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Abstract
An approximate thickness optimization of a rectangular Kirchhoff-Love plate with variable stiffness under uniform
load is performed in this paper. The authors propose an original method for formulating problems of optimal design
for plate structures of variable thickness. Partial discretization, which is described in this paper, reduces the number
of independent variables in the problem formulation to only one, making the problem possible to solve via appli-
cation of the Pontryagin’s minimum principle. The optimization problem relates to the search for the optimal plate
thickness distributions, which provides the minimum structural volume of the material used while simultaneously
meeting all constraint conditions. The optimal design task is formulated as a control theory problem, maintaining the
formal structure of the minimum principle, and then is transformed into a two-point boundary value problem. Such
an approximate solution, meeting all necessary optimality conditions, is found by using Dircol software for a chosen
illustrative example.

Keywords Optimal design . Shape optimization . Thickness optimization . Kirchhoff-Love plate . Pontryagin’s minimum
principle . Variable stiffness

1 Introduction

Shape optimization is a fundamental concept of any structural
design process in civil engineering—the process whose main
goal is to minimize the total cost of construction. Despite this,
shape optimization in civil engineering is commonly per-
formed only in the most basic form, namely via the process
of “dimensioning”: finding the minimal size of a single or at
most of few geometric properties of a structural element of an
assumed shape. The shape itself is usually given, a priori, in
the architectural guidelines, or it is strongly constrained by the
available solutions: steel sections, formwork elements, etc. In
fact, any attempt to minimize the cost for the erection of a
structure must take into account the fact that those easily avail-
able solutions are also the least expensive ones—the

performance of a hot-rolled steel beam of custom cross-
section or the performance of a custom curvilinear formwork
increase the cost of construction considerably, due to their
unitary (non-serial) character.

Another reason for which shape optimization methods are
not commonly used in civil engineering is the complexity of
the mathematical modeling required. The need to take into
account all constraints arising from standards and those con-
straints additionally imposed by developers, as well as many
decision variables and many load combinations, significantly
increase the dimensions of the optimization problems. The
optimization methods, which may make it possible to solve
such complex shape optimization tasks, are methods based on
the optimal control theory.

Most of the optimal control problems in engineering are
related to the optimization of processes for which the indepen-
dent variable is time (Geering 2007). The use of the control
theory in problems related to the optimal design of one-
dimensional structural elements became possible thanks to
the analogy in the form of equations defining processes and
equations defining structural elements. The formulation of the
structural element optimization tasks within the formalism of
the Pontryagin minimum principle (Pontryagin et al. 1962)
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was possible, in particular, as a result of adopting an indepen-
dent variable, namely, the coordinate measured along a bar
geometric axis, rather than time.

Various problems in the optimal design of one-dimensional
bar systems have been solved in recent years, including, inter
alia, those problems concerning the optimization of steel,
composite, or wooden multi-span girders (Laskowski and
Mikulski 2009; Kropiowska 2016), reinforced concrete or
steel frames (Laskowski 2017) and arches (Mikulski 2004);
the tasks of optimal shaping of spatially-loaded, thin-walled
beams (Kropiowska 2016) and many more.

The methods of the optimal control in problems in which
both system of governing equations, as well as the control,
depend on a single variable are understood and developed to a
much greater extent and are much easier in application than in
the case of multidimensional problems governed by partial
differential equations. Some examples of procedures for solv-
ing optimal control problems of dynamical systems governed
by partial differential equations were presented by Pesch
(2012). The task of optimal design of a plate structure is also
an example of a multidimensional problem. The lack of anal-
ysis of thickness optimizations of a fundamental structural
element such as a plane thin rectangular plate is clearly visible.

Some early work on the optimal design of plateswith piece-
wiseconstant thicknesscanbefound in(SzeferandDemkowicz
1984; Salupere 1992).More papers were published addressing
theproblemof theminimumcostdesignof concrete, reinforced
concrete, or prestressed concrete slabs (see Ghandi et al. 2017;
El Semelawy et al. 2012; Ahmadi-Nedushan and Varaee 2011;
AhmadkhanlouandAdeli2005).Thesepapersare related to the
search for discrete design variables, such as the thickness of a
slab, steel bar diameter, or bar spacing; the optimal thickness
obtained as a result of numerical calculationswas constant over
the entire plate. Additional issues were related to the search for
the optimal dimensions of flat slab buildings using a genetic
algorithm and a hybrid optimization algorithm (see Sahab
et al. 2005). The optimal design of a plate with variable thick-
nesswasstudied in thepaperbyPedregal andDonoso (2003)—
the one-dimensionalmodel was analyzed to optimize the plate,
which was assumed to be infinite along one of its axes. Several
problems concerning topology optimization of plate structures
with reference to the volume minimization were discussed in
(Goo et al. 2016). The topology optimization, which is one of
the most popular structural optimization methods, was also
used in those works concerning the optimization of plates (see
Bruggi and Taliercio 2015; Long et al. 2009). Examples of the
optimaldesignofplatesunderdynamic loadswerepresentedby
Falco et al. (2004), where a sequential quadratic programming
algorithmwas used to solve the shape optimization problem.

