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f  Generating function
I  Error functional
L  Fin length
M  Total number of measured points
N  Degree of the polynomial approximating the exact 

solution
P  Perimeter of the fin cross-section
p  Parameter
Qb  Total heat conducted at the base of the fin
q  Heat flux
qα  Boiling heat flux
SD  Standard deviation
u, w  Polynomials
Vj  Sequence of harmonic polynomials
x, y  Coordinates
xm  Coordinate of experimental points

Greeks
α  Heat transfer coefficient
λ  Thermal conductivity
θ  Wall superheat
θb  Wall superheat at the fin’s base
Θ  Wall superheat approximation

1 Introduction

Heat transfer in the nucleate boiling regime, especially the 
heat flux density, has been a subject of interest since the 
1950s. Although much research has been devoted to the 
problem, no satisfactory explanation of the physical phe-
nomena accompanying the process has been found. That is 
mainly due to the fact that the physics of mass, momentum 
and energy transfer between the surface of the solid body 
and the wetting fluid is difficult to explain and describe. 
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Another reason is the nucleation, growth and detachment 
of vapour bubbles, which, at appropriately high wall super-
heat, lead to a crisis called the first critical point.

A wide review of physical models describing the boiling 
process and a means of predicting the operation of smooth 
surface heat exchangers were presented by Dhir [1]. In the 
last 80 years, a number of empirical and mechanism based 
correlations have been proposed for nucleate pool boiling. 
Empirical correlations differ from each other substantially 
with respect to the functional form of the heat flux density 
depending on fluid and surface properties. Additionally, all 
of them require knowledge of the density of active sites, 
bubble diameter, its frequency of departure, etc. However, 
because of the complex nature of the coexisting processes, 
it has not been possible to develop comprehensive formulas 
for these parameters.

The experimental data concerning boiling heat transfer 
described in the literature focus on isothermal surfaces. 
This is primarily due to the measuring technique, which 
involves mounting a specimen on the heating element. The 
power is determined directly by measuring the electricity 
supplied, as done by Ahn et al. [2, 3] and Naphon et al. 
[4], or indirectly by applying a gradient method including 
measurement of temperature at several points along the 
specimen axis, as done by Ahn et al. [5]. The final result 
of the experiment is a boiling curve, which shows the rela-
tionship between the heat flux density and the heat transfer 
coefficient as a function of wall superheat. The generalized 
results are illustrated in the form of correlations for the 
Nusselt number.

In the case of nucleate boiling heat transfer on smooth 
surfaces, the Rohsenow equation is used, and values of the 
required constants are selected for various surface-fluid 
combinations, Pioro [6] and Pioro et al. [7]. The factors 
involved in boiling heat transfer include the type, state, 
shape and orientation of the surface, the type of the fluid, 
possibly the amount of foreign particles, etc. However, the 
correlation relationships determined by different research-
ers even under the same or similar geometric and material 
conditions will differ. For instance, Kolev [8] analyzes a 
number of different correlation equations describing heat 
transfer for water boiling at ambient pressure on smooth 
surfaces. The values of the heat flux density calculated by 
means of these relationships differ, which can be explained 
by the fact that the measurements were conducted under 
different conditions and the surfaces differed in state. Six-
teen different correlations to predict the boiling heat trans-
fer coefficient are analyzed and compared to evaluate their 
use in evaporator design by Adib and Vasseur [9]. From this 
review, it appears that it is difficult to predict the proper 
value of the heat flux on the basis of the existing formu-
las found in the literature. A large number of correlations 
available in the literature are seldom satisfactory. Using 

the available literature and experimental test results, some 
researchers try to find a universal correlation for the boil-
ing heat transfer coefficients, as Shah [10]. Although they 
make progress in prediction accuracy, so far such attempts 
are still not satisfactory for general purposes.

Physical phenomena accompanying nucleate boiling are 
also considered theoretically. A 2D numerical investigation 
of boiling with a energy balance simulation is applied by 
Orzechowski et al. [11]. Measured and numerically calcu-
lated values of heat transfer coefficient demonstrate good 
congruence, which indicates a correct selection of measure-
ment methods and a cogent analysis of the experimental 
results. The application of the heat transfer theory to pool 
boiling is discussed by Roh [12]. The study provides an 
explicit illustration of the kinetics of phase transition mech-
anisms at the interface of two different phase materials.

Considerable divergence of results discussed in the lit-
erature indicates that the designed heat transfer elements 
should be measured separately. This is particularly essen-
tial in the case of non-isothermal surfaces, where the boil-
ing heat transfer processes differ significantly from those 
observed on surfaces with uniformly distributed tempera-
ture, as shown by Orzechowski [13]. A typical example, 
discussed by Krikkis [14], Liaw et al. [15] and Gonzalez-
Fernandez et al. [16], is a fin, on the surface of which dif-
ferent boiling regimes can be distinguished. Similar conclu-
sions are sought analytically by Turkyilmazoglu [17] and 
Kundu et al. [18]. They determine the performance of dif-
ferent fin geometries by analyzing the temperature-depend-
ent thermal conductivity of the fin material, the variable 
heat transfer coefficient under different boiling regimes 
or surface conditions. A original technique for determin-
ing the transient heat transfer coefficients from measured 
temperatures inside solids is presented in [19]. Numerical 
examples are given as verification of the method.

