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Abstract. We consider the Hénon-type quasilinear elliptic equation
−Δmu = |x|aup where Δmu = div(|∇u|m−2∇u), m > 1, p > m − 1
and a ≥ 0. We are concerned with the Liouville property, i.e. the nonex-
istence of positive solutions in the whole space R

N . We prove the optimal
Liouville-type theorem for dimension N < m + 1 and give partial results
for higher dimensions.
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1. Introduction

This article is devoted to the study of positive solutions of the following elliptic
equation

−Δmu = |x|aup, x ∈ Ω, (1.1)

where Δmu = div(|∇u|m−2∇u) denotes the m-Laplace operator, Ω is a domain
of RN . We assume throughout the paper that

1 < m < p + 1, and a ≥ 0.

The interest of Eq. (1.1) started from the case of classical Laplacian

−Δu = |x|aup, (1.2)

which is called the Hénon equation. Since the pioneering work of Hénon [12] in
1973 on the studying of rotating stellar structures, a variety of results on the
qualitative properties of the solutions to problem (1.2) have been established.
In particular, the results on the existence and nonexistence, the multiplic-
ity, the symmetry-breaking properties, and blow-up profile of solutions were
obtained—see [2–4,17,23,26,27].
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The problem (1.1) for m �= 2 arises in the theory of quasi-regular and
quasi-conformal mappings, and in mathematical modelling of non-Newtonian
fluids. Media with m > 2 and m < 2 are called dilatant fluids and pseudo-
plastics respectively (see the references in [25] for a discussion of the physical
background).

In general case of m, the existence and nonexistence results were widely
studied. Among others, Clement et al. [7] applied the mountain pass theorem
and proved that the boundary value problem possesses at least a radial solution
for all m < p < pS(m,a), extending Ni’s result [17] for the more general class
of equations. Carriao et al. [5] proved some existence and multiplicity results of
non-radial solutions. The nonexistence of nontrivial solutions was established
via the generalized Pohozaev identity, see [10,11,18]. Further results on he as-
ymptotic behaviour of solutions near the singularity and qualitative properties
of bounded radial ground states can be found in [1,21,22].

The aim of this paper is to study the Liouville-type theorems for the
problem (1.1). Before stating our main results, let us introduce the following
exponents

pS(m,a) :=
(m − 1)N + m

N − m + ma
(=∞ if N ≤ m),

pS(m) := pS(m, 0).

Our notion of solution is that of continuously differentiable weak solution,
which is defined as follows

Definition 1.1. For an arbitrary domain Ω of RN , we say that a nonnegative
function u is a solution of (1.1) if it satisfies

u ∈ C1(Ω),
∫

Ω

|∇u|m−2∇u.∇ϕdx =
∫

Ω

|x|aupϕdx for all ϕ ∈ C∞
0 (Ω).

(1.3)

Roughly speaking, a (continuously differentiable weak) solution of (1.1)
is a C1-function which solves (1.1) in the distributional sense.

We recall that Liouville-type theorem is the nonexistence of solution in
the entire space. The classical Liouville-type theorem stated that a bounded
harmonic (or holomorphic) function defined in entire space must be constant.
This theorem, known as Liouville Theorem, was first announced in 1844 by
Liouville [15] for the special case of a doubly-periodic function. Later in the
same year, Cauchy [6] published the first proof of the above stated theorem.
In 1981, Gidas and Spruck established in pioneering article [9] the optimal
Liouville-type result for nonnegative solutions of the semilinear elliptic equa-
tion −Δu = up. Since then, the Liouville property has been refined consider-
ably and emerged as one of the most powerful tools in the study of boundary
value problems for nonlinear PDEs (see e.g. [20]).

Concerning the Liouville-type results for the problem (1.1), the case a = 0
was completely established by Serrin and Zou [25]. Here, the optimal Liouville-
type theorem states that the Eq. (1.1) has no positive solution in Ω = R

N if
and only if p < pS(m).
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The case a > 0 is less understood, it seems that the presence of the term
|x|a modifies the range of values of p for the non-existence of entire positive
solutions. In the class of radial solutions, the Liouville property was completely
solved (see e.g. [14, Section 3]). More precisely,

Proposition A. (i) If p < pS(m,a), then Eq. (1.1) has no positive radial
solution in Ω = R

N .
(ii) If p ≥ pS(m,a), then Eq. (1.1) possesses a bounded, positive radial solu-

tion in Ω = R
N .

