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Abstract. We discuss a geometric configuration for a class of homeomor-
phisms in R

3 producing the existence of infinitely many periodic points
as well a complex dynamics due to the presence of a topological horse-
shoe. We also show that such a class of homeomorphisms appears in the
classical Lotka–Volterra system.
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1. Introduction

Systems of ordinary differential equations of the form

x′ = X (t, x), (1.1)

where X : R × R
N → R

N is a vector field T -periodic in the t-variable, arise
in large number of different situations, such as mechanical systems subject to
periodic disturbances, biological models concerning the interaction of species
in a seasonally varying environment, electric circuit theory, dynamics of fluids,
etc. In this setting, the study of existence and multiplicity of periodic solutions,
as well as the search for solutions with more complex behavior, plays a crucial
role in the investigations about Eq. (1.1). Accordingly, a great deal of research
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has been performed in such a direction, both from the point of view of studying
the dynamical system properties associated with the solutions, and in the
development of new functional analytic tools which provide the existence and
multiplicity of fixed points for some operator equations. See [10,20,21,25,32]
for important contributions and basic references about the subject.

This paper is devoted to the search of periodic solutions and chaotic dy-
namics for the Poincaré map associated with Eq. (1.1) in the three–dimensional
case. In the literature one can find many different concepts of complex dynam-
ics or “chaotic motions” for a map. The definition of chaos which we are going
to use is manly motivated by Smale’s expository article [37]. Intuitively, we
can say that a chaotic phenomenon occurs if it is possible to reproduce, within
the system and varying the initial conditions, all the possible outcomes of a
coin-flipping experiment. To describe more formally this situation we consider
a map f acting on a metric space X, k ≥ 2 nonempty compact disjoint sets
H0, . . . , Hk−1 and a compact set Λ ⊆ ∪k−1

i=0 Hi which is invariant under f, that
is f(Λ) = Λ. The itinerary of each point x ∈ Λ, under the action of f is ex-
pressed by means of the Picard sequence yn+1 = f(yn), with y0 = x, or, in
other terms, by the trajectory (fn(x))n. Such trajectory is coded as a sequence
of symbols (sn)n with sn ∈ {0, . . . , k−1}, where sn = j means that fn(x) ∈ Hj

with j = 0, . . . , k −1. Representing the orbits of a map f by sequences of sym-
bols is a widely explored point of view, dating back to Hadamard, Birkhoff,
Morse–Hedlund, Cartwright–Littlewood and Levinson (see [28]). In order to
present a simpler situation, let us confine ourselves for a moment to the case
of only two symbols, say 0 and 1. In this framework, a fundamental model
is given by the so-called Bernoulli shift which is a map σ acting on the set
Σ2 = {0, 1}Z of bi-infinite sequences of two symbols and defined as

σ : (sn)n∈Z �→ (s′
n)n∈Z, with s′

n = sn+1.

According to the above procedure, a strategy to prove the presence of complex
dynamics for a given map f, is to link the behavior of f on the invariant set
Λ to that of the Bernoulli shift σ on Σ2. The connection between f |Λ and σ is
formally expressed by a continuous map g : Λ → Σ2 which makes the diagram

Λ Λ

Σ2 Σ2

�f

�
g

�
g

�
σ

(1.2)

commutative. In some examples the map g is a homeomorphism between com-
pact spaces (recall that Σ2 is a compact space endowed with a standard metric
for the product topology). In such a case we say that f is conjugate to σ. When
this situation occurs, σ reproduces the dynamics of f in Λ and all the topo-
logical properties of σ, like transitivity and density of the periodic points, are
inherited by f.

In the sixties [35,36], Smale provided a geometrical and very useful de-
scription of a diffeomorphism f on manifolds having an invariant set on which
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Figure 1. A typical image representing the Smale horseshoe.
The horizontal strips H0 and H1 are mapped to the vertical
strips V0 and V1

f is conjugate to σ. In the planar setting the map can be described as a func-
tion which contracts a square Q = [0, 1]2 in the x-direction, expands it in the
y direction and further twists it around, in such a manner that f(Q) looks as
a horseshoe over Q (see Fig. 1). For more details about this construction and
various applications of this prototypical example, we refer to some classical
books like [11,28].

The theory of Smale horseshoes has been successfully applied to some
specific situations, leading to rigorous proofs of the existence of chaotic dy-
namics. These applications are not restricted to the planar case since they
can be developed in the higher dimensional setting too, for instance, in the
Mel’nikov or the Sil’nikov configurations or in other geometrical constructions
(see [11]). In general, however, such tools are not easy to apply. This fact has
motivated several authors to propose different approaches in which some tech-
nical assumptions related to the classical Smale horseshoe, are, at a certain
extent, relaxed to suitable conditions of more topological nature. Such a point
of view was already present in the pioneering works of Smale and Alekseev
and, more explicitly, in the Conley and Moser approach in [28, Chapter 3].
More recent contributions in this topological direction, using different tools,
like Conley index theory, homological methods, topological degree, have been
obtained by Kennedy, Yorke, Gidea, Mischaikow, Mrozek, Srzednicki, Wójcik,
Zgliczyński and their collaborators (see, for instance, [6,18,38,41–43] and the
references therein). A possible way to develop the underlying geometry for the
Smale horseshoe was proposed by Burns and Weiss in [4] as a method by which
one proves that a set is mapped across itself in the appropriate way. Figure 2
shows a simple case in which a rectangle is crossed by a horseshoe-like set
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Figure 2. Example of a bad crossing. In this picture we have
a rectangular domain R which is transformed by a homeomor-
phism f into a horseshoe type figure. Observe that there is no
fixed point for f in R. Furthermore, for each x ∈ R, we have
f2(x) �∈ R and therefore R does not contain any nonempty
invariant set

in a wrong manner. Such kind of questions are also raised and discussed by
Kennedy, Koçak and Yorke in the last part of the article [16].

