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Introduction

I would like to thank Schwartz [1] for insightful questions

about our paper [2] on whether and how quantitative

approaches could be useful for understanding intersec-

tionality, and I would also like to thank the Editor for

providing an opportunity to respond. On many points, we

agree. The additive joint disparity we considered is a pol-

icy-relevant measure that can be used to track the health of

multiply marginalized populations, without any reference

to interactions, and certainly this focus is consistent with

intersectionality. Schwartz’s emphasis that, when avail-

able, social theory should guide an analysis is an excellent

one and is why we provided an extensive, though not

exhaustive, review of additive interaction measures and

modeling strategies. It would indeed be interesting to

evaluate whether tests for synergism in the sufficient-cause

framework [3, 4] could be mapped to concepts of

intersectionality.

Many of Schwartz’s questions revolve around the causal

status of race, a topic which has been considerably debated

in the statistics, social science, and more recently the epi-

demiology literature [5–11]. Contrary to Schwarz’s

assumption, our study did not consider race as a cause, nor

did we consider potential outcomes for race. Early on, we

made clear: ‘‘In attributing disparities to race, we mean the

historical legacy of racism in the United States (US) taking

shape through various means, including slavery, Jim Crow,

and segregation [12]. This legacy involves discrimination

which may be intentional or the result of policies, laws or

practices that systematically disadvantage blacks and shape

economic opportunities [13] (and also) indirect processes

whereby blacks are more vulnerable to economic or

political shifts because of this legacy’’ [14]. The reality of

class in the US can reinforce this legacy by mediating

access to quality neighborhoods, housing, and education. It

is also important to remember that the joint decomposition

originated long before potential outcomes was used to infer

causal inference in epidemiology [15, 16], before any

entrenched perspectives about restricting studies to well-

defined interventions arose, so its use does not imply that

paradigm. Our use of the joint decomposition focuses on

describing and understanding how outcomes are patterned

for a multiply marginalized group as compared to a non-

marginalized group. It is not equipped to speak of the

action of racism or socioeconomic disadvantage or their

intersection at the person level; its focus is on under-

standing patterns among the population.

In what follows, I will explain how, in our descriptive

implementation, the joint decomposition relates to certain

features of intersectionality. The central point is that even

though potential outcomes of race/SES were not consid-

ered, the notion of a disparity itself is inherently counter-

factual, and this property helped us draw insights about

disparities across multiple axes. This property is also what

would encourage one to identify targets to reduce those

disparities. Accordingly, I will demonstrate how a media-

tion analysis for the joint disparity and its decomposition

can support this aim. I also outline how to repurpose

existing software for mediation analysis to accomplish this

aim, and also present non-parametric formulae that can be
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used to develop estimators for more general settings (e.g.,

when mediator-outcome confounders are affected by a

social status).

Interaction and intersectionality

Intersectionality is an expansive theoretical framework

[17]. Its wide scope concerns intersecting social positions

of marginalization (e.g., blacks with low SES) as well as

positions of power (e.g., blacks with high SES), intersect-

ing social processes (e.g., how sexism operates in the

context of social disadvantage), and social action (e.g., how

interventions and policies to reduce racial disparities in

unemployment can acknowledge and adapt to settings of

socioeconomic advantage and disadvantage). A key tenet

in all of these endeavors is to normalize a perspective on

groups that may be typically overlooked when analyses or

political action subsumes populations into broader cate-

gories such as race or class and, as a result, offer solutions

that may not respond to the needs of certain groups—

typically those at the nexus of marginalized statuses

[18, 19].

One of our contributions was to emphasize that an

excess intersectional disparity—a parameter that many

quantitative investigations in intersectionality have esti-

mated [20]—has the same form as a statistical interaction,

and is thus a quantity of contrasts. The excess intersec-

tional disparity is defined as the joint disparity minus the

sum of the referent disparities. It would seem inconsistent

to ask about the presence or magnitude of an excess

intersectional disparity but not allow for the joint decom-

position. But how are we to interpret the joint decompo-

sition and, relatedly, measures of statistical interaction?

Are they antithetical to intersectionality as Schwartz

contends?