Maintaining the heat transfer rate and the desired oper-
ating temperature is an important task when a reliable 
operation of machinery components is to be provided. The 
proper design of the heat exchangers can produce an effi-
cient solution to the problem. Chen et al. [20] applied an 
inverse method together with FLUENT software and the 
experimental temperature distribution to investigate the 
non-uniform heat transfer coefficient on the fin in the heat 
sink for various fin spacings. Torabi and Aziz [21] inves-
tigated the thermal performance of T-shaped fins. They 
accounted for temperature-dependent thermal conductivity, 
surface emissivity, convection heat transfer coefficient, and 
non-zero convection and radiation sink temperatures. The 
problem was solved numerically. Konda Reddy et al. [22] 
presented a methodology for the estimation of temperature-
dependent heat transfer coefficient for a vertical rectangu-
lar fin operating in a steady state under natural convection 
regime. Heat transfer coefficient was considered as a power 
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law function of temperature excess. Thermal performance 
of variable diameter micro-pin fins was calculated by Dίez 
et al. [23]. On the basis of an exact solution of smooth pin 
fins for three selected profiles (hyperbolic, trapezoidal and 
concave parabolic ones), the approximate series solution 
was given. The effect of surface roughness on efficiency 
increase was evaluated. Three different types of fins made 
of aluminium and copper, at a fixed fin array volume were 
discussed by Huang et al. [24] while looking for the most 
efficient solutions to heat sinks. Results obtained by using 
the Levenberge-Marquardt method to solve 3-D inverse 
problem were based on the numerical experiments. Estima-
tion of unknown parameters in a rectangular fin satisfying 
a predefined temperature are discussed by Das et al. [25]. 
The study is useful for selecting various unknowns in a 
conductive-convective and radiative fin for required tem-
perature and efficiency.

Grysa et al. [26] presented an approximate method of 
solving nonlinear inverse stationary heat conduction iden-
tification of boundary condition. The obtained results were 
compared with the direct solution of the problem. A numer-
ical study of the inverse problem of determining time-vari-
able surface heat flux in a plane wall, with constant or tem-
perature dependent thermal properties, is given by Zueco 
et al. [27]. Direct and inverse heat conduction problems are 
solved with the network simulation method. Both the accu-
racy and effectiveness of the method has been discussed.

Considerations such as those mentioned above, aim to 
determine the performance and optimum design of fin 
assemblies. The aim of this study was to derive an effi-
cient algorithm for the determination of local values of the 
boiling heat transfer coefficient using a specimen made of 
aluminium.

2  Experimental procedure and measurements

Investigations were conducted at the test facility, specially 
arranged for the task. The diagram of the facility is pre-
sented in Fig. 1.

The experiment involved a long fin-shaped specimen 
with a width of 12 mm, an active length of 90 mm and a 
different thickness, which was placed between two tex-
tolite plates. One of the specimen surfaces was in contact 
with the boiling fluid, and the other was surrounded by qui-
escent atmospheric air. The test facility was equipped with 
two independent heating systems. The main heating ele-
ment, whose power was controlled with an autotransformer, 
was located at the fin base. The auxiliary heating system, 
made of spirally coiled resistance wire, was positioned on 
the bottom of the vessel. A constant supply of the electric 
power to the auxiliary system was maintained throughout all 
measurement series. The task of the auxiliary system was to 

sustain the boiling process in the whole volume of the liq-
uid. Supplying power to the auxiliary system was preceded 
by a measurement intended to examine the effect produced 
by the power supply on the results of investigations. Within 
the whole range of the power supply, no such effect was 
observed. The test facility was equipped with a cooling and 
condensate recovery system. Vapours of the boiling liquid 
condensed in the system of two tap water-cooled condens-
ers, and then flowed, by gravity, into the vessel.

