
Struct Multidisc Optim (2008) 35:327–339
DOI 10.1007/s00158-007-0135-1

RESEARCH PAPER

Discrete least-norm approximation by nonnegative
(trigonometric) polynomials and rational functions

A. Y. D. Siem · E. de Klerk · D. den Hertog

Received: 20 June 2005 / Revised: 20 July 2006 / Accepted: 21 March 2007 / Published online: 20 June 2007
© Springer-Verlag 2007

Abstract Polynomials, trigonometric polynomials, and
rational functions are widely used for the discrete ap-
proximation of functions or simulation models. Often,
it is known beforehand that the underlying unknown
function has certain properties, e.g., nonnegative or
increasing on a certain region. However, the approxi-
mation may not inherit these properties automatically.
We present some methodology (using semidefinite pro-
gramming and results from real algebraic geometry) for
least-norm approximation by polynomials, trigonomet-
ric polynomials, and rational functions that preserve
nonnegativity.

Keywords (Trigonometric) polynomials ·
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1 Introduction

In the field of approximation theory, polynomials,
trigonometric polynomials, and rational functions are
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widely used; see e.g., Cuyt and Lenin (2002), Cuyt
et al. (2006), Fassbender (1997), Forsberg and Nilsson
(2005), Jansson et al. (2003), and Yeun et al. (2005).
For books on approximation theory, we refer to Powell
(1981) and Watson (1980). In the field of computer
simulations (both deterministic and stochastic), they
are used to approximate the input/output behavior of a
computer simulation. The approximation is also called
a metamodel, response surface model, compact model,
surrogate model, emulator, or regression model. The
approximation can be used to gain more insight into
the relationship between the inputs and the outputs of
the computer simulation. It can also be used for op-
timization. It can be used for sequential optimization,
in which the approximation is optimized only locally,
but it can also be used globally. In the latter case,
instead of the computer simulation, the approximation
is optimized globally.

We are interested in approximating a function y :
R

q �→ R, which is only known up to an error in a finite
set of points �x1, . . . , �xn ∈ R

q. We denote the known
output values by y(�x1), . . . , y(�xn). In practice, it is often
known beforehand that the function y(�x) has certain
properties. Thus, it may be known, e.g., that the func-
tion is nonnegative, increasing, or convex. However, it
could happen that the approximation does not inherit
these properties. This could happen due to having too
few function evaluations or due to overfitting. It could
even be the case that the data does not have the prop-
erties due to errors in the data.

Therefore, in this paper, we construct (trigonomet-
ric) polynomial and rational approximations that pre-
serve nonnegativity. For polynomials, we also discuss
how to construct increasing polynomial approxima-
tions using the same methodology as for nonnegative
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approximations. We illustrate the methodology with
some examples.

In the field of splines, there is some literature on
shape preserving approximations; see e.g., Kuijt (1998)
and Kuijt and van Damme (2001). In Kuijt and van
Damme (2001), a linear approach to shape preserving
spline approximation is discussed. Linear constraints
are given for shape-preserving univariate B-splines
and bivariate tensor-product B-splines. However, these
constraints are only sufficient and, in general, not nec-
essary. In Floater (2005), approximation of univariate
functions by Bernstein polynomials is considered. One
of the properties of Bernstein approximation is that
derivatives of the Bernstein approximation converge to
corresponding derivatives of the function that is to be
approximated. This means that a Bernstein approxima-
tion with a sufficient number of datapoints preserves
nonnegativity, monotonicity, and convexity. Bernstein
polynomials can be extended to the multivariate case
for the 0-1 hypercube, or the unit simplex, but do
not preserve convexity in the multivariate case. The
drawbacks of using Bernstein polynomials are that
the Bernstein approximation converges very slowly to
the underlying function and that one is limited to
equidistant sampling points; i.e., one cannot apply it
to given data sets in general. In the field of statistical
inference, much work has been done in the estimation
of univariate functions restricted by monotonicity; see
e.g., Barlow et al. (1972) and Robertson et al. (1988).
However, these methods cannot be used for least-norm
approximation because they are nonparametric.

This paper is organized as follows. In Section 2,
we will discuss least-norm approximation by nonneg-
ative and increasing polynomials. Subsequently, in
Section 3, we show that we can use the same method-
ology for least-norm approximation by nonnegative
univariate trigonometric polynomials. In Section 4, we
discuss least-norm approximation by nonnegative ratio-
nal functions. In Section 5, we show how to exploit the
structure of the problem to speed up the computation
of the solution. Finally, in Section 6, we summarize
our results and discuss possible directions for further
research.

2 Approximation by polynomials

We are interested in approximating a function y : R
q �→

R by a polynomial p : R
q �→ R of degree d, given input

data �x1, . . . , �xn ∈ R
q and corresponding output data

y1, . . . , yn ∈ R (i.e. yi = y(�xi)). In this study, p(�x) is
defined in terms of a given basis of m + 1 monomials:

p(�x) =
m∑

j=0

α j p j(�x),

where α j is the coefficient of the jth monomial pj(�x).