Counterfactual thinking and intersectionality

It may help to first review how we often conceptualize

disparities. Even though disparities do not measure the

effects of well-specified interventions, they are not without

counterfactual meaning. If we consider excess rates of

disease among disadvantaged groups as avoidable, then we

can in some sense imagine an alternate world, however

vague, where that disparity does not exist. That we can

imagine a future without interpersonal discrimination, and

further imagine one that remediates class-based structural

legacies of racism that perpetuate disparities perhaps

independently of interpersonal discrimination (e.g., the

impact that real-estate tax-based funding has on the over-

representation of low-income racial/ethnic minority chil-

dren in lower quality schools), itself speaks to some sort of

potential outcome. This is true regardless of whether we

can enumerate what national and local policies and inter-

ventions are needed to advance social progress, or even

predict potential barriers to them. It is true that disparities

also reflect the effects of historical attempts to address

them (in that they may be smaller than they once were), but

again, we are still motivated to reduce even residual dis-

parities that persist. Counterfactuals, even if ill-specified,

seem central to the notion of disparities as unnecessary,

avoidable, and unjust [21]. This perspective underpins the

way the Institute of Medicine defines disparities in the

receipt of healthcare [22]. But simply observing that a

disparity exists does not tell us how to reduce it or what

certain interventions might achieve. To make progress, we

move from counterfactual thinking to counterfactual

methods that conceptualize a finer model where a disparity

in some outcome (e.g., wages) is perpetuated by disparities

in, or the differential effects of, manipulable determinants

of that outcome (e.g., educational attainment) [11, 23–25].

With counterfactual methods, we examine the extent to

which an intervention on that determinant might reduce

disparities (as in observational data) [26] or actually does

so (as in a trial) [27, 28]. Although it may be possible to

develop a formal counterfactual model to support these

statements, this intuitive justification may suffice.

If we accept that disparities reflect the effects of a

constellation of historical and current actions, policies, and

other systematic forms of oppression [12], we can extend

counterfactual thinking (and later, counterfactual methods)

to examine the intersection of social statuses. The referent

race disparity reflects effects of racism among those raised

in families with greater socioeconomic resources (again,

broadly defining racism to capture interpersonal and

structural forms that disadvantage racial/ethnic minorities).

One might point out that higher SES does not necessarily

translate into similar gains for blacks and whites because of

differences in social networks, or discrimination in housing

and other spheres of life [29], but this could reasonably be

construed as reflecting the legacy of racism. The referent

SES disparity reflects the effects of socioeconomic disad-

vantage among those whose lineage did not endure the

oppression of slavery, Jim Crow, and other structural

effects of racism—but who, as Schwartz points out, also

benefit from some form of white privilege [12]. If in fact

the effects of racism on the outcome did not vary by

childhood SES, and the effects of socioeconomic disad-

vantage did not vary by race, we would expect the joint

disparity to equal the sum of the referent race disparity and

referent SES disparity, and this would necessarily imply

that the intersectional disparity equals zero. When the

effects of racism are stronger in contexts of socioeconomic

disadvantage than advantage, and the effects of socioeco-

nomic disadvantage are stronger in the presence of racial

oppression and/or its legacy than the presence of racial
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privilege, the excess intersectional disparity captures the

differential.

Contrary to Schwartz’s conjecture, this formulation is

quite compatible with mutual constitutivism. Homoge-

neous effects of racism and socioeconomic disadvantage

do not preclude heterogeneous manifestations of racism

and socioeconomic disadvantage in the qualitative sense.

However, the joint disparity can only exceed the sum of the

referent when the effect of racism, whatever its form, leads

to a higher rate of undesirable outcomes for those with low

childhood SES and when the effect of socioeconomic

disadvantage leads to a higher rate of undesirable outcomes

among blacks. A positive excess intersectional disparity is

a clear indication that intersectional processes are con-

tributing to the joint disparity, even if we cannot explicitly

describe what those processes are and how they operate. A

positive excess intersectional disparity implies a quantita-

tive manifestation of intersectionality. However, even

when we cannot detect such manifestations, e.g., the excess

intersectional disparity is null, the joint disparity can still

be substantially larger than either referent disparity, and

calling attention to this is still very much in line with the

spirit of intersectionality.