The outer surface of the examined element was observed 
with a thermal imaging camera, as shown in Fig. 2. Since 
high emissivity of the observed surface is required to reduce 

Fig. 1  Diagram of the test facility for non-isothermal specimens: 1 
examined element, 2 thermovision camera, 3 data acquisition system, 
4 auxiliary heater, 5 separation system with the control of supplied 
electric power, 6 autotransformer with the electric power measure-
ment, 7 main heater, 8 cooling and condensate recovery system, T 
thermocouple

Fig. 2  Axial temperature distribution for a 3 mm thick smooth alu-
minium fin
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the uncertainty of the IR temperature measurement, the 
outer surface was coated in black paint. The optical homo-
geneity of the observed surface and the emission coefficient 
in the camera spectral range were determined during the 
initial calibration process. The experiments were performed 
using a VIGO System V50 camera, operating in the long-
wave infrared range (8–11 μm), equipped with a 384 × 288 
microbolometer FPA (Focal Plane Array), whose sensitiv-
ity at a temperature of 30 °C is <0.08 K. The main heater 
was mounted at the base of the specimen, where the pre-
determined time-invariant electric power was supplied. The 
heater outer surface was shielded so that the emitted radia-
tion would not affect the temperature measurement. The 
tests were conducted for refrigerant FC 72 at ambient pres-
sure, which after evaporation was directed onto the cool-
ing system in order to recover the condensate. The speci-
men had to be adequately fixed so that the temperature field 
observed with the thermal imaging camera could be treated 
as a one-dimensional quantity. The result of the measure-
ment was the distribution of temperature along the length 
for the central line of the fin. The test was carried out dur-
ing refrigerant FC 72 boiling at ambient pressure on a non-
isothermal smooth surface of an aluminium fin. Exemplary 
measurement results for a smooth surface specimen 3 mm 
in thickness are shown in Fig. 2. The results were obtained 
for three different heating powers supplied to the fin base.

Measurements of the electrical power applied to the 
main heater do not reflect the heat dissipated by the fin. It 
is thus difficult to estimate the amount of heat lost to the 
surroundings. Moreover, the changes are uneven as they are 
dependent on the changes in load. It can be assumed that 
for sufficiently thin specimens the Biot number is small, 
i.e. Bi < 0.1, since there is no change in temperature with 
thickness, it can be omitted and the total heat conducted 
at the base of the fin Qb can be calculated using Fourier’s 
law. The necessary temperature gradient can be determined 
from the measurement data shown in Fig. 2.

The same experimental set-up was used for a 12 mm 
thick smooth specimen made of aluminium. It had identical 
chemical composition and surface morphology as the 3 mm 
specimen. The electrical power supplied to the main heater 
was adjusted to keep the temperature of the outer surface at 
the fin base as close as possible to that reported for the thin-
ner sample. Figure 3 shows the axial temperature distribu-
tions in the two fins.

Direct observation of the boiling process at the fin sur-
face shows that for the two samples heat transfer at the base 
occurs in the fully developed nucleate boiling regime in the 
vicinity of the critical point. The heat transfer coefficient 
for nucleate boiling is frequently described by the Rohse-
now correlation, which indicates its exponential dependence 
on the wall superheat [6]. In this case, the total amount of 
heat dissipated by the fin with a constant cross-section is 

proportional to the square root of the surface at the base, i.e. 
Qb ∼

√
Fb (see Ref. [28]). The heat transfer surfaces of both 

fins are of equal dimensions, have the same spatial orienta-
tion and morphology, and fins differ only in thickness. With 
the assumption of constant temperature in the fin cross-
section, the amount of heat dissipated by the 12 mm thick 
fin should be twice as high as the amount of heat dissipated 
by the 3 mm thick fin. Thus, according to Fourier’s law, the 
derivative of the temperature at the base should be twice as 
small as that for the thicker fin. However, the values meas-
ured were different; they were −2412.8 and −1519.1 K/m 
for the thinner and thicker fins, respectively, while their 
ratio was 0.63. This large discrepancy indicates that the 1-D 
analysis cannot be used for fins with a relatively large thick-
ness. Thus, the problem must be solved numerically.

3  Problem formulation and the method of solution

The distribution of temperature on the outer surface meas-
ured with the thermovision camera is the evidence of the 
heat transfer taking place on the surface invisible to the 
camera. As shown in Fig. 3 the surface temperature distribu-
tions along the centrelines of fins of 3 and 12 mm, however, 
are not the same, which results only from different thick-
nesses of the samples. The different slopes of the tempera-
ture distribution for both specimens indicate that a thicker 
specimen does not satisfy the Biot number condition and 
1-D approximation cannot be applied automatically.

3.1  One‑dimensional inverse problem

The method for determining a local value of the heat trans-
fer coefficient over a non-isothermal fin surface can be used 
only with one-dimensional systems, i.e. ones where the 
drop in temperature over the thickness can be omitted. This 

Fig. 3  Temperature distribution along the centerline of aluminium 
fins of different thickness
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assumption is true for numbers Bi < 0.1. At nucleate boiling 
regime, for extended surfaces, the heat transfer coefficients 
reach values even higher than 0.1 MW/m2K. Thus, using a 
one-dimensional model is possible only for elements with a 
small thickness that are made of high thermal conductivity 
materials. For such large values of heat transfer coefficients, 
a copper fin <0.4 mm in thickness is required to strictly sat-
isfy the Biot number criterion. Boiling heat transfer of FC72 
on the smooth surface of the aluminium sample requires 
that the sample thickness should be a little below 4 mm.