However, it can be observed, that a large majority of the
research works linked to plate thickness optimization are re-
lated to the search for an optimal value of constant thickness
or optimal piecewise constant thickness. There is still a lack of

research regarding plate optimization problems that account
for many constraints, especially in problems that are searching
for the optimal thickness distribution, which is variable over
the plate.

The thickness optimizationofplates, especiallywhen taking
into account the number of constraint conditions, is a topic that
still needs to be researched. Such research is evenmore impor-
tantasplaneplatesare indispensable structuralelements inmost
modern buildings—house, offices, and commercial-
entertainmentcenterswithplate-wallorplate-columnstructural
systems. It is also one of the most material-consuming, thus a
cost-generating element of a structure. Thickness optimization
of plates may be of particular importance in the case of the
designof seriallymanufacturedprefabricated plates, e.g.,metal
sheet segments produced in the process of stamping.

The goal of this paper is to develop a simplified, approxi-
mate method of thickness optimization of rectangular
Kirchhoff-Love plates, to perform such an optimization for
given illustrative examples, and to discuss certain aspects of
the analyzed problem, as well as of the introduced method and
obtained results. The simplification of the optimization prob-
lem via its partial discretization enables the solving of it by
using methods dedicated to one-dimensional problems.
Among such methods, the Pontryagin’s minimum principle
emerges as a useful tool with a wide scope of possible appli-
cations. In recent years, the minimum principle has been given
a solid numerical basis (von Stryk 2000), which provides the
possibility of finding solutions to complex optimization tasks.
For this reason, it was chosen as a solution method for the
computation presented in this paper. Numerical calculations
were carried out by using Dircol software (von Stryk 2002).

2 Formal statement of a general problem

We consider a flat, thin elastic plate of rectangular shape,
made of a homogeneous isotropic material, subjected to its
own weight and a continuous load q perpendicular to a middle
plane (Fig. 1).

Fig. 1 Diagram of the system load for the plate of variable thickness
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The governing equation for the Kirchhoff-Love plate of
variable thickness is a two-dimensional, non-homogeneous
fourth-order linear partial differential equation of the follow-
ing form (Timoshenko and Woinowsky-Krieger 1959):

D
∂4w
∂x4

þ 2
∂4w
∂x2∂y2

þ ∂4w
∂y4

� �
þ ∂2D

∂x2
∂2w
∂x2

þ ν
∂2w
∂y2

� �

þ ∂2D
∂y2

∂2w
∂y2

þ ν
∂2w
∂x2

� �
þ 2 1−νð Þ ∂

2D
∂x∂y

∂2w
∂x∂y

þ2
∂D
∂x

∂3w
∂x3

þ ∂3w
∂x∂y2

� �
þ 2

∂D
∂y

∂3w
∂x2∂y

þ ∂3w
∂y3

� �
¼ P

ð1Þ

where w (x, y) is the deflection of a point (x, y) of the plate,
P (x, y) is a load described by (2), including the continuous
load q and the self-weight, H (x, y) is the plate thickness
distribution, and D (x, y) is the plate flexural stiffness dis-
tribution defined by relation (3).

P ¼ qþ γ⋅H ð2Þ

D ¼ EH3

12 1−ν2ð Þ ð3Þ

The material data γ, E, and v are the specific weight,
Young’s modulus, and the Poisson ratio, respectively, all of
which are constant within the plate.

The edge supports provide the appropriate boundary
conditions. The thickness, in every point of the plate,
must be chosen in such a way that the maximum normal
stress in each point does not exceed a certain fixed limit
value σ0. This provides the inequality constraints of the
form:
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The inequality constraints on maximum normal stress
is only for the sake of definiteness; in true design prob-
lem, also the shear stress should be limited to a certain
value respective of the chosen limit state hypothesis. Both
constraints may be accounted for by a choice of certain
limit state criterion (e.g., Huber-Mises, Tresca) and im-
posing an inequality constraint for an “equivalent stress”
respective for that criterion. This, however, requires a line
search of maximum equivalent stress along z-coordinate

in every (x;y) point. In order to simplify the task our
considerations are restricted to limiting the normal stress
only.