In the present work we consider a topological approach for detecting
the presence of horseshoe type phenomena for a map φ defined on a domain
homeomorphic to the unit cube C := [0, 1]3. The “appropriate crossing” of
φ(C) along C is technically expressed by a property that we name stretching
along the paths. Roughly speaking it means that any path ζ contained in C
and joining two opposite faces of C, contains at least two sub-paths which are
stretched by f along C and connect the same faces as ζ (see Sect. 2 for the
formal definitions and more details). Our method can be viewed as a variant
of the theory of topological horseshoes developed by Kennedy and Yorke [17].

As in other topological methods generalizing Smale’s construction, also in
our approach we are able to obtain a compact invariant set Λ and a commuta-
tive diagram like in (1.2), with g continuous and surjective (but not necessarily
one-to-one), which, technically speaking, corresponds to the case of a semicon-
jugation. Even if this is a weaker form of chaos [as we cannot ensure in general
that the map g in (1.2) is a bijection], the semiconjugation to the Bernoulii
shift is an important feature of any reasonable definition of chaotic dynamics,
as pointed out by Block and Coppel in [3].

In general, as shown by classical examples [6,17], the surjectivity of g does
not ensure the presence of periodic points for the given map f. In contrast with
this fact, our results provide the existence of infinitely many periodic points in
the invariant set. More precisely we can prove that, for any periodic sequence
c = (sn)n∈Z ∈ Σ2 the counter-image g−1(c) contains at least one periodic
point having the same period of the sequence c. This makes our approach
particularly suitable to study the periodic problem associated with (1.1), for
instance, in connection to the search of subharmonic solutions. In conclusion
we can say that, in relation to other definitions of chaotic dynamics considered
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in the literature, our notion is consistent with the concept of chaos in the coin-
tossing sense [19,37] but with a special emphasis toward the existence and
multiplicity of periodic (harmonic and subharmonic) solutions. Similar kind of
chaotic dynamics have been detected under different topological approaches
(see, for instance, [6,38,41–43]).

As a concrete application of our method we study the classical Lotka–
Volterra model for two predators (x2 and x3) and one prey (x1) in a periodic
environment. More in detail, we consider the system

⎧
⎨

⎩

x′
1 = x1(α(t) − a11(t)x1 − a12(t)x2 − a13(t)x3)

x′
2 = x2(β(t) + a21(t)x1 − a22(t)x2 − a23(t)x3)

x′
3 = x3(γ(t) + a31(t)x1 − a32(t)x2 − a33(t)x3)

(1.3)

where all the coefficients are T -periodic and aij(t) ≥ 0. Although we focus our
attention on system (1.3), our approach enables us to consider different models
for the interaction, like Holling type, Beddington–DeAngelis or Gompertz.

Lotka–Volterra equations have been extensively studied from different
perspectives, dealing with problems such as permanence, stability, extinc-
tion, existence and multiplicity of periodic solutions, or invading species (see
[1,7,8,22,23,26,39]). Fewer results, however, concern the presence of chaotic
dynamics for these equations, especially from an analytic point of view.

The application of our general topological method to system (1.3) is based
on a splitting of the associated Poincaré map φ as a composition of three func-
tions f, g, h. For each of these functions we assume some geometrical conditions
which are a direct consequence of some hypotheses on the coefficients of (1.3).
In order to express the topological properties required for such maps in the
clearest manner, we first present a prototypical situation where the essential
features can be easily described.

To conclude this Introduction, we remark that developments of the theory
of topological horseshoes have been applied in the planar context or to some
higher dimensional Hamiltonians (see [2,5,29,41] and the references therein).
Up to now, fewer applications in higher dimension and, especially in the non-
Hamiltonian setting, like in case of (1.3), are available.

The plan of the paper is the following. In Sect. 2 we recall from [34]
our main definitions and abstract results which are applied in the paper. Sub-
sequently, we illustrate a three-dimensional geometry producing a horseshoe
type dynamics for a homeomorphism which can be split as the composition of
three maps. Section 4 is devoted to the presentation of our main result (The-
orem 4.2) for a classical Lotka–Volterra system describing the interaction of
two predators and one prey in a periodic environment. The proof with all the
details is given the last section.

2. Topological results

In this section we collect the main definitions and the abstract results which
are needed for the proofs of our theorems. We refer the interested reader to
[34] for more details and [30,31] for related general results. Our method deals
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with continuous maps acting on suitable sets named oriented cylinders. By an
oriented cylinder of RN we mean a set which is homeomorphic to the product
of a closed ball in R

N−1 with a compact interval and where we have put in
evidence two opposite faces. Sets of this form have been also considered in
similar approaches by other authors as [2,43] and are also called (u, v)-sets or
“windows”, in the literature. Since our results are stable by homeomorphisms
deforming the domain, we can consider, as a generic example, a (solid) cylinder
of the form

C = BR × [0, 1],

where BR is the closed ball in R
N−1 with center at the origin and radius R > 0.