The performance of a straight fin with a constant cross-
section is analysed on the basis of one-dimensional expres-
sion for the temperature distribution:

where m1
2 = P/λF, with P denoting the perimeter of the fin 

cross-section and F the cross-sectional area, λ thermal con-
ductivity, qα local value of the heat flux rejected by the fin 
lateral side, α heat transfer coefficient.

In inverse problems, the temperature distribution is also 
used to determine the heat transfer coefficient and the heat 
flux density. The right-hand side of Eq. 1 is dependent only 
on the wall superheat. Thus, the integration gives

where C is an integration constant calculated, if necessary, 
from the boundary condition.

Assuming that the result of integration of the right-hand 
side of Eq. (2) is described by the holomorphic function, its 
value can be represented by a power series as shown in (2).

Differentiation of both sides of Eq. (2) is replaced by the 
following expression for the heat flux density:

where m2
1 is defined in Eq. (1) while coefficients bi result 

from polynomial fit (see Fig. 5).

3.2  Formulation and solution of a 2‑D ill‑posed 
problem

In the case of thicker fins, where the differences in tem-
perature between the outer and inner surfaces are large, the 
assumption of a one-dimensional model leads to consider-
able errors. A good solution is to apply a method of non-
invasive measurement to determine the temperature field on 
the accessible surface and calculate the heat transfer surface 

(1)
d2θ

dx2
= m

2
1 qα = m

2
1 αθ ,

(2)

(

dθ

dx

)2

= 2m
2

1

∫

qαdθ + C = b0 + b1θ

+ b2θ
2
+ b3θ

3
+ b4θ

4
+ · · ·

(3)qα =
1

2m2
1

(

b1 + 2b2θ + 3b3θ
2 + 4b4θ

3 + · · ·
)

area. Then, the local values of the heat transfer coefficient 
and heat flux are established.

The conditions of the measurement described above 
require that the heat transfer coefficients should be deter-
mined on the basis of at least the two-dimensional Laplace 
equation for OABC area shown in Fig. 4.

Two of the boundary conditions on the side observed 
by the thermovision camera, i.e. the temperature distribu-
tion and the dissipated heat flux, are generally easy to esti-
mate. The other boundary conditions need to be determined 
individually. Thus, that constitutes not only an inverse but 
also an ill-posed problem. The problem described in this 
study was solved using heat harmonic polynomials (some-
times called heat polynomials). This method, proposed by 
Ciałkowski et al. [29], makes it necessary to find an exact 
solution in the form of an approximation satisfying the 
two-dimensional heat conduction equation and approxi-
mately satisfying the boundary conditions.

For a fin operating in the system presented in Fig. 4, the 
modelling was based on the stationary two-dimensional 
heat conduction equation,

θ the wall superheat.
It is expected that the solution to θ(x,y) should be looked 

for in the OABC area. Heat is removed from the side sur-
face, BC, at pool boiling of the surrounding medium. The 
aim of the calculations is to determine some local values 
of the heat flux density of this energy. The four boundary 
conditions required to solve the problem are: 

•	 for the thermovision camera OA side (see Fig. 4):

 

(4)
∂
2
θ

∂x2
+

∂
2
θ

∂y2
= 0

(5)θ(xm, 0) = f (xm)

Fig. 4  View of the element measured: 1 fin, 2 main heater, 3 thermo-
vision camera, 4 data acquisition and processing station, L, h length 
and thickness of the measured section, respectively
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where xm is the coordinate of the experimental points.
Condition (5) represents the distribution of discrete sur-
face temperature measured along the central line of the fin, 
OA, at M points with the xm coordinates. Additionally, it 
is assumed that the heat flux rejected to the surroundings 
along OA is negligible in comparison with the flux gener-
ated from the BC surface. The phenomenon of boiling heat 
transfer is observed along the BC side of the fin, while 
the OA edge is in contact with quiescent atmospheric air. 
The heat transfer coefficient is several orders of magni-
tude lower for OA in comparison with BC. The estimations 
show that for refrigerant boiling at atmospheric pressure the 
heat flux dissipated by OA is <1 % of the heat flux dissi-
pated by BC, which confirms the correctness of assumption 
(6). Moreover, it is a condition of the fin central symmetry. 

•	 The temperature distribution in the fin cross-section at 
the base, OC, is assumed to be constant: 

•	 For the fin top (the AB side in Fig. 4), it is assumed that: 

where θb is the wall superheat at the fin base.
Satisfying condition (8) requires using a fin with a suffi-
cient length, L. It should be noted that the condition on the 
BC side is not known, whereas for y = 0, two conditions 
are given.

The problem analyzed here is not only inverse but also 
ill-posed. To solve it, a method of resolving functions (in 
this case, some kind of polynomials for the local tempera-
ture) needs to be employed. For a given differential equa-
tion, it is always necessary to determine a generating func-
tion dependent on the parameter p. In accordance with [29], 
the following function was used:

because it satisfies the differential Eq. (4).
The coefficients of the Taylor series expansion of the 

above function relative to the parameter p are the desired 
polynomials solving the differential equation. The series 
expansion of the exponential function (9) is given by the 
following formula:

(6)
∂θ

∂y
= 0

(7)θ(0, y) = θb = const.

