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Abstract: A periodic Ising model has interactions which are invariant under translations
of a full-rank sublattice £ of Z2. We prove an exact, quantitative characterization of the
critical temperature, defined as the supremum of temperatures for which the spontaneous
magnetization is strictly positive. For the ferromagnetic model, the critical temperature
is the solution of a certain algebraic equation, resulting from the condition that the spec-
tral curve of the corresponding dimer model on the Fisher graph has a real zero on the
unit torus. With our technique we provide a simple proof for the exponential decay of
spin-spin correlations above the critical temperature, as well as the exponential decay of
the edge-edge correlations for all non-critical edge weights of the corresponding dimer
model on periodic Fisher graphs.

1. Introduction

Phase transition is a central topic of statistical mechanics. A system undergoes a phase
transition whenever, for some value of the temperature and other relevant thermody-
namic parameters, two or more phases can coexist in equilibrium. Different properties
of the pure phases manifest themselves also as discontinuities in certain observables as
a function of the appropriate thermodynamic variables, e.g. discontinuity of the magne-
tization as a function of the magnetic field in a ferromagnet. Of special interest is the
temperature at which the phase transition occurs, that is, the critical temperature.

Lebowitz and Martin-Lof [22] defined the critical temperature, 7., for Ising ferro-
magnets as the supremum of temperatures such that the spontaneous magnetization is
strictly positive. Lebowitz [20] identified 7. with the self-dual point for an isotropic,
two-dimensional square grid Ising model. Based on various correlation inequalities and
differential inequalities, Aizenman, Bursky and Ferndndez [2] characterize the phase
transition by the exponential decay of two-point spin correlations above T, for ferro-
magnetic Ising models with dimension D > 2.
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For the two-dimensional Ising model, another approach is to apply the Fisher cor-
respondence [7], which is a measure-preserving bijection between the even spin-spin
correlation functions of the Ising model on a graph G, and the edge probabilities of
a dimer model on a decorated graph, the Fisher graph. Since then, dimer techniques
have been a powerful tool in solving the two-dimensional Ising model, see for example
the paper of Kasteleyn [14], and the book of McCoy and Wu [25]. However, due to
the complexity related to large matrices, the two-dimensional Ising model has acquired
a notorious reputation for difficulty. On the mathematical side, Kenyon [16—18] has
proven numerous spectacular results about the dimer model on bipartite graphs in recent
years. Those results make it possible to look at the two-dimensional Ising model from
a new perspective. In our paper, we follow the dimer approach to the Ising model, and
explicitly characterize the critical temperature, defined as in [22] and [2], with the zero
of an algebraic equation.

Theorem 1.1. Let T, be the critical temperature of the ferromagnetic, two-dimensional
periodic Ising model, defined by the largest temperature such that the spontaneous mag-
netization is strictly positive, then 0 < T, < oo. T, is determined by the condition that
the s;;ectml curve of the corresponding dimer model on the Fisher graph has a real zero
on T~

Theorem 1.1 allows one to compute the critical temperature of arbitrary periodic
Ising ferromagnets accurately, by solving an algebraic equation, see Example 6.14. The
proof of Theorem 1.1 consists of 3 steps:

Step 1. Applying Lebowitz’s technique [21] and the FKG inequality, we prove that the
weak limit of the even spin-spin correlation functions is independent of the boundary
conditions as the size of the graph goes to infinity. For the uniqueness theorem about
the Gibbs measure of dimer models on a more general class of non-bipartite graphs, we
refer to Corollary B.1.

Step 2. Using an n x n torus to approximate the infinite bi-periodic graph, we express the
two-point spin correlation functions as the determinant of certain block Toeplitz matri-
ces. For basics of Toeplitz and Hankel matrices, we refer to the appendix. We prove that
the determinant of the symbol of such block Toeplitz matrices is identically 1. Using the
FKG inequality, we prove that there is a unique 7 ,, defined to be the lowest temperature
such that the limit of the two-point spin correlation function is 0. The analytic property
for the limit of the two-point spin correlation function in case the entries of the block
Toeplitz matrices are analytic with respect to the reciprocal temperature follows from
Widom’s theorem [28] and a result (Lemma 4.6) from operator analysis [10]. Hence
Tt p has to satisfy the condition that the spectral curve has a real zero on T2.

Step 3. Characterization of T, and the condition that the spectral curve has a real zero on
T? (critical dimer weights). Since the two-point spin correlation functions are indepen-
dent of different translation invariant Gibbs measures, we derive T, , = T¢, and at the
critical temperature of the Ising model, the corresponding dimer model is also critical.
We also prove that as 8 (reciprocal temperature) increases from O to oo, there is a unique
Bo (0 < By < 00), such that the spectral curve has a real zero on T2. The uniqueness of
the critical dimer weights implies its identification with the criticality of the Ising model.

Here is a description of the structure of the paper. Section 2 proves the uniqueness
of even spin-spin correlation functions for periodic ferromagnetic 2D Ising models. In
Sect. 3 we discuss the correspondence between Ising models on a square grid and dimer



Critical Temperature of Periodic Ising Models 339

models on the Fisher graph. We also prove that the spectral curve is invariant under the
duality transformation. In Sect. 4, we complete Step 2 and Step 3 to prove the main
theorem. The block Toeplitz and the transfer matrix technique also provides a simple
proof of exponential decay of the spin-spin correlations at high temperature for Ising
models with interactions satisfying certain symmetry properties, see Sect. 5. For a proof
of exponential decay for general interactions, we refer to [1,2]. In the appendix, we
discuss several basic facts of Toeplitz and Hankel matrices for the readers’ reference.

2. Translation Invariant Gibbs Measure

2.1. EK.G inequality for periodic interactions. We consider a Ising spin system with a
ferromagnetic pair interaction in a finite box A of Z?, embedded on the whole plane, i.e,
at each point p of the lattice there is a spin ¢, = %1, and the conditional probability of
a spin configuration in the box A given a configuration outside it is proportional to

1
e~ Ea@) — B 2 ptgenip—qi=1 Tpa%p0a+2 pen hOp+2 pen gene Ipaopq) (1)

where J,, > 0 is the pair interaction. Assume J,, has period (m, n), i.e, for any
i,] € Z,Jpg = Jpi(im,jn),q+@m, jn)- h is the uniform external magnetic field, and B is
the reciprocal temperature. A boundary condition for the box A, is specified by giving a
probability distribution b5 for the configurations outside A. Let I" be the set of all Ising
spin configurations on A. Under the partial order relation “—"<*“+”, the partial order set
I" is a lattice, since any two configurations x and y in I" have a least upper bound x V y
and a greatest lower bound x A y. Moreover, I is a finite distributive lattice, see [8]
for a definition. We have the following theorem:

Theorem 2.1. Let | be an increasing function with respect to the partial order relation
on T, w1, ua be two probability measures, if all the following conditions are satisfied:

e the boundary condition §1 > 8>,
o the external magnetic field h1 > hy;

e the pair interaction Jpq > .lpq,

Then the expected values of f satisfy
(o = s

Proof. Since I is a finite distributive lattice, according to [12], if any spin configuration
A, B € T satisfy

ni1(AY B)ua(A A B) = i1 (A)pa(B), 2)

then

(= (s

for any increasing functions f on I'.

Let us prove Condition (2) for §; > 8>, while 4| = h, and J;q = qu. If A does not
have boundary configuration §; or B does not have boundary configuration §,, Condition
(2) is satisfied automatically since the right-hand side is zero while the left-hand side
is nonnegative. Hence to prove Condition (2), it suffices to prove that for any A with
boundary configuration §; and B with boundary configuration §5,

(A B)u(A A B) = 1(A)u(B), 3)
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where p is the probability measure on I with free boundary condition. Condition (3) is
true if energy for all bonds J, > 0. Notice that J, may be different from edge to edge.
It is trivial to check Condition (3) for each single bond with 16 different combinations
of spin configurations for A,B. If the inequality is true for the contribution of each edge
in the probability, the inequality is true for the probability, since the probability is the
product of contributions of each edge, and the partial order relation is defined bond by
bond.

The same method can be applied to check Condition (2) spin by spin or bond by bond
for the cases h; > hy and J,lq > Jl%q. O

Remark. Condition (2) is called the FK.G inequality.

2.2. Free energy. Asbefore, let A be a finite box of an infinite periodic square grid. The
equilibrium state of the system in A is the probability distribution for configurations in
A defined by (1) together with boundary condition b, or equivalently, by the family of
correlation functions,

(OA)n A by = (H Op)n,Aby> forany A CA.
pEA

An equilibrium state of the infinite system is defined to be a family of correlation func-
tions obtained as the limit of correlation functions for a sequence of finite boxes with
some boundary conditions

(Ca)np = 1im (CA)n A by -
A—o0

o0

We say a sequence of boxes {A,};2 , tends to infinity if

1. each A, is connected and A, C Ay41;

2. U, An=T;

3. forany/ > 0, let Al be the set of points in A with distance at most/ from its boundary,
and | A| denote the number of points in A, then

Al
lim Al

=0 (Van Hove convergence).
n—oo | Ayl

The letter b indicates some arbitrary boundary condition, and by = “+” or by = “~"

will indicate the boundary conditions defined by putting all spins outside A“+” or s
The statement (o4), , does not depend on the boundary condition is equivalent to the
statement that the equilibrium is unique.

For a finite system, the free energy is defined as follows:

1
F(hy A, bA) = m log(z e—EA((T))’
o

where E 5 (o) is defined in (1). We have the following theorem about the free energy

Theorem 2.2. As A — oo, the limit of F(h, A, bp) exists and is independent of the
boundary condition. Assume
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lim F(h, A,bp) = F(h).
A—o00

Then F (h) is convex, and analytic for h # 0

Proof. First of all, for each fixed A and by, F(h, A, bp) is a convex function of A.
Assume

Ay = e a0 >0,

B, = Z Bop.

peA
Then

O’F(h, A bn) (X, Ac)(Xy AcB]) = (35 AcBo)® 0
9h? B A1, A)? -

The inequality follows from applying the Cauchy-Schwartz to {/As}s and
{V/As Bs}o. Equality holds only if all the B, are equal, which is impossible, hence

2
% > 0, F(h, A, bp) is convex.

We claim that if limp_, o F(h, A, bp) exists, it is independent of the boundary con-
dition b . Assume G (i, A) is the free energy for the free boundary conditions, namely

G(h, A) = L logZeﬁ(% Zp#qu,\pﬂ“:l Jpq"p"q"’zpeA hf’p)’
o

[A]
then
G(h, N) |8A|,3 Jpog S F(h, A, bp) <G(h A)+|8A|,8 J
s — ————pmax = , 1\, =< s —— p max .
N Y A N Y
Under the assumption that A — oo in the sense of Van Hove,
[0A]
im — =0
A—o0 |A|

Since Jp4 has finite period, we have

lim F(h, A, bpy) = lim G(h, A),
A—o00 A—o00

which is independent of boundary conditions.
It is convenient to introduce a new variable

z=e 2P,
then
e NG — ()8,
where
0@) = 0u". (n=0,1,....|A]. )
The coefficients Q,, are the contribution to the partition function of the Ising lattice in
zero external field from configurations with the number of “ — ” spins equal to n. The

following lemma is proved by Lee and Yang [23]:
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Lemma 2.3. Let xop = xpo(a # B,a, B = 1,2,...,n) be real numbers whose abso-
lute values are less than or equal to 1. Let V. = {1,2,--- ,n}. Divide the integers
1,2,...,ninto 2 groups a and b so that there are y integers in group a and (n — y)

integers in group b. Consider the product of all xog, where o belongs to group a and
B belongs to group b. We shall denote by Q, the sum of all such products over all the

y,(n"—ly), possible ways of dividing the n integers, in other words
0= 2 1 II %
acV,la|=y aca feV\a
Consider the polynomial
Q@) =1+Qiz+---+0u7".
Then all the roots of the equation Q = 0 are on the unit circle.

