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1. Introduction

Modelling of coupled heat and mass transfer in unsaturated porous media
plays a crucial role in many agricultural, environmental and civil engineering
applications. The major difficulty in predicting the coupled transport processes
in porous media and fractured rock masses lies in their complex porous mi-
crostructure, resulting in a highly non-linear dependence of transport coef-
ficients on temperature and water content. Mathematical models of coupled
transport processes in porous materials are based on balance equations, gov-
erning the conservation of mass and thermal energy, see e.g. [7,24] for a recent
survey. Such systems of balance equations can be written in the common gen-
eral form

∂tB(u) − ∇ · A(u,∇u) = F(u). (1.1)
Problem of type (1.1) are too complex to be solved analytically. Typically, such
equations, supplemented by the appropriate initial and boundary conditions,
are solved by discretizing the domain spatially using finite elements or finite
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volumes, then integrating over time using a numerical ordinary differential
equation solver. However, to our best knowledge, the qualitative properties of
the resulting systems remain largely unexplored.

No general existence, uniqueness and regularity theory for the mentioned
problem is developed. Nevertheless, some partial results assuming special struc-
ture of operators A, B and F can be found in the literature. The existence,
uniqueness and regularity of solutions to the system like (1.1) have been proved
by Alt and Luckhaus in [2]. They obtained their results assuming the operator
B to be only monotone and subgradient.

Later on, these results have been disseminated in several directions. Filo
and Kačur [10] proved the local existence of the weak solution for the system
under nonlinear Neumann boundary conditions and assuming more general
growth conditions on nonlinearities in u. However, these results are not ap-
plicable if B does not take the subgradient structure, which is the case of
coupled balance equations for energy and mass transport. To the best of our
knowledge, the only related works in this context are due to Vala [25], Li and
Sun [18], Li et al. [19] and Li and Sun [20]. Although the approach in [25]
admits non-symmetry in the parabolic term, it requires unrealistic symmetry
in the elliptic part. The last-mentioned works, studying a model of specific
structure of a heat and mass transfer arising from textile industry, prove the
global existence for one-dimensional problems in [18,19] and three-dimensional
problems in [20]. Recently, the existence of a local-in-time strong solution for
moisture and heat transfer in multi-layer porous structures modelling by the
system close to (1.1) is proven in [6].

In this paper we explore the degenerate problem with specific structure
of (1.1) resulting from coupled filtration of a fluid with heat energy transfer in
partially saturated porous media described by the Richards equation and the
convection-diffusion heat equation (see Section 7).

Let Ω ∈ R
2 be a bounded domain with a smooth boundary Γ of class

C2, T ∈ (0,∞) be fixed throughout the paper. Let us abbreviate I := (0, T ),
QT := Ω × I and ΓT := Γ × I. We study the Cauchy–Dirichlet problem

∂tb(u) = ∇ · (a(θ)∇u+ e(θ, u)) in QT , (1.2)
∂t (b(u)θ + ρθ) = ∇ · (λ(θ, u)∇θ)+∇ · (θ (a(θ)∇u+ e(θ, u))) in QT , (1.3)

u = 0 in ΓT , (1.4)
θ = 0 in ΓT , (1.5)

u(0) = u0 in Ω, (1.6)
θ(0) = θ0 in Ω. (1.7)

Here u : QT → R and θ : QT → R are the unknowns. a : R → R, b : R → R,
λ : R

2 → R, e : R
2 → R

2, u0 : Ω → R and θ0 : Ω → R are given functions, ρ is
a real positive constant and n is an outer normal vector. The aim of this paper
is to prove the existence of a weak solution by a carefully designed limit passage
in the appropriate regularized problem. To the best of our knowledge, there is
no existence result for the presented coupled system available. One of the main
novelties of this paper is the analysis of a mollification method applied to the
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coupled degenerate problem (1.2)–(1.7). We notice that the specific structure
of the convective term ∇ · (θ (a(θ)∇u+ e(θ, u))) in the energy equation (1.3)
is fundamental to derive a priori estimates on the regularized solutions.