The exponent pS(m,a) thus plays a critical role in the radial case and
this, in addition to the above mentioned result for a = 0, supports the following
natural conjecture:

Conjecture B. If p < pS(m,a), then Eq. (1.1) has no positive solutions in
Ω = R

N .

The condition p < pS(m,a) is optimal due to Proposition A(ii). However,
apart from the radial case, the best available condition on p for the nonexis-
tence of entire positive solutions up to now is as follows (e.g. [16, Theorem
12.4])

p ≤ (m − 1)(N + a)
N − m

(p < ∞ if N ≤ m). (1.4)

In fact, Eq. (1.4) is the optimal condition for the nonexistence of supersolutions
(i.e. solution to −Δmu ≥ |x|aup) in R

N , or in an exterior domain. This result
in particular implies that the Conjecture B is true for the dimension N ≤ m.
The aim of this paper is to prove Conjecture B for dimension N < m+1. Our
main result is the following.

Theorem 1.2. Let N < m + 1. If p < pS(m,a), then Eq. (1.1) has no positive
solution in Ω = R

N .

We also have the following partial result for higher dimensions.

Theorem 1.3. If p < pS(m) then Eq. (1.1) has no positive solution in Ω = R
N .

Remark 1.4. (a) We stress that there is no boundedness assumption on so-
lutions in Theorems 1.2 and 1.3.

(b) The proof of Theorem 1.2 uses the technique introduced by Serrin and
Zou [24] and further developed by Souplet [28], which is based on a combi-
nation of Pohozaev identity, Sobolev inequality on the unit sphere SN−1

and measure and feedback arguments. However, we point out that some
additional difficulties arise in our problem. For instance, the very techni-
cal measure and feedback arguments become even more complicated since
the lack of regularity and interpolation inequalities for the m-Laplacian.
The presence of weight functions makes the problem much more del-
icate. Moreover, one can not apply the embedding W 2,1+ε(SN−1) ⊂
L∞(SN−1) as in the case of Laplace operator. We instead use the embed-
ding W 1,m(SN−1) ⊂ L∞(SN−1) and combine this with some additional
arguments.
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As applications of Liouville-type theorems, we provide some results on
singularity and decay estimates:

Proposition 1.5. Let m − 1 < p < pS(m). There exists a positive constant
C = C(N, p,m, a) such that the following assertions hold.

(i) Any nonnegative solution of Eq. (1.1) in Ω = {x ∈ R
N ; 0 < |x| < ρ}

(ρ > 0) satisfies

u(x) ≤ C|x|− m+a
p+1−m and |∇u(x)| ≤ C|x|− p+1+a

p+1−m , 0 < |x| < ρ/2. (1.5)

(ii) Any nonnegative solution of Eq. (1.1) in Ω = {x ∈ R
N ; |x| > ρ} (ρ ≥ 0)

satisfies

u(x) ≤ C|x|− m+a
p+1−m and |∇u(x)| ≤ C|x|− p+1+a

p+1−m , |x| > 2ρ. (1.6)

Our proof of Proposition 1.5 is based on the observation that estimates
(1.5) and (1.6) for given p, a can be rather easily reduced to the Liouville
property for the same p but with a replaced by 0. This reduction relies on two
ingredients:

(i) a change of variable, that allows to replace the coefficient |x|a with a
smooth function which is bounded and bounded away from 0 in a suitable
spatial domain;

(ii) a generalization of a doubling-rescaling argument from [20].

We can then obtain an easy derivation of Theorem 1.3 from Proposi-
tion 1.5, by combining the Pohozaev identity with the decay estimate (1.6).
We note that the gradient part of estimate (1.6) is crucial for the proof in
order to estimate some of the terms appearing in the Pohozaev identity.

