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                    Abstract
In this paper, we investigate the closure of a large class of Teichmüller discs in the stratum \({\mathcal{Q}(1, 1, 1, 1)}\) or equivalently, in a \({{\rm GL}^+_2(\mathbb{R})}\) -invariant locus \({\mathcal{L}}\) of translation surfaces of genus three. We describe a systematic way to prove that the \({{\rm GL}^+_2(\mathbb{R})}\) -orbit closure of a translation surface in \({\mathcal{L}}\) is the whole locus \({\mathcal{L}}\) . The strategy of the proof is an analysis of completely periodic directions on such a surface and an iterated application of Ratner’s theorem to unipotent subgroups acting on an “adequate” splitting. This analysis applies for example to all Teichmüller discs obtained by the Thurston–Veech’s construction with a trace field of degree three which are moreover “obviously not Veech”. We produce an infinite series of such examples and show moreover that the favourable splitting situation does not arise everywhere on \({\mathcal{L}}\) , contrary to the situation in genus two. We also study completely periodic directions on translation surfaces in \({\mathcal{L}}\) . For instance, we prove that completely periodic directions are dense on surfaces obtained by the Thurston–Veech’s construction.



                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            
                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Gromov hyperbolicity and unbounded uniform domains
                                        
                                    

                                    
                                        Article
                                        
                                         16 March 2024
                                    

                                

                                Qingshan Zhou, Yuehui He, … Tiantian Guan

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Existence of harmonic maps and eigenvalue optimization in higher dimensions
                                        
                                    

                                    
                                        Article
                                         Open access
                                         21 February 2024
                                    

                                

                                Mikhail Karpukhin & Daniel Stern

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Counting orbits of certain infinitely generated non-sharp discontinuous groups for the anti-de Sitter space
                                        
                                    

                                    
                                        Article
                                        
                                         26 December 2023
                                    

                                

                                Kazuki Kannaka

                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    References
	Arnoux, P.: Un invariant pour les échanges d’intervalles et les flots sur les surfaces (French). Thèse, Université de Reims (1981)

	Arnoux P.: Un exemple de semi-conjugaison entre un échange d’intervalles et une translation sur le tore (French). Bull. Soc. Math. France 116(4), 489–500 (1988)
MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Arnoux P., Yoccoz J.C.: Construction de difféomorphismes pseudo-Anosov (French). C. R. Acad. Sci. Paris Sér. I Math. 292(1), 75–78 (1981)
MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Atiyah M.: Riemann surfaces and spin structures. Ann. Sci. Éc. Norm. Sup. 4, 47–62 (1971)
MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Calta K.: Veech surfaces and complete periodicity in genus two. J. Am. Math. Soc. 17(4), 871–908 (2004)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Calta, K.: Smillie, J.: Algebraically periodic translation surfaces (2007) (preprint) math.DS/0703567

	Eskin A., Masur H., Schmoll M.: Billiards in rectangles with barriers. Duke Math. J. 118(3), 427–463 (2003)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Fathi, A., Laudenbach, F., Poénaru, V.: Travaux de Thurston sur les surfaces. Astérisque, pp. 66–67 (1979)

	Hubert P., Lelièvre S.: Prime arithmetic Teichmüller discs in \({\mathcal{H}(2)}\). Isreal J. Math. 151, 281–321 (2006)
Article 
    MATH 
    
                    Google Scholar 
                

	Hubert P., Lanneau E.: Veech groups with no parabolic element. Duke Math. J. 133(2), 335–346 (2006)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Hubert, P., Lanneau, E., Möller, M.: The Arnoux–Yoccoz Teichmüller disc (2006) (preprint) math.GT/0611655

	Kenyon R., Smillie J.: Billiards in rational-angled triangles. Comment Math. Helv. 75, 65–108 (2000)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Kontsevich M., Zorich A.: Connected components of the moduli spaces of Abelian differentials with prescribed singularities. Invent. Math. 153(3), 631–678 (2003)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Lanneau E.: Hyperelliptic components of the moduli spaces of quadratic differentials with prescribed singularities. Commun. Math. Helv. 76, 471–501 (2004)
MathSciNet 
    