Apply the lemma to (4); we obtain that the roots of Q(z) = 0 are on the unit circle.
The distribution of roots of Q(z) = 0as A — oo may be described by a measure d 1 (6),
so that |A|du(0) is the number of roots between ¢'? and ¢/+49) . Since Q(z) has real
coefficients, we have

du(0) = du(=0).

Taking the logarithm of (4), and taking the limit as A — oo, we have
2 )
F(h) = hp + / log(z — ¢"*)dpu ()
0
T
=hp +/ log(z> — 2z cos 6 + 1)du(8).
0

The singularities of F(h) corresponds to zeros of z> — 2z + 1. Since z = e 2#" > 0,
the only possible singularity of F (k) happens at & = 0, z = 1. The convexity of F(h)
follows from the convexity of F'(h, A,bp). O

2.3. High temperature. Define the average magnetization as follows:

1 10F(h, A,byp)
hoAba) = (— > = n A
m( A) <|A| pEAUP>h,A,bA i o

We have the following lemma about the average magnetization

Lemma 2.4. As A — 09, the limit of m(h, A, bp) exists and is independent of boundary
conditions. Moreover,

. dF(h)
] A =——7 ¥ )
Agnoom(h, ,bA) h h#0

Proof. ‘[1\—‘ > per Op is an increasing function on I' 5, and the F.K.G inequality says that

mh, A, =) <m(h, A, bp) <m(h, A, +). (5)
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For any A" 2 A, m(h, A, +) can be obtained from m(h, A’, +) by adding an infinite
positive external magnetic field on A"\ A. By the FK.G inequality we have

m(h, A',+) <m(h, A, +).
Hence m(h, A, +) is decreasing as A increases. Therefore limp_, o, m(h, A, +) exists,

denoted by m(h, +), for all h. Moreover, since |m(h, A, bp)| < 1, according to the
Dominated Convergence Theorem, we have

h h
/ m(h,H)dh= lim | m(h A, +)dh = F(h) ~ F(ho).
h

0 — 00 hO

where i > hg > 0 or 0 > h > hg. Since F(h) is analytic in h when & # 0, we have

dF(h
4y = D
dh
Similar process shows that
dF(h
(h,— = LR
dh

And the lemma follows from (5). O
Since F'(h) is analytic in 7 when h # 0, we define

N . dF(h)
m* = lim ———.
h—0+ dh

Applying the F.K.G inequality and following exactly the same process by Lebowitz and
Martin-Lof [22], we have the following lemma:

Lemma 2.5. When the external magnetic field is zero there is a unique equilibrium state
for the periodic, ferromagnetic infinite system if and only if m* = 0.

ﬁ > pea Op is an increasing function on I', according to the FK.G inequality,

m(h, A,bp) = <|T1\ ZpeA Op)A,b, 18 an increasing function in J; ; and h, hence if
we fix J; j and h, it is an increasing function in 8. When 8 = 0, we have a uniform
distribution for all configurations, therefore

m(h, A, bp)lg—o = 0.
As aresult m(h, A,bp) > 0 for any B. As its limit m* is nonnegative and increasing
in B. The critical temperature . is uniquely defined by the conditions m*(8) = 0 for

B < Beand m*(T) > 0 for B > B.. Then we have the following theorem

Theorem 2.6. When 8 < B, there exists a unique probability measure of the ferromag-
netic, periodic Ising spin system without external magnetic field.
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2.4. Uniqueness of spin-spin even correlations. This section is devoted to the proof of
Theorem 2.7. The proof is divided into proving several lemmas, as specified below.

Theorem 2.7. Given a bi-periodic, ferromagnetic Ising model with fixed reciprocal tem-
perature 3, periodic interactions J, and external magnetic field h = 0, the spin-spin
even correlation functions are unique under any translation invariant Gibbs measure.
That is, fix a finite subset A of the vertices of the graph such that |A| is even, for any
translation invariant Gibbs measure i, (o 4),, is independent of 1.

Define
oy +1
pA = H 2
vEA
Lemma 2.8. (pa)+ = lima—oo(pa)a, + exists and is translation invariant. That is

(PA+g)+ = (pA)+, where g is a translation vector.

Proof. The FK.G inequality applies to f = pa, because this is an increasing function
in each spin variable. This implies that (pa)a’ + < (pa)a.+. if A’ 2 A, by the EK.G
inequality. Hence

lim
A_)OO<)0A>A,+

(PA)+ =

exists and (pa)+ < (pa)a +. The translation invariance of the (p4)+ follows from the
uniqueness of taking the limit A — co. O

Lemma 2.9.
(Oa)app S {0A) A+

Proof. Let k denote any edge connecting one vertex in A and one vertex outside A.
Consider

> i Jijoioi+> rean JkOk
~j,i,jen0 YijOi0] kedA YkOk
EgaAe i~jij

(oa) = ,
Z
s aAeZiwj Tij0i0j+2 keon T30k
o
(04)" = Zi ;
where
a0 Jijoioi+ Jikok
7 = Zez, 1i.jen0 JijOioi 2 can ,
o
/ a0 Jijoioj+ an J10k
7 — Zez, i jen0 Yijoio] 2kean i ,
o
then
> o(oa— UA)eziwxi,jeAO Jij@i0j+0{o[)+3 ean Jkok+Tiop)
/ 0,0
(oa) — (04) = (6)

77
Z (1 _ tA) z o‘AeZi“jyi,fe/\O Ji_i(1+titj)(7i(7j+zk53/\(Jk+tk«,/é)‘7k
_ t o )

zz’

. (D
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where t; = o; oi/ . Here J,é = =+ J; reflects the boundary conditions. It follows from the
ferromagnetic condition that when

Je > |, Yk €A,
the right side of (7) is nonnegative. O

Let A= B A C = BUC\BNC be the symmetric difference between the sets B
and C, then t4 = tgtc = £1, and
1 —tptc = x(tg — t¢). 3
Substituting (8) on the right of (7) and going back to the o’ variables, we obtain our
basic inequality for o4 = opoc:
{(oBoc) — {opoc) = |(oB)(oc)’ — (o) (oC)I. ©)

Then the absolute value sign on the right side of (9) follows from the fact that the right
side of (7) is always nonnegative given ferromagnetic interactions. Namely, Z, Z’ are
partition functions of Ising models, which are positive. For any given ¢; at all vertices,
we consider an Ising model with interaction constants

Jij = Jij(1+1t;) >0, Vi ~ j,
Jo = Jr+nJ] >0, if I > |J}| Vk € 9A.

Since all interaction constants are nonnegative, we have a ferromagnetic Ising model;
as a result,

(0A)Z = GAeZi~_i,i,_jeAO Jij (A+1itj)010j+3 geyn (i +ik J) ok >0,

where Z is the partition function for the new Ising model. Moreover 1 — 14 is always
nonnegative, that is the reason that the right side of (7) is nonnegative, and (9) follows.

Lemma 2.10.

lim (pa)p .+ = (PA)B+: (10
p'— B+

lim (pa)p,— = (pa)p,—- (11)
Sim_(pa)p p

Proof. Since (pa) g+ < (0A)B.A.+>

lim (pa)g .+ < lim (pa)p A+ = (PA)BA +-
B+ B pr

Letting A — o0, we have

li e < .
ﬂ/g?ﬂ(m);z + = (oA)p+

But the FK.G inequality implies that
(0A) B+ = (PA)B 4
for B < B/, so

m (PA)p +-

(pa)p+ < i
B/~ B+

Then (10) is proved, and (11) can be proved analogously. O
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Lemma 2.11. %—g is continuous for all the ferromagnetic interactions.

Proof. First of all, notice that {0;0;); = (0;0;)_ by symmetry. Let % ((,;13—‘7_) be the
right(left) derivative of F with respect to 8. The assertion will follow if we prove that
oF i 1 1
pE Algnoo Al Z (0ioj)A+ = ™ Z (0i0j)+, (12)
i~j,i,jeA i~j,i,jeN

where A is the quotient graph of the infinite periodic graph with respect to translation.
Now we prove (12). Consider first the boundary condition +. For any € > 0, let A,
be a box containing all the edges of Ay, such that (o;0j)A, .+ < (0i0j)+ + €, for all

i ~ j,i, j € Aq. Then for any translation vector g, and A such that A + g € A, we
have for alli ~ j,i, j € Ao,

(0i0j)+ = (Ci+g0jrg)+ < (TirgOjrg) A+
< (0i+g0jrg) Actg,+ = (0i0j) A+ < {0;0))4 + €. (13)
Using the decomposition
1 1
N z (oiojia+ = Al Z Z (Ci+gOj4g) A >
i~j,i,jeA i,jeAr,i~jit+tgeA, j+geA

where the second sum is over g, lima — % = 0 and (13) imply that

|
— Z (Uin)+Ellmlnfmz<0i0j>/\,+

Ay, A~ —
i,jeEN],i~] i~j

. 1 1
= llmSUPm Z(Uiaj)A,+ =< A Z (0i0j)+ +€,
i~j i, jeA i~

for any €, which means that

. 1 . OF(A,4) 1

lim — Tof = lim = E i0j )+,

AS AL Z (ioj)as = lim —g A & [tk
i~ji,jeEA L,jEAYI~]

and similarly for the boundary condition “—”. Since F' is convex with respect to 8, the
discontinuous points of % is countably many $’s, at most. For any finite box A of a
locally finite periodic graph,

1

m Z (0io}) gll)relell\)ideg(v).

in~jijeA
According to the Dominated Convergence Theorem,

B B
/ 1 lim 3F(A,+)d/3 — lim / 1 8F(A,+)d'3
B B B

, A—oco D A—o0 Jg, B
= Ali_I)nOO[F(A, B1,+) — F(A, Bo, H)] = F(B1) — F(Po).

The last equality follows from the fact that F is independent of boundary conditions.
Let 8/ — B from the right side (8’ > B). We have
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oF oF 1 1

— = lim — = lim — E (0i0j)pr 4+ = — E (0i0j)p,+
+ [N " [N 4 )

0Bt popr Blp—p Bl A 1ALl e,

So (12) is proved for the boundary condition +, and — is treated analogously. 0O

Lemma 2.12. (0;0;),, = {(0;0})+ for any translation invariant limit probability measure
wandanyi ~ j, if % is continuous.

Proof. Let K be an arbitrary translation invariant interaction, define

1
AK = — Z KijO'i(fj.
ALl =
i~j,i,jEN]
Then for any translation invariant probability measure pu,
FJ+K) = FJ)+ (AK) - (14)

That is (Ak), is a tangent vector of F at J along the direction K. In other words, the
expected value of Ak under any translation invariant probability measure corresponds

£ AFJ+)) ’
T |,

to a tangent vector. For the proof of (14), see [19]. I is continuous, the

tangent vector is unique and its slope is equal to the corresponding derivative, which
means the expected values of A under any translation invariant probability measure
are the same. Hence if % is continuous, we have

> dijleioplu= > Jijloioj)s.
i~ JEA] i~J,i,JEA]
Given Lemma 2.9, under the assumption that J;; > 0, we have (0;0;)+ = (0;0}), for
all translation invariant limit measure . 0O

Lemma 2.13. Assume J;; > 0, if (0;0;) = (0i0;) # O, forall i ~ j, then (o) =
(o), for all sets E containing an even number of sites.

Proof. Any translation invariant Gibbs measure can be considered as the weak limit
of Boltzman measures on finite graphs with given boundary conditions, as the size of
the graph goes to infinity. Any boundary conditions can be transformed to “+” bound-
ary conditions by changing the coupling constant on the edges incident to a bound-
ary site. If the configuration at the boundary site is “+” then the new coupling con-
stant on incident edges is unchanged; otherwise the new coupling constant is —J,.
Given J;; > 0, we have J;; > |J;;|, we derive that the inequality (9) is true. Since
(opoc) — (opoc) = |(og){oc) — (o) (o). let A = BAC; we have

(oa) — (04) = |{oB)(0A0R) — (0B) (0A0B)I.

