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Abstract This work is an investigation of three methods
for regional geoid computation: Stokes’s formula, least-
squares collocation (LSC), and spherical radial base func-
tions (RBFs) using the spline kernel (SK). It is a first
attempt to compare the three methods theoretically and
numerically in a unified framework. While Stokes inte-
gration and LSC may be regarded as classic methods for
regional geoid computation, RBFs may still be regarded
as a modern approach. All methods are theoretically equal
when applied globally, and we therefore expect them to
give comparable results in regional applications. However,
it has been shown by de Min (Bull Géod 69:223–232, 1995.
doi:10.1007/BF00806734) that the equivalence of Stokes’s
formula and LSC does not hold in regional applications
without modifying the cross-covariance function. In order
to make all methods comparable in regional applications,
the corresponding modification has been introduced also in
the SK. Ultimately, we present numerical examples com-
paring Stokes’s formula, LSC, and SKs in a closed-loop
environment using synthetic noise-free data, to verify their
equivalence. All agree on the millimeter level.
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1 Introduction

The global gravity field is typically represented using spher-
ical harmonics (SH). Consequently, in regional gravity
modeling, one usually splits the gravity signal into a global
long-wavelength part which is modeled using SH, and a
regional short-wavelength part, which is modeled using a
suitable regional method (Sansò and Sideris 2013).

There exist several methods for approximating Earth’s
regional gravity field, of which integral formula solutions
to geodetic boundary value problems and least-squares tech-
niques have emerged as common approaches (Nerem et al.
1995). A review and comparison of different regional grav-
ity modeling concepts are given by Tscherning (1981).
More recently, Schmidt et al. (2015) investigated different
regional gravity modeling methods through an International
Association of Geodesy Inter-Commission Committee on
Theory Joint Study Group. Considering geoid computation
in particular, Stokes’s formula (Stokes 1849) and least-
squares collocation (LSC) (Krarup 1969; Moritz and Sünkel
1978; Moritz 1980) are treated in most geodetic text books
(Heiskanen and Moritz 1967; Vaníček and Krakiwsky 1986;
Hofmann-Wellenhof and Moritz 2006; Torge and Müller
2012).

Radial base functions (RBFs) are limited to a certain spa-
tial region, making them suitable for regional gravity field
modeling due to their space-localizing properties. There is
a vast amount of RBFs to choose from, as long as they rep-
resent harmonic kernel functions. They are versatile in that
their approximation characteristics and spatial distribution
can be adjusted, making it possible to use them for all kinds
of data sets and for combining different types of observations
(e.g., Lieb et al. 2016). Regional gravity field modeling with
RBFs can be done using numerical integration (e.g., Freeden
and Schneider 1998; Schmidt et al. 2002; Liu and Sideris
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2003; Roland and Denker 2005) or least-squares estimation
approaches (e.g., Schmidt et al. 2007; Lieb et al. 2016). In
this work, we use the latter, which is the common geode-
tic approach, facilitating error analysis and propagation. The
mathematical foundation of RBFs, the special RBFs known
as sphericalwavelets, and their application inmultiscale anal-
ysis are given by, for example, Freeden et al. (1998), Schmidt
(2001), Jekeli (2005), or Schmidt et al. (2007). In later years,
we have observed an increased use ofRBFs for regional grav-
ity modeling (Roland 2005; Klees et al. 2008; Eicker 2008;
Tenzer and Klees 2008; Wittwer 2009; Bentel 2013; Naeimi
2013; Bentel et al. 2013a, b; Eicker et al. 2014; Pock et al.
2012; Bucha et al. 2015, 2016; Naeimi et al. 2015; Farahani
et al. 2016; Lieb et al. 2016).

In this work, we aim to show that regional geoid com-
putation with RBFs is equivalent to Stokes’s formula and
LSC, in theory and in practice. Theoretical and numerical
comparisons of Stokes’s formula and LSC were done by de
Min (1995), while a theoretical comparison of LSC and SKs
was discussed by Eicker (2008), both of which we review
and present in a unified framework. We show the theoreti-
cal equivalence of Stokes’s formula, LSC, and RBFs in the
global case, as well as the breakdown of the equivalence
of Stokes’s formula and LSC in regional applications. We
introduce the remedial modification of the cross-covariance
function of LSC also in the SKs, such that all meth-
ods are equal also in regional applications. Ultimately, we
present numerical examples comparing the methods in a
closed-loop environment, demonstrating their equivalence in
practice.

Section 2 introduces the different modeling approaches,
while their theoretical equivalence in the global case is shown
in Sect. 3. The breakdown of their equivalence in regional
applications is shown in Sect. 4, and the remedial mod-
ifications of LSC and SKs to restore their equivalence to
Stokes’s formula are applied. Numerical examples compar-
ing themethods are given inSect. 5,while Sect. 6 summarizes
our results.

2 Modeling approaches

2.1 Stokes’s formula

Geoid heights N may be obtained from block mean grav-
ity anomalies Δḡ by the integral formula of Stokes (1849).
It globally integrates the gravity anomalies over the whole
sphere σ , using the Stokes function S as integration kernel
(or weight),

N (P) = R

4πγ

∫∫

σ

S(ψPq)Δḡq dσ, (1)

where R is the spherical Earth radius, γ is normal gravity
evaluated on the surface of the reference ellipsoid, andψPq is
the spherical distance between computation point P and data
point q. Equation (1) is a spherical convolution of the Δḡq
function with the kernel S(ψPq) and can be solved exactly
by either numerical integration or by a one-dimensional fast
Fourier transform (1D-FFT) (Haagmans et al. 1993), where
the FFT is performed along parallels only. We have used the
FFT approach, implemented according to

N (ϕP ) = RΔϕΔλ

4πγ
F−1

1

⎧⎨
⎩
∑
ϕ

F1 {S(Δλ)} · F1
{
Δḡq cosϕ

}
⎫⎬
⎭ ,

(2)

whereF1 denotes the 1D-FFT operator andF−1
1 its inverse,

and Δϕ and Δλ are the latitudinal and longitudinal spac-
ing of the computation grid, respectively. Furthermore, the
Stokes function is computed by its closed formula (Hofmann-
Wellenhof and Moritz 2006).