The optimization problem under consideration relates
to the search for optimal plate thickness distributions,
which provides the minimum structural volume V of the
material used and simultaneously meets all of the con-
straint conditions. As the flexural stiffness is a one-to-
one function of the plate thickness, it may be equivalently
considered as a control. The control is constrained to take
values from a given interval. The plate thickness, the load,
and the total volume V may be expressed by the flexural
stiffness, respectively:

H x; yð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 1−ν2ð Þ

E
D x; yð Þ3

r
ð5Þ

P x; yð Þ ¼ qþ γ⋅

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 1−ν2ð Þ

E
D x; yð Þ3

r
ð6Þ

V ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 1−ν2ð Þ

E
3

r
∫
Lx

x¼0
∫
Ly

y¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p
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3 Statement of the optimization problem
of an approximate discretized system

3.1 Partial discretization

The idea of discretization of a two-dimensional system
to a single-dimensional one was used, for example in
Liepelt and Schittkowski (2001). In order to simplify
the problem, namely to approximate it with a one-
dimensional system, a partial discretization is per-
formed. One of the independent spatial variables—let’s
say the x variable—remains a continuous set, while the
second one is replaced by a finite set of fixed values of
variable y:

y : 0≤y≤Ly
� �

→ y0; y1; y2;…; yNþ1

� �

where

yiþ1 ¼ yi þΔy;Δy ¼ const:for every i ¼ 0; 1; :::;N

y0 ¼ 0; yNþ1 ¼ Ly:
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The two-dimensional area of the rectangular plate is
thus replaced with strips with constant width Δy formed
by the lines parallel to the x axis (Fig. 2).

We introduce a set of functions wi(x), Di(x) for every
i = 1, 2, …, N, determining the distribution of deflection
and flexural stiffness, respectively, along the line {(x, y) :
0 ≤ x ≤ Lx ∧ y = yi} for a given i.

A two-dimensional system, described by a single partial
differential equation (PDE) (1), may be now replaced with a
finite set of one-dimensional systems, coupled with a system
of ordinary differential equations (ODE). In the governing (1),
any differential operator involving differentiation with respect
to the discretized variable must be replaced by an appropriate
finite difference (FD) operator. The 2nd-order precision finite
difference operators were chosen:

∂ f
∂y

����
i
≈

1

2Δy
− f i−1 þ f iþ1

� 	
∂2 f
∂y2

����
i
≈

1

Δyð Þ2 f i−1−2 f i þ f iþ1

� 	
∂3 f
∂y3

����
i
≈

1

2 Δyð Þ3 − f i−2 þ 2 f i−1−2 f iþ1 þ f iþ2

� 	
∂4 f
∂y4

����
i
≈

1

Δyð Þ4 f i−2−4 f i−1 þ 6 f i−4 f iþ1 þ f iþ2

� 	
ð8Þ

where fi and
∂n f
∂yn

���
i
denote chosen function along the i-th line

y = yi and its n-th derivative, with respect to the y variable,
respectively. The use of higher precision operators requires
introduction of greater number of fictitious (out-of-domain)

state variables in order to write down finite differences, as it
is described below.

3.2 State equations of one-dimensional approximate
system

Now, we introduce the following state variables for every
i = 1, 2, …, N:
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The set of N control variables is assumed:

Ui xð Þ ¼ ∂2Di

∂x2
for every i ¼ 1; 2;…;N :

The discretized system is governed by the following sys-
tem of 6 N first order ODE:
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where the derivative X 4ð Þ
i


 �0

is determined by formula (1),

thus satisfying relation (11).
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Fig. 2 Scheme of a plate division for a partial discretization
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The differential operators in (11) are replaced by the appro-
priate finite difference operators, which leads to the obtaining
of the following expression for Fi:
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In order to write down finite difference schemes in the
above relation, one should also introduce fictitious state vari-

ables X 1ð Þ
−1 ;X

1ð Þ
0 ;X 2ð Þ

0 ;X 3ð Þ
0 ;X 1ð Þ

Nþ1;X
2ð Þ
Nþ1;X

3ð Þ
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1ð Þ
Nþ2.

These functions are determined by using boundary condi-
tions, as described below.

3.3 Boundary conditions

The edge supports provide appropriate boundary condi-
tions on the state variables. We narrow our considerations
to plates with no free edges. We will distinguish the bound-
aries along the axis of the discretized coordinate from the
continuous one.

In the case of the first ones, we obtain for x0 = 0 or x0 = Lx:
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�
ð13Þ
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where the bending moments are expressed in terms of the
introduced state variables:
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The supports at the edges parallel to the non-discretized
coordinate provide additional relations, enabling us to write
the finite differences mentioned above, by determining ficti-

tious state variables X 1ð Þ
−1 ;X

1ð Þ
0 ;X 1ð Þ

Nþ1;X
1ð Þ
Nþ2, namely:

simply supported edge at y ¼ y0 :
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1
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Nþ2 ¼ −X 1ð Þ

N

(
ð18Þ

fixed edge at y ¼ yNþ1 :
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X 1ð Þ
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N

(
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Additional boundary conditions must be defined for X 5ð Þ
i ;

