2 is the extinction coefficient calculated

from the full AECE theory. Figure 6 shows a small dif-

ference between profiles 1 and 2.

5 Conclusions

In aerosol lidar measurements, the measurement accuracy

is of great importance. The accuracy of aerosol optical

property depends on several factors, including the bound-

ary value and parameter assumptions, and background

noise. According to lidar theory, the relationship between

the AECE and background noise, and distance can be

calculated. The AECE is proportional to the square of

distance r2, the relation function T(r, x), and the amount of

background noise. Here, the relationship between the

AECE and background noise has been verified by using

aerosol lidar measurements and simulated lidar signals.
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