Counterfactual methods and intersectionality

It is clear, then, that the joint disparity and its decompo-

sition focus on understanding how outcomes are patterned,

not how they are manifested or experienced. The decom-

position unpacks dimensions of extent, but leaves unan-

swered questions of quality and kind, which may be

unsatisfying. This is the purview of qualitative and mixed-

methods research that can richly describe how intersec-

tionality manifests in daily life, how it can guide and frame

interventions and political action, and how it explains

unique opportunities and barriers to health and well-being.

Such data on target populations will be essential for

developing interventions that are well suited for multiply

marginalized groups of interest.

As we noted in our discussion, the potential outcomes

framework could be leveraged to identify potential inter-

vention targets to improve the health of multiply

marginalized groups—a point Schwartz agrees with.

Specifically, we noted that causal mediation analysis [11]

could be used to examine how much the joint disparity in

say, log-wages, comparing blacks with low SES to whites

with high SES, would decrease after removing disparities

in some target, say some test of pre-market skills obtained

through education. Similar analyses examining racial dis-

parities have garnered considerable attention in the field of

labor economics. Fryer [30], extending analyses of Johnson

and Neal [31], found in the 1997 National Longitudinal

Survey of Youth [32] that controlling for a measure of pre-

market skills (score percentiles from the Armed Forces

Qualifying Test, AFQT scores) reduced male black–white

disparities in 2006/2007 log-wages by seven units from

-0.19 (0.02) to -0.12 (0.03). We can carry out a similar

analysis for the joint disparity in log-wages by first fitting a

model for log-wages (Y) conditional on race (A; black = 1,

white = 0), dichotomized childhood SES (B; low = 1,

high = 0), their product (A*B), and the covariate age (C)

among non-Hispanic males:

E½Y ja; b; c� ¼ a0 þ a1a þ a2b þ a3a � b þ a5c: ð1Þ

The quantity a1 ? a2 ? a3 can be interpreted as the

joint disparity in log-wages comparing blacks with low

SES to whites with high SES. We then can go on to re-fit

this model with an additional term for AFQT scores M:

E½Y ja; b;m; c� ¼ b0 þ b1a þ b2b þ b3a � b þ b4m

þ b5c:

In the ‘‘Appendix 1’’, we show that under an assumption

that the effect of AFQT scores on log-wages is uncon-

founded given race, childhood SES, ethnicity, gender, and

age, the quantity b1 ? b2 ? b3 can be interpreted as the

residual joint disparity in log-wages that remains after an

intervention to equalize the distribution of AFQT scores

across race and childhood SES, i.e., to set the distribution

of AFQT scores in the entire population to follow the

distribution found among whites with high SES. Carrying

this out (see ‘‘Appendix 2’’ for details on AFQT scores),

we find that the joint disparity, comparing black males with

low SES to white males with high SES, would reduce by

eight units from -0.29 (0.10) to -0.21 (0.03). Though this

query is inherently vague [33] (there are likely several

ways to affect pre-market skills let alone to eradicate dis-

parities in them), it does suggest that a large portion of the

joint disparity in wages can be attributed to the joint dis-

parity in pre-market skills. Future research could thus

reasonably prioritize developing and evaluating explicit

interventions to improve equity in pre-market skills.

Although our paper was focused on understanding the

joint disparity, we can also examine the residual referent

and excess intersectional disparities under an intervention

to equalize test scores across race and childhood SES. We

find that, upon controlling for AFQT scores, the referent

race disparity comparing black males with high SES to

white males with high SES reduces from a1 = -0.16

(0.04) to b1 = -0.11 (0.04), a reduction of five units.

Likewise, the referent SES disparity reduces by four units

from a2 = -0.16 (0.03) to b2 = -0.12 (0.03). We can also

define the residual intersectional disparity as the difference

between the residual joint disparity and sum of the residual

referent disparities. The excess intersectional disparity

remains null [a3 = b3 = 0.02 (0.05)]. Applying the joint

decomposition, the residual referent race and SES
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disparities are, respectively, 53 and 59% of the residual

joint disparity’s magnitude.