2.1 General least norm approximation
by polynomials

Define �p�α =[
p(�x1), . . . ,p(�xn)

]T and �y=[
y(�x1), . . . ,

y(�xn)
]T . The coefficients α j are determined by solving

the following least-norm optimization problem:

min
�α

‖ �p�α − �y‖. (1)

It is well known from statistics that the solution for the
�2 norm in (1) is given by

�α = ( �DT �D)−1 �DT �y,

where �α = [α0, . . . , αm]T , and

�D =

⎡

⎢⎢⎢⎣

p0(�x1) p1(�x1) · · · pm(�x1)

p0(�x2) p1(�x2) · · · pm(�x2)
...

...
...

p0(�xn) p1(�xn) · · · pm(�xn)

⎤

⎥⎥⎥⎦ .

If we use the �1 norm or the �∞ norm, problem (1)
can be reformulated as a linear program. Note that
by solving (1), we cannot guarantee that p(�x) will be
nonnegative even if the data �y are nonnegative.

2.2 Approximation by nonnegative polynomials

If we know that the function y(�x) is nonnegative on a
certain region U , we would like p(�x) to be nonnegative
on U as well. We could force this by solving the follow-
ing mathematical program:

min
�α

‖ �p�α − �y‖
s.t. p(�x) ≥ 0 ∀�x ∈ U .

(2)

Note that using the �2-norm, (2) is a nonlinear optimiza-
tion problem with infinitely many constraints that can
be rewritten as

min
�α,t

t

s.t. ‖ �p�α − �y‖2 ≤ t
p(�x) ≥ 0 ∀�x ∈ U,
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and gives an semi-infinite linear program (LP) with an
additional second-order cone constraint. By using the
�1 norm or the �∞ norm, we obtain a linear program.
In case we use the �1 norm, the mathematical program
becomes

min
�α,t1,...,tn

n∑

i=1

ti

s.t.
m∑

j=0

α j p j(�x) ≥ 0 ∀�x ∈ U

m∑

j=0

α j p j(�xi) − ti ≤ y(�xi) ∀i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) − ti ≤ −y(�xi) ∀i = 1, . . . , n.

(3)

In case we use the �∞ norm, the mathematical program
becomes

E := min
�α,t

t

s.t.
m∑

j=0

α j p j(�x) ≥ 0 ∀�x ∈ U

m∑

j=0

α j p j(�xi) − t ≤ y(�xi) ∀i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) − t ≤ −y(�xi) ∀i = 1, . . . , n.

(4)

In the rest of this paper, we will only treat the �∞ norm.
This kind of approximation is also called Chebyshev
approximation. The methods that we will present in this
paper can also be used in the �1 and the �2 case.

We will show that we can obtain an upper bound
of the solution of optimization problem (4) by using
semidefinite programming and obtain the exact solu-
tion in the univariate case. Before we proceed, we
first give two theorems. The following theorem gives
a characterization of nonnegative polynomials that can
be written as sums of squares (SoS) of polynomials.

Theorem 1 (Hilbert (1888)) Any polynomial in q vari-
ables with degree d, which is nonnegative on R

q, can be
decomposed as a sum of squares of polynomials (SoS)
for q = 1, or d = 2 or (q = 2 and d = 4).

See Reznick (2000) for a historical discussion and
related results. The next theorem gives a useful way to
represent SoS polynomials in terms of positive semidef-
inite matrices.

Theorem 2 Let �x ∈ R
q, and let p(�x), a polynomial of

degree d = 2k, be SoS. Then there exists a matrix �P � 0
such that p(�x) = �eT(�x) �P�e(�x), where �e(�x) is a vector
consisting of all monomials of degree d ≤ k.

Proof See, e.g., Nesterov (2000). �

2.2.1 Univariate nonnegative polynomials

We consider the approximation of a univariate non-
negative function y(x) by a nonnegative polynomial
for the cases U = R and U = [a0, b 0]. In case U = R,
Theorem 1 shows that we can write the polynomial
as an SoS. Then, using Theorem 2, we can write this
nonnegative polynomial as p(x) = �eT(x) �P�e(x). For the
�∞ norm, optimization problem (4) can be rewritten as
the semidefinite program (SDP)

min
t, �P

t

s.t. �eT(xi) �P�e(xi) − t ≤ y(xi) ∀i = 1, . . . , n
−�eT(xi) �P�e(xi) − t ≤ −y(xi) ∀i = 1, . . . , n
�P � 0.

(5)

In practice, however, we are only interested in the
polynomial to be nonnegative on a bounded interval,
i.e. U = [a0, b 0]. Without loss of generality, we may
consider the interval U = [−1, 1], as we can scale and
translate general intervals [a0, b 0] to [−1, 1].

To construct nonnegative approximation, we use the
following theorem:

Theorem 3 A polynomial p(x) is nonnegative on
[−1, 1] if and only if it can be written as

p(x) = f (x) + (1 − x2)g(x), (6)

where f (x) and g(x) are SoS of degree at most 2d and
2d − 2, respectively.