2.2 Least-squares collocation

LSC is an optimal estimation method in the statistical sense,
allowing the estimation of arbitrary gravity field quanti-
ties from inhomogeneously distributed point observations
(Moritz 1980). It takes advantage of the knowledge of the
signal covariance and tries to minimize the prediction error.

Restricted to the case of geoid computation and in direct
comparison with Eq. (1), LSC can be written as

N (P) = CNg
Pq

(
Cgg
qq

)−1
Δgq , (3)

whereCNg
Pq is amatrix containing the signal cross-covariances

between the functionals N and Δg between computation
point P and observations q, and Cgg

qq is the auto-covariance
matrix between all combinations of observations.

All covariances are obtained from the same covariance
functionC(ψ), assumed to depend only on the horizontal dis-
tance ψ between the considered points. In physical geodesy,
we typically take the covariance function of the disturbing
potential T to be the basic covariance function, from which
all covariances are computed by covariance propagation. The
covariance function can be written as

CT (ψPq ) = 1

8π2

2π∫

λ=0

π∫

θ=0

2π∫

α=0

T (θP , λP )T (θq , λq ) sin θdθdλdα,

(4)

where (θ, λ) are spherical coordinates, and the points
P(θ, λ), q(θ, λ) are on the surface of the unit sphere.
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The global integral in Eq. (4) can also be expressed as a
Legendre series,

CT (ψPq) =
∞∑
n=2

cTn Pn(cosψPq), (5)

where Pn(cosψPq) are the Legendre polynomials, and cTn =
(λT

n )2cn , with spectral eigenvalue (including dimensioning)
λT
n = GM/R. The dimensionless signal degree variances cn

can be computed froma set of spherical harmonic coefficients
{ΔC̄nm,ΔS̄nm},

cn =
n∑

m=0

(
ΔC̄2

nm + ΔS̄2nm
)

, (6)

as obtained from a global gravity model (GGM), or by differ-
ent empirical degree-variance models (Tscherning and Rapp
1974; Jekeli 1978; Flury 2006; Rexer and Hirt 2015).

2.3 Spherical splines

RBFs are isotropic functionswhich storemost of their energy
in a limited spherical cap around their origin, i.e., they have
a distinct space-localizing ability and are therefore said to
have quasi-local support (Freeden et al. 1998).

Geoid computation with RBFs is performed according to

N (P) =
K∑

k=1

d̂k B(ψPk), (7)

where B(ψPk) are the RBFs which are placed on spatially
distributed grid points k, and d̂k are point-specific gravity
field parameters in the form of dimensionless coefficients.

As spherical isotropic functions, RBFs can be decom-
posed into a series of Legendre polynomials Pn(cosψPk),
where the spectral characteristics of a specific RBF depend
on the choice of Legendre coefficients Bn (see Eq. (8)). One
choice of Bn is to take the frequency response of the signal
into account, characterized by the signal degree variances.
These RBFs are known as spherical splines (Freeden et al.
1998; Jekeli 2005; Eicker 2008). In terms of a harmonic ker-
nel, the spline kernel (SK) can be written as

BSK (ψPk) =
∞∑
n=2

√
2n + 1

4πR2 λnσn Pn(cosψPk)

=
∞∑
n=2

n∑
m=−n

λn B
SK
n Y R

nm(θP , λP )Y R
nm(θk, λk),

(8)

where ψPk is the spherical distance between computation
point P and the origin of the SK at grid point k, and λn

are the spectral eigenvalues including dimensioning of the
considered functional (e.g., λn is set to λN

n in case of geoid
computation). The Legendre coefficients are given by

BSK
n = σn√

2n + 1
, (9)

where σn = √
cn are the degree standard deviations. Further-

more,

Y R
nm(θ, λ) = 1

R
√
4π

×
{
P̄nm(cos θ) cosmλ, m = 0, 1, 2, . . . , n

P̄n|m|(cos θ) sin |m|λ, m = −n, . . . ,−2,−1

(10)

are the surface spherical harmonic base functions of degree
n and orderm, as defined by Schmidt (2001). P̄nm(cos θ) are
the fully normalized associated Legendre functions.

We note that the Legendre coefficients of the spherical
splines differ slightly from the ones of the covariance func-
tion, and this is due to norm convergence issues (Eicker
2008).

Equation (7) represents the synthesis of geoid heights from
known coefficients d̂k . The coefficients are obtained from
gravity field observations by integration or parameter esti-
mation techniques. We follow the latter approach and write
Eq. (7) in matrix notation as

N (P) = ANd, (11)

where d contains the spline coefficients d̂k according to Eq.
(7), and AN represents the design matrix according to Eq.
(8), with elements

AN
Pk =

∞∑
n=2

n∑
m=−n

λN
n BSK

n Y R
nm(θP , λP )Y R

nm(θk, λk), (12)

and with λN
n = GM/(Rγ ).

In agreement with geoid computation using Stokes’s for-
mula [Eq. (1)] or LSC [Eq. (3)], we derive the spline
coefficients from observed gravity anomalies in an analysis
step, by inversion of the linear model

Δg + v = Agd, (13)

where Δg is the observation vector and v is the error vector.
Ag is the design matrix, with elements

Ag
kq =

∞∑
n=2

n∑
m=−n

λ
g
n B

SK
n Y R

nm(θk, λk)Y
R
nm(θq , λq). (14)

and with λ
g
n = GM/R2(n − 1).
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By inversion of the linearmodel [Eq. (13)], one coefficient
for each SKneeds to be determined. This is an ill-conditioned
linear inverse problem, and the normal matrix must be regu-
larized in order to solve the system. Numerous regularization
techniques exist, and regularization remains an important
topic within gravity field modeling with RBFs (Bentel et al.
2013b; Naeimi et al. 2015). We have applied Tikhonov regu-
larization (Tikhonov 1963), where an extended norm which
includes constraints on the unknowns is minimized. Thus,
we have a damped least-squares problem where not only the
parameters which best fit the observations are determined,
but also the solution is kept smooth enough to allow a sta-
ble inversion. The smoothness constraint is set a priori and
governed by the regularization matrix R. The regularized
solution can be written as

d̂k =
[
(Ag)TAg + αR

]−1
(Ag)TΔg, (15)

where the regularization parameter α is a weight, balancing
the contribution of observations and prior information to the
solution. It is chosen as a compromise between a solution
which is smoothed toomuchand significant parts of the signal
is lost (α too large), and a solutionwhich is corrupted by high-
frequency errors, and no physically meaningful solution is
obtained (α too small).