The rest of the paper is organized as follows. In Sect. 2, we recall some
basic estimates and identities. Section 3 is devoted to the delicate proof of
Theorem 1.2. Finally, in “Appendix”, we collect the proofs of some results
which we use and are more or less known, but whose proofs we prefer to
provide for completeness. This includes Proposition 1.5 and Theorem 1.3.

2. Preliminaries

For R > 0, we set BR = {x ∈ R
N : |x| < R}. We shall use spherical coordinates

r = |x|, θ = x/|x| ∈ SN−1 and write u = u(r, θ). The surface measures
on SN−1 and on the sphere {x ∈ R

N : |x| = R}, R > 0, will be denoted
respectively by dθ and by dσR. For given function w = w(θ) on SN−1 and
1 ≤ k ≤ ∞, we set ‖w‖k = ‖w‖Lk(SN−1). When no confusion is likely, we shall
denote ‖u‖k = ‖u(r, ·)‖k and ∇xu = ∇u.

We first recall the following fundamental Sobolev inequality (see e.g. [24]).

Lemma 2.1. (Sobolev inequalities on SN−1) Let N ≥ 2, j ≥ 1 is integer and
1 < k < λ ≤ ∞, k �= (N − 1)/j. For w = w(θ) ∈ W j,k(SN−1), we have

‖w‖λ ≤ C(‖Dj
θw‖k + ‖w‖1)
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where {
1
k − 1

λ = j
N−1 if k < (N − 1)/j,

λ = ∞ if k > (N − 1)/j

and C = C(j, k,N) > 0.

Setting

α =
m + a

p + 1 − m
, (2.1)

we have the following basic integral estimates for solutions to (1.1) in R
N .

Lemma 2.2. Let u be a positive solution of (1.1) in Ω = R
N . Then there holds∫

BR\BR/2

up dx ≤ CRN−pα, R > 0, (2.2)

with C = C(N, p,m, a) > 0.

The proof of Lemma 2.2 is totally similar to that of [16, Theorem 12.1]
where the authors proved for the case a = 0 by using rescaled test function
argument. From Lemma 2.2, by interpolation, one can deduce the following
corollary.

Corollary 2.3. Let u be a positive solution of (1.1) in Ω = R
N . For R > 0 and

0 ≤ q ≤ p, we have ∫
BR\BR/2

uq dx ≤ CRN−qα, (2.3)

with C = C(N, p, q,m, a) > 0.

Next, we need the following estimate for the proof of Theorem 1.2.

Lemma 2.4. Let ε > 0 such that m > 1 + ε. If u is positive solution of (1.1) in
Ω = R

N , then there exists C = C(N, p,m, a, ε) > 0 such that∫
BR\BR/2

|∇u|m
u1+ε

dx ≤ CRN−m−(m−1−ε)α. (2.4)

Proof. Fix φ ∈ D(RN ), 0 ≤ φ ≤ 1 such that φ(x) = 1 for |x| ≤ 1 and φ(x) = 0
for |x| > 2, |∇φ| ≤ Cφ. For each R > 0, put φR(x) = φ(x/R). We have

|∇φR(x)| ≤ CR−1φR.

Since u is a distributional solution, we thus have∫
RN

|x|aup−εφR dx =
∫
RN

|∇u|m−2∇u.∇(u−εφR) dx

= −ε

∫
RN

|∇u|m
u1+ε

φR dx +
∫
RN

u−ε|∇u|m−2∇u.∇φR dx.
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Hence,∫
RN

|∇u|m
u1+ε

φR dx = −1
ε

∫
RN

|x|aup−εφR dx +
1
ε

∫
RN

u−ε|∇u|m−2∇u.∇φR dx

≤ C

R

∫
R<|x|<2R

u−ε|∇u|m−1φR dx. (2.5)

Applying Young’s inequality

C

R
u−ε|∇u|m−1 =

|∇u|m−1

u
(1+ε)(m−1)

m

.
C

R
u

m−1−ε
m

≤ m − 1
m

|∇u|m
u1+ε

+
1
m

Cm

Rm
um−1−ε. (2.6)

Combining (2.5) with (2.6), we have∫
RN

|∇u|m
u1+ε

φR dx ≤ C

Rm

∫
R<|x|<2R

um−1−εφR dx

≤ C

Rm

∫
R<|x|<2R

um−1−εdx ≤ CRN−m−(m−1−ε)α.