Then (o4) = (o4, (o) = (o) # 0 implies (ca0p) = (o40p) . The result follows
by induction. O

Proof of Theorem 2.7. From Lemma 2.13, it suffices to prove that (o;0;) # 0 and is
independent of boundary conditions for all i ~ j. From Lemma 2.12, this is true if and
only if % is continuous, and % is always continuous, given Lemma 2.11. O

The uniqueness of the spin-spin even correlation functions can lead to the uniqueness of
translation invariant Gibbs measures of dimer models on a large class of non-bipartite
graphs. Interested readers may look at the appendix for more about this topic.
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A%

Fig. 1. Fisher Graph

3. Fisher Correspondence

3.1. Dimer model. The Fisher graph we consider in this paper is a graph obtained from
a honeycomb lattice by replacing each vertex by a triangle, as illustrated in Fig. 2. There
are three types of non-triangle edges on such a graph with different direction, namely
a-type, b-type, and c-type. We give weight 1 on all the a edges (corresponding to hori-
zontal edges in Fig. 1). The weights of b-edges and c-edges are strictly less than 1 and
assigned periodically with arbitrary period m x n. As we will see, the dimer model of
such a Fisher graph corresponds to the ferromagnetic Ising model on a periodic square
grid.

A perfect matching, or a dimer cover, of a graph is a collection of edges with the
property that each vertex is incident to exactly one edge. For general results of dimer
models, see the Appendix.

A perfect matching, or a dimer cover, of a graph is a collection of edges with the
property that each vertex is incident to exactly one edge.

To a weighted finite graph G = (V, E, W), the weight W : E — R* is a function
from the set of edges to positive real numbers. We define a probability measure, called
the Boltzmann measure ;« with sample space the set of dimer covers. Namely, for a
dimer cover D,

1
wd) = [ we,

eeD

where the product is over all edges present in D, and Z is a normalizing constant called
the partition function, defined to be

Z:ZHW(e),

D eeD

the sum over all dimer configurations of G.

For planar Z?-periodic graphs, endowed with periodic weights on edges, the notion
of Boltzman measure is replaced by that of Gibbs measure with the property that if the
dimer configuration is fixed in an annular region, then the random dimer configuration
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inside and outside the annulus are independent, and the induced probability measure
inside the annulus is the Boltzmann measure defined above. It is known that differ-
ent Gibbs measures may be obtained as the infinite-volume, weak limits of Boltzmann
measures with various boundary conditions.

If we change the weight function W by multiplying the edge weights of all edges
incident to a single vertex v by the same constant, the probability measure defined above
does not change. So we define two weight functions W, W’ to be gauge equivalent if
one can be obtained from the other by a sequence of such multiplications.

The key objects used to obtain explicit expressions for the dimer model are Kaste-
leyn matrices. They are weighted, oriented adjacency matrices of the graph G defined
as follows. A clockwise odd orientation of G is an orientation of the edges such that
for each face (except the infinite face) an odd number of edges pointing along it when
traversed clockwise. For a planar graph, such an orientation always exists [14]. The
Kasteleyn matrix corresponding to such a graphis a |V (G)| x |V (G)| skew-symmetric
matrix K defined by

Wwv) ifu~vandu — v
Kuiv=1—-Wv) ifu~vandu < v
0 else.

It is known [13,14,17,27] that for a planar graph with a clock-wise odd orientation, the
partition function of dimers satisfies

Z = A/detK.

Now let G be a Z2-periodic planar graph. By this we mean G is embedded in the
plane so that translations in Z? act by weight-preserving isomorphisms of G, i.e. isomor-
phisms which map each edge to an edge with the same weight. Let G, be the quotient
graph G/(nZ x nZ). It is a finite graph on a torus. Let yx , (¥y,,) be a path in the dual
graph of G, winding once around the torus horizontally(vertically). Let Ey (Ey) be
the set of edges crossed by yx ,(vy,n). We give a crossing orientation for the toroidal
graph G, as follows. We orient all the edges of G, clockwise odd except for those in
Ey U Ey. This is possible since no other edges are crossing. Then we orient the edges
of Ey clock-wise odd as if Ey did not exist. Again this is possible since G — Ey is
planar. To complete the orientation, we also orient the edges of Ey clockwise odd as if
E g did not exist.

For 9, t € {0, 1}, let K, ,i’ " be the Kasteleyn matrix K, in which the weights of edges
in E are multiplied by (—1)?, and those in Ey are multiplied by (—1)7. It is proved in
[27] that the partition function Z,, of the graph G, is

1
Z, = §|Pf(K,?°) +PE(K %) + PE(KOY) — PR(K ).
Let E,, = {e1 = ujvy, ..., e, = uyvy,} be a subset of edges of G,,. Kenyon [16]

proved that the probability of these edges occurring in a dimer configuration of G,, with
respect to the Boltzmann measure P, is

m
Puer.....em)= WWW?‘))E; +PE(K ) gy +PE(KOY) gy —PE(K ) .
n
where E, = V(G,)\{u1, v1, ..., um, vy}, and (K,f’)E;}-1 is the submatrix ofK,(fr whose

lines and columns are indexed by E,.
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ay

a2

Fig. 2. Vertex of Ising model and corresponding dimer gadget

The asymptotic behavior of Z,, when n is large is an interesting subject. One important
concept is the partition function per fundamental domain, which is defined to be

1
lim (Z,;)"*.
n— 00
The logarithm of the partition function per fundamental domain is the free energy,
namely

: 1
F = nll)néo ) log Z,,.
Let K; be a Kasteleyn matrix for the graph G. Given any parameters z, w, we
construct a matrix K (z, w) as follows. Let yy 1, yy,1 be the paths introduced as above.
Multiply K1, (4,v). the (u, v) entry of the matrix K, by z, if the crossing orientation on

that edge is from u to v, otherwise multiply K (, ) by %, and similarly for w on yy.
Define the characteristic polynomial P(z, w) = det K(z, w). The spectral curve is
defined to be the locus {(z, w) € C* x C* : P(z, w) = 0}.

Gauge equivalent dimer weights give the same spectral curve. That is because after
Gauge transformation, the determinant multiplies by a nonzero constant, thus not chang-
ing the locus of P(z, w).

A formula for enlarging the fundamental domain is proved in [6,17]. Let P,(z, w)
be the characteristic polynomial of G, and P(z, w) be the characteristic polynomial of

G, then
Puzwy =[] [] P v.

U=z v"=w

3.2. Duality transformation. We call a geometric figure built with a certain number of
bonds a closed polygon if at every lattice point, only an even number of bonds occurs.
We associate to each square grid a Fisher graph by replacing each vertex with a gadget,
as illustrated in the following figure

If we draw a larger picture we will see that the Fisher graph is exactly the one obtained
by replacing each vertex of the hexagonal lattice by a triangle. There is a one-to-one
correspondence between closed polygon configurations on the square grid and dimer
configurations on the Fisher graph. An edge is present in the closed polygon configu-
ration of the square grid if and only if the corresponding edge is present in the dimer
configuration of the Fisher graph, see Fig. 2.

There are two ways to associate an Ising spin system on a square grid to the closed
polygon configurations on the square grid. As a result, an Ising spin system on a square
grid can be associated to the dimer system on a Fisher graph in two different ways. These
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Fig. 3. Measure-Preserving Correspondence

two different ways lead to a duality transformation, which plays an important role in the
identification of the critical temperature, as we will see. Note that these correspondences
hold when there is no external magnetic field. Namely, the Ising model is defined by (1),
given h = 0, in order to introduce the correspondences between the Ising model and the
dimer model.

3.2.1. Correspondence 1: Measure-preserving correspondence An Ising model on a
square grid is associated to closed polygon configurations on the dual square grid as
follows: if two adjacent spins are of the same sign, the dual edge separating them is not
present in the closed polygon configuration, otherwise the dual edge is present in the
closed polygon configuration. An example of this correspondence is illustrated in Fig. 3:

The dashed lines are bonds of the Ising model, and the black lines are edges of the
dual grid. If two adjacent spins are of the same sign, the dual edge separating them is
not present in the closed polygon configuration; otherwise the dual edge is present in the
closed polygon configuration. This correspondence is two-to-one because negating the
sign of all spins will end up with the same closed polygon configuration on the square
grid. Combining with the one-to-one correspondence of closed polygon configurations
on the square grid and the dimer configurations on the Fisher graph, by assigning edge
weights e =27 to the dual edges, we get a measure-preserving correspondence between
the Ising spin system and the dimer system, namely,

Pr(D(o)) = Pr(o)+ Pr(—o) =2Pr(o),

where D (o) is the dimer configuration corresponding to the spin configuration o.

3.2.2. Correspondence 2: Correspondence based on high-temperature expansion. Let
G be a finite square grid, the high temperature expansion of the Ising model on G is

Zg = Z H exp(J.0,0y)

0 e=uveE(G)

= Z H (cosh J, + 0,0, sinh J,)

o e=uveE(G)

=( [] coshid T[] «+ouo,tanhl,)

e=uveE(G) 0 e=uveE(G)

=( H cosh J,) Z H 2" tanh Je,

e=uveE(G) CeSeeC



352 Z.Li

where S is the set of all closed polygon configurations of G. This way, up to a multiplica-
tive constant, the Ising partition function is the same as the partition function of the closed
polygon configuration of the same square grid. There is no one-to-one correspondence
between configurations in this case, hence although in this case the partition function
is invariant, it is not measure-preserving. Combining with the correspondence between
the closed polygon configurations on the square grid and the dimer configurations on
the Fisher graph, we obtain a correspondence between Ising models on square grid and
dimer models on the Fisher graph, by giving the corresponding edge of the Fisher graph
tanh J,.

3.3. Duality transformation. Let G, be the quotient graph of the square grid on the
plane, as defined in Subsect. 2.2. Let G}, be the dual graph of G,,. Define an Ising model
on G, with interactions {J,}.c£(G,)- Assume the Ising model on G, has partition func-
tion Zg,,;. Then Z¢,,; can be written as, up to a constant multiple, following from the
measure-preserving correspondence; we have

Zo, =2 ] expte) D []exp(=240):=2 [] exp(Je)Z,.ne-
e€E(Gy) CreSg, eeC* ecE(Gy)

where S, is the set of closed polygon configurations of G, with an even number of
occupied bonds crossed by both y, and yy. The sum is over all configurations in Sg,.
Similarly, we can define S, (S}, S};) to be the set of closed polygon configurations
of G}, with an even (odd,odd) number of occupied bonds crossed by yy, and an odd
(even,odd) number of occupied bonds crossed by y,. F; is the Fisher graph obtained
from G} by replacing each vertex with a gadget, as described in Fig. 2. Let Zf, p be
the partition function of dimer configurations on F,,, with weights e’ on dual edges
of G, and weight 1 on all the other edges. Then

ZF,,D = ZF,,Dyy * ZF,,Do1 + ZF,,D1o + ZF,, D115

where

Zrpoe = 2, |] exp(=270.

C*ESZ)"r ecC*

For example, Zr, p,, is the dimer partition function on F,, with an even number of
occupied edges crossed by y,, and an odd number of occupied edges crossed by y,. It
also corresponds to an Ising model which has the same configuration on the two bound-
aries parallel to yy, and the opposite configurations on the two boundaries parallel to ;.
Similar results hold for all the Zp, p, ., 0, 7 € {0, 1}.

On the other hand, if we consider the high temperature expansion of the Ising model
on G, we have

ZG,.1 = ( H cosh J,) Z H 2" tanh Jeo,

e=uveE(Gy) CeSecC

where S is the set of all closed polygon configurations of G,. Let F, be a Fisher graph
embedded into an n X n torus, obtained from G,, by the correspondence in Fig. 3, with
weights tanh J, on edges of G,,, and weight 1 on all the other edges. In other words, the
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edge with weight tanh J, of F, and the edge with weight e =2 of F,, are dual edges.
Then we have

ZGnsI =2 H eXp(JE)ZFn,DOO - 2]12 H COSh.’ ZF D
ecE(Gy) e€E(Gy)

where Z; | is the partition function of dimer configurations on Fy.
Similarly, we can expand all the Zr, p,, as follows:

H (A +exp(=2J)Z; (D7, (D). 5)

eeEGn

ZFn»DO,r = 2n2+1

(—1 1) is the dimer partition function of F, with weights of edges dual to the
edges crossed by y, multiplied by —1. Similarly for Zp (1, =1 and Z; , (=L =1.