Proof See, e.g., Powers and Reznick (2000). �
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Using this, we obtain the following SDP:

min
t, �P, �Q

t

s.t. �eT
1 (xi) �P�e1(xi) + (1 − (xi)2)�eT

2 (xi) �Q�eT
2 (xi) − t ≤ y(xi) ∀i = 1, . . . , n

− �eT
1 (xi) �P�e1(xi) − (1 − (xi)2)�eT

2 (xi) �Q�eT
2 (xi) − t ≤ −y(xi) ∀i = 1, . . . , n

�P � 0

�Q � 0, (7)

where �e1(x) and �e2(x) are defined in a similar way as
�e(x); i.e., �e1(x) is a vector consisting of all monomials
of degree up to d, and �e2(x) is a vector consisting of all
monomials of degree up to d − 1. Note that (7) is an
exact reformulation of (4) with U = [−1, 1].

2.2.2 Multivariate nonnegative polynomials

If we are interested in approximating a function on
R

q, then we can use Hilbert’s theorem in combination
with Theorem 2, use semidefinite programming, and
solve a multivariate version of (5). In this way, we
obtain an exact solution of (4) for q = 1, d = 2, or
(q = 2 and d = 4). In the other cases, by assuming the
nonnegative polynomial approximation to be SoS and
using Theorem 2, we will merely get an upper bound of
the optimal solution of (4).

However, in practice, we are primarily interested in
nonnegative polynomials on compact regions, instead
of R

q. The following theorem describes a property of a
polynomial that is positive on a compact semi-algebraic
set.

Theorem 4 (Putinar) Assume that the semi-algebraic
set F = {�x ∈ R

q|g�(�x) ≥ 0, � = 1, . . . , m̄}, where g1,

g2, . . . , gm̄ are polynomials, is compact and that
there exists a polynomial u(�x) of the form u(�x) =
u0(�x) + ∑m̄

�=1 u�(�x)g�(�x), where u0, u1, . . . , um̄ are SoS,
and for which the set {�x ∈ R

q|u(�x) ≥ 0} is compact.
Then, every polynomial p(�x) positive on F has a
decomposition

p(�x) = p0(�x) +
m̄∑

�=1

p�(�x)g�(�x), (8)

where p0, p1, . . . , pm̄ are SoS.

Proof See Putinar (1993). For a more elementary
proof, see Schweighofer (2004). �

If U = {�x ∈ R
q|g�(�x) ≥ 0, � = 1, . . . , m̄} is compact

and if we know a ball B(0, R) such that U ⊆ B(0, R),

then the condition in Theorem 4 holds. Indeed,
U = U ∩ B (0, R) = {�x ∈ R

q : g� (�x) ≥ 0, � = 1, . . . , m̄,

gm̄+1(�x)= R2−∑q
i=1 x2

i ≥0}, and there exists a u(�x)=
u0(�x) + ∑m̄+1

�=1 u�(�x)g�(�x), where u0, u1, . . . , um̄+1 are
SoS, for which the set {�x ∈ R

q|u(�x)≥0} is compact.
Take u0(�x) = u1(�x) = . . . = um̄(�x) = 0 and um̄+1(�x) = 1
to obtain B(0, R) = {�x ∈ R

q|u(�x) ≥ 0}.
Now, we can obtain an upper bound for the solution

of (4) by solving SDP:

Ẽ := min
t, �P0,..., �Pm̄+1

t

s.t.
m̄+1∑

�=0

�eT
� (�xi) �P��e�(�xi)g�(�xi)−t< y(�xi) ∀i = 1, . . . , n

−
m̄+1∑

�=0

�eT
� (�xi) �P��e�(�xi)g�(�xi)−t<−y(�xi) ∀i = 1, . . . , n

�P� � 0 � = 0, . . . , m̄+1,

(9)

where g0 ≡ 1 and gm̄+1(x) = R2 − ∑q
i=1 x2

i . Note that
Ẽ ≥ E and that, in general, we do not have Ẽ = E , as
we do not know beforehand which degree the polyno-
mials p0, p1, . . . , pm̄+1 that satisfy (8) have. Before we

Table 1 Dataset of Example 1

Number x1 x2 y

1 0 0 1
2 0.5 0.5 0
3 1 0 0.11
4 0 0.9 0
5 1 1 0.1
6 0 0.5 0
7 0.4 0 0.2
8 1 0.5 0
9 0.6 1 0.15
10 0.25 1 0
11 0.478 0.654 0.3
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Fig. 1 Optimal polynomial
of Example 1 without
nonnegativity-constraint
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solve (9), we have to choose a fixed degree for these
polynomials. However, the degree of the polynomials
p0, p1, . . . , pm̄+1 that satisfy (8) may be greater than

this fixed degree. Note that, in the univariate case,
Theorem 3 gives upper bounds for the degrees of f (�x)

and g(�x); so for this case, we can solve (4) exactly.