(8)
∂θ(L, y)

∂x
= 0

(9)f = ep(x+iy), where p ∈ R

(10)ep(x+iy) =
∞
∑

j=0

(x + iy)j
pj

j!

This gives two sequences of harmonic polynomials, the so-
called heat polynomials, one being a real part and the other 
an imaginary part of the complex function, (x + iy)j:

The same order polynomials u and w are used interchange-
ably to obtain a sequence of harmonic polynomials Vj, each 
of which satisfies the Laplace equation and can be treated 
as a particular solution of Eq. (4):

Its general solution is approximated by means of a linear 
combination of the heat polynomials, which constitute the 
approximation Θ(x,y) of the exact solution having the form 
of:

cj coefficients, N degree of the polynomial approximating 
the exact solution.

Expression (13) satisfies the Laplace Eq. (4); in a gen-
eral case, however, it does not exactly satisfy the boundary 
conditions. One can only demand that the acceptable error 
be as negligible as possible. The condition assumed in this 
way allows us to select unknown coefficients cj. It is thus 
essential to express the error functional as:

(11)
uj(x, y) = Re

[

(x + iy)j
]

wj(x, y) = Im

[

(x + iy)j
]

(12)

V0 = u0 = 1

V1 = u1 = x

V2 = w1 = y

V3 = u2 = x2 − y2

V4 = w2 = 2xy

V5 = u3 = x3 − 3xy2

V6 = w3 = 3x2y − y3

. . . . . . . . . . . . . . . . . . . . . . . .

(13)

θ(x, y) ≈ Θ(x, y) =
N
∑

j=0

cj · Vj(x, y)

= c0 +
N/2
∑

j=0

c2j+1

(

x · u2j − y · w2j

)

+
N/2−1
∑

j=0

c2j+2

(

x · wj+1 + y · uj+1

)

(14)

I =
1

M · θ2b

M
∑

m=1

[

Θ(xm, 0)− f (xm)
]2+

L

θ
2

b

L
∫

0

[

∂Θ(x, 0)

∂y

]2

dx

+
1

L · θ2b

h
∫

0

[

Θ(0, y)− θb

]2
dy +

L

θ
2

b

h
∫

0

[

∂Θ(L, y)

∂x

]2

dy → min
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where M is the total number of measured points.The fol-
lowing terms of the above error functional refer to the 
differences in boundary conditions (5)–(8) and value 
of function (13) which represents the approximation of 
the exact solution of Laplace Eq. (4).All components 
required in the above expression should be determined 
from the assumed form of the approximation (13). Then, 
by differentiating functional (14) in relation to all coef-
ficients cj, the following system of linear equations is 
obtained:

Thus, the problem is solved by applying the N + 1 linear 
equation systems with unknown values of vector C = C[c1, 
c2, …, cN] with unknown coefficients cj:

where

The elements of matrices A and B are defined by the fol-
lowing formulae:

As a result, the desired coefficients of the linear combina-
tion of functions (12) are obtained, which, introduced in 
Eq. (13), form an approximation of the exact solution. By 
using the obtained relationships, the thermal field in the 
analyzed area can be determined.

4  Method validation

The temperature measured on the outer surface OA (see 
Fig. 4) provides information on the processes occurring on 
the inner surface of the fin, not accessible to the thermovi-
sion camera. As a result, the temperature measured is dif-
ferent from the actual one occurring during intensive heat 
transfer.

(15)
∂ I

∂ci
= 0 for i = 0, 2, 3 . . . ,N

(16)A · C = B

(17)A =

















a1,1 · · · a1,N
. . .

ai,j
. . .

aN ,1 aN .N

















, B =

















b1
...

bj
...

bN

















(18)

aij =
1

M

M
∑

m=1

Vj(xm, 0)Vi(xm, 0)+L

L
∫

0

∂Vj(x, 0)

∂y

∂Vi(x, 0)

∂y
dx

+
1

L

h
∫

0

Vj(0, y)Vi(0, y)dy + L

h
∫

0

∂Vj(L, y)

∂x

∂Vi(L, y)

∂x
dy = 0

bi =
1

M

M
∑

m=1

f (xm)Vi(xm, 0)+
1

L

h
∫

0

θb Vi(0, y)dy

The thermal field on the fin surface is measured at many 
points with a thermovision camera. That makes it possible 
to apply typical procedures of smoothing and then numeri-
cal differentiation available in a number of calculation 
packages. For the 3 mm thick aluminium fin, the results of 
the analysis of the measurement data from Fig. 2 are shown 
in Fig. 5.