X 6ð Þ
i (i = 0, 1, 2, ..., N + 1), which are interpreted as the distri-

bution of flexural stiffness along the line y = yi and its deriva-
tive, respectively. Their boundary values are to be found. If we
narrow our considerations to a class of problems characterized
by the existence of two symmetry axes, parallel to the axes of
the chosen coordinate system, the boundary conditions for the
functions in this discussion may be written as follows:

X 5ð Þ
i 0ð Þ ¼ X 5ð Þ

i Lxð Þ for i ¼ 1; 2;…;N
X 6ð Þ

i 0ð Þ ¼ −X 6ð Þ
i Lxð Þ for i ¼ 1; 2;…;N

X 5ð Þ
0 ¼ X 5ð Þ

Nþ1

X 6ð Þ
0 ¼ −X 6ð Þ

Nþ1

ð20Þ

In the case of plates with two planes of symmetry, where
one plane is perpendicular and the other is parallel to the
discretized direction, one may obviously make use of symme-
try in formulating the problem. Considering the plane of sym-
metry perpendicular to the discretized direction it may be done
by substituting (or equating) every state variable with the one
respective due to the symmetry. The other plane of symmetry
(with respect to (y;z) plane) may also be taken into account in

Optimal design of a Kirchhoff-Love plate of variable thickness by application of the minimum principle 1585



formulating the proper boundary conditions in the middle of
the span by imposing zero boundary conditions on angle of a
deflection and third derivative of a deflection. This would
automatically provide us with solution of proper symmetry.

3.4 Inequality constraints

The desired optimal solution must satisfy two sets of inequal-
ity constraints. The first one is determined by the minimum
and maximum permissible thicknesses of the plate, which is
equivalent to:

Hmin≤Hi≤Hmax for i ¼ 1; 2;…;N ð21Þ
where:

Hi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 1−ν2ð Þ

E
X 5ð Þ

i
3

r
ð22Þ

The second set of inequality constraints follows by
constraining the maximum normal stress to the limit value:

max
0≤ x≤Lx

max jσmax
xx;i j; jσmax

yy;i j

 �h i

≤σ0 for i ¼ 1; 2;…;N : ð23Þ

The normal stresses are determined in accordance with (4)
and can be expressed as follows:
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xx;i ¼
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3.5 Optimization of plate in the minimum principle
formal structure

Solving the aforementioned problem is possible by using cal-
culus of variations, Euler-Lagrange differential equations, and
the minimum principle (Pesch and Bulirsch 1994). The
Pontryagin minimum principle makes it possible to establish
the necessary optimality conditions of the task under discus-
sion. Each optimal control task is presented as a multi-point
boundary value problem, which can only be solved
numerically.

The optimization problem, formulated in the category of
the control theory, must have a strictly defined formal struc-
ture, which will allow the minimum principle to be applied.
The basic elements of this structure are state equations with
boundary conditions, constraints, and the objective function.
The problem of the plate optimal shaping was solved numer-
ically by using the direct collocation method, implemented in
Dircol (A Direct Collocation Method for the Numerical
Solution of Optimal Control Problems), developed by Oskar

von Stryk (von Stryk 2002). This program is one of the few
that allows for the solving of complex optimal control tasks
with significant dimensions. The accuracy of the solutions
obtained via Dircol and the operation of the program have
been previously verified in numerous optimization tasks by
comparing the results with solutions obtained by other
methods. The numerical calculations provide a control which
satisfies a necessary condition for being optimal; thus, among
all controls found, one should look for a global extremum by
comparing the respective values of the objective function.

4 Numerical example

A numerical solution was found for the chosen example.
Our considerations were narrowed to the special case of a
square plate, which enables the direct verification of the
proposed method’s accuracy. The plate dimensions are
Lx = 2 m, Ly = 2 m, and it is made of material character-
ized by the constants E = 15GPa, γ = 20kN/m3, ν = 0.15.
The plate was simply-supported at its circumference.

An external load was assumed to be q = 100 kPa. This data
was chosen in order to verify the obtained results with a
benchmark example discussed in (Radwańska 2009).

We incorporated the symmetry perpendicular to the
discretized direction in our example, and the half system could
be considered in the analysis (Fig. 3). This symmetry is satis-
fied by substitution of proper state variables as described
above. The discretization was performed for N = 10, thus the
strip width is Δy = 0.1m.

Fig. 3 Diagram of the bisymmetric square plate

1586 D. Kropiowska et al.



4.1 Optimization task structure

The optimization problem can be defined as the search for the
optimal thickness distributions that minimizes the assumed
objective function, while satisfying all constraint conditions.

4.1.1 State and control variables

In general, sixty state variables were defined—six state vari-
ables for each i = 1, 2, …, 10, respectively. They are listed in
Table 1.

