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Abstract. We correct an error in our article [6], completing the classification of compact
homogeneous geometries.

The present note contains a correction for our article [6] and some additional
remarks. In [6] we classified compact homogeneous geometries. Kollross and
Gorodski [2] discovered in 2015 that our classification as well as many related
classifications, for instance [7], were incomplete: there exists a further example
of a polar action on the Cayley plane which gives rise to an exceptional compact
homogeneous geometry of type C3. In the present note we correct the mistake
in our classification by showing that this is the only other example of a compact
homogeneous geometry. The final result is that there exist exactly two homoge-
neous compact geometries of type C3 which are not covered by buildings. These
two geometries have been studied in a purely algebraic setting by Schillewaert and
Struyve [9], who determined in particular their automorphism groups and showed
that the underlying simplicial complexes are simply connected. The last claim was
independently obtained by Pasini [11]. The main results of [6] should be modified
as follows.

Theorem A in [6], revised. Let ∆ be a compact geometry of irreducible spherical
type and rank at least 2, with connected panels. Assume that a compact group acts
continuously and transitively on the chambers of ∆.

If ∆ is not of type C3, then there exists a simple noncompact Lie group S,
a compact chamber-transitive subgroup K ⊆ S and a K-equivariant 2-covering
∆̃→ ∆, where ∆̃ is the canonical spherical building associated to S.

If ∆ is of type C3, then either there exists a building ∆̃ and a 2-covering
∆̃ → ∆ as in the previous case, or ∆ is isomorphic to one of the two exceptional
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homogeneous compact C3 geometries which cannot be 2-covered by any building.

Theorem 5.4 in [6], revised. Let M be a Coxeter matrix of spherical type and
let (G,∆) be a homogeneous compact geometry in HCG(M). Suppose that the
Coxeter diagram of M has no isolated nodes. Then there exists a homogeneous
compact geometry (K, ∆̃) in HCG(M) which is a join of buildings associated to
simple noncompact Lie groups and geometries of type C3 which are isomorphic
to the exceptional geometry in Section 3B in [6] or to the exceptional geometry

described in this note, and a continuous 2-covering ∆̃ → ∆, which is equivariant
with respect to a compact connected Lie group K acting transitively on the chambers
of ∆̃.

Theorem 4.1 in [6], revised. Let (G,∆) be a homogeneous compact geometry of
type C3 with connected panels. Assume that G is compact and acts faithfully, and
let (Ĝ, ∆̂) denote the corresponding universal compact homogeneous geometry, as

in 2.27 in [6]. Then ∆̂ is either a building or the exceptional geometry described in
Section 3B in [6] or the exceptional geometry described below in 6.8.

Remark 3.20 in [6] should also be modified accordingly: the alternative approach
to the exceptional geometries would require in addition the classification results
in [2].

We note also that Problem 5 in [6] is answered in [9]: the two exceptional
compact homogeneous geometries of type C3 are simply connected, and their
automorphism groups are compact. Similar geometries may be defined at least
over other real closed fields. We finally mention that an affirmative answer to
Problem 1 in [6] has been given in [10]. In particular, [10] shows that without
additional topological assumptions there exist free constructions of homogeneous
geometries of type C3.

Acknowledgment. The authors thank Claudio Gorodski and Andreas Kollross
for helpful remarks, and the referees for detailed comments and suggestions on an
earlier version of this erratum.

6. The corrections

We will freely use the terminology and the results from our article, which we
will refer to as Part I. We first indicate where an error occurs in Part I. At the
beginning of Section 4D, on the bottom of p. 841 in Part I we write: “By 2.5 we
have a product action of M◦ on S1 × Sn.” But this conclusion is not implied by
Lemma 2.5 in Part I.

In the relevant section we consider a compact homogeneous geometry (G,∆) of
type C3 with parameters (1, n). The group G is a compact connected Lie group.
We recall the notions introduced in 4.10 in Part I. We fix a chamber {p, d, q} in
the geometry ∆. Then

lk({p, d}) ∼= S1 ∼= lk({p, q}) and lk({d, q}) ∼= Sn.

The link of {p} is the projective geometry of the real projective plane, the link
of q is a generalized quadrangle with parameters (1, n) and the link of {d} is a
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generalized digon of type S1× Sm. We denote the kernels of the actions of Gp, Gq

and Gd on the respective links by A,B,C, and we put

K = Gp/A, L = Gq/B and M = Gd/C.