The base and the top of the cylinder will be denoted by C−
0 = BR × {0} and

C−
1 = BR × {1}. Formally, an oriented cylinder is the pair

C̃ := (C ,C−),

with

C− := C−
0 ∪ C−

1 .

The sets C−
0 and C−

1 are the two components of C−.
Let K be a (nonempty) compact subset of C and let Φ : C → R

N be
a continuous map. We say that the pair (Φ,K) has the stretching along the
paths property with respect to C and write

(Φ,K) : C̃ �−→C̃ ,

if, for every (continuous) path ζ : [t0, t1] → C such that ζ(t0) ∈ C−
0 and

ζ(t1) ∈ C−
1 (or ζ(t0) ∈ C−

1 and ζ(t1) ∈ C−
0 ), there exists a subinterval [s0, s1]

of [t0, t1] for which we have that
ζ(t) ∈ K, for all t ∈ [s0, s1];
Φ(ζ(t)) ∈ C , for all t ∈ [s0, s1];
Φ(ζ(s0)) and Φ(ζ(s1)) belong to different components of C−.

If K0 and K1 are two (nonempty) compact and disjoint subsets of C such that

(Φ,Ki) : C̃ �−→C̃ , for i = 0, 1,

then we also write

(Φ,K0,K1) : C̃ �−→C̃ .

The above definitions easily extend to the case in which the stretching property
is satisfied between two different (oriented) cylinders. In this framework, the
following result holds [34, Theorem 2.1].

Theorem 2.1. Let C̃ , K0 and K1 be as above and let Φ : C → R
N be a

homeomorphism (onto its image). Suppose that (Φ,K0,K1) : C̃ �−→C̃ . Then Φ
is chaotic.

The term “chaotic” in the above theorem refers to dynamics of coin-
tossing type as described in the Introduction. More specifically, the following
situation occurs: There exists a compact set Λ ⊂ K0 ∪ K1 which is invariant
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under Φ and such that for any two-sided sequence (sn)n∈Z ∈ Σ2 there exists a
point w ∈ Λ with

Φn(w) ∈ Ksn
, for each n ∈ Z. (2.1)

Moreover, if (sn)n∈Z is a k-periodic sequence (that is si+k = si for some k ≥ 1
and all i ∈ Z) there exists at least one k-periodic point of Φ satisfying (2.1).
In this setting, Λ can be chosen so that the set of periodic points Per Φ is
dense in Λ and Φ|Λ is semiconjugate to the Bernoulli shift on Σ2 (see [27] for
a complete list of the properties).

In view of the applications, we have intentionally stated our results for
the case of a map Φ which is a homeomorphism. The theory can be generalized
for continuous maps.

3. A prototypical example

In order to show how Theorem 2.1 can be applied to a three dimensional ODE
system, we describe a model example in which the map φ may be split as the
composition of three functions. To make our assumptions more transparent,
we restrict our presentation to a simpler situation, namely the case where the
domain is a cube. The same construction can be adapted to more general
frameworks in which the pertinent domains of the involved maps are compact
sets homeomorphic to the unit cube.

Consider in R
3 the set R := [0, 1]3 and its sub-cube R0 := [1/4, 3/4]2 ×

[0, 1]. Let φ : R3 → R
3 be a map which can be expressed as the composition

of three homeomorphisms as

φ = h ◦ g ◦ f.

On such functions the following assumptions are made.

(Hf ) There exist two compact disjoint subsets K0 and K1 of R such that for
any path ζ = (ζ1, ζ2, ζ3) : [t0, t1] → R with ζ2(t0) = 0 and ζ2(t1) = 1,
there exist two subintervals [s′

1, s
′′
1 ], [s′

2, s
′′
2 ] ⊂ [t0, t1] such that for all

θ ∈ [s′
j , s

′′
j ] (j = 1, 2) it holds that ζ(θ) ∈ Kj and, moreover, f(ζ(θ)) ∈ R,

with f1(ζ(s′
j)) = 0 and f1(ζ(s′′

j )) = 1 (or, viceversa).
(Hg) For any path ζ = (ζ1, ζ2, ζ3) : [t0, t1] → R with ζ1(t0) = 0 and ζ1(t1) = 1,

there exists a subinterval [s′, s′′] ⊂ [t0, t1] such that g(ζ(θ)) ∈ R0 for all
θ ∈ [s′, s′′] with g3(ζ(s′)) = 0 and g3(ζ(s′′)) = 1 (or, viceversa).

(Hh) h1(R0), h3(R0) ⊂ [0, 1] and, moreover,

max h2(x1, x2, 0) < 0, ∀ (x1, x2, 0) ∈ R0

min h2(x1, x2, 1) > 1, ∀ (x1, x2, 1) ∈ R0,

or
min h2(x1, x2, 0) > 1, ∀ (x1, x2, 0) ∈ R0

max h2(x1, x2, 1) < 0, ∀ (x1, x2, 1) ∈ R0.

The following result is a direct consequence of Theorem 2.1. The straightfor-
ward proof is omitted.
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Figure 3. A pictorial description of condition (Hf ). Notice
that (Hf ) refers to a three-dimensional situation. For simplic-
ity we have drawn a projection in the x1 x2-plane. We have
used a different aspect ratio, so that the unit square looks as
a rectangle. Comparing this configuration with that of Fig. 2,
we see that we are in presence of a “bad crossing”. This is not
in contradiction with the Smale horseshoe construction since
(Hf ) is only one of the three steps that we need in order to
obtain the correct geometry for the map φ

Theorem 3.1. Under the assumptions (Hf ), (Hg) and (Hh), the map φ is
chaotic on the set R.