The second derivatives of the flexural stiffness functions
were assumed to be control variables:

Ui xð Þ ¼ D″
i xð Þ i ¼ 1; :::; 10 ð25Þ

Defining the set of ten control variables in the form
(25) allows us to determine the optimal thickness distri-
butions Hi (22) for each i = 1, 2,…,10, as the flexural
stiffness is a one-to-one function of the plate thickness.
The problem was eventually defined by the system of
60 state equations in accordance with (10) and (12).

4.1.2 Objective function

The volume minimization was assumed to be an optimization
criterion. The total volume of the plate may be expressed as
follows:

V ¼ ∫
0

Lx

Adx ð26Þ

where

A ¼ Δy H0 þ H10 þ 2 ∑
9

i¼1
Hi

� �
: ð27Þ

The additional state variable (28) and 61 state equation (29)
was introduced:

X 61 ¼ V ð28Þ

X 61ð Þ0 ¼ A: ð29Þ

The optimization problem of the Lagrange functional in the
form:

J X xð Þ;U xð Þð Þ ¼ ∫
0

Lx

Adx ð30Þ

was transformed, thanks to the introduction of the state (29),
into a Mayer problem with functional (31) and initial condi-
tion (32):

J X xð Þ;U xð Þð Þ ¼ X 61 X Lxð Þ;U Lxð Þð Þ ð31Þ

X 61 X 0ð Þ;U 0ð Þð Þ ¼ 0 ð32Þ
where:

X(x),
U(x)

the vector of state variables and control variables,
respectively.

4.1.3 Boundary conditions

All boundary conditions were defined as explicit conditions.
The explicit conditions of the first order define the initial and
final value of state variables. The boundary conditions for the

state variables X 1ð Þ
i ;X 2ð Þ

i ;X 3ð Þ
i result from the way that the

plate is supported (for simply supported edges—see
Section 3.3). For the bisymmetric plate, additional boundary

conditions were defined for the state variables X 5ð Þ
i ;X 6ð Þ

i :

X 5ð Þ
i 0ð Þ ¼ X 5ð Þ

i Lxð Þ for i ¼ 1; 2;…; 10

X 6ð Þ
i 0ð Þ ¼ −X 6ð Þ

i Lxð Þ for i ¼ 1; 2;…; 10
ð33Þ

The plate thickness, at all simply supported edges was as-
sumed to be constant and equal to 7.5 cm: H0 =Hi(0) =

Table 1 State variables

State
variable

Number of line

1 2 3 4 5 6 7 8 9 10

wi(x) X 1ð Þ
1 X 1ð Þ

2 X 1ð Þ
3 X 1ð Þ

4 X 1ð Þ
5 X 1ð Þ

6 X 1ð Þ
7 X 1ð Þ

8 X 1ð Þ
9 X 1ð Þ

10

w
0
i xð Þ X 2ð Þ

1 X 2ð Þ
2 X 2ð Þ

3 X 2ð Þ
4 X 2ð Þ

5 X 2ð Þ
6 X 2ð Þ

7 X 2ð Þ
8 X 2ð Þ

9 X 2ð Þ
10

w″
i xð Þ X 3ð Þ

1 X 3ð Þ
2 X 3ð Þ

3 X 3ð Þ
4 X 3ð Þ

5 X 3ð Þ
6 X 3ð Þ

7 X 3ð Þ
8 X 3ð Þ

9 X 3ð Þ
10

w‴
i xð Þ X 4ð Þ

1 X 4ð Þ
2 X 4ð Þ

3 X 4ð Þ
4 X 4ð Þ

5 X 4ð Þ
6 X 4ð Þ

7 X 4ð Þ
8 X 4ð Þ

9 X 4ð Þ
10

Di(x) X 5ð Þ
1 X 5ð Þ

2 X 5ð Þ
3 X 5ð Þ

4 X 5ð Þ
5 X 5ð Þ

6 X 5ð Þ
7 X 5ð Þ

8 X 5ð Þ
9 X 5ð Þ

10

D
0
i xð Þ X 6ð Þ

1 X 6ð Þ
2 X 6ð Þ

3 X 6ð Þ
4 X 6ð Þ

5 X 6ð Þ
6 X 6ð Þ

7 X 6ð Þ
8 X 6ð Þ

9 X 6ð Þ
10
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Hi(Lx) = 0.075m for i = 1, 2,…, 10. Thus, the proper value of
the flexural stiffness was determined.

4.1.4 Constraints

For the task under discussion, ten inequality constraint condi-
tions were implemented. The inequality-type conditions result
from the limits of normal stresses:

gi ¼ σmax
i ≤σ0 for i ¼ 1; 2;…; 10

whereσmax
i ¼ max jσmax

xx;i j; jσmax
yy;i j


 � ð34Þ

The normal stresses were determined in accordance with
(24) and the limit value was assumed to be σ0 = 12.5MPa. In
addition, constraints for the courses of thickness distribution
were imposed:

Hmin≤Hi≤Hmax for i ¼ 1; 2;…; 10 ð35Þ
where Hmin = 0.05m, Hmax = 0.15m. On the basis of these
values, appropriate constraints for the courses of flexural stiff-
ness distribution were assumed.