We know that K = SO(3) and that the stabilizers Kd and Kq act as O(2) on
the 1-spheres lk({p, d}) and lk({p, q}). For n > 1, the group Gp is connected by
Lemma 4.4 in Part I. We recall also from Lemma 2.8 in Part I that A ∩B = {1}.
The relevant case of Lemma 2.5 in Part I reads as follows.

Lemma 6.1. Consider the standard orthogonal action of SO(2) × SO(n + 1) on
S1 × Sn. Suppose that H ⊆ SO(2) × SO(n + 1) is a transitive compact connected
subgroup. Then H splits as a product H = H1 ×H2, where Hj is the image of H
under the projection prj for the diagram

SO(2)
pr1←−− SO(2)× SO(n+ 1)

pr2−−→ SO(n+ 1),

provided that either H2 = SO(n+ 1) or that H2 is a compact simple group.

Corollary 6.2. If the group N induced by (Gd,q)◦ on lk({d, q}) ∼= Sn is either
SO(n + 1) or if N is simple and maximal among compact connected subgroups
in SO(n + 1), then the action of M◦ on lk({d}) is a product action. Under this
additional hypothesis, all the classification results in Section 4D of Part I are valid.

Proof. For the projection H2 in Lemma 6.1 we have N ⊆ H2 ⊆ SO(n+ 1). �

Inspecting the classification of compact connected groups acting transitively on
compact generalized quadrangles with parameters (1, n) in [4], [5], we see that the
only cases where the connected group induced on lk({d, q}) is not SO(n + 1) are
n = 5, 6, with L◦ = SO(2)×G2 and L◦ = SO(2) ·Spin(7), respectively. In the case
n = 6, the group induced by (Gd,q)◦ on S6 is G2, which is simple and a maximal
connected subgroup in SO(7), see, e.g., 95.12 in [8]. So this case is covered by
Lemma 6.1 and hence Corollary 4.31 in Part I shows that this case cannot occur
in the geometry ∆.

In the case n = 5, the group induced by (Gd,q)◦ on S5 is SU(3). Here, we
can embed a 1-torus T diagonally into SO(2) × U(3). Then it may happen that
H2 = U(3) and then the action of K = T · SU(3) is not split. This case was
overlooked in Part I and leads to a new compact homogeneous C3-geometry.

Auxiliary results

We introduce some groups. We put

C2 = {±1}

and we let Q ⊆ Spin(3) ⊆ H denote the quaternion group of order 8, i.e., the group
generated by i, j ∈ H. We put

J = (Q× SU(2))/{±(1, 1)}

and we note that π0(J) ∼= C2
2 . The group J can be realized as a subgroup of SO(4).
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Lemma 6.3. The group J is not isomorphic to C2
2 × SU(2).

Proof. The center of J is C2 and the center of C2
2 × SU(2) is C3

2 . �

Lemma 6.4. Consider the action of the group G2 = Aut(O) on the 7-dimensional
space of all pure elements in O. The subgroup of G2 consisting of all elements h
with h(i) = ±i and h(j) = ±j is isomorphic to the group J .

Proof. The quaternion subalgebra H ⊆ O is generated by i, j and thus invariant
under this group. Let ` ∈ O be a pure element with `2 = −1 which is orthogonal
to H. Then i, j, ` is a Cayley triple in O and O = H ⊕ H`. By Lemma 11.30 in
[8], the subgroup of Aut(O) of all automorphisms which leave H invariant consists
of all maps of the form

[a, b] : H⊕H`→ H⊕H`, u+ v` 7→ auā+ (bvā)`,

where a, b ∈ Spin(3) ⊆ H are unit quaternions. The claim follows. �

Lemma 6.5. Consider the polar representation of O(2)×G2 ⊆ O(2)× SO(7) on
R2×7. The principal isotropy group is isomorphic to J .

Proof. Let e1, . . . , e7 denote the standard basis of R7, and consider the 2 × 7-
matrices P1 = (2e1, e2), P2 = (e1, 0) and P3 = (e1, e2). The O(2)×SO(7)-stabilizer
of P1 is principal and fixes P2 and P3. It consist of all elements of the form(

ε1 0
0 ε2

)
×

ε1 0 0
0 ε2 0
0 0 ε1ε2A


with ε1, ε2 = ±1 and A ∈ SO(5). We may put i = e1 and j = e2 and then apply
Lemma 6.4. �

We remark that Lemma 6.5 contradicts the formula for the principal isotropy
group given on p. 54 in [2].

The missing case with n = 5 and q = R ⊕ g2

The maps Lp −→ L and Mp −→ M are (n − 1)-equivalences. Since the groups
induced by K = Gp/A on the 1-spheres lk({p, q}) are in both cases O(2), we
conclude that neither L nor M are connected. The group Kd,q is finite and hence
gp,d,q = a = qp,d, and b = c = 0. It follows that A◦ = (Gp,d,q)◦ = SU(2).