We determine the regularization parameter α by the L-
curve method proposed by Hansen and O’Leary (1993), as it
has proven to be a suitable method for noise-free data (Ben-
tel 2013). Regardless of the regularization method, an initial
guess of the regularization parameter, α0, must be made.
Here, we make an initial guess based on the condition num-
ber of the normal matrix and the maximum SH degree Nmax,
i.e., α0 = 8‖N‖/N 3

max, where ‖N‖ is the norm of the normal
matrix N = ATA (Naeimi 2013).

In case of signal representation using SKs, R contains
scalar products of the SKs located at different grid points
(Eicker 2008). If the SKs would be orthogonal, R would
become a diagonal matrix which could be represented by a
scaled identity matrix. If the scaling factor is combined with
α, we can set R = I.

For bandlimited signals, as we employ them in discrete
matrix computations, the SKs are not strictly orthogonal,
and therefore, R is not a diagonal matrix (Eicker 2008). For
non-bandlimited signals, orthogonality can theoretically be
achieved, but at the cost of infinite energy along the main
diagonal of R. Eicker (2008) discussed different modifica-
tions which restrict the elements along the main diagonal to
finite values. Among them is the modification of the a pri-
ori signal covariance function, which is used to define the
smoothness of the solution. This modification could pos-
sibly lead to our SK solution becoming inconsistent with
LSC, because implicitly, two different covariance functions

are used. The solutions of both methods would not represent
the same gravity field.

Eicker (2008) compared different modified and unmod-
ified solutions using either a fully occupied R, or the
approximation R = I, and found that the considerations
regarding infinite energy and non-orthogonality are of rather
theoretical significance. The best solutions were in fact
achieved using the approximation R = I. Even though the
numerical experiments of Eicker (2008) are related to down-
ward continuation of satellite gravity data of relatively low
spectral resolution, our own numerical examples (Sect. 5)
indicate that this approximation also holds for higher spec-
tral resolutions.

Ultimately, the regularized solution for the dimensionless
spline coefficients is given by

d̂k =
[
(Ag)TAg + αI

]−1
(Ag)TΔg, (16)

representing the analysis step.

3 Global equivalence

In the global case, Eqs. (1), (3), and (7) are equivalent gravity
field representations. Furthermore, all three are equal to SH,
which is our point of departure.

The disturbing potential T onEarth’s surface is a harmonic
function satisfying Laplace’s equation. Its solution may be
formulated as a spherical harmonic expansion,

T (P) =
∞∑
n=2

Tn(P) =
∞∑
n=2

λT
n

×
n∑

m=0

[
ΔC̄nm cosmλ + ΔS̄nm sinmλ

]
P̄nm(cos θ).

(17)

Stokes’s formula [Eq. (1)] is the surface integral represen-
tation of the spherical harmonic expansion of T , subject to
the boundary condition as given by the well-known spherical
fundamental equation of physical geodesy,

Δg = −∂T

∂r
− 2

R
T . (18)

Taking the spherical harmonic expansion of Δg and Eq.
(18) into account, we can establish the relationship between
T and Δg as

T =
∞∑
n=2

Tn =
∞∑
n=2

R

n − 1
Δgn . (19)
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Considering the orthogonality relations and addition the-
orem of SH, Δgn is given by

Δgn = 2n + 1

4π

∫∫

σ

ΔgPn(cosψ) dσ, (20)

such that Eqs. (19) and (20) in combination with Bruns’s
formula, N = T γ −1, give Stokes’s formula (cf. Eq. (1)),

N (P) = R

4πγ

∫∫

σ

[ ∞∑
n=2

2n + 1

n − 1
Pn(cosψPq)

]
Δgq dσ,

(21)

where we identify the Stokes function expressed as a Legen-
dre series,

S(ψPq) =
∞∑
n=2

2n + 1

n − 1
Pn(cosψPq). (22)

Thus, Stokes’s integral formula and SH are equivalent in
the global case, which is an omen for the practical application
of Eq. (1): As the integration is performed globally, globally
available Δg are needed.

Stokes’s formula is equivalent to LSC, as the following
reviewof the interpretation of deMin (1995)will show.Given
an area of i gravity anomalies Δgi , we can predict gravity
anomalies Δgq in any point q on Earth, by means of LSC.
Then, we can rewrite Eq. (1) as

N (P) = R

4πγ

∫∫

σ

S(ψPq)Δgq dσ

= R

4πγ

∫∫

σ

S(ψPq)
[
Cgg
qi (C

gg
i j )−1Δgi

]
dσ, (23)

and, because the gravity points i do not depend on the inte-
gration element,

N (P) = R

4πγ

⎡
⎣
∫∫

σ

S(ψPq)C
gg
qi dσ

⎤
⎦ (Cgg

i j )−1Δgi . (24)

As the integration is performed globally, both functions
inside of the integral can be written in terms of SH. The
covariance function of Δg is expressed as a Legendre series
as follows,

Cg(ψPq) =
∞∑
n=2

cgn Pn(cosψPq), (25)

with cgn = (λ
g
n)

2cn .