The paper is organized as follows. In Sect. 2, we introduce basic notation
and the suitable function spaces and derive some necessary continuous and
compact embeddings of Bochner spaces. In Sect. 3, we specify our assumptions
on data and coefficient functions in the problem. In Sect. 4, we formulate the
problem in the variational sense and state the main result of the paper, the
global-in-time existence of the weak solution. The main result is proved by an
approximation procedure. This consists in proving the existence of solutions to
mollified problems using the Schauder fixed point theorem, for which a priori
estimates are obtained. Such procedure is carried out in Sect. 5. Using the
limiting procedure we prove the existence of the weak solution to the original
problem in Sect. 6. In Sect. 7, we present an application of our theory to
selected engineering model of heat and water transport in unsaturated porous
media. Finally, let us mention, that some auxiliary results needed in the proof
are collected in Appendix A.

2. Notation, function spaces and some auxiliary results

Vectors and vector functions are denoted by boldface letters. Throughout the
paper, we will always use positive constants C, c, c1, c2, . . . , which are not
specified and which may differ from line to line.

We use the following common notation for function spaces. For an arbi-
trary p ∈ [1,+∞], Lp(Ω) and Lp(QT ) denote, respectively, the usual Lebesgue
spaces equipped with the norm ‖·‖Lp(Ω) and ‖·‖Lp(QT ), respectively. W k,p(Ω),
k ≥ 0 (k need not to be an integer, see [16]), denotes the usual Sobolev space
with the norm ‖·‖W k,p(Ω) and W k,p

0 (Ω) is the Sobolev space of functions whose
trace on Γ vanishes. Let B be an arbitrary Banach space, then B∗ represents
its dual. By Lp(I,B) we denote the Bochner space (see [1]).

The following compactness result was established by J.P. Aubin (see [3])
and will be crucial to prove the main proposition of the paper.

Theorem 2.1. Let B0, B, B1 be three Banach spaces where B0, B1 are reflexive.
Suppose that B0 is continuously imbedded into B, which is also continuously
imbedded into B1, and imbedding from B0 into B is compact. For any given
p0, p1 with 1 < p0, p1 < ∞, let

W := {v; v ∈ Lp0(I,B0), vt ∈ Lp1(I,B1)} .

Then the imbedding from W into Lp0(I,B) is compact.

Define the spaces

W 2,1
2 (QT ) ≡

{
φ ∈ L2(I,W 2,2(Ω)), ∂tφ ∈ L2(QT )

}
,

W 1,1
2 (QT ) ≡

{
φ ∈ L2(I,W 1,2(Ω)), ∂tφ ∈ L2(QT )

}
.
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We will often use the following embeddings that are consequences of
Theorem 2.1 and interpolation theory:

W 2,1
2 (QT ) ↪→↪→ L1(QT ), (2.1)

W 2,1
2 (QT ) ↪→ L∞(I,W 1,2(Ω)). (2.2)

Here “↪→↪→” denotes the compact embedding.
Let φ ∈ W 2,1

2 (QT ). Raising and integrating the interpolation inequality

‖φ(t)‖W 3/2,2(Ω) ≤ c‖φ(t)‖1/2
W 1,2(Ω)‖φ(t)‖1/2

W 2,2(Ω)

from 0 to T we get
(∫ T

0

‖φ(t)‖4
W 3/2,2(Ω)dt

)1/4

≤ c

(∫ T

0

‖φ(t)‖2
W 2,2(Ω)‖φ(t)‖2

W 1,2(Ω)dt

)1/4

≤ c‖φ‖1/2
L2(I,W 2,2(Ω))‖φ‖1/2

L∞(I,W 1,2(Ω))

≤ c ‖φ‖W 2,1
2 (QT ). (2.3)

Hence we have
W 2,1

2 (QT ) ↪→ L4(I,W 3/2,2(Ω)). (2.4)

Using the Sobolev embedding

W 3/2,2(Ω) ↪→ W 1,4(Ω)

we obtain
W 2,1

2 (QT ) ↪→ L4(I,W 1,4(Ω)). (2.5)

3. Structure and data properties

Concerning coefficient functions and data properties, we shall introduce the
following hypotheses.