4.2 Optimal solution and numerical results

The optimal controls were determined in accordance with the
Pontryagin minimum principle. The Hamilton function and
the adjoint equations for the discussed problem were defined.
The boundary conditions for the adjoint variables result from
the transversality conditions. Because of the irregularity of the
Hamilton function, which results from its linear dependency
on the control variables, it is necessary to produce constraints
on the controls, in the form of:
Ui;min≤Ui≤Ui;max for i ¼ 1; 2;…; 10 ð36Þ

Then, after introducing the switching function Si (37),
the optimal controls are defined in accordance with (38)
valid within the intervals for which no constraints are
active, namely, gi > 0.

∂H
∂Ui

¼ Si ð37Þ

Ui ¼
Ui;min if Si > 0
Ui;sing if Si ¼ 0 for xS1; xS2½ �; 0≤xS1 < xS2≤Lx
Ui;max if Si < 0

8<
: ð38Þ

In the case of the occurrence of the intervals [xS1, xS2], in
which Si = 0, a singular control is determined. If there are
no intervals [xS1, xS2] and the switching function Si takes
the zero value only at isolated switching points, then the
control starts to \bang at switching points between the

values of Ui , min, Ui , max and bang-bang control is
determined.

All ten constraints gi are constraints only for state variables
and there is no explicit dependency of constraints on the con-
trol variables. The order of all constraints is equal to 2, be-
cause the controls occur in the explicit form in the second
derivative of the constraint functions.

The optimal control task was transformed into a two-
point boundary value problem. A total of 244 values were
determined for the optimization task, namely: 61 state var-
iables, 61 adjoint variables, 10 control variables, 10
Lagrange multipliers relating to state variable constraints,
51 constants responsible for the bangs of state variables at
supporting points, and 51 constants responsible for the
bangs of adjoint variables at supporting points. The two-
point boundary value problem was solved numerically by
means of the Dircol 2.1 program. The calculation results
were obtained as a set of data and in a graphic form, as
diagrams. As a result of the calculations performed, a solu-
tion meeting all necessary optimality conditions was found,
where the value of the objective function (namely, the vol-
ume of material) was V = 34.386 ⋅ 10−2m3(Fig. 4).
Comparing the volume obtained for the optimally shaped
plate with that value obtained for the plate with a constant
thickness: H = 0.1 m (V = 40 ⋅ 10−2m3), it can be seen that
the value of the objective function has been reduced by
approximately 14%. The shaping of the plate with constant
thicknessH = 0.09 mwould result in stresses that exceed the
allowable values.

Computational effort for finding an optimal solution to a
single problem was relatively large as it depends on numerous
factors. Finding the correct initial values for all state variables
and control variables was the most time-consuming part of
computation for our task. Expertise with respect to the sys-
tem’s behavior was thus required. Finding the optimal solution
meeting all necessary conditions, required several runs of the
program to be made. However, for given initial data, the

Fig. 4 The function of the volume for the optimally shaped plate
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computation itself is performed quickly, within seconds up to
minutes.

The Hamilton function for the problem under discus-
sion is constant, and all conditions for the adjoint var-
iables resulting from the transversality conditions are
met. This additionally confirms the correctness of the
obtained results.

The optimal distributions of the control variables providing
the minimization of the plate volume were obtained. The con-
trols assumed values from the boundary of the allowable area,
and also singular solutions were found. The optimal controls
structure is shown in Table 2.

For the constraints gi, which were defined in accordance
with the formula (34), boundary intervals of constraint activ-
ities may occur. For the problem under consideration, the con-
straint g10 is active in the boundary interval x ∈ [0.65, 1.35m],
as shown in Fig. 5.

The optimal distributions of control variables with corre-
sponding thickness distributions are presented in Fig. 6.

It is worth noting that for the control, which is piecewise
constant-valued, its second anti-derivative (flexural stiffness
distribution) is given by a second degree spline. Based on the

obtained diagrams of thickness functions (Fig. 5), it is possible
to determine the distributions of thickness for the entire plate
structure (Figs. 7 and 8).

The trajectories of all 61 state variables and corresponding
adjoint variables were obtained. Figure 9 shows the diagrams
of the set of state variables for the line i = 10.