We first inspect the diagrams for the Lie algebras of M,L and K. They look
as follows:

R⊕ su(3) su(3)oo

R⊕ su(2)

ϕ

OO

su(2)oo

OO
su(3) // R⊕ g2

su(2) //

OO

R⊕ su(2)

99

R

��

0oo // R

ss
so(3).
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Except for ϕ, all arrows are canonical or determined by the diagrams for lk(p)
and lk(q). For ϕ, there are two fundamentally different possibilities. If ϕ restricts
an isomorphism between the R-factors, then the action of M◦ on S1 × S5 is split.
This case is covered by Section 4D in Part I. So we have to consider the case where
the ϕ-image of R is diagonally embedded into R × su(3). Up to automorphism,
there is just one such map. (The ϕ-image of R cannot be contained in su(3), since
M/Mp

∼= S5.) There is just one way to glue these data to a diagram Lie(G), which
looks as follows:

R⊕ su(3) su(3)oo // R⊕ g2

R⊕ su(2)

ϕ

OO

��

su(2)

OO

//oo R⊕ su(2)

99

tt
so(3)⊕ su(2).

In all instances, the maps between the su(2) factors are the identity maps. (The
Lie algebras so(3) and su(2) are of course isomorphic, but naming them differently
helps keeping track of the maps.) By Lemma 4.13 in Part I the diagram G◦ of
the connected components is uniquely determined by the diagram Lie(G) and the
subdiagram

Gp,d

��

Gp,d,q
oo // Gp,q

uu
Gp.

(1)

We now study the stabilizers in more detail. The group Gp is connected, and
hence

Gp = (Spin(3)× SU(2))/E,

and E ⊆ C2×C2 is a central subgroup. Therefore Gp,d,q = (Q×SU(2))/E, where
Q ⊆ Spin(3) denotes again the quaternion group of order 8.

We noted above that the group L is not connected. By [5] we have [L : L◦] = 2
and thus L = O(2) × G2, in its natural polar action on R2×7. By Lemma 6.5 we
have Lp,d

∼= J . Since Lp,d = Gp,d,q/B, we deduce that |E| · |B| = 2.
If |B| = 2, then we have by Lemma 6.3 that B = {±(1, 1)}, because (Q ×

SU(2))/B ∼= J . But (−1,−1) acts also trivially on lk(p), contradicting the fact
that A ∩B is trivial. Hence B is trivial.

It follows from Lemma 6.3 that E = {±(1, 1)} and thus Gp = (Spin(3) ×
SU(2))/E ∼= SO(4). This determines the diagram (1) uniquely, and hence by
Lemma 4.13 in Part I the diagram G◦ of connected components.

It also follows that Gq = L and that

Z/2 ∼= π0(Gq) ∼= π0(Gp,q) ∼= π0(Gd,p) ∼= π0(Gd). (2)
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At this stage, the following subdiagram of G is uniquely determined:

Gd,q
// Gq

Gp.d

��

Gp,d,q

OO

oo // Gp,q

==

uu
Gp.

(3)

Let O(2) ⊆ Gp,d ⊆ Gp = SO(4) denote the subgroup which maps onto Kd
∼=

O(2). We choose an element h in O(2) which is a reflection and fixes {p, d, q}
(there are two such elements in O(2)). Then h is an involution and generates each
of the cyclic groups in Equation (2). In particular we have

Gd,q = (Gd,q)◦ o 〈h〉 and Gp,d = (Gp,d)◦ o 〈h〉.

This determines the conjugation action of h on (Gd)◦ = 〈(Gp,d)◦ ∪ (Gd,q)◦〉, and
hence the structure of Gd = (Gd)◦ o 〈u〉 as well as the missing upper left corner
in diagram (3). We have established the following result.

Proposition 6.6. In the case where q = R ⊕ g2 and where the action of M◦ is
not a product action, there is at most one possibility for the diagram G and hence
at most one universal compact homogeneous geometry of type C3.

It remains to show the existence of the geometry. There are two ways for this.
In Section 3.4 in [2], the construction of a polar action on the Cayley plane is
shown, in such a way that the resulting geometry is of the type described above.
Similarly to Section 3B in Part I, one could work out the precise orbit structure
for this polar action. There is a second and very explicit way to construct the
geometry in a purely algebraic way, as shown in [9]. We indicate it briefly at the
end of this note.

Proposition 6.7. Besides the geometry described in Section 3B in Part I there
exist, up to isomorphism, exactly one compact homogeneous geometry of type C3

which is not 2-covered by a building.