(A1) b is positive and Lipschitz continuous function satisfying

0 < b(ξ) ≤ b1 < +∞ ∀ξ ∈ R (b1 = const), (3.1)
0 < b′(ξ) ≤ b2 < +∞ ∀ξ ∈ R (b2 = const). (3.2)

(A2) a and λ are C1-functions, such that

0 < a1 ≤ a(ξ) ≤ a2 < +∞ ∀ξ ∈ R (a1, a2 = const), (3.3)
0 < λ1 ≤ λ(ξ, ζ) ≤ λ2 < +∞ ∀ξ, ζ ∈ R (λ1, λ2 = const). (3.4)

(A3) e : R
2 → R

2 is continuously differentiable vector-valued function, such
that

|e(ξ, ζ)| ≤ e1 < +∞ ∀ξ, ζ ∈ R (e1 = const). (3.5)

(A4) For initial data we assume u0, θ0 ∈ L2(Ω).
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Remark 3.1. [2, Section 1.1] Let us note that (A1) implies that there is a
(strictly) convex C1-function Φ : R → R, Φ(0) = 0, Φ′(0) = 0, such that

b(z) − b(0) = Φ′(z) ∀z ∈ R. (3.6)

Introduce the Legendre transform

B(z) :=
∫ 1

0

(b(z) − b(sz))z ds =
∫ z

0

(b(z) − b(s)) ds.

Proposition 3.2 (see [2], Lemma 1.5). Let u ∈ L2(I,W 1,2
0 (Ω)), such that b(u) ∈

L∞(I, L1(Ω)), ∂tb(u) ∈ L2(I,W 1,2(Ω)∗), and
∫ T

0

〈∂tb(u), φ〉dt+
∫

QT

(b(u) − b(u0))∂tφ dxdt = 0

for every test function φ ∈ L2(I,W 1,2
0 (Ω)) ∩ W 1,1(I, L∞(Ω)) with φ(T ) = 0.

Then

B(u) ∈ L∞(I, L1(Ω))

and for almost all t the following formula holds
∫

Ω

B(u(t)) dx−
∫

Ω

B(u0) dx =
∫ t

0

〈∂tb(u), u〉dt.

4. Main result

We now formulate our problem in a weak sense. The aim of this paper is to
prove the existence of a weak solution to the problem described by the system
(1.2)–(1.7).

Definition 4.1. We say that a pair [u, θ] ∈ L2(I,W 1,2
0 (Ω)2) is a weak solution

of the system (1.2)–(1.7) iff

−
∫

QT

b(u)∂tφ dxdt+
∫

QT

(a(θ)∇u+ e(θ, u)) · ∇φ dxdt =
∫

Ω

b(u0)φ(0) dx

(4.1)

and

−
∫

QT

(b(u)θ + ρθ) ∂tψ dxdt+
∫

QT

λ(θ, u)∇θ · ∇ψ dxdt

+
∫

QT

(θ (a(θ)∇u+ e(θ, u))) · ∇ψ dxdt

=
∫

Ω

(b(u0)θ0 + ρθ0)ψ(0)dx (4.2)

hold for all test functions [φ, ψ] ∈ C∞(QT )2, φ = ψ = 0 in ΓT and φ(T ) =
ψ(T ) = 0 in Ω.

The main result of this paper reads as follows.