The geometry associated with the map f apparently reminds that of a
Smale’s horseshoe (see Fig. 3). However, the way in which f(R) crosses the
domain R may not provide such a dynamical behavior. Indeed, for a map f as
depicted in Fig. 3 we may not have even fixed points.

4. Statement of the main results

In this section we focus our attention on a predator–prey type Lotka–Volterra
system of the form

⎧
⎨

⎩

x′
1 = x1(α(t) − a11(t)x1 − a12(t)x2 − a13(t)x3)

x′
2 = x2(β(t) + a21(t)x1 − a22(t)x2 − a23(t)x3)

x′
3 = x3(γ(t) + a31(t)x1 − a32(t)x2 − a33(t)x3)

(4.1)

where all the coefficients are T -periodic and aij(t) ≥ 0.
In our model the variables x2 and x3 refer to populations predating the

prey x1. We take into account also the presence of inter-competition between
x2 and x3 and intra-competition in each species. The (periodic) dependence
on time of the coefficients of system (4.1) is introduced in order to model
the seasonal effects of the environment. In many ecological situations, such a
dependence is expressed as a switching between two or more regimes, where
each regime is described by an autonomous system. In mathematical biology
these equations are known as systems with seasonal succession [9,12,13]. For
instance, these systems naturally appear when the behavior of some species
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alternates between different states (like migration, hibernation, or breeding
periods), see [9,12–15,24].

Our aim is to prove the presence of chaotic dynamics for the Poincaré
map associated with (4.1). Recall that the Poincaré map is defined as

Φ : R3
+ −→ R

3
+ := {(x1, x2, x3) : xi ≥ 0, for i = 1, 2, 3}
p �→ x(T ; p),

where x(t; p) is the maximal solution of the system with initial condition at
p. To this end, as a first step, we consider the following class of equations
describing seasonal succession

⎧
⎪⎨

⎪⎩

x′
1 = x1(α(1) − a

(1)
12 x2)

x′
2 = x2(−β(1) + a

(1)
21 x1)

x′
3 = 0

for all t ∈ [nT, nT + T1[, n ∈ Z (4.2)

⎧
⎪⎨

⎪⎩

x′
1 = x1(α(2) − a

(2)
13 x3)

x′
2 = x2(β(2) − x2)

x′
3 = x3(−γ(2) + a

(2)
31 x1)

for all t ∈ [nT + T1, nT + T1 + T2[, n ∈ Z (4.3)

⎧
⎨

⎩

x′
1 = 0

x′
2 = x2(β(3) − x3)

x′
3 = 0

for all t ∈ [nT + T1 + T2, (n + 1)T [, n ∈ Z (4.4)

where all the parameters are strictly positive. For convenience we introduce
the notation (S) to denote the above T -periodic system made by (4.2)–(4.4)
and set

T3 := T − T1 − T2.

In system (S) we perform a switching among three different seasons of length
T1, T2 and T3. Accordingly, the Poincaré map Φ associated with (S) can be
expressed as

Φ = h ◦ g ◦ f,

where f, g and h are the Poincaré maps for systems (4.2)–(4.4) at the times
T1, T2 and T3, respectively. By the special form of (S) it easily follows that Φ
is defined on the whole positive cone R

3
+.

Now we are in a position to present our main result for (S).

Theorem 4.1. With respect to the parameters in (S), assume that

2β(2) <
α(1)

a
(1)
12

. (4.5)

Then there exist γ∗
2 , T ∗

1 , T ∗
2 = T ∗

2 (γ(2)) and T ∗
3 so that if γ(2) > γ∗

2 and Ti > T ∗
i

(for i = 1, 2, 3), the Poincaré map associated with (S) is chaotic.



886 A. Ruiz-Herrera and F. Zanolin NoDEA

Remark 4.1. In the proof we estimate γ∗
2 , T ∗

1 , T ∗
2 = T ∗

2 (γ(2)) and T ∗
3 depend-

ing on the coefficients of the equations. The compact invariant set Λ where
the Poincaré map Φ exhibits a chaotic behavior is contained in a suitable
cylindrical set which is constructed inside the interior int(R3

+) of the positive
cone. Consequently, by the invariance of the boundary of R3

+ for all systems
of the form (4.1), we also know that the corresponding complex solutions lie
in int(R3

+).

It is easy to check that system (S) is a particular case of the Lotka–
Volterra system (4.1). For instance, α(t) is the function defined stepwise as
α(t) = α(1) if t ∈ [0, T1[, as α(t) = α(2) if t ∈ [T1, T1 + T2[ and as α(t) = 0
if t ∈ [T1 + T2, T [ and then extended by T -periodicity on the whole real line.
Clearly, the same trick can be made on all the coefficients of (4.1), so that (S)
appears as an example of (4.1) with stepwise periodic coefficients. It might
be interesting to investigate to what extent we can obtain a similar result
for system (4.1) for more general T -periodic coefficients. From the proof of
Theorem 4.1 we shall see that the result about chaotic dynamics is robust
with respect to small perturbations of the Poincaré map. Technically, this
claim follows by the same argument as in [34]. This fact can be then applied in
order to extend the previous result to a broader class of coefficients in system
(4.1) Namely, we have the following.

Theorem 4.2. Fix all the parameters in (S) satisfying the conditions of Theo-
rem 4.1, i.e., assume (4.5), as well as γ(2) > γ∗

2 and Ti > T ∗
i (for i = 1, 2, 3).