Using the polynomial approximation to the data given in 
Fig. 5, all coefficients of Eq. (2) could be determined and 
then the local heat fluxes qα and heat transfer coefficients 
could also be established. The corresponding boiling curve 
for the investigated surface is drawn in Fig. 7. Here and 
hereafter, the boiling curve is defined locally, i.e. for the 
local values of heat flux and heat transfer coefficients from 
superheat. Detailed analysis of the method and its uncer-
tainties are discussed by Orzechowski [28].

The major factor affecting the proper determination of 
the heat flux density is the limited accuracy of the meas-
uring device. The smaller are the differences between the 
temperature values, the greater effect of the measurement 
accuracy is noted. In this study, a regime around the criti-
cal heat flux and free convection boiling was analyzed. 
The determination of the heat flux density or heat transfer 
coefficient from error-prone measurement data is very diffi-
cult and requires validation of the method, especially if the 
problems are ill-posed.

The correctness of the developed algorithm is gener-
ally verified by a numerical experiment, in which a simi-
lar problem is solved analytically. A more reliable method 
should use, if possible, the experimental data. For that rea-
son, an additional independent test was conducted at the 
same test facility using the same devices and under the 
same conditions. The experiments involved measuring the 
distribution of temperature on the aluminium specimen 
with a thickness of 3 mm. For aluminium, whose conduc-
tivity is very high, and, for the small thickness of the speci-
men, the condition Bi < 0.1 was well satisfied nearly over 

Fig. 5  Square of the temperature gradient versus wall superheat
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the entire wall superheat range, and the heat transfer could 
be treated as a one-dimensional problem. The boiling curve 
was plotted using the method described in Sect. 3, and the 
results were compared with analogous data using the pro-
posed method of heat polynomials.

Figure 6 shows the temperature measured on the outer 
surface of the aluminium fin and the temperature calcu-
lated for the inverse ill-posed problem using the method of 
heat polynomials with the boundary conditions (5)–(8). In 
Fig. 6b, a difference in the measured and calculated tempera-
ture is shown. Its mean value is close to zero, and nearly all 
points are located in the range ±0.2 K. Only a few points 
are positioned outside that range. The probable reason is the 
local change in the emissivity of the paint, but even with this, 
the standard deviation for this set is low and equals 0.102 K.

The proposed numerical method used to solve the 
inverse problem allows us, for instance, to determine the 
surface temperature and the local heat flux as seen in Fig. 7 
as the function of wall superheat in FC-72 boiling on the 

aluminium fin at ambient pressure. For the sake of com-
parison, a similar relationship devised using a 1-D model 
is shown. It is also worth noting that in this particular 
range, the maximum Bi ≈ 0.08 is found at the wall super-
heat ~20 K. As can be seen from the two figures above, the 
good convergence of the calculation results obtained with 
two different methods using the same experimental data 
confirms that the method proposed for solving the ill-con-
ditioned inverse problem is correct.

Similarly, the relationship between the local heat flux 
removed from the surface and the wall superheat is deter-
mined from the distribution of temperature measured at the 
outer surface of the 12 mm fin, according to the 1-D proce-
dure. This leads to an exponential dependence of q on θ, as 
shown by the straight line in Fig. 7. The constant exponent 
can then be determined from its slope. The exponent value 
1.52 indicates the presence of only nucleate boiling on the 
whole fin surface. Moreover, this exponent is twice as small 
as that given in the Rohsenow correlation [6].

The boiling curves plotted for the two specimens in 
accordance with the 1-D procedure differ in shape and 
value. This falsely suggests that the physical phenomena 
present during the phase change heat transfer differ for the 
two specimens made of the same material and having the 
same surface morphology. Since this is not true, proper 
determination of the boiling heat transfer processes in thick 
fins requires using a numerical method, which, even for ill-
posed problems, gives correct results.

5  Discussion

The local values of heat flux density derived in Sect. 4 can 
be used to calculate the heat transfer coefficient for each 
wall superheat. As its maximum value is about 4800 W/
m2K, the Biot number for the 3 mm thick fin is smaller 
than 0.1. For a fin with the same physical parameters but 

Fig. 6  Results obtained for a 3 mm thick aluminium fin: a measured 
and calculated wall superheats at the outer OA and inner CB lines 
(see Fig. 4), θ(x,0) and θ(x,h) respectively, b temperature differences 
between the measured and calculated points at the surface viewed 
through a thermovision camera (y = 0)

Fig. 7  Measured and calculated heat flux for a thin aluminium fin
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a greater thickness, e.g. 12 mm, the temperature changes 
through the thickness cannot be neglected while determin-
ing the heat transfer conditions. The Biot number for the 
12 mm thick fin is about 0.32, so the problem must be at 
least two-dimensional. Systems with an easy-to-observe 
surface can have the thermal field measured; the boiling 
heat transfer coefficient can be calculated using the algo-
rithm described in Sect. 3.2. For the distribution of tem-
perature measured at the fin surface (Fig. 3), it was essen-
tial to assume the boundary conditions (5)–(8), develop 
an approximation of Θ(x,y), and calculate the coefficients 
cj from the best fit condition. The function determined in 
this way describes the thermal field in the OABC area (see 
Fig. 4).