Therefore ∫
BR

|∇u|m
u1+ε

dx ≤ CRN−m−(m−1−ε)α.

�

The following Pohozaev identity plays a key role in the proof of Theo-
rems 1.2 and 1.3. It is probably known, but we give a proof for completeness,
especially since there is a slight technical difficulty arising from the regularity
of m-Laplacian.

Lemma 2.5. (Pohozaev identity) Let u be a positive solution of (1.1) in R
N .

For all R > 0, there holds(
m

N + a

p + 1
− N + m

)∫
BR

|x|aup+1 dx

=
∫

|x|=R

(
mR1+a up+1

p + 1
+ mR|u′|2|∇u|m−2 − R|∇u|m

)
dσR

+
∫

|x|=R

(N − m)uu′|∇u|m−2dσR, (2.7)

where u′ = x
|x| · ∇u and ∇u = ∇xu.

For the proof of the Pohozaev identity, we first recall the following stan-
dard property (e.g. [13, Lemma A.1]).

Lemma 2.6. [13] Let Ω be a bounded domain in R
N with a C2-boundary ∂Ω.

Assume that a : Ω → R
N satisfies a ∈ [C0(Ω)]N and div a = f ∈ L1(Ω) in the
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sense of distributions in Ω.Then we have
∫

∂Ω

a(x).ν(x)dσ(x) =
∫

Ω

f(x)dx.

Proof of Lemma 2.5. It follows from [13, Theorem 4.2] that

(N − m)
∫

BR

|∇u|mdx + m

∫
BR

|x|aup(x.∇u)dx

= R

∫
∂BR

|∇u|mdσR − mR

∫
∂BR

|u′|2|∇u|m−2dσR. (2.8)

Since

(x.∇u)|x|aup = −N + a

p + 1
|x|aup+1 + div

(
x|x|a up+1

p + 1

)
,

we have,
∫

BR

|x|aup(x.∇u) dx = −N + a

p + 1

∫
BR

|x|aup+1 dx + R1+a

∫
|x|=R

up+1

p + 1
dσR.

(2.9)

Now, let a = u|∇u|m−2∇u and note that div a = −|x|aup+1 + |∇u|m in sense
of distribution. Lemma 2.6 implies

∫
∂BR

uu′|∇u|m−2dσR =
∫

BR

(−|x|aup+1 + |∇u|m)dx.

Consequently,
∫

BR

|∇u|mdx =
∫

BR

|x|aup+1dx +
∫

∂BR

uu′|∇u|m−2dσR. (2.10)

Lemma 2.5 follows from (2.8) to (2.10). �

3. Proof of Theorem 1.1

Proof of Theorem 1.2. Since Theorem 1.2 was proved for dimension N ≤ m
(cf. [16]), we assume that N > m. Suppose there exists positive solution u to
(1.1) in R

N . We fix a number ε > 0 such that m − 1 − ε > 0. In what follows,
C denotes any positive constant independent of R (but possibly depending on
ε).
Step 1: preparations. Let F (R) =

∫
BR

|x|aup+1dx. By using Pohozaev identity
we can deduce

F (R) ≤ C(G1(R) + G2(R) + G3(R)),
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where

G1(R) = RN+a

∫
SN−1

up+1(R, θ)dθ, (3.1)

G2(R) = RN

∫
SN−1

|∇xu(R, θ)|mdθ, (3.2)

G3(R) = RN−m

∫
SN−1

um(R, θ)dθ. (3.3)

Step 2: estimation of G1(R) and G2(R) in terms of suitable norms. Let

v = u
m−1−ε

m .

Recall that ‖v‖k denotes ‖v(R, ·)‖Lk(SN−1). Since N − 1 < m, then the em-
bedding W 1,m(SN−1) ⊂ L∞(SN−1) is continuous. By Lemma 2.1, we have

‖v‖∞ ≤ C (‖Dθv‖m + ‖v‖1) ≤ C (R‖∇xv‖m + ‖v‖1) .