Fig. 2 Nonnegative
polynomial of Example 1 with
nonnegativity-constraint
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Table 2 Dataset of Example 2 (thermal expansion of copper)

Number Temperature(Kelvin) Coefficient of Thermal
Expansion

1 24.41 0.591
2 54.98 4.703
3 70.53 7.03
4 127.08 12.478
5 271.97 16.549
6 429.66 17.848
7 625.55 19.111

Example 1 We consider a two-dimensional example.
Given the data in Table 1, we are interested in finding
a nonnegative polynomial of degree d = 3 on [0, 1]2

for which the maximal error at the data points is mini-
mized. First, we exclude the nonnegativity constraint;
i.e., we solve (1) for the �∞-norm. This yields a poly-
nomial on [0, 1]2 that takes negative values. It turns
out that E = 0.025 in (4) and the optimal polynomial
is given by p(x1, x2) = 0.9747 − 2.3155x1 − 7.1503x2 +
0.8921 x2

1 + 5.1606 x1x2 + 15.2446 x2
2 + 0.5334 x3

1 −
2.9790x2

1x2 − 0.8033x1x2
2 − 9.4827x3

2 and shown in
Fig. 1. Now, we include the nonnegativity constraint by
solving semidefinite optimization problem (9); i.e., we
take R = √

2, g1(x1, x2) = 1 − x1, g2(x1, x2) = 1 − x2,
g3(x1, x2) = x1, g4(x1, x2) = x2, �eT

� (x1, x2) = [
1 x1 x2

]

for � = 0, . . . , 4, and �e5(x1, x2) = 1. To solve the
semidefinite optimization problem, we use SeDuMi; see
Sturm (1999). This gives E = 0.108. The corresponding
optimal polynomial is p(x1, x2) = 0.8917 − 2.5084x1 −
3.6072x2 + 3.2103x2

1 + 4.2274x1x2 + 5.4395x2
2 −

1.4647x3
1−1.9329x2

1x2−1.5377x1x2
2−2.7181x3

2, as shown
in Fig. 2. Note that the polynomial has real roots as
expected.

2.3 Approximation by increasing polynomials

We can easily extend the methodology developed in
Section 2.2 to increasing polynomials by introducing
nonnegativity constraints for the (partial) derivatives.

Suppose we know that the function y(�x) is increasing
on a certain region U and with respect to coordinates xi

with i ∈ I ⊆ {1, . . . , n}. Then, instead of (4), we need to
solve the following mathematical program:

min
�α,t

t

s.t.
∂p(�x)

∂xi
≥ 0 ∀i ∈ I, ∀�x ∈ U

m∑

j=1

α j p j(�xi) − t ≤ y(�xi) ∀i = 1, . . . , n

−
m∑

j=1

α j p j(�xi) − t ≤ −y(�xi) ∀i = 1, . . . , n. (10)

Fig. 3 Example of increasing
and non-increasing
polynomial approximation
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Since a partial derivative of a polynomial is also a
polynomial, we can use similar techniques as in Section
2.2 to solve optimization problem (10).

Example 2 In this example, we consider the data
of the coefficient of thermal expansion of copper.
This data is taken from Croarkin and Tobias (2005).
The coefficient of thermal expansion of copper is an
increasing function of the temperature of copper. In
this example, we only use a selection of the data, which
is given in Table 2. A scatterplot of this selection of
the data is given in Fig. 3. First, we apply Chebyshev
approximation with a polynomial of degree d = 5
without requiring the approximation to be increasing.
We get E = 0.1486 and obtain the polynomial p(x) =
−3.3051 + 0.1545x+0.2490 · 10−4x2 − 0.2920 · 10−5x3+
0.8014 · 10−8x4 − 0.6227 · 10−11x5. This is the solid line
in Fig. 3. Note that the approximation is not increasing
everywhere. We observe an oscillating behavior that is
one of the well-known drawbacks of using polynomials
for approximations. A method that reduces oscillating
behavior is ridge regression; see, e.g., Montgomery
and Peck (1992). Ridge regression, however, cannot
guarantee monotonicity. If we use our method, i.e.,
if we require the approximation to be increasing, we
get E = 0.2847. We obtain the polynomial p(x) =
−4.2922 + 0.2054x − 0.7234 · 10−3x2 + 0.1063 · 10−5x3−
0.4369 · 10−9x4−0.1578 · 10−12x5, which is shown by
the dashed line in Fig. 3. Indeed, the approximation is
increasing in the input variable.

3 Approximation by trigonometric polynomials

We are interested in approximating a function y : R �→
R by a univariate nonnegative trigonometric polyno-
mial given input data x1, . . . , xn ∈ R and corresponding
output data y1, . . . , yn ∈ R. We can again write a non-
negative trigonometric polynomial as a sum of squares
in a similar way as done with polynomials.

A trigonometric polynomial of degree d has the form

p(x) = α0 +
d∑

k=1

(αk sin(kx) + βk cos(kx)) , (11)

where α0, αk and βk are the coefficients.

3.1 General least norm approximation
by trigonometric polynomials

Approximation by trigonometric polynomials is sim-
ilar to the approximation by ordinary polynomials.
We again define �p�α, �β = [

p(x1), . . . , p(xn)
]T and �y =

[
y(x1), . . . , y(xn)

]T , and are interested in finding �α and
�β that solve

min
�α, �β

‖ �p�α, �β − �y‖,

where ‖ · ‖ is some norm. In Fassbender (1997), effi-
cient numerical methods for least-square approxima-
tion by trigonometric polynomials are developed. For
the �∞ norm, we obtain the following linear program:

E := min
t,�α, �β

t

s.t. α0 +
d∑

k=1

(αk sin(kxi) + βk cos(kxi)) − t ≤ y(xi) ∀i = 1, . . . , n

− α0 −
d∑

k=1

(αk sin(kxi) + βk cos(kxi)) − t ≤ −y(xi) ∀i = 1, . . . , n. (12)

We can easily adapt the methods that we will present to
the cases of the �1 norm and the �2 norm.