Then there exists ε > 0 such that if the distance in L1
T between the previous

parameters in (S) and the coefficients of (4.1) is smaller than ε, the Poincaré
map associated with (4.1) is chaotic.

Given two T -periodic integrable functions f(t) and g(t), their distance in
L1

T is given by
∫ T

0
|f(t)−g(t)| dt. In our setting, the ε-assumptions in Theorem

4.2 mean that
∫ T1

0

|α(t) − α(1)| dt +
∫ T1+T2

T1

|α(t) − α(2)| dt +
∫ T

T1+T2

|α(t)| dt < ε, (4.6)

and so on (for the other coefficients).
We observe that the functions satisfying conditions of form (4.6) are not

necessary “piecewise constant” and they can be taken as smooth as we like.
We stress that, as a consequence of our definition of chaotic dynamics, un-

der the assumptions of Theorem 4.2 we have infinitely many periodic solutions
(subharmonics) for system (4.1). Indeed, the following result holds.

Corollary 4.1. Fix all the parameters in (S) satisfying the conditions of Theo-
rem 4.1, i.e., assume (4.5), as well as γ(2) > γ∗

2 and Ti > T ∗
i (for i = 1, 2, 3).

Then there exists ε > 0 such that if the distance in L1
T between the previous

parameters in (S) and the coefficients of (4.1) is smaller than ε, system (4.1)
has at least two T -periodic solutions as well as subharmonic solutions of any
order with range in int(R3

+).
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To the best of our knowledge, it seems not an easy task to achieve mul-
tiplicity results for this kind of systems using functional analytic tools, due to
the lack of a Hamiltonian structure for (4.1).

5. Proofs

We split the proof of Theorem 4.1 into four steps. In the first one we construct
a topological parallelepiped (that is a set in intR3

+ homeomorphic to the unit
cube) where the result of Sect. 3 is applied. In each of the three remaining steps
we check the validity of the assumptions (Hf ), (Hg), (Hh) for the corresponding
Poincaré maps.
Step 1: Definition of the parallelepiped.

First of all we consider the two-dimensional Lotka–Volterra system
{

x′
1 = x1(α(1) − a

(1)
12 x2)

x′
2 = x2(−β(1) + a

(1)
21 x1).

(5.1)

As is well known, the equilibrium point (β(1)/a
(1)
21 , α(1)/a

(1)
12 ) is a global center

in the open first quadrant. Such a point is surrounded by a family of closed
curves which are the level lines of the energy function

E(x1, x2) := a
(1)
12 x1 − α(1) log x1 + a

(1)
21 x2 − β(1) log x2 (5.2)

satisfying

E(x1, x2) = k > min E = E(β(1)/a
(1)
21 , α(1)/a

(1)
12 ).

An elementary argument, together with condition (4.5), enables us to deduce
that there exists 
̃ > 0 such that for all 0 < 
 < 
̃ the following property holds.

The solution of (5.1) with initial point at (β(1)/a
(1)
21 , β(2)/2)) leaves the

rectangle

[β(1)/a
(1)
21 − 
, β(1)/a

(1)
21 + 
] × [β(2)/4, 3β(2)/4]

across the sides

{β(1)/a
(1)
21 − 
} × [β(2)/4, 3β(2)/4] and {β(1)/a

(1)
21 + 
} × [β(2)/4, 3β(2)/4].

Analogously, the solution with initial point at (β(1)/a
(1)
21 , 3β(2)/2)) leaves the

rectangle

[β(1)/a
(1)
21 − 
, β(1)/a

(1)
21 + 
] × [5β(2)/4, 7β(2)/4]

across the sides

{β(1)/a
(1)
21 − 
} × [5β(2)/4, 7β(2)/4] and {β(1)/a

(1)
21 + 
} × [5β(2)/4, 7β(2)/4].

The standard proof is omitted. The interested reader can find more details in
[33]. However, we observe that 
̃ can be explicitly estimated.
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Figure 4. A pictorial description of B

After this preliminary discussion, we can properly define the parallele-
piped. To this aim, we introduce the cylindrical region Cyl ⊂ intR3

+ defined
by
{

(x1, x2) : E(x1, x2)=E(β(1)/a
(1)
21 , x0

2)with x0
2 ∈

[
β(2)

2
,
3β(2)

2

]}

×
[
β(3)

2
,
3β(3)

2

]

.

Next, we fix a constant 
 ∈ ]0, 
̃[ and define the set

B := Cyl ∩ {(x1, x2, x3) : x1 ∈ [β(1)/a
(1)
21 − 
, β(1)/a

(1)
21 + 
]}

(see Fig. 4 for a visualization of such a set).
By the choice of 
 we know that B consists into exactly two connected

components. Between these two components we select the one containing the
point (β(1)/a

(1)
21 , β(2), β(3)). We denote by P such a component. By construc-

tion, we observe that the following inclusion holds

M :=

[
β(1)

a
(1)
21

− 
,
β(1)

a
(1)
21

+ 


]

×
[
3β(2)

4
,
5β(2)

4

]

×
[
β(3)

2
,
3β(3)

2

]

⊂ P

(see also Fig. 5).
Our goal will be to prove that the set P contains a horseshoe for Φ under

a suitable choice of times T1, T2, and T3 using Theorem 3.1. In this proof the
set P will play the role of the cube R, while the set corresponding to R0 will be
defined as a suitable subset P0 of the parallelepiped M. The precise definition
of P0 will be given in Step 3.
Step 2: Proof of the property (Hf ).
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Figure 5. The set P with M inside

Consider the differential system

⎧
⎪⎨

⎪⎩

x′
1 = x1(α(1) − a

(1)
12 x2)

x′
2 = x2(−β(1) + a

(1)
21 x1)

x′
3 = 0

(5.3)

The set of the equilibrium points in intR3
+ for system (5.3) is given by the

vertical line

L :=

{(
β(1)

a
(1)
21

,
α(1)

a
(1)
12

, x3

)

: x3 > 0

}

.