We insert Eqs. (22) and (25) into Eq. (24), and apply the
decomposition theorem and orthogonality relations of SH, to
obtain

N (P) = R

4πγ

⎡
⎣
∫∫

σ

∞∑
n=2

2n + 1

n − 1
Pn(cosψPq)

×
∞∑
n=2

cgn Pn(cosψqi ) dσ

]
(Cgg

i j )−1Δgi

=
∞∑
n=2

[
R

γ (n − 1)
cgn Pn(cosψPi )

]
(Cgg

i j )−1Δgi

= CNg
Pi (Cgg

i j )−1Δgi , (26)

which is the LSC formula [Eq. (3)], and where we have used
the relation γ = GM/R2. As pointed out by de Min (1995),
this derivation allows LSC to be interpreted as a two-step
procedure. In the first step, least-squares prediction is per-
formed continuously over the entire Earth, based on discrete
point data. In the second step, global integration by Stokes’s
formula is performed on this continuous data set.

We now follow the interpretation of Eicker (2008) to show
that the same prediction as in Eq. (3) can be done in RBF
representation using SKs.

Omitting the regularization term αI for simplicity, we
insert the solution for the estimated spline parameters in Eq.
(16) (analysis step) into Eq. (11) (synthesis step) and obtain

N (P) = AN
[
(Ag)TAg

]−1
(Ag)TΔg. (27)

Using some matrix algebra, we can rearrange Eq. (27) as
follows,

N (P) = AN (Ag)T
[
Ag(Ag)T

]−1
Δg. (28)

If we now compare Eqs. (3) and (28), we see that LSC and
spline representation are identical if

AN (Ag)T = CNg
Pq (29)

and

Ag(Ag)T = Cgg
qq . (30)

We now look at thematrix multiplications in Eqs. (29) and
(30) in the limit case where the distribution of SKs becomes
continuous. Suppose thatwehave sets of K equidistant points
k. In the limit, the sum will become the integral over the unit
sphere, supposing an infinitely dense distribution of SKs.We
get
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AN (Ag)T(Pq) = lim
K→∞

K∑
k=1

×
[ ∞∑
n=2

n∑
m=−n

λN
n BSK

n Y R
nm(θP , λP )Y R

nm(θk , λk)

]

×
[ ∞∑
n̄=2

n̄∑
m̄=−n̄

λ
g
n̄ B

SK
n̄ Y R

n̄m̄(θq , λq )Y
R
n̄m̄(θk , λk)

]

=
∞∑
n=2

n∑
m=−n

∞∑
n̄=2

n̄∑
m̄=−n̄

λN
n λ

g
n

(
BSK
n

)2

× Y R
nm(θP , λP )Y R

n̄m̄(θq , λq )

×

=δnn̄δmm̄︷ ︸︸ ︷∫∫

σ

Y R
nm(θk , λk)Y

R
n̄m̄(θk , λk) dσ

=
∞∑
n=2

λN
n λ

g
n

cn
2n + 1

n∑
m=−n

Y R
nm(θP , λP )Y R

nm(θq , λq )

=
∞∑
n=2

λN
n λ

g
ncn Pn(cosψPq ) = CNg

Pq , (31)

and

Ag(Ag)T(qq) = lim
K→∞

K∑
k=1

×
[ ∞∑
n=2

n∑
m=−n

λ
g
n B

SK
n Y R

nm(θq , λq )Y
R
nm(θk, λk)

]

×
[ ∞∑
n̄=2

n̄∑
m̄=−n̄

λ
g
n̄ B

SK
n̄ Y R

n̄m̄(θq , λq )Y
R
n̄m̄(θk, λk)

]

=
∞∑
n=2

n∑
m=−n

∞∑
n̄=2

n̄∑
m̄=−n̄

(
λ
g
n
)2 (

BSK
n

)2

× Y R
nm(θq , λq)Y

R
n̄m̄(θq , λq)

×

=δnn̄δmm̄︷ ︸︸ ︷∫∫

σ

Y R
nm(θk, λk)Y

R
n̄m̄(θk, λk) dσ

=
∞∑
n=2

(
λ
g
n
)2 cn

2n + 1

n∑
m=−n

Y R
nm(θq , λq)Y

R
nm(θq , λq)

=
∞∑
n=2

(
λ
g
n
)2

cn Pn(cosψqq) = Cgg
qq . (32)

Thus, we are able to approximate the original covariance
function by a finite sum of the similar harmonic SKs. With
mathematical rigor, increasingly dense point distributions
will never reach the continuous limit. Instead of the num-
ber of points, one may consider introducing area weights for
points and investigate the limit case where these area weights
approach zero. This issue was discussed by, for example,
Rummel (1982) and later by Tscherning (1999). As we will

see in Sect. 5, we do not need to reach the limit case in prac-
tice, as SKs andLSC tend to be identical already formoderate
point densities. Therefore, we stick with the derivations in
Eqs. (31) and (32), noting that in practical applications, the
rigorous treatment of the surface integral does not deviate
significantly from the point grid representation.

Finally, it may be shown that Tikhonov regularization and
LSC are formally equivalent if we consider observation noise
ε, giving C̄gg

qq = Cgg
qq + Cgg

εε . Therefore, C
gg
εε = σ 2I = R is

interpreted as the regularization matrix. Thus, LSC is equal
to Tikhonov regularizationwithα = 1, and LSCmay be con-
sidered a particular form of regularization with a statistical
rationale for determining the regularizationmatrix. The inter-
ested reader is referred to Rummel et al. (1979) or Bouman
(1998) for more on this topic.

4 Regional applications

As seen in Sect. 3, all methods are equivalent in the global
case, and they can, in principle, be applied globally. This,
however, is not practical due to the requirement of globally
distributed high-resolution gravity data. In addition, global
integration using Stokes’s integral, the LSC formula applied
to large data sets, as well as the global analysis of spline
coefficients all require huge computational efforts.