To see why (15) is true, let us consider, for example Z F DlO’ an odd number of present
edges are crossed by yyx, and an even number of present edges are crossed by y,. The
corresponding Ising model has boundary condition winding once along y,, the spins
change sign, while winding once along y,, the spins are invariant. This is the same as
for a row of edges crossed by yy, we change the coupling constant from J, to —J,
and give the periodic boundary conditions. After the duality transformation, the edge
weights tanh J,, if e is crossed by y, will be the opposite.

Without loss of generality, assume 7 is even. Let K (z, w) be the Kasteleyn matrix of
the toroidal graph, as defined in Subsect. 2.2. Given the orientation in Fig. 1, we have

PfKp,(1,1) = ZF .Doo — ZF,.p01 — ZF,.D10 — ZF,.Dy,

= o T aven-2001z;, 0.0~ 25 (1D
2 ecE(G,) " '
_Zﬁn, (1, =) =Zz (=1, =1)]

= [ a+exp(-21.)

n2+2
ecE(Gp)

(I=PfK; (1, 1) +PfK; (1, —1) + PEK; (—1, 1) + PfK z (=1, —1)]
—[~PfK; (=1, 1)+ PfK (=1, —1) + PfK; (1, 1) + PfK z (1, —1)]
—[~PfK; (1, 1)+ PfK (1, 1) + PfKz (—1, —1) + PfK z (=1, 1)]
—[—PfK (1. —1) + PfKz (—1, 1)+ PfK; (1, —1) + PEK ; (1, 1)]}

1
=—— [ (+exp(~22)PIK; (1, 1), (16)
ecE(Gy)

If we perform the same expansion for all the PfK , ((—1)%, (—=1)%), for 6, T € {0, 1},
we get

1
PEKE, (D, (=1)) = o) H (1+eXP(_2Je))PfKﬁn((_l)97(_l)r)’
ecE(Gy)
if {0, 7} # (0, 0).

Proposition 3.1. Consider a Fisher graph F, embedded into an n x n torus. If an edge
e is parallel to yy, yy, give e weight w, = e~%le. For all the other edges give weight 1.
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Define the duality transformation of F,, to be another Fisher graph F,,, embedded into
an n X n torus. If an edge e is parallel to yy, yy, give e weight tanh J,. For all the other
edges, give weight 1. Let P(z, w) = 0 denote the spectral curve. Then

P, (=1, (=1)") =0 &= Pz (=), (=1)") =0.

4. Critical Temperature and Spectral Curve

The purpose of this section is to identify the critical temperature of the periodic Ising
model with the condition that the spectral curve as a single real node on T2. Using the
correspondence based on the high-temperature expansion, we express the spin-spin cor-
relation of the periodic Ising model as the determinant of a block Toeplitz matrix. The
analysis of the holomorphic properties of the matrix leads to the result.

Lemma 4.1 (Kelly and Sherman[11]). Given a Hamiltanonian
H=- Z Jaoa,
ACA
with ferromagnetic interactions, that is
Ja =0,

forall A C A, then

19(0p)

B 9Jc

The high temperature expansion of the partition function gives

Z = HZcoshJeZHtanh Je,
e

C ecC

= (opoc) — {op)(oc) > 0.

where the sum is over all closed polygons of the square grid. Assume 7, = tanh J,. We
consider the spin located at (0, 0), opog and the spin located at (0, N), ooy . Then

(o00oon) = (000001)(001002) . - . (G0, N—100N)-
Let ¢; denote the edge connecting (0, /) and (0, [ + 1). Since
1
00,100,i1+1 (1 + T¢,00,100,141) = T (1 + r—UozGo,m),
e

we have

N—-1 N—-1
_ 1 /
(oo000n) = Z~ [ ] 2cosh J, [Tz D [0+ r—cro,ao,m)l_[ (1 +7.0p0,),
e 1=0 1=0 el e

o

where [] means the terms corresponding to ¢, 0 < I < N — 1 are omitted. This expres-
sion is of the form of a partition function for some Ising counting lattice with bonds z,,

on the straight line connecting sites (0, 0) and (0, N), replaced by TL We transform the
€]
square grid G, to the Fisher Graph, using the technique as described in Fig. 3. Assume
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the edge weights of the Fisher graph are tanh J, for all edges corresponding to edges of
G, and all the other edges have weight 1.

Let yx (yy) denote a path winding horizontally(vertically) once on the torus, multiply
all the edge weights crossed by y, (yy) with z or -, (wor —) according to the orientation
of edges.

Let K;un (z, w) denote the corresponding weighted adjacency matrix. If both m and
n are even, we have

N—-1

—PfK;,, (1, D+PfK,, (-1, D+PfK, (1, —-1)+PfK, (-1, —1)

(00000N Im H Tey ,
—Pf Ky (1, D)+Pf K (=1, D)+Pf Ky (1, = 1) +Pf Ky (— 1, —1)

where K/, (z, w) denote the corresponding weighted adjacency matrix by changing the

edge weights ., to TL
el

Theorem 4.2. For the Ising model on the infinite periodic square grid, we can express
limy _ o0 (00000N )% as the determinant of a block Toeplitz matrix multiplied by a function
of weights of all edges on the straight line connecting oo and ogy.

Proof. We consider %, where u,v € {I,—1}. Assume § = K, (u,v) —
Knn(u, v), then 6 is given by
R L U D
R [0 L—7, 00
5(0,;0,1+1) =-870,1+1;0,0=L o o0 o0 0|,
Ulo 0 00
D \o 0 00

if 0 <[ < N —1 and zero otherwise. Here we are only interested in the entries labeled by

R, L, U, D, because they are the only vertices adjacent to the edges with changed edge

weights (from 7, to TL) when we compute the spin-spin correlation. Thus if we define
¢l

y as the 2N x 2N sub-matrix of § in the subspace Where 8 does not vanish identically,
and if we define Q as the 2N x 2N sub-matrix of K, ! in the same subspace, we find

PfK;,, (u, v)
Pf K (1, v)

where k1, kp are constants depending only on m, n, N, and independent of u, v, and y
is given by

= (= DMPF(8+ Ky (u, v)PE(K,, L (1, v)) = (=) PEYPE(y ™' + O (u, v)),

0,00,1...00N-10,10,2...0,N

R R R L L L
1
0,0 R Tey el |
0, 1 R O E Tey
y= OON—-1R T} Tey

0.1 L |7 —=T . ’
0,2 L|“ ™ i
O,N L 1

TeN — Tey




356 Z.Li

so that
N1 1 N(N—1)
Py = [J(=—zw)(=D)" 7.
=0 e

Hence we have

N—-1

(00000N ) m.n = H Ty
=0 u,ve{—1,1}

Z PfK) . (u,v) (=) “VPFK,, ,(u, v)
PfK, (u, v) Z ’

where s(u, v) is +1 or —1 depending on u, v. We choose a subsequence m’, n’ — oo
such that k> are always even, then
N-1
: 2 232
lim  (o0000N )., = H (1 — ;)" det Ty.
0

m’,n'— 00 ]

If we use K to denote the weighted adjacency matrix of the infinite graph, we can express
Ty as follows:

Te

—~1 —1 L —1
0 Ko,0,R;0,N—1,R Koo =722 Ko,0,R;0,N,L
1
1 1 1 1
K1 1.:0.0.R Ko.1.R:0.N—1.R Ko.1.R:0.1,L Ko.1.R0.N.L
L : e » : -
Ko,N=1,R;0,0,R 0 Kon-rrorL - Kon-rrone ™52~
= N
In= k71 PLLS T k! 0 k7!
0.1,L:0.0.R * 12 0,1,L;0,N—1,R 0.1,L:0.N.L
1
1 1 1 1
K0.2.:0.0.R Ko.2.L:0.N—1.R Ko.2.:0.1.L Ko2.L:0.N.L
1 -1 Tey ) :
Kovroor o Konron-1.r* 152 Ko,N,L;0,1,R 0
N

Itis well-known that Ty is independent of u, v, since the entries of K ! canbe expressed
as follows:

1 2r 2w T . .
Kﬁl(j, k, p: j/, K. Q)zm/o /0 ol P1k=k') fida(j—j )Kl—ll(eztm , e’¢2)p,qd¢1d¢2,
(17)

where K11 (z, w) is the weighted adjacency matrix of one fundamental domain embedded
into a torus, and

<aooao,v>2=Nnm det Ty H (1—12)% (18)
e 0<I<N—1

lim
N—o00

Let [y denote the length of one period, assume N is a multiple of /y. We rearrange the
rows and columns of Ty, in such a way that the determinant of Tx will not change
after this manipulation, neither will the limit as N — oo. Then we group the matrix
after row and column rearrangements, denoted still by Ty, into % X % blocks, and each

block is a 2ly x 2lp submatrix, such that the (j, j') block of Ty has a row range from
O, (j —Dly, R) 1o (0, jlop—1, R), from (0, (j — )lp+1.L) to (0, jlp, L), and a column
range from (0, (j' — 1)ly, R) to (0, j'lp—1, R), from (0, (' — DIly+1.L) to (0, j'lp, L).
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If we define v, a matrix-valued function on the unit circle, as follows:

K71, 90,0, r:0,0,R e K71, 90,0 R:0,10-1,R
2 Kﬁl({; €i¢2)0,10—1,R;0.0,§ - KU, €i¢?)0,10—1,R;0.10—1,R
lﬁ({)Z*/ KN, e)o 100 + 75 - K=, €201, L:0.00-1.R
2 0 1
. . Te
K=&, e )00 :008 0 KTHE €900, L:0.00-1.R + T
L’IO
_ i Te — [
K=, e)00,R01, — T2 -+ K1, €9)0,0,R:0.10,L
€1
. . Te
K= e 100 - KTNE €001 R000.L — T dés
. ) €l »
K71, )01, 1:0.1,L K1, €901 12000,
K=Y, )00, 1:01,L . K=Y, €9)0.19.1:0,10.1

then the (j, j/) block of v is the (j — j’) Fourier coefficient of v, given (17). Let T
denote the infinite matrix as N — oco. Namely,

1 o de
;g = — ‘] ‘/ —_—
(TN)j,j 277 /{|_]§ 1#(() l{ P

where the integral is evaluated entry by entry. Let 7' denote the infinite matrix as N — oo,
then T is a block Toeplitz matrix with symbol ¥. 0O

Lemma 4.3 ([24]). Let T2 = {z,wl||z] = 1,|w| = 1} be the unit torus, either
det K(z, w) = 0 has no zeros on T?, or it has a single real node on T2. That is,

det K (z, w) = 0 intersects T2 at one of the points (£1, £1), and both W and

Z
w vanish at that same point.
w

To study the asymptotic behavior of (opggooy) as N — oo, we first introduce the
following lemmas

Lemma 4.4 (Widom [28]). Let T,,() be a block Toeplitz matrix with symbol , and
n x n blocks in total. If

S el + S KD < oo,

k=—00 k=—00

. 1 .
det Y (¢'?) £ 0, EAOS@” argdet ¥ (¢'?) = 0,

here ||V || denotes the Hilbert-Schmidt norm of the matrix Vi, and %A()f@fzn- arg det

W (e'?) is the index of the point 0 with respect to the curve {det y(¢!?) : 0 < 0 < 27},
namely,

1 oo 1 1 ddety(¢)
5 Doso<ar argdetyr(e”) = ~— o1 Y Q) A

g,
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then

det 7, ()

ninéo G[I/,]n+1 = E[W],

with

2
G[¥] =exp{i/ log det v (¢!)d6},
27T 0
Ely] = det T[Ty '],

where the last det refers to the determinant defined for operators on Hilbert space
differing from the identity by an operator of trace class.

Lemma 4.5. For a ferromagnetic, periodic Ising model with nearest neighbor pair inter-
actions on a square grid, if det K (z, w) has no zeros on T2, then

lo
H(l — 12 dety () = 1,

=1
forany 6 € [0, 2m).