Therefore,

G1(R) ≤ CRN+a‖u‖p+1
∞

≤ CRN+a‖v‖(p+1)m/(m−1−ε)
∞

≤ CRN+a (R‖∇xv‖m + ‖v‖1)
(p+1)m/(m−1−ε)

. (3.4)

Similarly,

G3(R) ≤ CRN−m (R‖∇xv‖m + ‖v‖1)
m2/(m−1−ε)

. (3.5)

Next,

G2(R) = RN

∫
SN−1

|∇xu(R, θ)|mdθ

= CRN

∫
SN−1

|∇xv(R, θ)|mv
m+mε
m−1−ε (R, θ)dθ

≤ CRN‖∇xv‖m
m‖v‖

m+mε
m−1−ε∞ . (3.6)

Step 3: control of the averages and measure argument. For any R > 1, denote
β = m−1−ε

m α. It follows from Corollary 2.3 and Lemma 2.4 that
∫ R

R/2

‖v(r)‖1r
N−1 dr ≤ CRN−β , (3.7)

and ∫ R

R/2

‖∇xv(r)‖m
mrN−1 dr ≤ CRN−m−mβ . (3.8)

For a given K > 0, let us define the sets

Γ1(R) = {r ∈ (R, 2R); ‖v(r)‖1 > KR−β},

Γ2(R) = {r ∈ (R, 2R); ‖∇xv(r)‖m
m > KR−m−mβ}.
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By estimate (3.7), for R > 1, we have

C ≥ R−N+β

∫ 2R

R

‖v(r)‖1r
N−1 dr

≥ R−N+β |Γ1(R)|RN−1KR−β = K|Γ1(R)|R−1.

Consequently, |Γ1| ≤ R/4 for K ≥ 4C. Similarly, from estimates (3.8), we
obtain |Γ2| ≤ R/4. Hence, for each R ≥ 1, we can assert the existence of

R̃ ∈ (R, 2R)\
2⋃

i=1

Γi(R) �= ∅. (3.9)

Step 4: conclusion. It follows from (3.4) to (3.6) in Step 2 and (3.9) in Step 3
that

G1(R̃) ≤ CRN+a(R−β)(p+1)m/(m−1−ε) = CRN+a−α(p+1), (3.10)

G3(R̃) ≤ CRN−m− βm2
m−1−ε = CRN−m−mα, (3.11)

and

G2(R̃) ≤ CRN−m−mβ− m+mε
m−1−ε β = CRN−m−mα. (3.12)

We note that N + a − α(p + 1) = N − m − mα := ã. By straightforward
computation, we see that p < pS(m,a) is equivalent to ã < 0. From (3.10) to
(3.11), we have

F (R) ≤ F (R̃) ≤ CRã, R ≥ 1.

Therefore, let R → ∞ we obtain
∫
RN |x|aup+1dx = 0, hence u ≡ 0: a contra-

diction. The proof is complete. �
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Appendix

Singularity and decay estimates

We shall prove Proposition 1.5. First, we need the following lemma which is
analogous to [19, Lemma 2.1].

Lemma 4.1. Let 1 < p < pS(m) and γ ∈ (0, 1]. Let c ∈ Cγ(B1) satisfy

‖c‖Cγ(B1)
≤ C1 and c(x) ≥ C2, x ∈ B1, (4.1)

for some constants C1, C2 > 0. There exists a constant C, depending only on
γ,C1, C2, p,m,N , such that, for any nonnegative classical solution u of

− Δmu = c(x)up, x ∈ B1, (4.2)
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u satisfies

|u(x)|(p+1−m)/m + |∇u(x)|(p+1−m)/(p+1) ≤ C(1 + dist−1(x, ∂B1)), x ∈ B1.

Proof. Arguing by contradiction, we suppose that there exist sequences ck, uk

verifying (4.1), (4.2) and points yk, such that the functions

Mk = |uk|(p+1−m)/m + |∇uk|(p+1−m)/(p+1)

satisfy

Mk(yk) > 2k(1 + dist−1(yk, ∂B1)) ≥ 2k dist−1(yk, ∂B1).