Every horizontal plane x3 = constant > 0 is invariant for the solutions of
system (5.3) and on this plane there is a global center at the point (β(1)

a
(1)
21

, α(1)

a
(1)
12

).

Therefore, for any point q0 := (x0
1, x

0
2, x

0
3) �∈ L and for any τ > 0, we can define

a rotation number in the following way:

rot(q0, τ) :=
1
2π

∫ τ

0

(
x2(t; q0) − α(1)

a
(1)
12

)
X1(t) −

(
x1(t; q0) − β(1)

a
(1)
21

)
X2(t)

(
x1(t; q0) − β(1)

a
(1)
21

)2

+
(
x2(t; q0) − α(1)

a
(1)
12

)2 dt,

where

X1(t) :=x1(t; q0)(α(1)−a
(1)
12 x2(t; q0)), X2(t) :=x2(t; q0)(−β(1) + a

(1)
21 x1(t; q0))

and (x1(t; q0), x2(t; q0), x0
3) is the solution of system (5.3) departing at time

t = 0 from the initial point q0.
The rotation number is an algebraic count of the number of turns around

the equilibrium point in the plane x3 = x0
3 during the time interval [0, τ ]. Since

the trajectories of (5.3) wind counterclockwise in the x1 x2-plane, the function
τ �→ rot(q0, τ) is strictly increasing for any q0 �∈ L.
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To prove the stretching property (Hf ) we focus our attention on four
“vertical” faces of P. Namely, we define

P ′ := {(x1, x2, x3) ∈ P : E(x1, x2) = E(β(1)/a
(1)
21 , β(2)/2)},

P ′′ := {(x1, x2, x3) ∈ P : E(x1, x2) = E(β(1)/a
(1)
21 , 3β(2)/2)}

and

R′ := {(x1, x2, x3) ∈ P : x1 = β(1)/a
(1)
21 − 
},

R′′ := {(x1, x2, x3) ∈ P : x1 = β(1)/a
(1)
21 + 
}.

All the points of P ′ (respectively, P ′′) are periodic points of system (5.3) which
share the same period. We denote by T ′

1 and by T ′′
1 the common periods for

all the points of P ′ and P ′′, respectively. Since

E(β(1)/a
(1)
21 , β(2)/2) > E(β(1)/a

(1)
21 , 3β(2)/2),

by the monotonicity of the period with respect to the energy level (see [40,
Theorem 2]) we know that

T ′
1 > T ′′

1 .

Now we fix

T1 > T ∗
1

where

T ∗
1 >

5T ′
1T

′′
1

T ′
1 − T ′′

1

. (5.4)

After that, we introduce the two integers m′ and m′′ which are, respectively,
the largest integer smaller or equal than T1/T ′

1 and the smallest integer greater
or equal to T1/T ′′

1 . Accordingly, any point belonging to P ′ makes at most m′

turns and hence its associated rotation number is less than or equal to m′.
Similarly, each point of the face P ′′ performs at least m′′ turns and has rotation
number greater than or equal to m′′. From (5.4) and the choice of T1 it follows
that the intervals [m′ + 1,m′ + 2], [m′′ − 2,m′′ − 1], are disjoint.

Let us consider a system of cylindrical coordinates with reference to the
vertical half-plane

σ := {(x1, x2, x3) : x1 = β(1)/a
(1)
21 , x2 < α(1)/a

(1)
12 }

and denote by ϑ(t, q0) the angular coordinate of the solution (x1(t; q0), x2(t; q0),
x3) with initial point q0 ∈ P. By the above properties of the rotation numbers,

ϑ(T1; q0) < 2πm′ + π, ∀ q0 ∈ P ′ and ϑ(T1; q0) > 2πm′ − π, ∀ q0 ∈ P ′′.

Therefore the compact sets

H0 := {q ∈ P : ϑ(T1; q) ∈ 2π[m′ + 1,m′ + 2]}
and

H1 := {q ∈ P : ϑ(T1; q) ∈ 2π[m′′ − 2,m′′ − 1]}
are nonempty and disjoint.
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Our aim now is to prove the stretching property (Hf ), where we recall
that f is the Poincaré map associated with (5.3) for the interval [0, T1].

Let ζ = (ζ1, ζ2, ζ3) : [t0, t1] → P be a path with ζ(t0) ∈ P ′ and ζ(t1) ∈ P ′′.
Passing to the angular coordinates we consider the function

ξ : [t0, t1]  s �→ ϑ(T1; ζ(s)).

By the above property of the angular function, we know that ξ(t0) < 2πm′ +π
and ξ(t1) > 2πm′′ − π. Using elementary continuity arguments we can define
two subintervals [s′

1, s
′′
1 ], [s′

2, s
′′
2 ] of [t0, t1] such that ζ(s) ∈ H0 for every s ∈

[s′
1, s

′′
1 ] and ζ(s) ∈ H1 for every s ∈ [s′

2, s
′′
2 ] and, moreover,

f(ζ(s)) = (x1(T1; ζ(s)), x2(T1; ζ(s)), ζ3(s)) ∈ P, ∀ s ∈ [s′
1, s

′′
1 ] ∪ [s′

2, s
′′
2 ],

with

f(ζ(s′
1)), f(ζ(s′

2)) ∈ R′ and f(ζ(s′′
1)), f(ζ(s′′

2)) ∈ R′′.