                    Google Scholar 
                

	Masur H., Tabachnikov S.: Rational billiards and flat structures. Handbook of Dynamical Systems, vol. 1A, pp. 1015–1089. North-Holland, Amsterdam (2002)

                    Google Scholar 
                

	Masur H.: Interval exchange transformations and measured foliations. Ann. Math. (2) 115(1), 169–200 (1982)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Masur H.: Closed trajectories for quadratic differentials with an application to billiards. Duke Math. J. 53(2), 307–314 (1986)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	McMullen C.: Billiards and Teichmüller curves on Hilbert modular surfaces. J. Am. Math. Soc. 16(4), 857–885 (2003)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	McMullen C.: Teichmüller geodesics of infinite complexity. Acta Math. 191(2), 191–223 (2003)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	McMullen, C.: Dynamics of \({\rm{SL}_2(\mathbb{R})}\) over moduli space in genus two. Ann. Math. (to appear)

	McMullen C.: Teichmüller curves in genus two: discriminant and spin. Math. Ann. 333, 87–130 (2005)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	McMullen C.: Teichmüller curves in genus two: the decagon and beyond. J. Reine Angew. Math. 582, 173–200 (2005)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	McMullen C.: Teichmüller curves in genus two: torsion divisors and ratios of sines. Invent. Math. 165, 651–672 (2006)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Ratner M.: Raghunathan’s topological conjecture and distributions of unipotent flows. Duke Math. J. 63(1), 235–280 (1991)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Schmitthüsen G.: An algorithm for finding the Veech group of an origami. Exp. Math. 13, 459–472 (2004)
Article 
    
                    Google Scholar 
                

	Thurston W.: On the geometry and dynamics of diffeomorphisms of surfaces. Bull. AMS 19, 417–431 (1988)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Vasilyev, S.: Genus two Veech surfaces arising from general quadratic differentials (preprint) math.GT/0504180 (2005)

	Veech W.: Gauss measures for transformations on the space of interval exchange maps. Ann. Math. (2) 115(1), 201–242 (1982)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Veech W.: The Teichmüller geodesic flow. Ann. Math. 124, 441–530 (1986)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Veech W.: Teichmüller curves in the moduli space, Eisenstein series and an application to triangular billiards. Invent. Math. 97, 533–683 (1989)
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Veech W.: Moduli spaces of quadratic differentials. J. Anal. Math. 55, 117–170 (1990)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                


Download references




Author information
Authors and Affiliations
	Laboratoire d’Analyse, Topologie et Probabilités (LATP), Case cour A Faculté de Saint Jérôme Avenue Escadrille Normandie-Niemen, 13397, Marseille Cedex 20, France
Pascal Hubert

	Centre de Physique Théorique (CPT), UMR CNRS 6207, Université du Sud Toulon-Var, Case 907, 13288, Marseille Cedex 9, France
Erwan Lanneau

	Fédération de Recherches des Unités de Mathématiquesde Marseille Luminy, Case 907, 13288, Marseille Cedex 9, France
Erwan Lanneau

	Goethe-Universität Frankfurt, Institut für Mathematik, 60325, Frankfurt (Main), Germany
Martin Möller


Authors	Pascal HubertView author publications
You can also search for this author in
                        PubMed Google Scholar



	Erwan LanneauView author publications
You can also search for this author in
                        PubMed Google Scholar



	Martin MöllerView author publications
You can also search for this author in
                        PubMed Google Scholar





Corresponding author
Correspondence to
                Erwan Lanneau.


Rights and permissions
Reprints and permissions


About this article
Cite this article
Hubert, P., Lanneau, E. & Möller, M. Completely periodic directions and orbit closures of many pseudo-Anosov Teichmueller discs in Q(1,1,1,1).
                    Math. Ann. 353, 1–35 (2012). https://doi.org/10.1007/s00208-011-0670-3
Download citation
	Received: 26 July 2007

	Revised: 06 July 2010

	Published: 20 April 2011

	Issue Date: May 2012

	DOI: https://doi.org/10.1007/s00208-011-0670-3


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Mathematics Subject Classification (2000)
	Primary 32G15
	Secondary 30F30
	57R30
	37D40








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					44.200.197.145
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    