3.2 Approximation by nonnegative trigonometric
polynomials

The following theorem states that nonnegative uni-
variate trigonometric polynomials can be expressed in
terms of a positive definite matrix.

Theorem 5 If p(x) is a nonnegative trigonometric poly-
nomial of degree d, then there exists a decomposition

p(�x) = �eT(x) �Q�e(x), where �Q � 0. If d = 2k + 1 is odd,
then

�e(x)=
[
cos

( x
2

)
, sin

( x
2

)
, . . . , cos

(
kx + x

2

)
,

sin
(

kx + x
2

)]T
,

otherwise d = 2k, and

�e(x) = [
1, cos(x), sin(x), . . . , cos(kx), sin(kx)

]T
,
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Table 3 Oil shale dataset (Example 3)

Number Time (min) Concentration(%)

1 5 0.0
2 7 0.0
3 10 0.7
4 15 7.2
5 20 11.5
6 25 15.8
7 30 20.9
8 40 26.6

Proof A sketch of a proof is given in Lofberg and
Parrilo (2004). �

We can use this theorem to construct nonnegative
trigonometric polynomial approximations by solving
the SDP:

E := min
t, �Q

t

s.t. �eT(xi) �Q�e(xi) − t ≤ y(xi) ∀i = 1, . . . , n

− �eT(xi) �Q�e(xi) − t ≤ −y(xi) ∀i = 1, . . . , n

�Q � 0. (13)

Note that (11) is a periodic function with period
2π . However, the data is in general nonperiodic.

Nevertheless, we can still approximate a nonperiodic
function on a compact interval by a trigonometric func-
tion by scaling and translating the data to [0, π ].

Example 3 We consider data on the pyrolysis of oil
shale taken from Bates and Watts (1988). This data,
obtained by Hubbard and Robinson (1950) represents
the relative concentration of oil versus time during
pyrolysis of oil shale. We used a selection of the data
as given in Table 3. This data concerns the relative
concentration of oil versus time at a temperature of
673K. A scatterplot of the data is given in Fig. 4.

Obviously, the concentration of oil is nonnegative.
However, if we approximate the concentration as a
function of time by a trigonometric polynomial of de-
gree 2, we get E = 0.7348 in (12), and we obtain the
trigonometric polynomial

p(x) =12.6303 + 12.1492 sin(−1.7054 + 0.0898x)

− 8.0262 cos(−1.7054 + 0.0898x)

+ 6.3258 cos2(−1.7054 + 0.0898x)

− 0.2234 sin(−1.7054 + 0.0898x)

× cos(−1.7054 + 0.0898x).

This trigonometric polynomial is plotted in Fig. 4
with a solid line. This trigonometric polynomial takes

Fig. 4 Example of
nonnegative and general
trigonometric approximation
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negative values. However, if we use the new methodol-
ogy to obtain a nonnegative trigonometric polynomial,
we obtain the trigonometric polynomial

p(x) = 7.0570 − 9.6844 cos(−1.7054 + 0.0898x)

+ 11.2141 sin(−1.7054 + 0.0898x)

+ 13.5710 cos2(−1.7054 + 0.0898x)

+ 1.0457 sin(−1.7054 + 0.0898x)

× cos(−1.7054 + 0.0898x)

+ 6.3186 sin2(−1.7054 + 0.0898x),

which is represented by the dashed line in Fig. 4. In this
case, E = 0.8187. �

We cannot extend this methodology to construct
increasing trigonometric polynomial approximations in
a similar way as done for polynomials because trigono-
metric polynomials are periodic functions.

4 Approximation by rational functions

Given input data �x1, . . . , �xn ∈ R
q and corresponding

output data y1, . . . , yn ∈ R, we are interested in ap-
proximating a function y : R

q �→ R. In this section,

we consider approximation by rational functions. We
first show how to approximate a function y(�x) by
a rational function without preserving characteris-
tics. A rational function is a quotient of two poly-
nomials p(�x) = ∑m

j=1 α j p j(�x) and q(�x) = ∑m̂
k=1 βkqk(�x);

i.e., r(�x) =
∑m

j=0 α j p j(�x)
∑m̂

k=0 βkqk(�x)
. Here, m and m̂ are the num-

ber of monomials of the polynomials p(�x) and q(�x),
respectively.

4.1 General least-norm approximation by rational
functions

Analogous to �p�α , we define �r�α, �β = [r(�x1), . . . , r(�xn)]T .
We are interested in solving

min
�α, �β

‖�r�α, �β − �y‖,

where ‖ · ‖ is some norm. In the following, we will
discuss the methodology for the �∞ norm, as done in
Powell (1981), Chapter 10, and then extend this with a
method to prevent the denominator from being zero. A
similar methodology can be used for the �1 norm and
the �2 norm.