Terrestrial gravity data of high resolution are not avail-
able globally, while GGMs have global coverage, but lack
high resolution. Consequently, in practical regional geoid
computation, both data sources are combined. Therefore,
the long-wavelength part of the gravity signal is determined
from a GGM and removed from the terrestrial data. In turn,
regional geoid computation is applied to the residual gravity
data in a limited area only. The modeling results are resid-
ual geoid heights, and the long-wavelength part of the GGM
is restored to obtain the final geoid. This procedure is com-
monly referred to as the remove–restore technique (Denker
2013).

In the case of Stokes’s formula, we consider available
terrestrial gravity data in a spherical cap with radius ψ0

around the computation point only. The spherical cap is usu-
ally called the inner zone. Typically, ψ0 is chosen such that
the resulting omission error is negligible, which depends on
Nmax of the GGM. Thus, Eq. (1) is only applied to the inner
zone, and we get

N (P) = R

4πγ

∫∫

σ

S̄(ψPq)Δḡq dσ, (33)

with

S̄(ψPq) =
{
S(ψPq), 0◦ ≤ ψ < ψ0

0, ψ0 ≤ ψ ≤ π
. (34)
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In its spectral form, S̄(ψPq) is written as (de Min 1995)

S̄(ψPq) =
∞∑
n=2

[
2

n − 1
− Qn(ψ0)

]
2n + 1

2
Pn(cosψPq),

(35)

where Qn(ψ0) are theMolodensky or truncation coefficients,
which can be computed by the recurrence relation of Paul
(1973).

Considering the two-step interpretation of LSC in Sect. 3,
we see that if Eq. (3) is applied to residual data in the inner
zone only, we also include the implicitly extrapolated gravity
signal outside the inner zone. Thus, as demonstrated theoret-
ically and numerically by de Min (1995), LSC and Stokes’s
formula are not equivalent in regional applications.

Following deMin (1995), we insert Eq. (35) into Eqs. (24)
and (26) and obtain

N (P) = C̄Ng
Pi (Cgg

i j )−1Δgi , (36)

with

C̄Ng
Pi =

∞∑
n=2

R

2γ

[
2

n − 1
− Qn(ψ0)

]
cgn Pn(cosψPi ). (37)

Therefore, in terms of the two-step interpretation, least-
squares prediction is still performed continuously over the
entire Earth, but Stokes’s formula is applied in the inner zone
only. Thus, LSC is again identical with Stokes’s formula.

Equation (35) may be rewritten as follows,

S̄(ψPq) =
∞∑
n=2

[
1 − n − 1

2
Qn(ψ0)

]
2n + 1

n − 1
Pn(cosψPq),

(38)

where we, in comparison with Eq. (22), isolate the mod-
ification of the Stokes function in brackets. Consequently,
considering the global equivalence of LSC and SKs (Sect. 3),
the modification must be introduced in the SKs in the
synthesis step [Eq. (11)]. By introducing the Molodensky
coefficients in Eq. (11), the SKs get strict local support
(Kusche 2002). Then, the elements of AN are given as fol-
lows,

AN
Pk =

∞∑
n=2

n∑
m=−n

λN
n

[
1 − n − 1

2
Qn(ψ0)

]

×BSK
n Y R

nm(θP , λP )Y R
nm(θk, λk). (39)

The unmodified and modified cross-covariance functions
and SKs are shown in Fig. 1, based upon the computation
scheme of the numerical examples in Sect. 5. The general

function characteristics do not change much, as we deal with
regional applications and have restricted the computations
to the spectral band above degree 250. By doing this, the
contribution from the gravity signal outside the inner zone is
relatively small, i.e., our problem is already localized to some
extent. However, we note that the modified functions tend
to show a larger degree of localization than the unmodified
functions. Furthermore, modification of the SK generates a
saddle point around spherical distances close to the inner
zone cap radiusψ0 = 1◦. Compared to the modified SK, this
feature is less prominent in the modified cross-covariance
function, because the Molodensky coefficients contribute to
a lesser extent in the cross-covariance function than they do
in the SK. In both cases, the Qn enter in linear form, butwhile
the SK is also a linear quantity [units of m, see Eq. (39)], the
cross-covariance function is quadratic [units of m·mGal, see
Eq. (37)] and thus less affected by the linear contribution of
the Qn .

5 Numerical examples

Here we aim to demonstrate to what extent the different
approaches are equivalent in practical geoid computation. To
do this, we perform a comparative assessment of SKs, LSC,
and Stokes’s formula in a closed-loop environment using
synthetic data, see Fig. 2. Both noise-free synthetic obser-
vations (in the form of gravity anomalies Δg) and the true
validation geoid are computed by spherical harmonic syn-
thesis (SHS) using the EGM2008 GGM (Pavlis et al. 2012),
with 251 ≤ n ≤ 2190, to simulate the remove–restore tech-
nique (where we assume that the long-wavelength part of the
gravity signal has been removed using a typical GOCE-based
GGM of Nmax = 250). Thus, the residual gravity anomalies
are computed as follows,

Δg(P) =
2190∑
n=251

λ
g
n

n∑
m=0

[
ΔC̄nm cosmλ + ΔS̄nm sinmλ

]

× P̄nm(cos θ). (40)

Geoid heights by Stokes’s formula, LSC, and SKs are
compared in terms ofRMSdifferences to the validation geoid
computed by SHS (to which they should all be equivalent).
By this approach, we not only validate the internal consis-
tency of themethods, but also check whether themethods are
correct in the absolute sense by comparison with an exter-
nal reference. However, in order to make the SH validation
geoid equivalent to geoids computed by the regional meth-
ods, where a spherical cap with radius ψ0 is considered, the
truncation coefficients (Sect. 4) are also introduced in the
SHS as follows,
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Fig. 1 Unmodified and
modified a cross-covariance
functions and b SKs, based on
the computation scheme of the
numerical examples in Sect. 5.
Note that
CNg = C̄ Ng(ψ0 = 180◦)

a

b

NSHS

NLSCNStokesΔgSHS NSplines

ΔC̄nm,ΔS̄nm

d̂k

Fig. 2 Schematic of the closed-loop simulation

N (P) =
2190∑
n=251

λN
n

[
1 − n − 1

2
Qn(ψ0)

]

×
n∑

m=0

[
ΔC̄nm cosmλ + ΔS̄nm sinmλ

]
P̄nm(cos θ).