By the doubling lemma in [20, Lemma 5.1], there exists xk such that

Mk(xk) ≥ Mk(yk), Mk(xk) > 2k dist−1(xk, ∂B1),

and

Mk(z) ≤ 2Mk(xk), for all z such that |z − xk| ≤ kM−1
k (xk). (4.3)

We have
λk := M−1

k (xk) → 0, k → ∞, (4.4)

due to Mk(xk) ≥ Mk(yk) > 2k.
We use the rescaling

vk = λ
m/(p+1−m)
k uk(xk + λky), c̃k(y) = ck(xk + λky).

Then |vk|(p+1−m)/m(0) + |∇vk|(p+1−m)/(p+1)(0) = 1,

[|vk|(p+1−m)/m + |∇vk|(p+1−m)/(p+1)](y) ≤ 2, |y| ≤ k, (4.5)

due to (4.3), and vk is solution in sense of Definition 1.1 to

− Δmvk = c̃k(y)vp
k, |y| ≤ k. (4.6)

On the other hand, thanks to (4.1), we have C2 ≤ c̃k ≤ C1 and, for each
R > 0 and k ≥ k0(R) large enough,

|c̃k(y) − c̃k(z)| ≤ C1|λk(y − z)|γ ≤ C1|y − z|γ , |y|, |z| ≤ R. (4.7)

Therefore, by Ascoli’s theorem, there exists c̃ in C(RN ), with c̃ ≥ C2 such that,
after extracting a subsequence, c̃k → c̃ in Cloc(RN ). Moreover, (4.7) and (4.4)
imply that |c̃k(y) − c̃k(z)| → 0 as k → ∞, so that the function c̃ is actually a
constant C > 0.

By using the regularity results in [29] (see also [8]), we deduce that there
exists β ∈ (0, 1) such that vk is bounded in C1+β

loc (RN ). Then up to a sub-
sequence, vk converges in C1

loc(R
N ) to a nonnegative solution v (in sense of

Definition 1.1), such that

−Δmv = Cvp, y ∈ R
N .

Moreover, |v|(p+1−m)/m(0) + |∇v|(p+1−m)/(p+1)(0) = 1, v is thus nontrivial.
This contradicts the Liouville-type theorem (see [25, Theorem II(c)]) and con-
cludes the proof. �
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Proof of Proposition 1.5. Assume either Ω = {x ∈ R
N ; 0 < |x| < ρ} and

0 < |x0| < ρ/2, or Ω = {x ∈ R
N ; |x| > ρ} and |x0| > 2ρ. We denote

R = 1
2 |x0|

and observe that, for all y ∈ B1,
|x0|
2 < |x0 + Ry| < 3|x0|

2 , so that x0 + Ry ∈ Ω
in either case. Let us thus define

U(y) = R
m+a

p+1−m u(x0 + Ry).

Then U is a solution of

−ΔmU = c(y)Up, y ∈ B1, with c(y) =
∣∣∣y +

x0

R

∣∣∣a.

Notice that |y + x0
R | ∈ [1, 3] for all y ∈ B1. Moreover ‖c‖C1(B1)

≤ C(a). Then
applying Lemma 4.1, we have U(0) + |∇U(0)| ≤ C. Consequently,

u(x0) ≤ CR− m+a
p+1−m , |∇u(x0)| ≤ CR− p+1+a

p+1−m ,

which yields the desired conclusion.

Proof of Theorem 1.3

Suppose there exists a positive solution u to (1.1) in R
N . We set

F (R) =
∫

BR

|x|aup+1 dx. (4.8)

By Pohozaev identity, we have

F (R) ≤ C
(
G1(R) + G2(R) + G3(R)

)
, (4.9)

where G1, G2, G3 are defined in (3.1)–(3.3) Now, by (1.6) in Proposition 1.5,
we have

u(x) ≤ C|x|−α and |∇u(x)| ≤ C|x|−1−α, x �= 0.

Due to p < pS(m,a), it follows that

G1(R) + G2(R) ≤ CRN−m−mα → 0, as R → ∞.

Therefore, u ≡ 0 by (4.9): contradiction. �
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[12] Hénon, M.: Numerical experiments on the stability of spherical stellar sys-
tems. Astronom. Astrophys. 24, 229–238 (1973)

[13] Il’yasov, Y.Sh., Takáč, P.: Optimal W 2,2
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