Proof. Let us consider an m x n torus, where m and n are the numbers of periods along
each direction. The previous technique to compute the spin-spin correlations implies
that
Z/
(oo0oon) = [ o=,

1<i<ly mn

where Z,, is the partition function of dimer configurations on an m x n Fisher graph

with weights 7., (1 <[ < n) changing to ri Since the graph is embedded into an m x n
e

torus, ogp and oy, are actually the same spin, therefore we have (ogpo0,) = 1, that is

H T Zyn = Zmnn-

1<i<ly

Let K;,,(Kun) be the corresponding Kasteleyn matrix with respect to Z,,,(Zinn). We
are going to construct a correspondence between monomials in r det K/, 1(1 w) and
det K, 1(—1, w), where w is any number on the unit circle. Each term in the expansion
of the determinant corresponds to an oriented loop configuration in the m x 1 torus,
where each vertex is adjacent to exactly two edges in the configuration. The correspon-
dence is constructed by changing configurations on the first row of the graph, while
keeping the configurations on all the other rows unchanged. Consider the first row. For
each pair of nearest components, which are parts of non-doubled edge loops crossing
the first row, there exists a pair of nearest triangles, one on each component. We change
their paths through the pair of nearest triangles. This way, in the new configuration, all
the e; occupied once originally will still be occupied once, with weight % changed to

7,,;. Any ¢; unoccupied will be a doubled edge with weight 1 changed to 1'2, any e; occu-
pied twice will be unoccupied, with werght changed to 1. Hence the corresponding
l
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terms in H1<1<10 Tez, det K,’n’] (1, w) and det K, 1 (—1, w) have the same absolute value.
They are equal if the signs are also the same. For each component, which is part of a
non-doubled-edge loop crossing the first row of the torus, if we change the path through
a pair of triangles (corresponding to two nearest components on both sides), the sign
will change by a factor of —1. This sign change will cancel if we change the sign of the

z-edge passed by the loop simultaneously. Hence we have

[] <2 detk,, (1, w) = det Kp,1(—1, w).

1<i<ly

An example of such a path change is illustrated in Fig. 4. Similarly we have

[] <2 detk,, \(—1.w) = det Kp.1 (1, w).

1<i<ly

Therefore, we have

o (T2, ©2) det K/, (1, €'®)
1 —22)?]det (%) = 1 =L ml

[111( T ety (@) = lim == ey

- det Ky (=1, e'%)

Iim ——.

m—oco det K1 (1, e?)

Let vy, - - -, v2,, be vertices which are endpoints of those edges changing weights
from t,, to % Let us consider
et

. detK! (1,¢"7)
hm _—
m—oo det Ky, 1(1, ei?)

) .
. . / i0 det Kz/nl(l’ ele)E(i{“ls"'s”Zﬂ]Q}
= Jim > [T & ey, 0
m—>00 det K1 (1, e'?)
Wy Udply U~V j=1
2n
= lim > [T & (1), det K~'(1, ) e
= m1\Ls ViU ) E{uy, - ,uoniy}
Uy Udply U j~Vj j=1

where K,’n](l,eie)Exr{u,,,.,,Mano} is the submatrix of Kr’n](l,eie) deleting rows
Ul,..., U, and columns uy, ..., uz,,. This submatrix is also a submatrix of
Kni(1,¢%), because all the edges with changed weights have been deleted.
K, (1, e“’)vjy,,j are edge weights, which are independent of the first variable—weights

of edges crossed by yx. As m — oo, the limit of entries of K, 11(1, ¢'?) is independent

of the first variable too, since lim;, . 00 K, 11 (z, €'?) can always be expressed as the same
complex integral no matter where z is located on the unit circle. As a result,

detK/ (1, €"?) . detK! (—1,¢€")
m —— = 1um — .
m—o0 det K,,1(1, el?)  m—oo det K, (—1, ei?)
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Fig. 4. Change of configurations
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Hence we have

i [1,2, 72 det K, (1, €") i det K1 (—1, €'%)
m n = m —
m—00 det K1 (1, ei?) m—oo det K1 (1, e'?)
det K1 (1, €'?)
m —FF—
m—oo det K,,1(—1, ei?)
[T52, <2 det K., (—1, €'

. m
= lim -
m—00 det K1 (—1, ei?)

Therefore
Lo
([T —2)* detye))* = 1. (19)
=1

When 6 = 0, the quantity is the quotient of a two skew-symmetric matrix, hence
it is positive and equal to 1. The lemma follows from the continuity of [Hﬁ":] 1 -
t2)*detyr(e?)]. O

Lemma 4.6 (Gohberg, Krein [10]). Let §1 denote the set of all completely continuous
operators A for which

o0
> si(A) < oo,
j=1

where s are singular values of A. Let A(u) be an operator-function with values in §y
and holomorphic in some region. Then the determinant det(I — A(w)) is holomorphic
in the same region.

Lemma 4.7. If we allow complex edge weights, then the spin correlation
lim 2
im {00000N )},
under toroidal boundary conditions is analytic with respect to edge weights except for
the edge weights tanh J; ; such that the spectral curve has a real node on T2.

Proof. Let H[v] denote the semi-infinite Hankel matrices with kernel v, namely,
H[Y ] = Wivj+1), 0=1i,j < o0,
then
TWITIY '1=1—HIYIHY '],
where
P = w%).

Since ¥ is an even-order, anti-Hermitian matrix on the unit circle, its determinant will
always be real, hence we have

Ag<o<2r argdet ¥ (e'?) = 0.
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For any edge weights which do not lie on the critical surface, the condition of Theorem
4.4, and 4.5 will satisfy(Widom[28]). Then we have

Jim_(eoooon);, = lim Mll a — 1)  det Ty[y] = det(I — HIY1H[ D).

Since the entries of H[y]H[y~'] will be analytic everywhere except on the spectral
curve, so is the spin correlation limy—, 0 {00000 N)f,. O

Lemma 4.8. The weak limit of the Boltzmann measures P, on G, the quotient graph
defined in Subsect. 2.2, is a translation invariant Gibbs measure P. The probability of
occurrence of a subsect of edges e; = ujvy, ..., ey = Uy vy of G in a dimer configu-
ration of G chosen with respect to Gibbs measure P, is

Pler.....en) = ku,v,wf(K Dero el
i=1

where K~ is the inverse of the infinite Kasteleyn matrix, defined as in (17), and
(K_l)el ,,,,, en 18 the sub-matrix of K1, whose lines and columns are defined by the
vertices of the edges ey, . .., ey.

Proof. The dimer partition function Z,, of the graph G, for n even, is
1
Zn = 5[—Pf(K,?O) +PE(K %) + PE(KOY) + PE(K ).

Let E = {e] = ujvy, ..., ey, = Uy vy} be a subset of edges of G, then the prob-
ability P, (eq, ..., ey) of these edges occurring in a dimer configuration of G,, chosen
with respect to the Boltzmann measure P, for n even, is

Hz"nzlw ivi

57 YO —PF(K%) ge + PR(K 1) e + PE(KOY) pe + PF(K M) gel,
n

where E€ = V(G )\{uvy, ..., uuvy} and (Kfff)Ec is the sub-matrix of K,f’ whose

lines and columns are indexed by E€. Let P(z, w) = det K(z, w). By Lemma 4.3, either

the spectral curve P(z, w) = 0 does not intersect T2, or it has a single real node on T2,
If P(z, w) = 0 does not intersect T2,

Ot\—
(K )(X y.v), (X’ y'v)

n—1n— in(2j46) i (2k+71)
t(2]+9)7‘r(X x') t(2k+r)7‘r(\ V) Cof[K(em n ,e =n )]U’v,
2 Z Z in2j+0)  in(Qk+1) :
=0 k=0 Ple ™ ,e

The right side is a Riemann sum in the non-critical case, it converges to an integral for
any 0, T € {—1, 1}, that is,

K—l

a0, (v = (K

-1

T)(x,y-,v),(X’,y’,v’) (20)

L / / o gy CNK @y dzdw
T2

= 4n? P(z, w) iz iw
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We also have

B (PFKOT) e
Pf(Ke‘[) 1 — (_l)K(}’l) n
"ok PfK{T

3

where © : N — {0, 1} is a function. We can choose a subsequence {n’} such that « (n")
is a constant kg. Then

Pler,...,em) = lim Pyler,...,en)
n’— 00

Hz"rl:l Wy;v;
22,
+PE(K )L PEK ] + PE(K D PEK N

[—Pf(K2) . 'PEK + PR(KOY) ' PFKY!

lim |(—1)%
n’—o00

m
= [ ] wusus IPECE D).

i=1

Note that the convergence actually holds for all n, because on the complement subse-
quence N\ {n'}, « is also a constant given that k is a two-valued function. The sign does
not matter since we take the absolute value in the end.

If P(z, w) = 0 has a single real node on T2, see [4] for a proof. The weak conver-
gence of P, for n € N follows from the fact that there is a unique translation invariant
Gibbs measure, and the weak limit of 7P, on any subsequence is translation invariant.
]

Lemma 4.9. Let P be the weak limit of P, Boltzmann measures defined for graph G,
with periodic boundary conditions. P(z, w) = 0 does not intersect T2, if and only if the
edge-edge correlation

P(e1&ez) — Pe1)P(e2)
converges to 0 exponentially fast as |e; — e3| — o0.
Proof. By Lemma 4.8,
P(e1&er) —P(e1)P(e2)

PfK—l(ul vr U UZ)‘_lK—l k-1 |:| (22)

up v Uz V2 up,vy T u2,02

= Wy vy Wusvy [
= Wy Wiy 1Ky o Koy oy + Ko L Ko — Ko Kot bl — 1K Kot 1

up,vi uz,v2 up,v2 7" V,U2 Up,u2 " "vg,02 up,vi uz

If P(z, w) = 0 has no zeros on T2, (21) and (23) imply thatas |e; —ez| — 00, P(e1&er)
converges to 0 exponentially. If P(z, w) has a real node on T2, then
Cof (K(z, w))y,v
P(z, w)

is not an analytic function in edge weights, hence its Fourier coefficients do not decay
exponentially fast. To see that, if the Fourier coefficients decay exponentially, then the
function is the limit of a locally uniform convergent power series, hence the function
has to be analytic. 0O
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Lemma 4.10. If P(z, w) = 0 has a single real node on T?, and if

P2 P.e?)  32P(ef.e?)