(41)

We have considered two regions, namely the North Sea
coastal region of East Frisia and the mountainous Alpine
region, with, respectively, smooth and moderately rough
topography. For practical computational reasons, the input
and output grid resolutions (directly related to the number
of observations) were set to 5 arcmin (corresponding to the
maximum resolution of EGM2008), and the radius of the
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Table 1 Test regions

East Frisia Alpine region

Data area 52◦ ≤ ϕ ≤ 55◦ 46◦ ≤ ϕ ≤ 49◦

5◦ ≤ λ ≤ 10◦ 7.5◦ ≤ λ ≤ 13.5◦

Target area 53◦ ≤ ϕ ≤ 54◦ 47◦ ≤ ϕ ≤ 48◦

6.5◦ ≤ λ ≤ 8.5◦ 9◦ ≤ λ ≤ 12◦

spherical integration cap was set to ψ0 = 1◦. This cap gives
theoretical omission errors of approximately 2 and 6 cm for
East Frisia and theAlpine region, respectively (approximated
by computing the contribution to N from the area outside the
inner zone using EGM2008, with 251 ≤ n ≤ 2190). How-
ever, the omission error is not relevant in our comparison as
it is equal for all methods. Around the target areas, we con-
sider enlarged data areas such that each computation point in
the target area is surrounded by a 1◦ spherical cap containing
data, see Table 1.

Geoid heights by Stokes’s formula were computed using
Eq. (33), implemented according to Eq. (2) using the closed
formula for computing the Stokes function (where the func-
tion values were set to zero outside the inner zone). Geoid
heights by LSC were computed using Eqs. (36) and (37).
Equation (37) was developed to degree 2190, corresponding
to the maximum resolution of the observations (5 arcmin).
Considering the SKs, dimensionless spline coefficients were
estimated using Eq. (16) with Eq. (14). Details regarding the
stability of the linear system are shown in Table 2. Subse-
quently, the spline coefficients were used to compute geoid
heights using Eq. (11) with Eq. (39). Similar to LSC, the SKs
were developed to degree 2190.

There are several different point grids available for the
RBF positions, known as the grid area. Bentel et al. (2013a)
explored how different point grids affect RBF modeling
results and concluded that differences due to different point
grids are very small (∼1×10−4 mm to ∼0.2mm), provided
the number of grid points is sufficiently large.We have placed
the SKs on the equidistributed Reuter grid, where the spher-
ical distance between grid points is almost constant. The

number of SKs on the Reuter grid is defined through the con-
trol parameter γ , which is equal to the maximum SH degree
Nmax, γ = Nmax (Bentel et al. 2013b). The outer margin
widthsw of theRBFgrid areawere determined by the empiri-
cal formula ofBentel (2013),wherew ≈ 4·180◦/(Nmax+1).
The number of RBFs will typically be slightly smaller than
the number of observations, but approximately equal. In the
following, when the equality of the number of RBFs and the
number of observations is discussed, it is this approximate
equality that is meant.

First, we show that the unmodified LSC and SK formu-
las applied to the synthetic inner zone data set do not give
the same results as Stokes’s formula. This is due to the fact
that LSC implicitly extrapolates the inner zone data glob-
ally (Sect. 4). It is the contribution of the extrapolation that is
shown in Fig. 3. For a rigorous evaluation of the extrapolation
effect, the comparison of the solutions from LSC and SKs is
donewith respect to the truncated SHvalidation geoid (which
is practically identical to Stokes’s formula). We observe that
there is a continuous residual pattern over both data and tar-
get areas. In East Frisia, using unmodified LSC (SKs), we get
RMS differences of 1.75 and 1.83 cm (1.76 and 1.83 cm) in
the data and target areas, respectively. In the Alpine region,
using unmodified LSC (SKs), we get RMS differences of
5.73 and 5.18 cm (5.74 and 5.18 cm) in the data and target
areas, respectively. The RMS differences for East Frisia and
the Alpine region are in the same order of magnitude as the
omission (or truncation) error in the respective regions. This
shows that the unmodified LSC and SK formulas have taken
signal content outside the data area into account when com-
puting the geoid heights, while the Stokes integration has
not.

The results of the geoid computations using modified for-
mulas are shown in Table 3 and Figs. 4 and 5. Table 3 shows
that all methods agree on the mm level in the target area,
with smaller errors in East Frisia than in the Alpine region.
Stokes’s formula gives larger errors outside the target area
than LSC and the SKs. In the target areas, LSC and SKs
show maximum RMS differences of 0.7 and 1.1mm (both in
the Alpine region), respectively, while RMS differences of

Table 2 Spline representation
Resolution (arcmin) East Frisia Alpine region

5 2.5 5 2.5

No. of observations 2257 8833 2701 10,585

No. of SKs 1842 1842 2464 2464

cond(N) 1.2 × 1019 9.3 × 1018 5.7 × 1019 7.1 × 1019

α0 7115 2.8 × 104 6872 2.7 × 104

α 72 284 6837 1.1 × 104

cond(N + αI) 6.0 × 107 6.0 × 107 6.0 × 105 1.5 × 106
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a

c d

b

Fig. 3 Deviation of LSC and SKs from the truncated SH validation geoid (simulating Stokes’s formula, as given in Eq. (33)) when leaving the
covariance function unmodified; a LSC and b SKs in East Frisia, c LSC and d SKs in the Alpine region