The selection of the square plate for the illustrative ex-
ample was intentional, because this allows us to addition-
ally verify the accuracy of the obtained solutions. To this
end, results received in the center section of the plate were
compared, for instance continuous solutions for y = 1 m
with the discrete ones for x = 1 m. Diagrams of the deflec-
tions, bending moments, and plate thickness distributions
from two directions are presented in Figs. 10, 11, and 12,
respectively. As it can be observed, the presented method
is effective for the regular area of the rectangular plate. The
discrete solutions approximate the respective continuous
solutions properly. Slightly greater differences appeared
for the plate thickness distributions, but the maximal dif-
ference between the continuous and the discrete solutions
do not exceed 0.76 mm, which is ca. 1% of plate’s mini-
mum thickness. It is worth adding that the minimum and
maximum permissible values of the control variables also
impact the course of the plate thickness; thus, expertise
with respect to the system’s behaviour is required to select
the best possible limit values.

We should also remember that minimum principle pro-
vides us only with the necessary conditions for the exis-
tence of a local extremum. The continuation of the calcu-
lations and the search for other optimal solution candi-
dates will make it possible to select the best solutions
with the smallest objective function value. In the consid-
ered example, the symmetry conditions are violated only
to a small extent which in the authors’ opinion, may be
neglected. Therefore, one should expect that a greater
density in the discretization grid, as well as better assump-
tions of limit values may allow for the obtaining of even
better solutions.Fig. 5 The function of the constraint g10

Table 2 Optimal controls structure

U1(x) U1, max x ∈ [0, 2m]

U2(x) U2, sing x ∈ [0, 2m]

U3(x) U3, sing x ∈ [0, 2m]

U4(x) U4, max x ∈ [0, 0.4m], U4, sing x ∈ (0.4m, 1.6m), U4, max x ∈ [1.6m, 2m]
U5(x) U5, max x ∈ [0, 0.55m], U5, sing x ∈ (0.55m, 1.45m), U5, max x ∈ [1.45m, 2m]

U6(x) U6, max x ∈ [0, 0.65m], U6, sing x ∈ (0.65m, 1.35m), U6, max x ∈ [1.35m, 2m]

U7(x) U7, max x ∈ [0, 0.7m], U7, sing x ∈ (0.7m, 1.3m), U7, max x ∈ [1.3m, 2m]
U8(x) U8, max x ∈ [0, 0.675m], U8, sing x ∈ (0.675m, 0.925m), U8, max x ∈ [0.925m, 1.075m], U8, sing x ∈ (1.075m, 1.325m), U8, max x ∈ [1.325m, 2m]

U9(x) U9, max x ∈ [0, 0.675m], U9, sing x ∈ (0.675m, 1.325m), U9, max x ∈ [1.325m, 2m]
U10(x) U10, max x ∈ [0, 0.625m], U10, sing x ∈ (0.625m, 1.375m), U10, max x ∈ (1.375m, 2m)
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Fig. 6 Control variables and the corresponding plate thicknesses
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Fig. 6 continued.
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Fig. 6 continued.

Fig. 7 Diagram of the distributions of thickness for the plate structure

1592 D. Kropiowska et al.



Fig. 8 Diagram of the plate thickness (in sectional view)

Fig. 9 State variables for the line i = 10
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Fig. 11 Diagram of bending moments for the center lines from two directions

Fig. 10 Diagram of deflections for the center lines from two directions

Fig. 12 Diagram of plate thicknesses for the center lines from two directions
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4.3 Results for various discretization

Basic analysis of influence of density of discretization on ob-
tained results was performed. Optimization of square simply
supported plate under uniform load was performed for two
more discretizations, namely for the strip width Δy equal
20 cm and 50 cm, respectively, additionally to already pre-
sented results obtained for Δy = 10 cm. In Fig. 13 deflection
along the central (mid-span) strip is plotted for each
discretization. The optimal thickness along the central strip
is presented in Fig. 14.

It may be observed that final results are not significantly
influenced by the discretization density in case of any finer
discretization (Δy = 10 cm orΔy = 20 cm). Any comment on
roughdiscretization (Δy = 50cm—the sameas inchosenFDM
benchmark example)must take into account issues concerning
poor approximation of both objective function and normal

stress determining the inequality constraints. Value of the total
structural volume is approximated by the assumption that the
valueof thickness distribution is constant atwidthΔy. For large
Δy approximation of objective function with piece-wise con-
stant functionsmakes the objective of optimization far from the
desired one. Similarly, normal stress distribution is determined
by 2nd-order derivatives along both independent variables.
Roughdiscretizationmakes the finitedifference approximation
of derivative ∂2/∂y2 poor, so the stress distribution is also “av-
eraged” (not sensu stricto) as it accounts for influence of distant
parts of the structure. As a result, rough discretization underes-
timates the maximum normal stress in the middle of the span
whatyieldssmaller thickness—inparticular itmayhappentobe
too small to resist true stress. Smaller thickness results in turn in
greater deflection. This smaller thickness is then extrapolated
withinwidthΔy, inwhichoptimal thicknessdistributionwould
be otherwise smaller than the mid-span value (due to smaller

Fig. 13 Diagram of plate deflections along the central strip for various discretization

Fig. 14 Diagram of plate thicknesses along the central strip for various discretization
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stress values)—it cannot be, however, stated in advance what
this reduced valuewould be comparing to the extrapolated val-
ue. Combined averaging of stresses and approximating the ob-
jective functionwith constant-valued strips, which are the con-
sequencesof roughdiscretization,makes the actual objectiveof
optimization unpredictable in the sense that its relationwith the
original objective is disturbed in an unknownmanner.