For the �∞ norm, we obtain the following optimiza-
tion problem by multiplying each term by the denomi-
nator of r(x):

min
t,�α, �β

t

s.t.
m∑

j=0

α j p j(�xi) − y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t
m̂∑

k=0

βkqk(�xi) i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) + y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t
m̂∑

k=0

βkqk(�xi) i = 1, . . . , n. (14)

Note that (14) is a nonlinear optimization problem.
However, we can solve this problem efficiently by using
binary search. We choose an upper bound for t, say
t̄, and a lower bound t = 0, and consider the interval

[t, t̄]. Then, we define t̂ = t̄+t
2 and check whether the

constraints in (14) are met for this value of t; i.e., we
check whether there exist �α and �β, for which

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

m∑

j=0

α j p j(�xi) − y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t̂
m̂∑

k=0

βkqk(�xi) i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) + y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t̂
m̂∑

k=0

βkqk(�xi) i = 1, . . . , n.

(15)

This is a linear feasibility problem. If the answer is ’yes,’
then our new interval becomes [t, t̄+t

2 ], and otherwise,
our new interval becomes [ t̄+t

2 , t̄]. We repeat this until
the interval is sufficiently small.
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Instead of just checking the constraints (15), we can
also introduce a new variable ε and solve the linear
program

min
ε,�α, �β

ε

s.t.
m∑

j=0

α j p j(�xi) − y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t̂
m̂∑

k=0

βkqk(�xi) + ε i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) + y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t̂
m̂∑

k=0

βkqk(�xi) + ε i = 1, . . . , n

m̂∑

k=0

βkqk(�ζ ) = 1, (16)

where �ζ ∈ R
q is a constant. Let εopt be the optimal

ε in (16). The last constraint is added to prevent
the optimization problem from being unbounded if
εopt < 0. A common choice is �ζ = �0. Now, we can
distinguish three cases. If εopt < 0, then t̂ is greater
than the least maximum error, and we can tighten
the bounds of our interval to [t, t̂]. In fact, by using
the value of εopt, we can even tighten the interval to[
t, t̂ − εopt

maxi=1,...,n{∑m̂
k=0 β

opt
k qk(�xi)}

]
, where β

opt
k are the optimal

βk in optimization problem (16). If εopt = 0, then the

corresponding p(�x)

q(�x)
is the optimal approximation, and

finally, if εopt > 0, then our upper bound t̂ is too small,
and we can tighten our interval to [t̂, t].

Note that q(�x) = ∑m̂
k=0 βkqk(�x) possibly becomes

zero, which is not desirable if we want to avoid poles.
We can easily prevent q(�x) from becoming zero on
a predefined compact set U = {�x ∈ R

q|g�(�x) ≥ 0, ∀� =
1, . . . , m̄}, where g� are polynomials, by again using
Theorem 2 and Theorem 4. Then, we obtain the fol-
lowing semidefinite optimization problem:

min
ε,�α, �Pd

0 ,..., �Pd
n

ε

s.t.
m∑

j=0

α j p j(�xi) − (
y(�xi) − t̂

)
(

m̄+1∑

�=0

�eT
� (�xi) �Pd

� �e�(�xi)g�(�xi) + δ

)
≤ ε i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) + (
y(�xi) − t̂

)
(

m̄+1∑

�=0

�eT
� (�xi) �Pd

� �e�(�xi)g�(�xi) + δ

)
≤ ε i = 1, . . . , n

�Pd
� � 0 � = 0 . . . , n

m̄+1∑

�=0

�eT
� (�ζ ) �Pd

� �e�(�ζ )g�(�ζ ) = 1,

where δ > 0 is a small number, which prevents the
denominator q(�x) from becoming too small.

4.2 Approximation by nonnegative rational functions

To construct nonnegative rational approximations, we
need a characterization of nonnegative rational func-
tions. The following theorem gives a characterization
of nonnegative rational functions on open connected
sets or the (partial) closure of such a set. Note that two

polynomials, p(�x) and q(�x), are called relatively prime
if they have no common factors.

Theorem 6 Let p(�x) and q(�x) be relatively prime poly-
nomials on R

q and let U ⊆ R
q be an open connected set

or the (partial) closure of such a set. Then, the following
two statements are equivalent:

1. p(�x)/q(�x) ≥ 0 ∀ �x ∈ U such that q(�x) �= 0;
2. p(�x) and q(�x) are both nonnegative, or both nonpos-

itive on U;
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Proof See Jibetean and de Klerk (2006). �

Therefore, to enforce a rational approximation to be
nonnegative on a set U that meets the conditions of
Theorem 6 without loss of generality, we may assume

that both the numerator p(�x) and the denominator q(�x)

are nonnegative. Note that requiring q(�x) to be positive
also prevents the rational function from having poles.

Using this characterization, the optimization prob-
lem becomes as follows:

min
ε,�α, �β

ε

s.t.
m∑

j=0

α j p j(�xi) − y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t̂
m̂∑

k=0

βkqk(�xi) + ε i = 1, . . . , n

−
m∑

j=0

α j p j(�xi) + y(�xi)

m̂∑

k=0

βkqk(�xi) ≤ t̂
m̂∑

k=0

βkqk(�xi) + ε i = 1, . . . , n

m∑

j=0

α j p j(�x) ≥ 0 ∀�x ∈ U

m̂∑

k=0

βkqk(�x) ≥ δ ∀�x ∈ U

m̂∑

k=0

βkqk(�ζ ) = 1, (17)

where δ > 0 is a small number and �ζ ∈ R
q is a constant.