002 000¢
det o L 0
U et 2Pt .ot 70,
9099 39 0.¢)=(0.0)

then the edge-edge correlation
P(er&er) —Ple1)P(e2)
converges to 0 quadratically as e} — ez| — oo.
Proof. Without loss of generality, assume the real node is (1, 1). Then
0= P(,1) = (PfK (1, 1))?,

where PfK (1, 1) is linear with respect to each edge weight. Fix an edge ¢ = uv, and
assume the weight of edge e is w,, then

P(1,1) = Cw? + Cyw, + Co,

where C, is the signed weighted sum of loop configurations in which e is a doubled edge.
C; consists of two parts: C; = D + D,. Dy is the signed weighted sum of loop con-
figurations in which e is part of a loop oriented from u to v; D> is the signed weighted
sum of loop configurations in which e is part of a loop oriented from v to u. When
z=w = 1,D; = D,. Cy is the signed weighted sum of loop configurations in which
e does not appear at all. The determinant of the submatrix of K (1, 1) by removing the
row indexed by u and the column indexed by v is exactly Cow, + Dj.
Since P (1, 1) is a perfect square

(D1)? = CoCa,

as a result,
D2
P(1,1) = (Cowe + D)we + (Dyw, + —C‘>
2
1
= —(Cow, + D;)>.
Cz( 2We 1)

P(1,1) = 0 implies Cow, + D1 = 0, hence the determinant of a submatrix of K (1, 1)
by removing the row indexed by u and the column indexed by v is 0, if uv is an edge.
Now, let us consider AdjK (1, 1), i.e. the adjugate matrix of K (1, 1) whose (7, j) entry
is (—1)"*/ multiplying the determinant of the submatrix of K (1, 1) by removing the
jth row and the i™ column. Since det K(1,1) =0, AdjK (1, 1) is a matrix of rank at
most 1. As explained above, the entries of AdjK (1, 1) corresponding to an edge is 0.
This implies that AdjK (1, 1) has O entries on each row and each column. Therefore
AdjK(1,1)1is a zero matrix, and any minor of K (1, 1) by removing a row and a column
is 0.
In a neighborhood of (6, ¢) = (0, 0), P has the expansion

P, ) = ab® +bO¢ + cgp* + - - -,
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where a, b, ¢ € R are real numbers and - - - denotes terms of order at least 3. Then
near a node, a point on P = 0 satisfies either 6 = A¢ + 0(¢9?) or 6 = rg + O(d?),
where A, A, which are necessarily non-real, are the roots of ax? + bx + ¢ = 0, since
P(z,w) > 0, for any (z, w) € ’]I‘z\{(l, 1)}([24]), and the assumption that the Hessian
matrix at (6, ¢) = (0, 0) is invertible. This implies
2 2
b2—4ac<0, a:H >0, o°p
062

Cc = 8_2 > O
0.6)=(0,0) ¢~ 10.0)=00,0)

Since P(z, w) = det K(z, w), we apply the differentiation rule for the determinant and
obtain
oP
% = Z det K Vs
v

where K, is a matrix which are the same as K except the row indexed by v. For each
entry on the row indexed by v, we take the derivative with respect to 8. The sum is
over all the vertices of the quotient graph. Then we expand det K, with respect to the
row indexed by v. Obviously at most one entry on that row of K, is nonzero. Hence
det K, = Oordet K, = +ie*? (AdjK)y,w, where vw is an z-edge or %—edge. Then we
take the second order derivative at0 = 0, ¢ = 0,

d det K, + +i0 d(Ade)v,w
= e _— .
36 o 0,$)=(0,0)

—eF(Ad K (1, 1)) y0

. . 2
The first term is 0. However, since o

P = 0, there exists at least one z-edge
9% 16.6)=(0.0) g

vv’ such that AU Kvw 0.61m00) 7 O When (6. @) Ties in a neighborhood of (0, 0),
we have ’ ’
Cof[K (e, e )], 0+
of [K(e™. eP)lo _ pPO+qd oW
P(el?, ei?) ab? + bh¢ + cg?

_ 1_[ Ph=q ., q9=pt }+0(1)

A—2x La@ —2rd)  ad —rg)
_ 1 [ Pr—q .\ q—ph
r—i LaGz=D—ar(w=1) a(z—1) —ar(w —1)

i|+0(1),

where z = ¢, w = €'®. It is proved in [17] that if
R(z,w) = a(z = 20) + B(w — wo) + 0|z — z0I* + |w — wol*),
then we have the following asymptotic formula for the Fourier coefficients of R~
1 / w¥z’ dz dw —wgzg
Qmi)?
Therefore we have
1 / wayCOf[K(Z, w)]v,v’ dz dw
Q2ri)? Jr2 P(z, w) z w
1 — pA A — 1
[ a-prr P q_}+0(ﬁ).
A—A [ 2mi(xa+yal) 2mwi(xa+ yal) X<ty

)

e — +0(
™ R(Z,w) z w  2mwi(xazo — yBwo) xZ+y
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Hence K 3}, decays linearly as |[v — v'| — 00, as a result, the edge-edge correlation
decays quadratically as |[v — v'| — co. O

Lemma 4.11. Let P; be a Gibbs measure of the ferromagnetic Ising model on the peri-
odic square grid, P be the induced Gibbs measure of the dimer model by the Fisher
correspondence in Fig. 2. If under ‘P the spin-spin correlation decays exponentially,
then under P, the edge-edge correlation decays exponentially.

Proof. Let p; = ”’Tﬂ be the lattice gas variable. Let A, B be two finite subsets of the
vertices of the square grid. Define
Sa = Z,Oi,

ieA

A = Hpi-

i€eA

Clearly S4, pa and S4 — p4 are nonnegative, monotone functions of the {p;} and thus
also of the {o0;}. According to the F.K.G inequality, we have

(0B(SA — pa)) = (pB)(Sa — pa) =0, 24)

and

(Sa(Sp — pB)) = (Sa)(SB — pB) = 0. (25)
Combining (24) and (25), we have

0 < (papp) — (pa)(pB) < (SAPB) (Sa){pB) = (SaSB) — (Sa)(SB)

= ZZ(MP/ (0i)( ZZ (gigj) i oj).

icA jeB 1eA jeB

Let e (e2) be an edge with endpoints u1, vy (42, v2). According to the Fisher correspon-
dence illustrated in Fig. 2, we have

P(e1&ez) — P(e1)P(e2) = (ou; (1 = pu) ouy (1 = puy)) — (0w (1 = o)) {puy (1 = pu,))
+ (v, (1 = puy) poy (1 = puy)) = (v, (1 = puy)) (v, (1 — puy))
+ (Puy (1 = pv;) poy (1 = puy)) = (ou; (1 = pu;)) (Pv, (1 — puy))
+ (v, (1 = pu;) uy (1 = pvy)) — (o (1 = pu ) {Puy (1 — puy)),

and

[{0uy (1 = pv) puy (1 = pvy)) = (uy (1 = o)) (P, (1 = puy))]
= |(<pulpu2> - (pu1><pu2>) - ((pulpuzpvz) - (pul)(puzpvz))
- ((pulpvlpuz) - <;0u1,0v1><pu2>) + ((pulpvlpuzpv2> - <pulpv1><puzpv2>)|
=< H{Puy Puz) = (Pur ) Pu )|+ 21{0uy vy} — (Puy ) {(Pvy) |
+ 2[{Puy Pvy ) — (Puz) (v )| + [{Pvy Puy) = (Pvy) (0v) |-
The other terms of P (e &ez) — P(e1)P(e2) can be bounded in a similar way. Hence if

the spin-spin correlation decays exponentially, the edge-edge correlation decays expo-
nentially after the Fisher correspondence described in Fig. 2. O
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. . . 2 .
Lemma 4.12. Given interactions {Jk},%'; |» when B increases from 0 to +00, B corre-
sponds to the smallest B that the spectral curve for dimer configurations with weights
tanh BJ; has a real node on T?.

Proof. Consider the weak limit of Boltzmann measures of the Ising model under periodic
boundary conditions,

(0i0j)p = (0i0})p — (0i) p{Oj)p
=4{pipj)p — (i) plpj)p) = Hpipj)p — 1.

Since p; p; is an increasing function with respect to each single variable o, (0;0;) is
an increasing function with respect to . In particular lim;, _, oo (00000 ) p 18 increasing in
B. There is a unique critical temperature S ,, for any given interactions {J; ;}; j, such
that

lim (o0000n)p =0 if B < Bep,
n—00

lim (O’()()O'()n)p >0 if ,3 > ﬂc‘p-
n—00

Hence at the edge weights tanh B, , J, lim;,_, oo (00000 ) p fails to be an analytic function
of B(complex values of B are also allowed). By Lemma 4.7, tanh . ,,J is a subset of
the edge weights such that P(z, w) = 0 has a real node on T2. By Theorem 1.1, the
uniqueness of the translation invariant Gibbs measure implies that
lim (00000,)+ = lim {(o00o0n) p-
n—o00 n—oo
Therefore for 8 < B p,

. 2 .
0 < lim (o0000s)+ — (o00); < lim {(o0000,) = 0,
n—oo n—00

where the first inequality follows from Lemma 4.1. Hence for 8 < B ,, the spontaneous
magnetization

m* = AL (oi)+ =0,
| ]|ieA1

A1, the quotient graph consisting of one period. Therefore 8. , < B.. B, as defined
before, is the reciprocal of the lowest temperature such that m* = 0.

It is proved in [1,2] that for B < B, the spin-spin correlation decays exponen-
tially, therefore after the Fisher correspondence, the edge-edge correlation on a graph
with weights e~/ decays exponentially. We derive that B, < Be,p» because at
Be,p» P(z, w) = 0 has areal node on T2, the edge-edge correlation does not decay expo-
nentially, see Lemma 4.9. Combining with the previous argument, we have 8. , = B..
When 8 < B, the corresponding spectral curve with weights e =28/ does not intersect
T2. By Proposition 3.1, the spectral curve of dimer configurations with weights tanh 8.J
does not intersect T? either, if 8 < f.. This completes the proof. O

Lemma 4.13. Assume the Ising model has period n x n, n is even. If the weights of all
edges parallel to yy, yy liein the openinterval (0, 1), and all the other edges have weight
1. Given an orientation to the Fisher graph as illustrated in Fig. 1, the only possible real
node of the spectral curve P(z, w) = 0on T2 is (1, 1).
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Proof. 1t suffices to prove that under the assumption of the lemma, PfK (1, —1) #
0,PfK(—1,1) # 0 and PfK(—1, —1) # 0. Given an orientation as in Fig. 1,

PfK(—=1,—-1)=Zp.oo+ Zp,o1 + Zp,10 — Zp,11, (26)

where Zp o is the partition function of dimer configurations with an even number of
occupied edges crossed by yy; and an odd number of occupied edges crossed by y,.
Zp.00> Zp.10, Zp.11 are defined similarly. The expression of P(—1, —1) follows from
the fact that if we reverse the orientation of all the edges crossed by y, and yy, the
resulting orientation is an crossing orientation, as defined in Subsect. 2.2. Similarly, we
have

PfK(1,—-1)=Zpoo+Zp,o1 — Zp,10+ Zp,11, (27)
PfK(—1,1)=Zpoo— Zp,o1 +Zp, 10+ Zp,11. (28)

Zp.o1 also corresponds to an Ising partition function with the opposite spin configura-
tions along the two boundaries parallel to yy, and the same spin configuration along the
two boundaries parallel to y,. After the duality transformation, Zp o1 becomes, up to
a constant multiple, the partition functions of dimer configurations on the dual Fisher
graph F, with weights of edges crossed by y, multiplied by —1, see (15). Since the
duality transformation does not change the partition function, up to a multiplicative
constant, and after the duality transformation Zp o, Zp.o1, Zp,10, Zp,11 are partition
functions of the dimer model on the same graph with the same edge weights except on
the boundary edges, and Zp oo is the only one of them such that all the edge weights are
positive, as a result, Zp oo is the biggest of {Zp g:}6,7¢(0,1), because all the others are
partition functions of dimer configurations of the same graph with negative weights. As
a result of (26), (27) and (28), and the fact that each one of {Zp g }6,z€(0,1) 1S positive
as the partition function of the dimer model on a graph with only positive edge weights,

PEK((—1)?, (=1)%) > 0, if (6,1) # (0,0).

2
i’;l, 0 < Jr < o0, the curve

Lemma 4.14. Assume n is even. For any given {Ji}
y(t) = (tanhtJy, ..., tanhtJy,2) 0 <t <400

in the edge weight space(a 2n*-dimensional vector space with coordinates given by edge
weights) intersects P(1, 1) = 0 at a unique point y (1), 0 < tn < +00.

Proof. First of all, we claim that
y (@) (P, 1) =0} # 0.

Note that P(1, 1) = (PfK (1, 1))2.Givenedgeweights y(0)=(,...,0),PfK(1,1) =
1. Consider the edge weights lim,_, 1, ¥ (t) = (1, ..., 1). After the duality transfor-
mation, all the edges parallel to yy, y, have weight 0. Since Zp 01, Zp,10, Zp,11 cor-
responds to dimer configurations by negating the weights z—(w—,z— and w—) edges,
and all such edges have weight 0, we obtain

2
.
Zpoo=Zpo1t =Zpio=Zp11=2""",
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for weights (1, ..., 1), see (15). Hence lim;_, oo PfK (1, 1) < 0. There exists 0 < 7y <
00, such that y (tp) € {P(1,1) = 0}.