Table 3 Results from the
closed-loop simulation, 5
arcmin resolution

East Frisia Alpine region

Max Min Mean RMS Max Min Mean RMS

Data area

ΔgSHS 11.617 −6.881 0.316 3.242 46.704 −63.217 −0.677 12.762

NSHS 17.474 −10.942 0.513 5.200 66.092 −93.867 −1.013 18.765

NSHS − NStokes 14.165 −5.426 1.204 3.410 28.229 −35.504 −2.477 7.218

NSHS − NLSC 1.880 −2.594 0.006 0.644 7.548 −7.952 −0.007 1.354

NSHS − NSplines 2.118 −3.256 −0.024 0.795 6.518 −6.345 −0.011 1.434

Target area

NSHS 7.297 −9.076 1.870 4.241 40.613 −35.447 −1.669 13.678

NSHS − NStokes 0.419 −0.638 0.082 0.173 1.087 −1.598 −0.087 0.588

NSHS − NLSC 0.003 −0.020 −0.001 0.002 0.212 −0.208 0.000 0.065

NSHS − NSplines 0.010 −0.044 −0.003 0.007 0.162 0.017 0.107 0.113

Gravity anomalies in mGal (=10−5 ms−2) and geoid heights in cm

1.7 mm (East Frisia) and 5.9 mm (Alpine region) are found
using Stokes’s formula. Of all three methods, LSC gives the
smallest error.

Looking at Figs. 4 and 5 we see that the errors in the
target areas are much lower than in their exterior, showing
the effect of truncated computation. In particular, LSC and
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a b

c d

e f

g h

Fig. 4 Results in East Frisia; geoid from SHS in a data and b target areas, error from Stokes’s formula in c data and d target areas, error from LSC
in e data and f target areas, and error from SKs in g data and h target areas
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a b

c d

e f

g h

Fig. 5 Results in Alpine region; geoid from SHS in a data and b target areas, error from Stokes’s formula in c data and d target areas, error from
LSC in e data and f target areas, and error from SKs in g data and h target areas

the SKs show smaller errors in the target area, which was not
the case when using the unmodified formulas (Fig. 3). We
also note the similarity in the error patterns of LSC and SKs.

The slightly larger RMS differences in Stokes’s formula
in comparison with LSC/SKs could be owing to the fact that
the synthetic observations are point values, which SHS and
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Table 4 Results from the
closed-loop simulation, 2.5
arcmin resolution

East Frisia Alpine region

Max Min Mean RMS Max Min Mean RMS

Data area

ΔgSHS 11.794 −6.894 0.296 3.219 46.736 −63.347 0.634 12.723

NSHS 17.536 −10.942 0.481 5.158 66.515 −94.385 −0.955 18.729

NSHS − NStokes 14.422 −5.894 1.032 3.273 30.577 −37.650 −2.107 7.056

NSHS − NLSC 3.717 −3.266 0.031 0.996 12.432 −10.639 −0.051 2.098

NSHS − NSplines 2.317 −3.385 −0.022 0.786 4.377 −5.683 −0.019 1.257

Target area

NSHS 7.333 −9.076 2.097 4.247 41.130 −35.447 −1.936 13.620

NSHS − NStokes 0.429 −0.512 0.037 0.088 0.529 −0.663 −0.041 0.242

NSHS − NLSC 0.057 −0.103 −0.001 0.010 0.059 −0.054 0.000 0.015

NSHS − NSplines −0.002 −0.040 −0.004 0.006 0.110 0.024 0.079 0.082

Gravity anomalies in mGal (= 10−5 ms−2) and geoid heights in cm

LSC/SKs expect. However, Stokes integration, while applied
point-wise, expects block mean values. To test to what extent
the larger RMS differences for Stokes’s formula are due to
a discretization error, we set up the closed-loop simulation
with 2.5 arcmin grid resolution, see Table 4. Increasing the
grid resolution to 2.5 arcmin leaves the LSC and SK results
largely unaffected (with maximum improvements in the tar-
get areas of ∼0.5mm, and even a slight degradation of the
LSC solution in East Frisia), while results by Stokes’s for-
mula improve by 0.85 and 3.5mm in East Frisia and Alpine
region, respectively. Thus, we identify the larger discrepan-
cies using Stokes’s formula at the 5 arcmin grid resolution
as a discretization error. Furthermore, as there is nothing to
gain from increasing the grid resolution of the observations
(at 5 arcmin, they are already at their maximum signal res-
olution), we attribute the discretization error to the Stokes
function and not the gravity data. The error is a result of
the Stokes function being evaluated only at each grid point
of the input data, instead of evaluating its surface integral
over the corresponding blocks. Thus, with increased reso-
lution and decreased block size, the function value at the
grid nodes gives an increasingly better representation of the
surface integral over the grid compartments, and Stokes’s
formula converges toward SHS.

Finally, we explore how the number of SKs affects the
RMS differences (and thus the equivalence to the other meth-
ods). In Sect. 3, LSC and SKs were found to be theoretically
equal in the continuous case, respectively, in case of an
infinitely dense distribution of SKs. In the following, we
want to explore how dense the point grid needs to be in
practical applications. We repeat the computations for the
Alpine region, still using gravity anomalies with 5 arcmin
signal resolution given on the 5 arcmin grid, but varying the
number of SKs. The regularization parameter was kept con-
stant to make the computations consistent, securing that the

Fig. 6 Difference between SHS and SKs for varying number of SKs
in the Alpine target area, with α = α0 = const.

only variable in the test is the number of SKs. Again, the
RMS differences, or modeling errors, are with respect to the
truncated SH validation geoid. If the error is small for a cer-
tain number of SKs, we can conclude that the SKs are also
similar to LSC, thus providing a measure of how dense the
SKs need to be placed in practice. Because we already know
that the different methods agree on the mm level, we have
chosen 1mm as the modeling error threshold.