This concludes the proof of the second step.
Step 3: Proof of the property (Hg).

First of all we define a set P0 ⊂ M which will play the role of R0 for
Theorem 3.1. To this purpose, we consider the two-dimensional system in the
x1 x3-plane

{
x′

1 = x1(α(2) − a
(2)
13 x3)

x′
3 = x2(−γ(2) + a

(2)
31 x3).

(5.5)

In such a system α(2), a
(2)
13 and a

(2)
31 are fixed parameters. An elementary ar-

gument as in Step 1 says that there exists γ̃2 such that for each γ(2) with

γ(2) > γ∗
2 := max{a

(2)
31 (β(1)/a

(1)
21 + 
), γ̃2} (5.6)

the following property holds: The solutions of (5.5) with initial point at
(β(1)/a

(1)
21 − 
/2, β(3)) and at (β(1)/a

(1)
21 − 
/2, β(3)) leave the rectangle

[β(1)/a
(1)
21 − 
, β(1)/a

(1)
21 + 
] × [β(3)/2, 3β(2)/2]

across the sides

[β(1)/a
(1)
21 − 
, β(1)/a

(1)
21 + 
] × {β(3)/2} and

[β(1)/a
(1)
21 − 
, β(1)/a

(1)
21 + 
] × {3β(3)/2}.

From now on, also assume that the parameter γ(2) is fixed, according to (5.6).
For the Hamiltonian system (5.5) we have the energy function

F(x1, x3) := a
(2)
13 x1 − α(2) log x1 + a

(2)
31 x3 − γ(2) log x3 (5.7)

and, using F , we can define the set P0 as the intersection of the parallelepiped
M with the set

{(x1, x2, x3) : F∗ ≤ F(x1, x3) ≤ F∗},

where

F∗ := F(β(1)/a
(1)
21 − 
/2, β(3)), F∗ := F(β(1)/a

(1)
21 + 
/2, β(3))

(see also Fig. 6).
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Figure 6. A pictorial description of the set P0

We also introduce the times T ′
2 and T ′′

2 which are the periods of the orbits
passing through the points (β(1)/a

(1)
21 − 
/2, β(3)) and (β(1)/a

(1)
21 + 
/2, β(3)),

respectively. Again by the monotonicity of the period with respect to the
energy levels we know that

T ′
2 > T ′′

2 .

We consider now the system
⎧
⎪⎨

⎪⎩

x′
1 = x1(α(2) − a

(2)
13 x3)

x′
2 = x2(β(2) − x2)

x′
3 = x3(−γ(2) + a

(2)
31 x1)

(5.8)

for t ∈ [0, T2]. With respect to the pair of variables (x1, x3) we are in a situation
analogous to system (5.1). Nevertheless, we have a compression effect toward
the constant β(2) in the x2-variable due to the logistic growth.

After these comments we properly concentrate on property (Hg). Indeed,
using the second equation in (5.8), we define a time τ2 > 0 such that |x2(t) −
β(2)| ≤ β(2)/4 for all t ≥ τ2 and any initial point in P. Now we fix

T2 > T ∗
2

where

T ∗
2 > max

{
3T ′

2T
′′
2

T ′
2 − T ′′

2

, τ2

}

. (5.9)

Observe that T ∗
2 = T ∗

2 (γ(2)) because T ′
2 and T ′′

2 depend on γ(2).
Now we can check the stretching property (Hg), where we recall that g

is the Poincaré map associated with (5.8) for the interval [0, T2], that is,

g(q) = (y1(T2; q), y2(T2; q), y3(T2; q)),

where (y1(·; q), y2(·; q), y3(·; q)) denotes the solution of (5.8) with initial value
in q.
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Let ζ = (ζ1, ζ2, ζ3) : [t0, t1] → P be a path with ζ(t0) ∈ R′ and ζ(t1) ∈
R′′. As T2 > τ2 and ζ(s) ∈ P for each s ∈ [t0, t1], we know that |y(T2; ζ(s)) −
β(2)| < β(2)/4. On the other hand, there is a subinterval [t′0, t

′
1] ⊂ [t0, t1] such

that

F∗ ≤ F(ζ1(s), ζ2(s)) ≤ F∗, ∀ s ∈ [t′0, t
′
1]

with

F(ζ1(t′0), ζ2(t′0)) = F∗ and F(ζ1(t′1), ζ2(t′1)) = F∗.

Moreover, by the definition of P we also deduce that

ζ3(s) ∈
[
β(3)

2
,
3β(3)

2

]

, ∀ s ∈ [t′0, t
′
1].

By introducing a system of polar coordinates in the x1 x3-plane and arguing
as in the previous step, we can find a subinterval [s′, s′′] ⊂ [t′0, t

′
1] such that,

for every s ∈ [s′, s′′],

F∗ ≤ F(y1(T2; γ(s)), y3(T2; γ(s))) ≤ F∗, and y3(T2; γ(s)) ∈
[
β(3)

2
,
3β(3)

2

]

hold, with

y3(T2; γ(s′)) =
β(3)

2
, y3(T2; γ(s′′)) =

3β(3)

2
.