Overall, an intervention to equalize AFQT scores could

potentially reduce the black–white wage gap among males

by at least four units for all marginalized populations

considered. Interestingly, even though the greatest poten-

tial gains (eight units) would occur for black males with

low SES, their wages would not surpass the wages that

black males with high SES or white males with low SES

have before the intervention! A substantial joint disparity

would remain. Moreover, it remains the case that both

racism and socioeconomic disadvantage appear to con-

tribute to the joint disparity; neither appears sufficient to

fully account for it.

This example shows the clarity that the joint disparity and

its decomposition can deliver in a mediation analysis, even

when there is no evidence of an excess intersectional dis-

parity. Readers may recall that for unemployment, there was

a sizeable excess intersectional disparity that represented

almost 40% of the joint disparity’s magnitude. It would

certainly be of scientific interest to examine how interven-

tions to equalize test scores across race and class would

change the excess intersectional disparity for unemploy-

ment, as this could be useful for advancing intersectionality

theory. However, perhaps, what matters for policy making,

from an intersectional perspective, is to examine how much

intervening on potential targets might reduce the joint dis-

parity and, moreover, to examine the absolute outcomes for

multiply marginalized groups under such interventions.

Moving beyond this conceptual example, how is one to

implement mediation analysis in practice? The formulae

presented in the text only apply for linear outcomes when

there are no further statistical interactions, and moreover,

they require that the models for the outcome are correctly

specified. In the ‘‘Appendix 1’’, I present non-parametric

formulae that could be used to develop estimators for more

complex settings. Fortunately, these formulae imply that

we can appropriate existing software for mediation analysis

on the additive scale that allows for further interactions and

is appropriate even for non-linear outcomes [34]. It could

be adapted to study the additive joint disparity by sub-

setting the data to the multiply marginalized group and

non-marginalized group and using an appropriate indicator

variable as the exposure (e.g., 1 = blacks with low SES,

0 = white with high SES). A similar strategy can be taken

to study each referent disparity. The excess intersectional

disparity could then be computed from these results as the

difference between the residual joint disparity and the sum

of the residual referent disparities, and its standard error

could be obtained through bootstrapping (note that in the

causal mediation analysis literature, the residual disparity

is akin to the natural direct effect, and the disparity

reduction is akin to the natural indirect effect). An

alternative approach for non-linear outcomes would be to

use software for mediation analysis on the multiplicative

scale [35] to estimate the proportion by which the additive

joint, referent, and intersectional disparities would change

upon equalizing a target variable, and also estimate the

proportion of the residual joint disparity for each residual

referent disparity and the residual excess intersectional

disparity. Unlike the parametric approach in the motivating

example, these approaches rely on correctly specified

models for the mediator and the outcome, and can handle

statistical interactions between the joint social status (de-

fined by race and childhood SES) and the mediator

[34, 35]. Such interactions are plausible—and interesting in

their own right—as they reflect the possibility that the

effect of improving test scores on log-wages may differ

across groups defined by race and childhood SES.

Though these approaches will be detailed in future work,

it would be good to point out some key conceptual limitations

and potential solutions. First, a mediation analysis as

described here would only estimate how a disparity would

change among those who share the same levels of covariates,

and this may not always be of substantive interest. Emerging

work in causal decomposition analysis [36] that overcomes

this constraint for a single social status (e.g., race) could be

extended to the case of multiple intersecting social statuses.

Second, existing software for mediation analysis would

assume that covariates are not affected by either social status,

and could suffer from selection bias [37] if this assumption

was violated. In the ‘‘Appendix 1’’, I present non-parametric

formulae for mediation analysis of joint, referent, and excess

intersectional disparities that can appropriately adjust for

such covariates. Future work could use these formulae to

develop flexible estimators in this setting. As a final remin-

der, any causal interpretation of a mediation analysis

requires that all mediator-outcome confounders are mea-

sured and adjusted for. This is a very high standard and

should guide the design of observational studies, particularly

those that are expressly leveraged or conducted to advance

our understanding of how to address health disparities.