Figure 6 shows the modeling error as a function of the
number of SKs. The vertical dotted lines denote the number
of observations corresponding to the 5 arcmin and 2.5 arcmin
grid resolutions, while the horizontal dotted line denotes the
1-mm modeling error threshold with respect to SHS. We
observe that the error decreases rapidly with increasing num-
ber of SKs until it reaches the 1-mm threshold using roughly
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3000 SKs. This corresponds to the number of grid points of
the 5 arcmin input grid and, in our case, represents both the
number of observations (input grid resolution) and the sig-
nal resolution (spectral content). To test which of the two is
decisive, we computed solutions using a denser 2.5 arcmin
grid while keeping the signal resolution constant at 5 arcmin
(leading to a slightly oversampled signal). Based on this input
data grid, we performed two modeling runs, where the num-
ber of SKs corresponds to either (1) the signal resolution
(corresponding to 5 arcmin, see Table 2) or (2) the number
of observations (9738 SKs, corresponding to 2.5 arcmin).
Both cases give practically equal results (RMS differences
between SK geoid solutions of 1 mm and 5 × 10−2 mm in
the data and target zones, respectively), suggesting that the
SKs converge towardLSCdepending on the signal resolution
rather than the number of observations. Using more observa-
tions increases redundancy and helps to filter out observation
noise, but it is not necessary to use an equally increased num-
ber of SKs to adequately represent the gravity field.

6 Summary

We have reviewed the theoretical equivalence of Stokes’s
formula, LSC, and SKs in the global case, as well as in
regional applications, where Stokes integration is restricted
to a spherical cap around the computation point, and no data
outside this cap is considered. If LSC is not applied globally,
its result will be different from Stokes’s formula, because
an unwanted extrapolation outside the cap takes place. If
the cross-covariance function is modified appropriately, LSC
and Stokes’s formula are again equal. This has already been
shown by deMin (1995). As SKs are equivalent to LSC, they
have to be modified correspondingly to give equal results as
Stokes’s formula.

With a few numerical examples, we have shown that the
methods are equal also in practice. Two regions were consid-
ered, East Frisia and the Alpine region, with small and large
gravity field variations, respectively. At the 5 arcmin resolu-
tion, all methods agree within 2× 10−2 mm to 5.9mm in the
target areas, where the largest RMS differences are due to
the discretization of Stokes’s formula. At the 2.5 arcmin res-
olution, all methods agree within 6×10−2 mm to 2.4mm. In
general, the remaining discrepancies can be expected due to
the varying numerical implementations. For example, Novák
et al. (2001) found remaining differences on the mm level
between the theoretically equivalent numerical integration
and 1D-FFT evaluations of Stokes’s formula at the 5 arcmin
resolution, which they attribute to the numerical accuracy of
their implemented algorithms.

From a theoretical point of view, LSC should give the
best results because the covariance function is the only ker-
nel which has theminimum variance property (Moritz 1980).

Indeed, this is confirmed in our numerical examples, where
LSC generally gives the smallest error. SKs perform very
similar to LSC. From the theoretical point of view, both
methods should be identical in the continuous case, i.e.,
when placing the SKs on an infinitely dense point grid. Our
numerical examples show that this limit case does not have
to be reached in practice. Rather, it suffices to choose the
SK grid spacing according to the signal resolution. This is
directly related to the ability of the SKs to achieve an ade-
quate representation of the gravity field. Using less SKs than
associated with the signal resolution leads to an inadequate
gravity field representation, i.e., the modeling error increases
with decreasing number of SKs.Usingmore SKs than associ-
ated with the signal resolution leads to overparametrization.
This generally increases the numerical effort (inversion of an
unnecessarily large matrix) and may lead to instabilities of
the normal equation system. Thus, the SKs are principally
independent of the number and distribution of observations.
When measuring the numerical effort of SKs and LSC in
terms of the size of the matrix that needs to be inverted
(normal equation matrix in case of the SKs and the auto-
covariance matrix of the observations in case of LSC), the
effort needed for LSC depends on the number of observa-
tions, while the effort needed for the SKs depends on the
signal resolution.

In practice, of course, signal and grid resolutions are inter-
related. If the distance between adjacent observation points
decreases, more small-scale features of the signal can be
modeled, which in turn requires a denser grid of SKs. The
limit is reached at the point where there are no significant
signal variations between the observations. At this point, the
number of observations is sufficiently high to represent the
full spectral content of the signal. Then, the numerical effort
for both SKs and LSC is similar. If the number of observa-
tions is higher (which could help filtering out observational
noise), the numerical effort increases for LSC, but not for
SKs. Furthermore, in reality, the distribution of observations
is typically heterogeneous, and placing the SKs on a regu-
lar grid will never give optimal results (Wittwer 2009). One
possibility to overcome this problem would be to determine
the grid spacing for the SKs depending on the resolution nec-
essary to reach a certain accuracy requirement for the final
modeling results (e.g., a 1-cm geoid). Another possibility
could be to choose a scattered placement of the SKs, where
more SKs are used for parts of the data set where the signal
is rough, and less in parts where the signal is smoother. Dif-
ferent data-adaptive approaches have been used to generate
such a scattered distribution, see, for example, Klees et al.
(2008).

To complete the discussion on spacing between and dis-
tribution of the SKs, we also stress that the spacing and
distribution are not the only variables in the RBF approach,
but also the bandwidth (i.e., the maximum degree to which
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the SKs are developed) needs to be adapted according to
the signal resolution (Wittwer 2009). This was not explic-
itly discussed in our numerical examples, because the signal
resolution and bandwidth were always set to Nmax = 2190.

Finally, we point out that our aim has not been to decide
which regional geoid computationmethod is the best, as there
are advantages and drawbacks to all depending on the data
situation. Furthermore, our numerical examples do not rep-
resent the most efficient implementations of each method,
as they rather aim to compare the outcome of the different
methods. Thus, we have not compared the numerical imple-
mentations in terms of computation times and limitations. In
addition, this work does not present new theory, but is a first
attempt to compare the three methods both theoretically and
numerically in a unified framework. We have demonstrated
that the three methods give equal results in applications, for
which a modification of LSC and SKs was necessary. We
stress that this modification is not a general necessity when
applying the LSC and RBF approaches. However, de Min
(1995) points out a few advantages of modifying the covari-
ance function. For example, the modification makes the LSC
results less dependent on the validity of the covariance func-
tion, as its validity is of most importance for the extrapolated
data, which is not considered anymore. Although the modifi-
cation is not necessary for the application of LSC and RBFs
in general, it is critical in direct comparison with Stokes’s
formula.
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