Figure 8 presents the measured and calculated values 
of the wall superheat for two surfaces of the 12 mm thick 
fin, i.e. y = 0 and y = h (see Fig. 4). By comparison, dur-
ing boiling heat transfer, e.g. by natural convection or by 
forced convection with no phase change, large amounts of 
heat flux are removed. The largest are in the nucleate boil-
ing regime. As shown in Fig. 7, for the smooth aluminium 
sample with a thickness of 12 mm, the process starts at a 
wall superheat of about 8 K at a distance of about 3 cm 
from the base (see Fig. 8). With a rise in the wall super-
heat in the nucleate boiling regime, there is an increase in 
the heat transfer coefficient. Heat flux removal increases 
locally, resulting in an increase in the difference in temper-
ature between the outer surface (y = 0) and the inner sur-
face (y = h). The value exceeds 5 K at points located near 
the base of the 12 mm thick fin. This fact cannot be ignored 
in the analysis of heat transfer in fins with such a geometry.

Figure 9 shows a gradient of the wall superheat over the 
outer surfaces (y = 0 and y = h) along the fin length. The 
calculated values result from the assumed boundary con-
ditions. It should be noted that a good convergence of the 
measurement results with the assumed values is found.

However, some disagreement with Eq. 7 is observed for 
the temperature at the base of the fin. As can be seen from 
Fig. 10, the distribution of the wall superheat for x = 0 
changes with the height. The variability of this quantity is 
a result of a very high heat transfer coefficient, and it seems 
to correct the assumed boundary condition.

Figure 10 shows the numerically calculated distribution 
of temperature in the 12 mm thick fin in selected cross-sec-
tions. There is a significant change in temperature in the fin 
cross section to the height of about 30 mm from the base. 
Near the surface, where nucleate boiling exists, the temper-
ature drops considerably. Beyond this area, the decrease in 
temperature is insignificant.

In the numerical calculations, the approximation of the 
exact solution (13) is employed to determine the thermal 
field, which can be used to calculate the temperature gradi-
ents. In accordance with the Fourier law, this gradient, mul-
tiplied by the coefficient of heat conductivity, determines 
the heat flux density. On the other hand, the one calculated 
in the perpendicular direction on the inner edge (y = h) is 
equal to the boiling heat transfer on the fin:

(19)
qα = −�

∂Θ

∂y

∣

∣

∣

∣

y=h

and α =
qα

Θ

Fig. 8  Measured and calculated wall superheat for a 12 mm thick 
aluminium fin

Fig. 9  Temperature gradients along the fin length

Fig. 10  Temperature distribution at different cross-sections of the fin
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The calculation result in the perpendicular direction on the 
inner edge (y = h) of the fin is presented in the form of a 
boiling curve in Fig. 11.

The boiling curve is defined locally, i.e. for the local 
values of heat flux and heat transfer coefficients from wall 
superheat. The temperatures are taken at the inner surfaces 
of the fins. For the 3 mm thick fin, the temperature values 
at the inner and outer surfaces are nearly the same. For the 
thicker fin, the difference is significant, as shown in Figs. 8 
and 10. The total heat dissipation for the two fins is given in 
Figs. 2 and 3, respectively.

The analysis of heat transfer for refrigerant FC 72 boiling 
at ambient pressure over an aluminium fin shows that two 
steady boiling regimes on the surface: nucleate boiling and 
free convection are found. The boiling curve can be divided 
into three characteristic regimes. In the low superheat 
regime (up to about 6.5 K), free convection at a nearly con-
stant value of the heat transfer coefficient is observed. In the 
range of the wall superheat higher than 7 K, two subregimes 
can be distinguished. When the wall superheat is in the 
range from about 7 K to ~8.5 K, single bubbles lift off the 
surface and cause more intensive mixing of the fluid close to 
the fin surface. When the wall superheat grows above 9 K, 
more nucleation sites become active and the nucleation boil-
ing regime occurs. As a result, a rapid rise in the heat flux 
density and the heat transfer coefficient is observed.

Due to the very high coefficient of heat transfer in the 
nucleate boiling regime, in order to ensure a good repre-
sentation of one-dimensional heat conduction, it is neces-
sary to prepare the fin of a material with high thermal con-
ductivity and low thinness. Both of those affect the value 
of the Biot number, which should be as small as possible. 
Therefore, studies were performed for aluminium fins with 
a thickness of 3 mm, for which at the maximum heat trans-
fer coefficient, Bi ≈ 0.08 and gradually decreases with drop 
of the local heat transfer coefficient.