Theorem 4.2 (Main result). Let the assumptions (A1)–(A4) be satisfied. Then
there exists at least one weak solution of the system (1.2)–(1.7).
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In the proof of the main result we use the method of mollification in
order to get the approximate solution of the system (1.2)–(1.7). Existence of
the strong solution in W 2,1

2 (QT ) to the regularized system is proved by the
Leray-Schauder theorem. Conclusion of the proof consists in establishing a
priori estimates on these solutions and then carrying out the passage to the
limit.

Remark 4.3. For simplicity, we consider homogeneous boundary conditions.
All results in our paper remain valid if one assumes the nonhomogeneous
Dirichlet boundary conditions u = uD and θ = θD on ΓT , where uD, θD ∈
L2(I,W 1,2(Ω)) ∩W 1,1(I, L∞(Ω)).

5. Solution to the mollified problem

Let θε := Jε � E(θ) be a regularization of θ, ε is a small positive real number,
Jε denotes the standard mollifier in R

3 having the support in a ball of radius ε
(see [1, Paragraph 2.28 and Theorem 2.29]) and E(θ) is the extension operator
extending θ to be zero on R

3\QT (see [1, Paragraph 5.17 and Theorem 5.24]).
Similarly, we set uε := Jε � E(u).

Let us introduce the mollified system of governing equations

∂tb(u) = ∇ · (a(θε)∇u+ e(θε, u)) in QT , (5.1)

∂t (b(u)θ + ρθ) = ∇ · (λ(θε, uε)∇θ)
+ ∇ · (θ (a(θε)∇u+ e(θε, u))) in QT . (5.2)

Substituting (5.1) into (5.2), equations (5.1)–(5.2) can be rewritten as

∂tb(u) = ∇ · (a(θε)∇u+ e(θε, u)) in QT , (5.3)

(b(u) + ρ) ∂tθ = ∇ · (λ(θε, uε)∇θ)
+ (a(θε)∇u+ e(θε, u)) · ∇θ in QT . (5.4)

The governing equations (5.3)–(5.4) are appended by the following homoge-
neous boundary conditions and regularized compatible initial conditions

u = 0 in ΓT , (5.5)

θ = 0 in ΓT , (5.6)

u(0) = uε
0 in Ω, (5.7)

θ(0) = θε
0 in Ω. (5.8)

Here and in what follows, we set θε
0 := Jε � (ωεE(θ0)), where

ωε(x) :=
{

0 if dist(x, ∂Ω) ≤ 2ε,
1 elsewhere.

Similarly, we introduce uε
0 := Jε � (ωεE(u0)). Note that θε

0, u
ε
0 ∈ C∞

0 (Ω) (cf. [1,
Theorem 2.29 (b)]) and ‖θε

0 −θ0‖L2(Ω) → 0 and ‖uε
0 −u0‖L2(Ω) → 0 as ε → 0+.

In this section we prove the existence of a strong solution to the regular-
ized problem (5.3)–(5.8).

Theorem 5.1. The problem (5.3)–(5.8) has a strong solution [u, θ]∈W 2,1
2 (QT )2.
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Proof of Theorem 5.1 follows from a priori estimates by the Schauder
fixed point arguments. In particular, the proof is split into several parts. First,
we prove the existence of the strong solution to an auxiliary problem, i.e.
for some given θ̃ ∈ L1(QT ) to find [u, θ], the strong solution to the following
system (5.9)–(5.14). Using the embedding (2.1) we get compactness. After that
we prove some a priori estimates to get the existence of the fixed point denoted
by [uε, θε] via the following well-known theorem.

Theorem 5.2 (Schauder fixed point theorem). Let S be a closed convex set in
a Banach space B and let T be a continuous mapping of S into itself such
that the image T S is precompact. Then T has a fixed point.