More precise analysis of the influence of density of
discretization on optimization results require computations
of much larger scope—accounting for different geometries,
non-uniform loads, various boundary conditions etc.

5 Practical application of the method

Despite possible theoretical generalization of the proposed
approach, it must be admitted that its practical applicability
is obviously limited to plates, the shape of which is any
composition of rectangular areas—this includes also plates
with openings. Additional rectangular subareas, formed by
lines perpendicular to the discretized direction, in general
rise the number of state equations. Each rectangular subar-
ea marked with dashed gray line (Fig. 15) requires inde-
pendent set of state equations.

Despite this limitation, within considered class of prob-
lems, proposed method do not impose additional restrictions.
In particular, one may consider mixed boundary conditions
varying along edges—in case of varying support along non-
discretized direction this requires introduction of an additional
subarea. In case of supports along discretized direction, mixed
boundary conditions are introduced by imposing respective
conditions for proper state variables. Supports in the interior

of the plate may also be accounted for. The method imposes
no limitations on the function of load distribution. Only rapid
variety in boundary conditions and load distributionmakes the
approximate solutionmore dependent of discretization density
as well as of stability and convergence requirement of the
finite difference method itself. However, for more regular
problems—and this is still the majority of problems, which
are dealt with in engineering practice—proposed approach
provides a simple method of obtaining an applicable solution
to an optimization problem.

Fig. 16 Diagram of the rectangular plate

Fig. 15 Diagrams of plates possible to apply in the proposed approach Fig. 17 The thicknesses distribution for the line i = 10
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In this section, solutions to additional problem of more
general geometry (rectangular, non-square plate, different
boundary conditions on the edges) were also presented.

We considered a rectangular plate of dimensions: Lx = 2 m,
Ly = 3 m with two edges simply-supported and the other two
fixed (Fig. 16).

The other data assumed for the calculations (material
constants, constraint conditions, load value) were the
same as for the previous task. The discretization was per-
formed for N = 10, thus the strip width was currently
equal: Δy = 0.15m.

The search was for the optimal thickness distributions that
minimized the structural volume of the material used, while
satisfying all constraint conditions. All boundary conditions,
which were defined as explicit conditions, resulted from the
way that the plate was supported.

As a result of numerical calculations performed with use of
the Dircol program, solutions meeting the assumed constraints
and all necessary optimality conditions were found.

Only the most important results were shown as diagrams.
The optimal thickness distribution for the most stressed cen-
tral line number i = 10 was presented in Fig. 17.

The distributions of thickness for the entire plate structure
were shown in Figs. 18, 19, and 20.

The objective function, namely total volume of the opti-
mally shaped plate, was V = 59.437 ⋅ 10−2m3. The structural
volume has been reduced by approximately 24%, when com-
paring with the plate about a minimal constant thickness for
which V = 78 ⋅ 10−2m3 .

Fig. 18 Diagram of the distributions of thickness for the rectangular plate
structure

Fig. 19 Diagram of the plate thickness in sectional (x, z) view

Fig. 20 Diagram of the plate thickness in sectional (y, z) view
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6 Conclusions

In this paper, the original method for formulating thickness
optimization problems of a rectangular Kirchhoff-Love plate
with variable stiffness was presented. The objective was to
minimize the volume of the material of the optimally shaped
plate while simultaneously meeting all constraint conditions.
The methodology, which makes the multidimensional prob-
lem governed by partial differential equations possible to
solve via application of the Pontryagin’s minimum principle
was described in detail. The solutions, which meet all neces-
sary optimality conditions, were found for chosen illustrative
examples. The proper formulation of the optimization tasks
was challenging due to the complexity of the problem and the
necessity of searching for singular controls.

The results demonstrate that the optimization method,
based on the optimal control theory, may be a promising meth-
od in the optimal design of plate structures. Especially on the
basis of the presented formulations, calculations for the opti-
mal design in real plate structures, such as flat slabs of build-
ings, can be performed since the implementation of additional
constraints, loads, and other boundary conditions in the anal-
ysis is possible. Alternatively, the objective function can be set
to minimize maximum stresses or maximum displacements of
the plate. An undoubted advantage of this method is obtaining
the solutions that depict the complete courses of all control
variables, state variables, adjoint variables, and constraint
functions.

The presented method proves that the optimal control the-
ory can be successfully used in calculations for plate structures
and brings us closer to the practical application of mathemat-
ical optimal control methods in structural design.
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