
Digital Object Identifier (DOI) 10.1007/s00220-013-1768-0
Commun. Math. Phys. 323, 449–450 (2013) Communications in

Mathematical
Physics

Erratum

Erratum to: Self-Attractive Random Walks:
The Case of Critical Drifts

Dmitry Ioffe1,�, Yvan Velenik2,��

1 Technion, Technion City, Haifa 32000, Israel. E-mail: ieioffe@technion.ac.il
2 Section de Math., Université de Genève, 2-4 rue du Lièvre, Case Postale 64, 1211 Genève 4, Switzerland.

E-mail: Yvan.Velenik@unige.ch

Received: 25 April 2013 / Accepted: 27 June 2013
Published online: 10 July 2013 – © Springer-Verlag Berlin Heidelberg 2013

Commun. Math. Phys. 313, no. 1, 209–235 (2012)

We provide suitably amended versions of part of the statement and the proof of Lemma 1
of [1], which were incorrect. We also use this opportunity to add a couple of comments.

Corrections to Lemma 1. The statement that A is super-multiplicative and the resulting
upper bound (8) are incorrect. We should instead consider first the function

H(x)
�=

∑

γ :0→x

a(γ ) 1{�γ [x]=1}.

Since H is super-multiplicative,

ξH (x)
�= − lim

n→∞
1

n
log H(�nx�)

is well-defined and H(x) ≤ e−ξH (x). Moreover, the elementary bound H(x) ≤ e−φ(1)‖x‖
shows that ξH is a norm on R

d .
The existence of ξ , as stated in Lemma 1, follows from the identity ξ = ξH , which

is obtained along the lines of the proof of Lemma 1 in the following fashion. Let k0
�=

supy 	=0 ξH (y)/‖y‖. Since A(x) ≥ H(x) and, by (9),

∑

k>2k0

A(k)(x) � e−k0φ(1)‖x‖,

� Supported by the Israeli Science Foundation grant 817/09.
�� Supported by the Swiss National Science Foundation.

The online version of the original article can be found under doi:10.1007/s00220-012-1492-1.

http://dx.doi.org/10.1007/s00220-012-1492-1


450 D. Ioffe, Y. Velenik

it follows that

A(x) �
∑

k≤2k0

A(k)(x) ≤ H(x)
∑

k≤2k0

G�(k+1)‖x‖(x, x) � Cd(x)H(x),

where

Cd(x)
�=

⎧
⎪⎨

⎪⎩

k3
0‖x‖2, d = 1,

k0 log(k0)‖x‖, d = 2,

k0, d ≥ 3.

The desired identity ξ = ξH now follows from H(x) ≤ A(x) � Cd(x)H(x).

Note that (8) should be replaced by

A(x) ≤ e−ξ(x)+log Cd (x).

This, however, has no impact on the coarse-graining estimates of Sect. 2, and conse-
quently on the rest of the arguments in the paper, for the following two reasons: First, we
are actually working with the function H rather than A in Sect. 2 (using first exit times
from balls) for which (8) holds. Second, the coarse-graining estimates would actually
go through with any uniform estimate of the type A(x) ≤ e−ξ(x)(1−o(1)).

Extension of Lemma 1. A closer look at the proof of Lemma 1 (and a slightly more
involved argument) reveals that positivity of the critical Lyapunov exponent holds when-
ever φ ≥ 0 and φ(1) > 0 with no additional assumption on monotonicity of φ. Note,
however, that the monotonicity assumption on φ is used in an essential way in the rest
of the paper.

Bibliographical complement. The fact that the quenched Brownian motion in Pois-
sonian potential undergoes a first order phase transition from a collapsed phase to a
stretched phase has been established in [2].
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