Now we prove the uniqueness of the intersection. Since P(1, 1) = 0 is invariant
under the duality transformation, i.e, any edge weights lie on the surface P(1,1) =0
if and only if the images after duality transformation lie on the surface P(1,1) =0, it
suffices to prove that the image of y (¢)

() = (exp(=2tJy), ..., exp(—2tJy,2))
intersects P(1,1) = 0 at a unique point. Assume f(¢) is the function obtained by
plugging edge weights (exp(—2tJ1), ..., exp(—2tJ,,2)) into PfK (1, 1), and g(¢) =

2 H,%'jl exp(tJy) f (1), it suffices to prove that there is a unique 7y in (0, +00) such that
g(to) = 0. Given interactions (¢Jy, ..., tJ,,2) on edges of the quotient graph of G, let
Z%O”J be the partition function of the Ising model on G,,. Let Z.) ) (ZG I Zé'(l.z , Zgn’])
be the partition function of an Ising model, with the interactlons on edges crossed by
¥x(Vy, ¥x and yy) multiplied by —1. Then we have

) 01 10 11
8 =Zg 1 —ZG,1— 26,1~ ZG,.1>

gn=28, >, I0uw-28, D IMouwsa

e=uveE(Gy) e=uveE(Gy)
10 10 11 11
_ZGn,I Z Je (oyov)10 — ZGn,I Z Je (ouov)11,
e=uveE(Gy) e=uveE(Gy)

where {Jf Tee E(G,) are corresponding interactions for Z QGT” b, and ( )y, are the expected

values with respect to Boltzmann measure defined by {J{7},c £(G,)- Let Eg be the subset
of E(G,) consisting of edges intersecting neither y, nor yy, and E, (E,) be subsets of
E(G) consisting of edges crossed by yx (yy),

g= > IZY [(0uo)00—2Z¢, (ouon)or—ZE [{0uon) 10— 2§, 1{ououin)

e=uveky
JO0(Z00 _ 701 710 711
+ ( Gn,1 (0uow)00 G,1,1<Uuav>01+ G”J(Uuo'v)l()"' Gn,](o‘uo'v)ll)
e=uvekE,
00 01 10 11
+ D IZY 03000+ ZE [ouon)or—ZE) [ (ouo) 10+ 28, 1 (ouou)in).
e=uvek,

We claim that for (0, 7) # (0, 0),

l{ouov)ez| < (0uov)o0- (29)
First of all,

(ouov)or < (0uow)o0, (30)

by the F.K.G inequality. The inequality (30) is strict because the graph is finite. Moreover,

1
(ouov)or + (0uov)oo = 70 0t Z[(Uudv +0,0,)exp( Z (Jfr + JEOO))UuUu]
Gul £Gyl g B
W Z(“%) Z ouoyexp( . (I +12)0,0].

ecE(Gy)
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Fig. 5. 1 x 2 Ising model and Fisher graph

where we have introduced the Ising variables o/ = +1 and#; = o/0;. Since J+JJ7 >
0, the ferromagnetic condition and finiteness of G, imply

(0uov)or + (0uov)oo > 0. (31)

Equation (29) follows from (30) and (31). Hence

/ 00 01 10 11 00
g > (ZG,,,I - ZG,,,I - ZG,I,I - ZG,,,[) Z Jg (0u0v)00-
e=uveE(Gy)

Since JEO0 > 0, (6,04)00 > 0,

PFK(1, 1)

700 501 510 Il _ .

Gl Gl Gn.l Gp.l —2 H/%izl exp(tJ0)
We have if PfK (1, 1) > 0, g’(¢) > 0, g(¢) is strictly increasing as ¢ increases. Since the
duality transformation changes the sign of PfK (1, 1), we have g(0) < 0, see (16), and
lim;_, », g(¢) > 0. When ¢ increases from O to oo, originally g(¢) is negative, and there
g(t) = 0 is possible for some ¢. Consider the first such ¢ that g(¢) = 0. From then on,
g (1) will always be positive since g’() > 0. As a result, there is a unique fy, such that
g(to) = 0. This proves the lemma. O

Proof of Theorem 1.1. Theorem 1.1 follows directly from Lemmas 4.11, 4.12 and 4.13.

Example 4.15 (1 x 2 Ising model). Consider an Ising model on a square grid whose inter-
actions have period 1 x 2, as illustrated in Fig. 5. The critical reciprocal temperature .
is the solution of the following equation:

Pz=1,w=-1)=detK(, —1)
= [by + c1bycy — biby + cicabiby — 1+ cacy + by +C1b16‘2]2 =0,
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I, I

/3 /o /3
I, I,

/3 /o /3
I, I,

Fig. 6. 1 x 2 Ising model and Fisher graph

where
by = tanh(B.Jy), by =tanh(B.J3),
c1 = tanh(B.J1), ¢y = tanh(B.J2).

In this case, w = —1, because the size of the period is odd x even.

5. Simple Proof for the Exponential Decay of Spin Correlations with Symmetric
Interactions

The goal of this section is to prove the exponential decay of spin-spin correlations for
symmetric interactions above the critical temperature. Namely

(o10j) < e,

where « > 0 is a constant. The symmetric interactions are those which are invariant
under the reflexion by the horizontal axis y = 0 and the vertical axis x = 0, see Fig.
6. Lemma 5.1 proves the exponential decay along the lattice direction, and Lemma 5.2
proves that the spin-spin correlations along arbitrary directions are dominated by those
along the lattice direction. Hence the result follows.

Lemma 5.1. Under the assumption that det K (z, w) # 0,

{o00oon)? — lim (agooon)? < Ke @,
N—oo

where 0 < K, o < 00 are positive constants.

Proof. According to (18), it suffices to consider the asymptotic behavior of
H0<1< N (I = 1'62[)2 det Ty [v], as N large. This is the determinant of a block Toeplitz
matrix, obtained from Ty by multiplying the j® row (1 < j < N) by (1 — 7:62]_1 )2. The
determinant of its symbol is 1, according to Lemma 4.5, since 7,; changes periodically.
In the proof of this lemma, we denote the new Toeplitz matrix by the same notation Ty,
and the new symbol by the same notation i, which is the original ¥ multiplied by a
constant for each row. Assume

U=y,
Tlyl= lim T,[y],

TlY] = lim T,[y].

n—o00
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Define A, () K, to be the Banach algebra under the norm

ol = > Ngell+{ > Iklligel)?,
k=—00 k=—00

where ¢ is an r x r matrix-valued function. || - || on the right side is any norm for
r x r matrices, and ¢y is the k™ Fourier coefficient of ¢. First consider the case that the
Toeplitz operator T[] is invertible, which is equivalent to the matrix-valued function
¥, has a factorization

Y=Yy,

where {1 are invertible in A, (] K, and v, and ¥_ have Fourier coefficients that vanish
for negative, resp. positive indices. The Hankel operator H[v] is Hilbert-Schmidt, the
product of any two such is of trace class,

HIY] = Wisjs1), 0<i,j < oo, (32)
Tu[W o] — TWW1T,[¢] = P HIYIHIGIP, + On HIVIH[1Q, (33)

where P, and Q, are defined by

Pu(fo, f1...) = (fo, ..., /»,0,...,0),
Qn(f()vflv"'):(fnv"'vf()’()’"'so)'

If we replace ¢ by ¥~ in (33), since H[~'] = 0, we have
Tuli] — T Ty =1 = P.HY1H[Y "' P,.
Multiplying the above equation by 7[5 '], we have
TulY Tl = T Ty~ Ty = PaHIYIHIY P, Ty .
Using ¥4, ¥; | to substitute ¥, ¢ in (33), we have
I — Ty T 1 = PoHIY H 1Py + QuHIVH Y, 10,

Since H[{; '] = 0 and H[,] = 0, we have

Tulyr Ty ' = 1.
Therefore

TV Ty "N T W = 1, — P HIYTHIG - P Ty ']
= P,(I — HIYIH[YZ 1P, T ) Py

Since T, [y 1 l] are block triangular matrices, one sees that the left side has determinant
exactly

Dplr]
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where D, [v/] is the determinant of 7;,[v], and G is defined as in Lemma 4.4. Moreover,
explicit computations show that

HWIHWY T = HIW1HY 'L

Let || - ||1 denote the norm of operators in §(see Lemma 4.6, and the Appendix). The
uniform norm | - | of an operator A is the number

|Al = sup |Ad].
¢l=1

‘We have
| P HIYIH Y= 1P, Ty 1Py — HIYIH[Y Il
< [P HIYIH[Y = 1P, Ty 1P, — PoHIWIH[Y - Ty 1P,
+| P HIY1H[Y 1Py — HIYIH[Y Il

<Ke™™,
where 0 < K,o < oo are positive constants. To see the last bound, note that

H [&:1]P,, - H [1/7:1] has the form (8 I) where the nonzero entries correspond

to columns of H[~'] with indices greater than n, which are exponentially small by
definition, similarly for P, H [1/7] —H [I/Nf].Deﬁne
Ap = P,HIYTHYZ 1P, TIY, 1P,
A=HYIH[Y ],
then
[An — Alll < Ke™®".
Define
Dy, () = det(I — pA,),
Da(p) = det(I — pA),
A(p) = AU — pA)~!,
An(w) = Ap(I = pA) ™"

We shall call the complex number p an F-regular point of the operator A, if the operator
I — A has an inverse. Let I' be a simple rectifiable contour, consisting of F-regular
points of the operator A, which encloses the point . = 0 and the point u = 1. By virtue
of the maximum modulus principle, if we can prove that for any |A, — All; < Ke™*",

max [Da(p) — Da,(n)| < CKe™",
nel’

then
[Da(1) — Da,(1)| < CKe™™".

Letus denote by L a simple rectifiable curve consisting of F-regular points of the operator
A, which connects the point . = 0 with some point of the contour I". Let 'y, (u € T' | J L)
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denote the shortest path along the curves I' and L which connects the point © = 0 to
the point . From the equality

(I —pA)™' = = pA) "I = p(A, — AU — pa)y~'17",
it follows that when the condition

Ay — Al < min [Ju]|(1 — pA) 17!
uwer YL

is fulfilled, all points u of the curves I' (] L are F-regular points of the operator A, and

max |(I —pA) " < C max |(I —pA)7',
nel JL nel JL

where C is a constant depending only on the curves I and L and the operator A. Since
A) = An() = (I — pA)™HA = AU — A
we have
TA) = Al < 1T = pA)TIA = Apli (= pA) ™"
for any o € I' |J L. Then

/r r(A(p) — An(m))dp

HO

S/ [A() = An()l1di < CllA = Al

Cug

where C is another constant depending only on the curves I" and L and the operator A,
and tr(K) is the sum of all eigenvalues of operator K (for details, see the Appendix).
"y, 1s the shortest path along the curves I" and L connecting the points 0 and . Then

D
IDa(10) = Da, (no)| = ‘DA(;LO) [1 - M” ’
D 4 (o)
and
(log DA”(M))/ = Dh, (W) Dy
D4(w) DA,,(M) Da(p)
r(4) r(An)

Aj(A) Aj(Ap)
Zl—m (A) J; 1 — ud;(Ay)
= tr(A(n) — An(w)),

where r(K) is the dimension of operator K, namely, the dimension of the closure of the
range of K. Hence

|Da(p) — Da, ()] = [Da(po){l — eXp[/F tr(A(w) — Ap(u)} < CIIA — Ayl

where C is another constant depending only on the curves I" and L and the operator A,
then we have

|Da, (1) = Da(D)] < CKe™*"
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Now we consider the case T[l/Nf] is not invertible. According to [28], there is a ¢ with
only finitely many non-vanishing Fourier coefficients such that T[y + e¢] is invertible
for all sufficiently small nonzero ¢. Let n, = v + €¢, then the previous process shows
that

| PuHne H e~ 1P, Tnes NPy — HIndH Gl < Ke ™",

where K, o are independent of ¢ since ¢ has only finitely many non-vanishing Fourier
coefficients. We consider ¢ on the boundary of a disk D,

max |Da, (1) — Da (1) < CKe™ ",
e€dD

where

Ae = Hn: HI[7; ',
Ape = PyHINHGZ 1P Tnes 1Py

Then the maximal modulus theorem says that
[Da, (1) — Dg(1)] < CKe™™".
Since G[y] = 1, we have

|det T,[v] — lim detT[¢]| < Ke ",
n—od

where 0 < K, o < o0 are constants. 0O

Lemma 5.2. Assume each fundamental domain has symmetric edge weights with respect
to a center vertex, as illustrated in Fig. 8. Assume (po, qo) is a vertex on the boundary
of a fundamental domain centered at (0, 0). If i is even,