Now, we use Theorem 2 in combination with
Theorem 4 to model optimization problem (17) as an
SDP:

min
ε, �Pn

� , �Pd
�

ε

s.t.
m̄+1∑

�=0

�eT
� (�xi) �Pn

� �e�(�xi)g�(�xi) − (y(�xi) + t̂)

(
m̄+1∑

�=0

�eT
� (�xi) �Pd

� �e�(�xi)g�(�xi) + δ

)
≤ ε i = 1, . . . , n

−
m̄+1∑

�=0

�eT
� (�xi) �Pn

� �e�(�xi)g�(�xi) + (y(�xi) − t̂)

(
m̄+1∑

�=0

�eT
� (�xi) �Pd

� �e�(�xi)g�(�xi) + δ

)
≤ ε i = 1, . . . , n

�Pn
� � 0 � = 0, . . . , m̄ + 1

�Pd
� � 0 � = 0, . . . , m̄ + 1

m̄+1∑

�=0

�eT
� (�ζ ) �Pd

� �e�(�ζ )g�(�ζ ) = 1. (18)

In the multivariate case, (18) is just an approximation of
(17), as we do not know the degree of the monomials of
�e�(�x). However, in the univariate case (18) is an exact
reformulation of (17) because, in the univariate case,
Theorem 3 specifies the degree d of the polynomials

f (�x) and g(�x), we know the degree of the monomials
of �e�(�x) in (18).

Example 4 In this example, we use the same data on
the pyrolysis of oil shale as used in Example 3. Note
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Fig. 5 Example of
nonnegative and general
rational approximation

5 10 15 20 25 30 35 40
–5

0

5

10

15

20

25

30

Time(min)

C
on

ce
nt

ra
tio

n(
%

)

rational approximation
nonnegative rational approximation
data points

again that the concentration of oil should be nonnega-
tive. However, if we approximate the concentration as a
function of time by a rational function by quadratic nu-
merator and quadratic denominator, we get E = 0.5962
and obtain the rational function

r(x) = − 7.84

× 116.2622153−35.2141549x+2.544537885x2

−3.691739529−7.67285004x−0.319303558x2
,

which is plotted in Fig. 5. Obviously, the rational func-
tion is not nonnegative. However, if we force the ratio-
nal function to be nonnegative, we obtain the function

r(x) =4.883

×−101.53754138+29.62932361x−2.161508979x2

−38.59790305−1.26652437x−0.224221696x2
,

which is represented by the dashed line in Fig. 5. Now,
E = 0.7178. The increase in E is only due to forcing the
nonnegativity, as this is a univariate example.

We cannot easily extend the methodology for least-
norm approximation by increasing rational functions
because the coefficients of polynomials in the numer-
ator and denominator of the derivative of a rational
function p(�x)

q(�x)
are not linear in the coefficients of p(�x)

and q(�x) anymore.

5 Exploiting structure during computation

Semidefinite programming solvers usually require the
problem to be cast in the form:

min
�X�0,�x≥0

{trace( �C �X) + �cT �x |

trace( �Ai �X) + �aT
i �x = �bi (i = 1, . . . , m)},

where �C, �A1, . . . , �Am are data matrices and �b , �c,
�a1, . . . , �am are data vectors.

The approximation problems we have considered
may all be formulated as SDPs in this form and, with
the special property that the matrices �Ai are rank one
matrices. For example, in problem (7), we have �Ai =
�e(�xi)�e(�xi)T — a rank-one matrix.

This structure can be exploited by interior point
algorithms to speed up the computation. In particular,
the solver DSDP (see Benson et al. (2000)) has been
designed to do this.

Thus, it is possible to solve problem (7) within
minutes for up to a thousand data points and with an
approximating polynomial of degree up to a hundred.
A similar computation was performed for up to 200
data points in a few seconds by de Klerk et al. (2006).
For the other univariate approximation problems we
have considered, we can solve instances of similar sizes
in the order of minutes.
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For the multivariate approximation problems, e.g.,
(9), the size of the monomial vector �e�(�xi) is given by(q+d�−1

d�

)
, where 2d� is the degree of the function p�

(see Section 2.2.2) and q is the dimension (number of
variables).

If q and the d� values are such that
(q+d�−1

d�

)
is at most

a hundred and the number of data points at most n =
100, then efficient computation is still possible.

6 Conclusions and further research

We have presented a least-norm approximation meth-
od to approximate functions by nonnegative and
increasing polynomials, nonnegative trigonometric
polynomials, and nonnegative rational functions. This
methodology uses semidefinite programming and re-
sults from the field of real algebraic geometry. We
have given several artificial and real-life examples that
demonstrate that our methodology indeed results in
nonnegative or increasing approximations. We also
studied how to exploit the structure of the problem to
make the problem computationally easier. As a result
of this, we can deal with relatively large problems.