Conclusion

There is no quantitative approach that can harness every

dimension of intersectionality. What we have done is to

provide a framework that in some instances speaks to

quantitative manifestations of intersectionality, and hope-

fully, this will be used in concert with other qualitative

approaches that describe the unique experiences of multi-

ply marginalized groups in greater depth and nuance. An

extension that we did not explore here would be to consider

outcome differences defined not by the intersection of

personal characteristics, but rather of those defined by the
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intersection higher level characteristics such as markers of

institutional racism and/or neighborhood disadvantage

[38]. This could capture the quantitative effects of inter-

secting power structures, and use counterfactual methods to

understand how to reduce the risk among those who

experience their intersection. By incorporating counter-

factual thinking and allowing for further exploration

through counterfactual methods, the joint decomposition

provides an extensive framework for tracking the health of

multiply marginalized groups and identifying potential

opportunities to improve it.
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Appendix 1: Mediation analysis formulae for two
social statuses

Non-parametric results for causal mediation

analysis

(In the absence of covariate feedback, i.e., mediator-

outcome confounders not affected by race or childhood

SES)

Consider some outcome Y among persons defined by

variables race/ethnicity A (0 = non-Hispanic white,

1 = non-Hispanic black) and socioeconomic status B

(0 = high, 1 = low), among some level of covariates

gender and age C = c. Let M represent a measure of

potentially manipulable characteristics in later life, e.g.,

measures of pre-market skills as reflected in test scores that

may affect the outcome Y. Suppose that the effect of M on

Y is unconfounded given A, B, and C, such that E[Y(m)|a, b,

m, c] = E[Y(m)|a, b, c] and also that consistency holds,

such that E½YðmÞja; b;m; c� ¼ E½Yja; b;m; c�:
The joint disparity that would remain if the distribution

of test scores M for black persons with low SES (A = 1,

B = 1) with covariates C = c was set equal to its distri-

bution for white persons with high SES (A = 0, B = 0)

with C = c would be

lm11 � E½Y jA ¼ 0;B ¼ 0; c�;

and the joint disparity reduction would be

E½Y jA ¼ 1;B ¼ 1; c� � lm11;

where lm11 ¼RmE½Y jA¼1;B¼1;m;c�PðmjA¼0;B¼0;cÞ:

The referent race disparity that would remain if the

distribution of test scores M for black persons with high

SES (A = 1, B = 0) with covariates C = c was set equal

to its distribution for white persons with high SES (A = 0,

B = 0) with C = c would be

lm10 � E½Y jA ¼ 0;B ¼ 0; c�;

and the referent race disparity reduction would be

E½Y jA ¼ 1;B ¼ 0; c� � lm10;

where lm10 ¼RmE½Y jA¼1;B¼0;m;c�PðmjA¼0;B¼0;cÞ:
The referent SES disparity that would remain if the

distribution of test scores M for whites persons with low

SES (A = 0, B = 1) with covariates C = c was set equal

to its distribution for white persons with high SES (A = 0,

B = 0) with C = c would be

lm01 � E½Y jA ¼ 0;B ¼ 0; c�;

and the referent SES disparity reduction would be

E½Y jA ¼ 1;B ¼ 0; c� � lm01;

where

lm01 ¼ RmE½Y jA ¼ 0;B ¼ 1;m; c�PðmjA ¼ 0;B ¼ 0; cÞ:
The excess intersectional disparity that would remain if,

together, the distributions of test scores M for black persons

with low SES (A = 1, B = 1) with covariates C = c, black

persons with high SES (A = 1, B = 0) with covariates

C = c, white persons with low SES (A = 0, B = 1) with

covariates C = c were each set equal to its distribution for

white persons with high SES (A = 0, B = 0) with

covariates C = c would be

lm11�E Y jA¼0;B¼0;c½ �ð Þ� lm10�E YjA¼0;B¼0;c½ �ð Þf
þ lm01�E YjA¼0;B¼0;c½ �ð Þg;

and excess intersectional disparity reduction would be

E½Y jA¼1;B¼1;c��lm11ð Þ� E½YjA¼1;B¼0;c��lm10ð Þf
þ E½YjA¼0;B¼1;c��lm01ð Þg;

where

lm11 ¼ Rm E½Y jA ¼ 1;B ¼ 1;m; c�PðmjA ¼ 0;B ¼ 0; cÞ;

lm10 ¼ Rm E½Y jA ¼ 1;B ¼ 0;m; c�PðmjA ¼ 0;B ¼ 0; cÞ;

lm01 ¼ Rm E½Y jA ¼ 0;B ¼ 1;m; c�PðmjA ¼ 0;B ¼ 0; cÞ:

(In the presence of covariate feedback, i.e., a mediator-

outcome confounder affected by race or childhood SES)

Consider again some outcome Y among persons defined by

variables race/ethnicity A (0 = non-Hispanic white, 1 = non-
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Hispanic black) and socioeconomic status B (0 = high,

1 = low), among some level of covariates gender and age

C = c, and M a measure of potentially manipulable charac-

teristics in later life, e.g., measures of pre-market skills as

reflected in test scores that may affect the outcome Y. Suppose

now that there is a confounder L of test scores M that may be

affected by race/ethnicity A (0 = non-Hispanic white,

1 = non-Hispanic black) or socioeconomic statusB (0 = high,

1 = low) and that the effect ofMonY is unconfounded givenA,

B,L, andC, such thatE YðmÞja; b;m; l; c½ � ¼ E YðmÞja; b; l; c½ �
and also that consistency holds, such that

E½YðmÞja; b;m; l; c� ¼ E½Yja; b;m; l; c�.
The joint disparity that would remain if the distribution

of test scores M for black persons with low SES (A = 1,

B = 1) with covariates C = c was set equal to its distri-

bution for white persons with high SES (A = 0, B = 0)

with C = c would be

lm11 � E Y jA ¼ 0;B ¼ 0; c½ �;

and the joint disparity reduction would be

E½Y jA ¼ 1;B ¼ 1; c� � lm11;

where lm11 ¼ Rm;lE½Y jA ¼ 1;B ¼ 1;m; l; c�PðmjA ¼ 0;

B ¼ 0; cÞPðljA ¼ 1;B ¼ 1; cÞ:
The referent race disparity that would remain if the

distribution of test scores M for black persons with high

SES (A = 1, B = 0) with covariates C = c was set equal

to its distribution for white persons with high SES (A = 0,

B = 0) with C = c would be

lm10 � E½Y jA ¼ 0;B ¼ 0; c�;

and the referent race disparity reduction would be

E½Y jA ¼ 1;B ¼ 0; c� � lm10

where lm10 ¼ Rm;lE½Y jA ¼ 1;B ¼ 0;m; l; c�PðmjA ¼ 0;

B ¼ 0; cÞPðljA ¼ 1;B ¼ 0; cÞ:
The referent SES disparity that would remain if the

distribution of test scores M for whites persons with low

SES (A = 0, B = 1) with covariates C = c was set equal

to its distribution for white persons with high SES (A = 0,

B = 0) with C = c would be

lm01 � E½Y jA ¼ 0;B ¼ 0; c�;

and the referent SES disparity reduction would be

E½Y jA ¼ 1;B ¼ 0; c� � lm01;

where lm01 ¼ Rm;lE½Y jA ¼ 0;B ¼ 1;m; l; c�PðmjA ¼ 0;

B ¼ 0; cÞPðljA ¼ 0;B ¼ 1; cÞ:
The excess intersectional disparity that would remain if,

together, the distributions of test scores M for black persons

with low SES (A = 1, B = 1) with covariates C = c, black

persons with high SES (A = 1, B = 0) with covariates

C = c, white persons with low SES (A = 0, B = 1) with

covariates C = c were each set equal to its distribution for

white persons with high SES (A = 0, B = 0) with

covariates C = c would be

lm11�E½Y jA¼0;B¼0;c�ð Þ� lm10�E½Y jA¼0;B¼0;c�ð Þf
þ lm01�E½YjA¼0;B¼0;c�ð Þg;

and excess intersectional disparity reduction would be

E Y jA¼1;B¼1;c½ ��lm11ð Þ� E Y jA¼1;B¼0;c½ ��lm10ð Þf
þ E Y jA¼0;B¼1;c½ ��lm01ð Þg

where

lm11 ¼ Rm;lE½YjA ¼ 1;B ¼ 1;m; l; c�
� PðmjA ¼ 0;B ¼ 0; cÞPðljA ¼ 1;B ¼ 1; cÞ;

lm10 ¼ Rm;lE½YjA ¼ 1;B ¼ 0;m; l; c�
� PðmjA ¼ 0;B ¼ 0; cÞPðljA ¼ 1;B ¼ 0; cÞ;

lm01 ¼ Rm;lE½YjA ¼ 0;B ¼ 1;m; l; c�
� PðmjA ¼ 0;B ¼ 0; cÞPðljA ¼ 0;B ¼ 1; cÞ:

Results under linear models for causal mediation

analysis in the absence of covariate feedback

Consider the following linear models:

E½Y ja; b; c� ¼ a0 þ a1aþ a2bþ a3a � bþ a5c; ð1Þ
E½Y ja; b;m; c� ¼ b0 þ b1aþ b2bþ b3a � bþ b4m þ b5c:

ð2Þ

Consider an intervention to set each of the distributions

of test scores M for black persons with low SES (A = 1,

B = 1) with covariates C = c, black persons with high

SES (A = 1, B = 0) with covariates C = c, and white

persons with low SES (A = 0, B = 1) with covariates

C = c is equal to the distribution for white persons with

high SES (A = 0, B = 0) with covariates C = c.

The residual joint disparity would be: b1 ? b2 ? b3.

In addition, the amount the joint disparity is reduced

would be: (a1 ? a2 ? a3) - (b1 ? b2 ? b3).

The residual referent race disparity would be: b1.

In addition, the amount the referent race disparity is

reduced would be: a1 - b1.

The residual referent SES disparity would be: b2.

In addition, the amount the referent SES disparity is

reduced would be: a2 - b2.

The residual excess intersectional disparity would be: b3.

In addition, the amount the excess intersectional dis-

parity is reduced would be: a3 - b3.

Proof The non-parametric results under no covariate

feedback follow directly from those of VanderWeele and

Robinson [11] and also VanderWeele and Tchetgen

790 Soc Psychiatry Psychiatr Epidemiol (2017) 52:785–793

123



Tchetgen [16]. It follows from the results of VanderWeele

and Robinson [11] that these formulae hold under an

assumption that the effects of test scores M are uncon-

founded given race, SES, and covariates ethnicity, gender,

and age (along with consistency and positivity assumptions

for test scores). The results under covariate feedback fol-

low directly from those of Jackson and VanderWeele [36]

for Proposition five under an assumption that the effects of

test scores M are unconfounded given race, SES, and

covariates ethnicity, gender, and age, and a covariate

L possibly affected by race and/or childhood SES (again,

along with consistency and positivity assumptions for test

scores).

The results under linear models follow, since

we have

lm11 ¼ RmE½YjA ¼ 1;B ¼ 1;m; c�PðmjA ¼ 0;B ¼ 0; cÞ
¼ Rmðb0 þ b1 þ b2 þ b3 þ b4m þ b5cÞ
� PðmjA ¼ 0;B ¼ 0; cÞ

¼ b0 þ b1 þ b2 þ b3 þ b4E½MjA ¼ 0;B ¼ 0; c�
þ b5c:

Similarly

E½YjA ¼ 0;B ¼ 0; c� ¼ RmE½Y jA ¼ 0;B ¼ 0;m; c�
PðmjA ¼ 0;B ¼ 0; cÞ

¼ Rmðb0 þ b4m þ b5cÞ
PðmjA ¼ 0;B ¼ 0; cÞ

¼ b0 þ b4E½MjA ¼ 0;B ¼ 0; c�
þ b5c:

Thus

lm11 � E½Y jA ¼ 0;B ¼ 0; c� ¼ b1 þ b2 þ b3:

Moreover

E½Y jA ¼ 1;B ¼ 1; c� � E½Y jA ¼ 0;B ¼ 0; c�
¼ a1 þ a2 þ a3:

And so

E½YjA ¼ 1;B ¼ 1; c� � lm11

¼ E½YjA ¼ 1;B ¼ 1; c� � E½YjA ¼ 0;B ¼ 0; c�f g
� lm11 � E½Y jA ¼ 0;B ¼ 0; c�f g

¼ ða1 þ a2 þ a3Þ � ðb1 þ b2 þ b3Þ:

We also have

lm10 ¼ RmE½YjA ¼ 1;B ¼ 0;m; c�PðmjA ¼ 0;B ¼ 0; cÞ
¼ Rmðb0 þ b1 þ b4m þ b5cÞPðmjA ¼ 0;B ¼ 0; cÞ
¼ b0 þ b1 þ b4E½MjA ¼ 0;B ¼ 0; c� þ b5c:

Similarly

E½YjA ¼ 0;B ¼ 0; c� ¼ RmE½Y jA ¼ 0;B ¼ 0;m; c�
� PðmjA ¼ 0;B ¼ 0; cÞ

¼ Rmðb0 þ b4m þ b5cÞ
� PðmjA ¼ 0;B ¼ 0; cÞ

¼ b0 þ b4E½MjA ¼ 0;B ¼ 0; c�
þ b5c:

Thus

lm10 � E½Y jA ¼ 0;B ¼ 0; c� ¼ b1:

Moreover

E Yj A ¼ 1;B ¼ 0; c½ � � E YjA ¼ 0;B ¼ 0; c½ � ¼ a1

And so

E½Y jA ¼ 1;B ¼ 0; c� � lm10

¼ E½YjA ¼ 1;B ¼ 0; c� � E½YjA ¼ 0;B ¼ 0; c�f g
� lm10 � E½Y jA ¼ 0;B ¼ 0; c�f g

¼ a1 � b1:

We also have

lm01 ¼ RmE½YjA ¼ 0;B ¼ 1;m; c�PðmjA ¼ 0;B ¼ 0; cÞ
¼ Rmðb0 þ b2 þ b4m þ b5cÞPðmjA ¼ 0;B ¼ 0; cÞ
¼ b0 þ b2 þ b4E½MjA ¼ 0;B ¼ 0; c� þ b5c:

Similarly

E½YjA ¼ 0;B ¼ 0; c� ¼ RmE½Y jA ¼ 0;B ¼ 0;m; c�
� PðmjA ¼ 0;B ¼ 0; cÞ

¼ Rmðb0 þ b4m þ b5cÞ
� PðmjA ¼ 0;B ¼ 0; cÞ

¼ b0 þ b4E½MjA ¼ 0;B ¼ 0; c�
þ b5c:

Thus

lm01 � E½Y jA ¼ 0;B ¼ 0; c� ¼ b2:

Moreover

E½Y jA ¼ 0;B ¼ 1; c� � E½YjA ¼ 0;B ¼ 0; c� ¼ a2:

And so

E½YjA ¼ 0;B ¼ 1; c� � lm01

¼ E½YjA ¼ 0;B ¼ 1; c� � E½YjA ¼ 0;B ¼ 0; c�f g
� lm01 � E½Y jA ¼ 0;B ¼ 0; c�f g

¼ a2 � b2:
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From above, we have

lm11 � E½Y jA ¼ 0;B ¼ 0; c�f g
� lm10 � E½Y jA ¼ 0;B ¼ 0; c�f g
� lm01 � E½Y jA ¼ 0;B ¼ 0; c�f g

¼ b3:

In addition

E½YjA ¼ 1;B ¼ 1; c� � E½YjA ¼ 0;B ¼ 0; c�f g
� lm11 � E½YjA ¼ 0;B ¼ 0; c�f g
� E½Y jA ¼ 1;B ¼ 0; c� � E½Y jA ¼ 0;B ¼ 0; c�f gð
� lm10 � E½Y jA ¼ 0;B ¼ 0; c�f gÞ
� E½Y jA ¼ 0;B ¼ 1; c� � E½Y jA ¼ 0;B ¼ 0; c�f gð
� lm01 � E½Y jA ¼ 0;B ¼ 0; c�f gÞ
¼ a3�b3:

This completes the proof.

Appendix 2: Analytic details for the variable
AFQT scores used in the mediation analysis

Test score percentiles were obtained for the NLSY97

cohort from the Armed Forces Qualification Test which

was administered as part of the Armed Services Vocational

Aptitude Battery as reported in the 1999 survey year. These

scores were similarly constructed to those used in the

earlier 1979 NLSY79 cohort but are not considered official.

Scores were standardized by 3-month age as described

elsewhere [30]. All other variables followed the descrip-

tions given in the main text of Jackson et al. [2].
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