Collecting all the information about (y1(T2; q), y2(T2; q), y3(T2; q)) with q in
the sub-path of ζ, we conclude that

g(ζ(s)) ∈ P0, ∀ s ∈ [s′, s′′]

with g(ζ(s′)) and g(ζ(s′′)) belonging to the lower and the upper faces of P0,
respectively. The proof of (Hg) is thus completed.
Step 4: Proof of the property (Hh).

As a last step we prove property (Hh) with P and P0 playing the role
of the sets R and R0 of the prototypical model and with h the Poincaré map
associated with system

⎧
⎨

⎩

x′
1 = 0

x′
2 = x2(β(3) − x3)

x′
3 = 0

(5.10)

on the time interval [0, T3].
Let (z1(·; q), z2(·; q), z3(·; q)) denote the solution of (5.10) with initial

value in q = (q1, q2, q3). Since z1(t; q) and z3(t; q) are constant functions, the
second equation in (5.10) reads as x′

2 = x2(β(3) −q3). Therefore, x′
2 = −β(3)

2 x2

on the points of the upper face of P0 and x′
2 = β(3)

2 x2 on the lower face. Now
it is clear how to determine T ∗

3 so that (Hh) hods for every T3 > T ∗
3 .

This concludes the proof of Theorem 4.1. �
To prove Theorem 4.2 it is sufficient to observe that all the results in the

previous steps are stable with respect to small perturbations of the coefficients
in the L1-norm. Then our claim follows by repeating an argument already
described in [34].
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To be more specific, suppose that the parameters in (S) as well as the
constants T1 > T ∗

1 , T2 > T ∗
2 and T3 > T ∗

3 are fixed in order to have achieved
the proof of Theorem 4.1 and consider now a system of the form (4.1) where
the coefficients are so that in each interval [0, T1], [T1, T1 +T2] and [T1 +T2, T ]
they are ε-close in the L1-norm to those of the corresponding subsystems of
(S). With this, we mean that (4.6) holds and hence

∫ T1

0
|α(t) − α(1)| dt < ε,

∫ T1+T2

T1
|α(t) − α(2)| dt < ε,

∫ T

T1+T2
|α(t)| dt < ε (and so on the for the other

coefficients). Now, if we check the argument in the proof for (S) of Theorem
4.1 it is easy to recognize that the verification of the three steps (Hf ), (Hg)
and (Hh) are based on obtaining strict inequalities (either on the rotation
numbers or on some components of the partial Poincaré maps) which are still
true if we consider a sufficiently small perturbation in the coefficients (by the
theorem of continuous dependence of the solutions for Carathéodory systems).
In this manner, we can guarantee that the conclusion of Theorem 4.1 extends
to non-autonomous systems which are sufficiently small perturbations of the
stepwise autonomous system (S). �
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[21] Krasnosel’skĭı M.A., Zabrĕıko, P.P.: Geometrical methods of nonlinear analysis,
Grundlehren der Mathematischen Wissenschaften 263, Springer, Berlin (1984)

[22] Krikorian, N.: The Volterra model for three species predator–prey systems:
boundedness and stability. J. Math. Biol. 7, 117–132 (1979)

[23] Lisena, B.: Asymptotic behaviour in periodic three species predator–prey sys-
tems. Ann. Mat. Pura Appl. 186, 85–98 (2007)

[24] Malik, T., Smith, H.L.: Does dormancy increase fitness of bacterial populations
in time-varying environments?. Bull. Math. Biol. 70, 1140–1162 (2008)

[25] Mawhin, J.: Topological Degree Methods in Nonlinear Boundary Value Prob-
lems, CBMS Regional Conference Series in Mathematics, 40. American Mathe-
matical Society, Providence (1979)



896 A. Ruiz-Herrera and F. Zanolin NoDEA

[26] Mawhin, J.: The legacy of Pierre–François Verhulst and Vito Volterra in pop-
ulation dynamics. In: The first 60 years of nonlinear analysis of Jean Mawhin,
pp. 147–160. World Science Publications, River Edge (2004)

[27] Medio, A., Pireddu, M., Zanolin, F.: Chaotic dynamics for maps in one and two
dimensions: a geometrical method and applications to economics. Int. J. Bifur.
Chaos Appl. Sci. Eng. 19, 3283–3309 (2009)

[28] Moser, J.: Stable and random motions in dynamical systems. With Special Em-
phasis on Celestial Mechanics, Hermann Weyl Lectures, the Institute for Ad-
vanced Study, Princeton, N. J. Annals of Mathematics Studies, No. 77. Princeton
University Press, Princeton (1973)

[29] Papini, D., Zanolin, F.: On the periodic boundary value problem and chaotic-like
dynamics for nonlinear Hill’s equations. Adv. Nonlinear Stud. 4, 71–91 (2004)

[30] Papini, D., Zanolin, F.: Some results on the periodic points and chaotic dynamics
arising from the study of the nonlinear Hill equation. Rend. Sem. Mat. Univ.
Pol. Torino (Subalpine Rhapsody in Dynamics) 65, 115–157 (2007)

[31] Pireddu, M., Zanolin, F.: Cutting surfaces and applications to periodic points
and chaotic-like dynamics. Topol. Methods Nonlinear Anal. 30, 279–319 (2007);
Correction in Topol. Methods Nonlinear Anal. 33, 395 (2009)
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[38] Srzednicki, R., Wójcik, K., Zgliczyński, P.: Fixed point results based on the
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