Proof. Let (G,∆) denote the exceptional compact homogeneous geometry of type
C3 which arises from the polar action on the Cayley plane as described in [2].
We claim first that ∆ is not covered by a building ∆′. Otherwise, there would
(by Theorem 2.22 in Part I and the subsequent remarks) exist a fiber bundle
Sm ∼= |∆′| → |∆| ∼= OP2, which arises from a free action of a compact Lie group E
on the building ∆′. However, such a fiber bundle Sm/E → OP2 does not exist. Its
mapping cone would be a finite 7-connected CW complex with cohomology ring
Z[x]/(x4) for a generator x in degree 8, which is impossible by Adams’ results on
the Hopf invariant. Theorem 5.1. and the subsequent remarks in [1] show this
explicitly.
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Hence (G,∆) is a compact homogeneous geometry of type C3 which is not 2-
covered by a building. By our classification of possible diagrams for such geomet-
ries, this geometry has to be in the category HCGG(C3), where G is the unique

simple complex of groups determined above. Let (Ĝ, ∆̂, {p̂, d̂, q̂}, ψ̂) denote the
universal homogeneous compact geometry in HCGG(C3). The actions of K and

L◦ on lk(p̂) and lk(q̂) are minimal by the classification in [4, 5]. Therefore the Ĝ-

action on ∆̂ is minimal, i.e., Ĝ has no proper compact connected chamber transitive
subgroup. Hence there exists a continuous surjective group homomorphism Ĝ→ G
which induces an equivariant morphism ∆̂→ ∆. We have to show that the kernel
F � Ĝ of the group homomorphism is trivial. We first show that the Lie algebra
f of F is trivial. We have Lie(Ĝ) ∼= Lie(G) ⊕ f, and Lie(G) ∼= so(3) ⊕ g2 by the
results in [2]. From the polar action on the Cayley plane as given in [2] we know
that |∆| ∼= OP2 in the coarse topology.

We put H1 = exp(so(3)) ⊆ Ĝp and H2 = exp(g2) ⊆ Ĝq and we note the
following. The group H1 and H2 induce transitive groups on the links lk({p̂, q̂}),
lk({p̂, d̂}) and lk({d̂, q̂}) in ∆̂ and hence the abstract group H = 〈H1 ∪ H2〉 acts

transitively on the chambers of ∆̂. Moreover, H1 and H2 consist of commutators,
hence H is a perfect group. Being path-connected, H ↪→ Ĝ is an analytic subgroup
with a Lie algebra h, see [3]. Since H is perfect, h is a compact semisimple Lie

algebra and hence H ⊆ Ĝ is compact. Since Ĝ is minimal, Ĝ = H and Lie(Ĝ) is
generated as a Lie algebra by Lie(H1) + Lie(H2).

By the formula given before 4.3 in Part I we have

dim Ĝ− dim Ĝp̂,d̂,q̂ ≤ 6 · 1 + 3 · 5 = 21

and thus dim(F ) ≤ 7. The projection

Lie(Ĝ) ∼= so(3)⊕ g2 ⊕ f −→ so(3)⊕ f

is surjective and annihilates Lie(H2) ∼= g2. Therefore Lie(H1) maps onto so(3)⊕ f.

But dim(Lie(H1)) = 3 and thus f = 0. It follows that |∆̂| → |∆| is in the coarse

topology a covering. Since |∆| ∼= OP2 is simply connected, |∆̂| = |∆| and F = {1}.
Finally, the Cayley plane admits no fixed-point free homeomorphism. Therefore no
group can act continuously and freely on OP2 and therefore the geometry (G,∆)
has no equivariant quotients. �

Construction 6.8 (The exceptional geometry). Let H denote the quaternion al-
gebra, and O the Cayley algebra. For a ∈ H with a2 = −1 put [a] = {±a}. For
b ∈ H and c ∈ O with b2 = c2 = −1 put [b, c] = {±(b, c)}. Let ∆ be the simplicial
complex whose maximal simplices are the sets {[a], [b, c], δ}, where δ : H −→ O is
an algebra homomorphism, with the property that

a ⊥ b and δ(b) = c.

The group G = Aut(H) × Aut(O) = SO(3) × G2 acts in the obvious way on ∆.
It is shown in [9] that ∆ is a simply connected geometry of type C3 and one can
check that (G,∆) fits the diagram G above. For example, we could put a = j,
b = i = c and δ : H ⊆ O. In this case it is not difficult to work out the stabilizers
of p = δ, d = [i, i] and q = [j].
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