For further research, we are interested in studying
least-norm approximation by polynomials to approxi-
mate convex functions. In the univariate case, we can
easily use the same methodology as presented in this
paper because a polynomial is convex if and only if
its second derivative is nonnegative. In the multivari-
ate quadratic case, the problem of approximating a
function by a convex quadratic polynomial is already
studied by den Hertog et al. (2002).

References

Barlow R, Bartholomew R, Bremner J, Brunk H (1972) Statisti-
cal inference under order restrictions. Wiley, Chichester

Bates D, Watts D (1988) Nonlinear regression analysis and its
applications. Wiley, New York

Benson S, Ye Y, Zhang X (2000) Solving large-scale sparse semi-
definite programs for combinatorial optimization. SIAM J
Optim 10:443–461

Croarkin C, Tobias P (eds) (2005) NIST (National Institute
of Standards and Technology)/SEMATECH e-handbook of
statistical methods. http://www.itl.nist.gov/div898/handbook/

Cuyt A, Lenin R (2002) Computing packet loss probabilities
in multiplexer models using adaptive rational interpolation
with optimal pole placement. Technical report, University of
Antwerp

Cuyt A, Lenin R, Becuwe S, Verdonk B (2006) Adaptive
multivariate rational data fitting with applications in

electromagnetics. IEEE Trans Microwave Theor Tech
54:2265–2274

Fassbender H (1997) On numerical methods for discrete least-
squares approximation by trigonometric polynomials. Math
Comput 66(218):719–741

Floater MS (2005) On the convergence of derivatives of bernstein
approximation. J Approx Theory 134:130–135

Forsberg J, Nilsson L (2005) On polynomial response surfaces
and Kriging for use in structural optimization of crashwor-
thiness. Struct Multidiscipl Optim 29:232–243

den Hertog D, de Klerk E, Roos K (2002) On convex quadratic
approximation. Stat Neerl 563:376–385

Hilbert D (1888) Über die Darstellung definiter Formen als
Summe von Formenquadraten. Math Ann 32:342–350

Hubbard A, Robinson W (1950) A thermal decomposition study
of Colorado oil shale. Rept. Invest. 4744, US Bureau of
Mines

Jansson T, Nilsson L, Redhe M (2003) Using surrogate models
and response surfaces in structural optimization – with ap-
plication to crashworthiness design and sheet metal forming.
Struct Multidiscipl Optim 25:129–140

Jibetean D, de Klerk E (2006) Global optimization of rational
functions: a semidefinite programming approach. Math Pro-
gram A 106(1):93–109

de Klerk E, Elabwabi GE, den Hertog D (2006) Optimization of
univariate functions on bounded intervals by interpolation
and semidefinite programming. CentER discussion paper
2006-26. Tilburg University, Tilburg

Kuijt F (1998) Convexity preserving interpolation – stationary
nonlinear subdivision and splines. Dissertation, University
of Twente, Enschede, The Netherlands

Kuijt F, van Damme R (2001) A linear approach to shape
preserving approximation. Adv Comput Math 14:25–48

Lofberg J, Parrilo P (2004) From coefficients to samples: a new
approach to SoS optimization. Working paper

Montgomery D, Peck E (1992) Introduction to linear regression
analysis. Wiley, New York

Nesterov Y (2000) Squared functional systems and optimization
problems. In: Frenk H, Roos K, Terlaky T (eds) High perfor-
mance optimization, chap. 17, vol. 13. Kluwer, The Nether-
lands, pp 405–440

Powell M (1981) Approximation theory and methods. Cambridge
University Press, Cambridge

Powers V, Reznick B (2000) Polynomials that are positive on an
interval. Trans Am Math Soc 352(10):4677–4692

Putinar M (1993) Positive polynomials on compact semi-algebraic
sets. Indiana University Mathematics Journal 42:969–984

Reznick B (2000) Some concrete aspects of Hilbert’s 17th
problem. Contemp Math 253:251–272

Robertson T, Wright F, Dykstra R (1988) Order restricted statis-
tical inference. Wiley, Chichester

Schweighofer M (2005) Optimization of polynomials on compact
semialgebraic sets. SIAM J Optim 5(3):805–825

Sturm J (1999) Using SeDuMi 1.02, a MATLAB toolbox for op-
timization over symmetric cones. Optim Methods Softw 11–
12:625–653

Watson G (1980) Approximation theory and numerical methods.
Wiley, Chichester

Yeun Y, Yang Y, Ruy W, Kim B (2005) Polynomial genetic pro-
gramming for response surface modeling. Part 1: a method-
ology. Struct Multidisc Optim 29:19–34

http://www.itl.nist.gov/div898/handbook/

	Discrete least-norm approximation by nonnegative (trigonometric) polynomials and rational functions
	Abstract
	Introduction
	Approximation by polynomials
	General least norm approximation by polynomials
	Approximation by nonnegative polynomials
	Univariate nonnegative polynomials
	Multivariate nonnegative polynomials

	Approximation by increasing polynomials

	Approximation by trigonometric polynomials
	General least norm approximation by trigonometric polynomials
	Approximation by nonnegative trigonometric polynomials

	Approximation by rational functions
	General least-norm approximation by rational functions
	Approximation by nonnegative rational functions

	Exploiting structure during computation
	Conclusions and further research
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for journal articles and eBooks for online presentation. Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