Figure 6a shows the wall superheat along the height of 
the fin. The figure presents measurement result and two 
lines for y = 0 and y = h, which were determined numeri-
cally by the given algorithm. From the comparison of the 
temperature difference from the side of thermovision cam-
era shown in Fig. 6b, the errors of the method could be 
drawn out. From the set under consideration, it can be seen 
that almost all values are within the range ±0.2 K and the 
standard deviation equals 0.102 K.

For the fin made of aluminium with a thickness of 
12 mm, temperature distribution in its cross OABC was 
calculated (see Fig. 4), and the results are shown in Figs. 8 
and 10. Temperature difference between inner and outer 
surfaces at the base of the fin is considerable and reaches 
slightly above 5.5 K. The difference of these values below 
0.5 K occurs only at a distance greater than 35 mm from 
the base, where free convection boiling is observed.

Figure 9 shows the temperature gradients. Its value in 
the direction of the y-axis is almost zero, which indicates 
the correct adoption of the boundary condition (6). The 
other two curves in this figure are the result of good agree-
ment of measured and calculated temperatures at the sur-
face, as discussed above.

For the commercial surface with lots of microcavities, 
the nucleate boiling regime starts at a wall superheat of 
about 9 K and, as more nucleation sites become active, and 
grows rapidly with the superheat increase, as shown in the 
boiling curve in Fig. 11. For superheat above 8 K, the heat 
transfer coefficient gradually increases and its maximum 
is about ~6.2 kW/m2K at the wall superheat of 20 K. The 
increased generation of vapor causes bubble interference 
and coalescence, and the vapour escapes in forms of jets 
or columns, which subsequently merge into slugs. This is 
accompanied by a much slower increase in the heat transfer 
coefficient and at the wall superheat above ~23.5 K, a con-
sequent decrease in the heat flux density is observed.

6  Conclusions

The aim of the experimental research was to measure the 
local values of the heat flux and the boiling heat transfer 
coefficient on a non-isothermal fin surface. The thermal 
conductivity of aluminium under nucleate boiling condi-
tions is relatively high, but 12 mm thickness of the fin 
makes the Biot number much higher than 0.1.

The study involved comparing two fins with the same 
surface morphology but different thicknesses. For the thin-
ner fin, the Biot number was smaller than 0.1, while for 
the thicker fin the number was much greater. The boiling 
curves plotted for the two specimens in accordance with 
the 1-D procedure described in Sect. 2.1 are clearly differ-
ent from each other in shape and value (see Fig. 7). The 

Fig. 11  Boiling curve for FC 72 at ambient pressure on an alumin-
ium fin
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maximum difference is more than 31 % at a wall superheat 
of 18 K.

Since it is impossible to use a 1-D model of heat transfer 
for such a system, the calculations were conducted using 
a two-dimensional heat conduction equation, which is an 
ill-conditioned problem due to the measurement method 
applied.

To validate the method of calculation, a series of meas-
urements was performed, whose purpose was to estimate 
the local heat transfer coefficient under conditions as close 
as possible to one-dimensional temperature distribution and 
to compare those results with the analogous ones obtained 
using the method in the inverse problem.

The performance of 1-D fin with a constant cross-sec-
tion is analysed on the basis of a one-dimensional expres-
sion for the temperature distribution. With an assumption 
that the outcome of integration is an holomorphic function, 
its value is represented by a power series. By differentiat-
ing this expression, functional dependences for the local 
heat fluxes and heat transfer coefficients are obtained. In 
this way the corresponding boiling curve for the investi-
gated surface is given and thoroughly discussed in the 
paper.

The results of numerical calculations are the tempera-
ture values inside the area and on the invisible side (see 
Fig. 10). They are described by the formula (13). On this 
basis, the local heat flux density and corresponding heat 
transfer coefficient are evaluated, as shown in Figs. 7 and 
11. There, a correlation between the values calculated 
assuming a one-dimensional model of heat transport phe-
nomena in the fin is also presented. Visible reduction in 
heat transfer coefficient in the high heat fluxes range is the 
result of polynomial approximation used in the model 1-D 
and cannot be here the basis for inference about the loca-
tion of the first critical point of boiling.

The approximation of the test results shown in Fig. 5 
was performed with sixth degree polynomial. Eq. (3) was 
used to determine the local heat flux or the heat transfer 
coefficient:

The coefficients were as follows: a0 = 5470.05 W/m2K,  
a1/a0 = −0.30757 K−1, a2/a0 = 0.034797 K−2, a3/
a0 = −0.00094 K−3, a4/a0 = −9.3E − 06 K−4, a5/
a0 = 4.24E − 07 K−5 (valid in the range of θ = 6–31 K).

To sum up, the analysis performed shows that the pro-
posed method provides accurate results coincident with 
1D ones. The obtained results of this study show that the 
method proposed is accurate and efficient for solving the 
engineering heat transfer problems where the thermal 
field could be measured and corresponding heat fluxes are 
sought.

(20)α =
qα

θ
= a0 + a1θ + a2θ

2 + a3θ
3 + a4θ

4 + a5θ
5
.
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