=

(OpoqoOpo+im.qo+jn) p O poqo @ po+im.q0) p-

Proof. Let W be a layer of a cylinder consisting of ¢t fundamental domains. In other
words, if we use the number of fundamental domains as a measure for the size of W,
then the circumference of W is ¢, and the width of W is 1. The transfer matrix Q; is
defined to be a square matrix whose rows (columns) are labeled by the upper(lower)
boundary configurations of W. Namely, let X be an upper boundary configuration, and
Y be a lower boundary configuration, then

1 1
QX )= > expl-BG; X Jwowopts DL Jeaoeou

{o,|reW\oaW} {a,bla~b,o4,0p€X} {c,d|c~d,o0,04€Y}

+ z Jeoyoy)].

ec E(W\aW)

Without the external magnetic field,

(T pogo@potim.qo+jn) p = (Opoqo@po+im.qotjn) p — (Tpogo) p(Tpo+im,go+jn) p

= 4((ppoq0ppo+im,qo+jn>p - (pp()q())p(pp0+im,q0+jn>p)~
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Hence it suffices to prove that

(PpogoPpo+im.qotjn) p — (Ppogo) p{Ppo+im.qo+jn) p
= (Ppogo Ppo+im.qo) p — (Ppoqo) p (Ppo+im.qo) p-
Assume we have an s X t torus, where s and ¢ are the number of fundamental domains
along each direction, then
I 2 i010pg00=1) XPL=B 2 i v~y Juv0u0u] 11 (F, %)
p = = s
poae 2o exp[—B Z{u,v|u~v} Juvou0oy] tr(Qy)

where F; is a diagonal matrix with

1 if opygy = 1in X

Fi(X, X) = 0 else

Since Q; is a symmetric matrix, all its eigenvalues are real, there exists an orthogonal
matrix S;, such that O, = S, ! 0:S; is diagonal, and the modulus of its eigenvalues

decreases along the diagonal. Let I:", =S5, ! F;S;. Moreover, since Q; has strict positive
entries, the Perron-Frobenius Theorem says that the largest eigenvalue in the modulus
of Q;, A1, is simple and strictly positive. Hence

. tr(F 09 -
M (ppogo)st = lim ———=12 = F (1, 1).

§—>00 s—oo tr(Q7)

Similarly,

(ppo+im,qo+jn>st = tr(Q;Gt Q;v—z)’
and G, is a diagonal matrix with

1 if Up0+im,q0+jr1 == l 1n X

Gi(X, X) = 0 else

Assume Gt = S,_IGtSt, then

1im (opgsim.goejndsr = Gi(1, 1),

Finally we have

; - i (GO
M (D pogo Ppotim.gotjnlse = lim ———"-—— 0

FQIG,(1,1)
)‘ll,t
S B (L Gk, 1)
- Mk

)
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therefore

Jim ({0 pogo P poim.qo+jn)st = (Ppogo)st (P poim.qo+jn)st)
s (LN ,Gi(1, k)
Mk
[Zk#l F2(1, IOy D ke G2, k)/\,”]z
A

= Slingo \/(<pp0q0)0p0+im,qo)st — {Ppogo)st {Ppo+im.qo)st)

\/(<:0p0,q0+jn,0p0+im,qo+jn)xt - <Pp0+im,q0+jn>st<:0p0,q0+jn>xt)

= Si“;()(ppoqoppoﬂm,qO)st — {Ppogo)st {Ppo+im.q0) st

The inequality follows from Cauchy-Schwartz, it is an inner product since i is even,
and the last equality follows from translation invariance. The result follows by letting
t — 00, and the fact that the limit of the spin-spin correlation is independent of the
order of s - ocoandt — co. O

Assume we have a finite graph. Let y, , be a path connecting (0, 0) and (x, y), then

(0000xy) = Z7! H tanh]ez H 1+ R o) H (1 + tanh J,0,,0,).

€E€Yyx,y 0 e€Yxy eE]/Ly

The denominator (partition function Z) corresponds to the closed polygon configura-
tions while the numerator (all the other factors on the right) corresponds to configurations
on the graph which have an odd number of present edges at vertices (0, 0) and (x, y),
and an even number of present edges at all the other vertices. To see that, first of all,
the expansion)_ ]—IeeyA R 1+ tanllq 7 0u0v) Hee)ﬂ (1 + tanh J.0,0,) is the same as the
weighted sum closed polygon configuration where all the edges except those on yyy
have weight tanh J,, while the edges on yy, have weight tdnh T When multiplied by
I cey, , tanh Je, this is the same as the weighted sum of configurations which can be
obtained by a closed polygon configuration by changing all the present edges on yy y
to be vacant, and all the vacant edges on y, , to be present, under the condition that
all the edges in the graph have weight tanh,. For all the vertices which do not lie on
¥x,y and in the interior of yy y, there are still an even number of present adjacent edges
after the change. However, for the two endpoints (0, 0) and (x, y), an odd number of
adjacent edges are present in the new configuration. The weighted sum of new config-
urations can be represented by a dimer model on graphs by removing a vertex of the
gadgets corresponding to (0, 0) and (x, y), where the original gadgets are illustrated as
in Fig. 2. Namely, the 8 local configurations at a degree-4 vertex, with an even number
of edges present, are in one-to-one correspondence with dimer configurations on two
gadgets, each of which is a gadget from the right graph of Fig. 2 by removing one vertex.
Figures 7 and 8 give two examples of such correspondence.

Hence (00,00%,y) can be expressed as a sum of monomer-monomer correlations of
the Fisher graph, that is, the partition function of dimer configurations on a graph with
two vertices removed, divided by the partition function of the original graph.
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a
U

a bo
R
b by by
L\
D
as a2

Fig. 7. Odd-edge configuration and modified gadget: 1

ai

U

al b2
R
b by by
D
as a2
Fig. 8. Odd-edge configuration and modified gadget: 2

We have the following corollary

Corollary 5.3. Above the critical temperature, the monomer-monomer correlation on a
symmetric, periodic, ferromagnetic Fisher graph decays to zero exponentially fast. The
decay rate is rotationally invariant.

Acknowledgements. The author would like to thank Richard Kenyon for many stimulating discussions. The
author is also grateful to the anonymous reviewer for the detailed and highly valuable suggestions. The author
acknowledges support from the EPSRC under grant EP/103372X/1.

A. Toeplitz and Hankel Operators

If ¢ is a matrix-valued function defined on the unit circle with Fourier coefficients ¢y,
then T'[¢], H[¢] are, respectively, the semi-infinite Toeplitz and Hankel matrices,

Tlgl = (¢i-j), 0=<i,j<oo,
H[¢] = (¢irj+r1), 0=1i,j <o0.

¢ is called the symbol of the Toeplitz and Hankel matrices. If ¢ is bounded, these may
be thought of as operators from the Hilbert space £> to £>. In addition we write

$@) =
There is a simple identity relating Toeplitz and Hankel operators
Tl¢py] — TIPITIY] = HIGIH[P 1. (34)

Identity (34) is trivial. The left side has (i, j) block

[ 0 -1 0
D bk = D ikVhoj = D GV = D Piskr1Yokj1.
k=—00 k=0 k=—00 k=0
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Two applications of the identity (34) give (I=identity matrix)

TI9ITI¢~" 1 =1 — HIgIHI™'],
Tlg~TI¢) =1 — HI¢™ ' 1HIP].

Let X and Y be Banach spaces. A bounded linear operator 7 : X — Y is called com-
pletely continuous if, for any weakly convergent sequence (x,) from X, the sequence
T x,, is norm-convergent in Y.

A compact operator L from X to Y is a linear operator such that the image under L
of any bounded subset of X is a relatively compact subset of Y. Compact operators on
Banach spaces are always completely continuous.

The collection §,(1 < p < oo) consists of all completely continuous operators A
for which

o
Zsf(A) < 00,
j=1

where s; are singular values of A. The norm in §, is defined by

1AL, = 3577,

j=1

When p = 1 the operator is called a trace-class operator. Here is an equivalent definition
for the trace-class operator over a separable Hilbert space. A bounded linear operator A
over a separable Hilbert space H is said to be in the trace class if for some orthonormal
basis {ex}72 | of H, the sum

1Al =D (A" A) 2 er, ex)

k

is finite, where A* is the adjoint operator of A under the inner product in H. In this case

D (Aex, ex)

k

is absolutely convergent and is independent of the choice of orthonormal basis. This
limit is denoted by 7r(A). When A € §1, this limit is equal to the sum of all eigenvalues
of the operator A.

A Hilbert-Schmidt operator is an operator on Hilbert space satisfying ||A]2 < co. A
trace-class operator on Hilbert space is always a Hilbert-Schmidt operator. A Hilbert-
Schmidt operator is always compact.

Given a Hankel matrix with continuous symbol ¢, the Fourier coefficients of ¢ decay
exponentially fast. In this case, the Hankel operator is a Hilbert-Schmidt, and the product
of two Hankel operators is a trace-class operator. Since 7 [¢]T [¢p~ 1] =I1—-H[p|H [q}‘1 1,
we have T[¢]T[¢ '] is an operator differing from the identity by an operator of trace
class, hence the determinant £ in Widom’s Theorem (Lemma 4.4) is well defined.

B. Uniqueness of Gibbs Measure on Dimer Models of Non-bipartite Graphs

One correspondence between the Ising spin configurations and dimer configurations is
described in [5]. Consider the dual graph G* of the graph G where the original Ising
model is defined. Replace each vertex of the dual graph by a gadget.



380 Z.Li

€4 €3

Fig. 9. Dual Ising Graph and Decorations

Assume all the edges which do not correspond to the edges of the dual graph have
weight 1. For those edges corresponding to edges of the dual graph, assume an even
number of such edges, surrounding each gadget, have weight less than 1, all the other
dual edges have weights greater than or equal to 1. For example, in Fig. 9, edges
e1, €2, e3, e4, es have corresponding edges in the dual graph(dual edges), while the edge
eo does not correspond to any edge in the dual graph at all. The two-to-one correspon-
dence between the Ising spin configurations and the dimer configurations is described
as follows:

1. If two adjacent spins have the same sign, and the weight of the edge of G* separating
the two spins is bigger than 1, then the edge is present in the dimer configuration;

2. If two adjacent spins have the same sign, and the weight of the edge of G* separating
the two spins is less than 1, then the edge is not present in the dimer configuration;

3. If two adjacent spins have the opposite sign, and the weight of the edge of G* sepa-
rating the two spins is less than 1, then the edge is present in the dimer configuration;

4. If two adjacent spins have the opposite sign, and the weight of the edge of G* sep-
arating the two spins is bigger than 1, then the edge is not present in the dimer
configuration.

For example, in Fig. 9, assume the weights satisfy w,, < 1, we, < 1, and we,, We;,
Wes > 1, then an Ising spin configuration on the left graph should correspond to a dimer
configuration on the right graph, according to the 4 criteria listed above.

Corollary B.1. Fora graph obtained from the dual graph of a ferromagnetic Ising model
as described above, there is a unique translation-invariant Gibbs measure defined on
dimers.

Proof. Tt suffices to prove the result on any finite cylindrical set. Let p, be the vari-
able associated to an edge e, that is, if e is present in the dimer configuration, p, = 1,
otherwise p, = 0. If e is not a dual edge, the configuration of e is uniquely determined
by dual edges. For example, a

Peg = Pe3 Pes (1 — Pes) + Pes (1 — Pey) Pes -

Hence it suffices to prove the result on an arbitrary cylindrical set consisting of dual
edges. When e is a dual edge, let o, 0y, be spins on endpoints of the dual edge, e*, then

oo if y, < 1
Pe = . .

—1+‘72“”” if we > 1
Hence (p,, - - - pe, ) depends only on spin-spin even correlation functions. The uniqueness
of spin-spin even correlation functions implies the uniqueness of the translation-invariant
Gibbs measure on dimers. 0O
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