For the proof of Theorem 5.2 see [13, p. 279, Theorem 11.1 and p. 280,
Corollary 11.2].
Proof of Theorem 5.1 For any given θ̃ ∈ L1(QT ) consider the initial-boundary
value problem

∂tb(u) = ∇ ·
(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
in QT , (5.9)

(b(u) + ρ) ∂tθ = ∇ ·
(
λ(θ̃ε, uε)∇θ

)

+
(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
· ∇θ in QT , (5.10)

u = 0 in ΓT , (5.11)

θ = 0 in ΓT , (5.12)

u(0) = uε
0 in Ω, (5.13)

θ(0) = θε
0 in Ω. (5.14)

Step 1. Here we treat the decoupled problem

∂tb(u) = ∇ ·
(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
in QT , (5.15)

u = 0 in ΓT , (5.16)

u(0) = uε
0 in Ω, (5.17)

for which there exists the unique strong solution u ∈ W 2,1
2 (QT ) ∩ L∞(QT ),

such that

‖∂tu‖L2(QT ) + ‖u‖L2(I,W 1,2
0 (Ω)) + ‖u‖L∞(QT ) ≤ Cuε

0
. (5.18)

Here the constant Cuε
0

is independent of θ̃ε. For reader’s convenience we do
not interrupt this step by the proof of the existence of the unique solution
u ∈ W 2,1

2 (QT ) to the system (5.15)–(5.17) satisfying (5.18). Therefore, the
detailed proof is postponed to Appendix A.
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Step 2. Now having u ∈ W 2,1
2 (QT ) we get θ as the solution of the problem

(5.10), (5.12) and (5.14). We can write this linear parabolic problem in the
form

σ(x, t)∂tθ − ∇ · (a(x, t)∇θ) − b(x, t) · ∇θ = 0 in QT , (5.19)

θ = 0 in ΓT , (5.20)

θ(0) = θε
0 in Ω, (5.21)

where

σ = b(u) + ρ,

a = λ(θ̃ε, uε),

b = a(θ̃ε)∇u+ e(θ̃ε, u).

Here σ∈L∞(QT ) and a∈C1(QT ). Since u ∈ W 2,1
2 (QT ) ↪→ L4(I,W 1,4(Ω))

we have b ∈ L4(I, L4(Ω)2), recall the embedding (2.5). By the linear theory
for parabolic problems with nonsmooth coefficients (see [17, Chapter III.]) the
problem (5.19)–(5.21) has a unique weak solution θ ∈ W 1,1

2 (QT ). Let us further
regularize θ. We now write the system (5.19)–(5.21) in the form

∂tθ − ∇ · (a(x, t)∇θ) − b(x, t) · ∇θ = f(x, t) in QT , (5.22)

θ = 0 in ΓT , (5.23)

θ(0) = θε
0 in Ω, (5.24)

where

f := ∂tθ − σ(x, t)∂tθ.

From the previous steps we have f ∈ L2(QT ). Following the linear theory
for parabolic equations [17, Chapter III., Remark 6.3.] we get the uniquely
determined strong solution of the system (5.19)–(5.21)

θ ∈ W 2,1
2 (QT ).

Step 3. For any given θ̃ ∈ L1(QT ) we have θ ∈ W 2,1
2 (QT ) as the unique solution

of the problem (5.10), (5.12) and (5.14), where u solves uniquely the problem
(5.9), (5.11) and (5.13). Define the nonlinear mapping A : L1(QT ) → L1(QT ),
given by the equation

θ = A(θ̃). (5.25)

Step 4. Here we prove some uniform estimates for all θ satisfying the equation
θ = A(θ̃). Test (5.9) by θ2 and (5.10) by 2θ to obtain, adding these both
resulting equations,

∫

Qt

∂

∂s

[
θ2 (b(u) + ρ)

]
dxds+

∫

Qt

2λ(θ̃ε, uε)|∇θ|2dxds = 0. (5.26)

Now, using (3.4) we deduce
∫

Ω

θ2 (b(u) + ρ) dx+ 2λ1

∫

Qt

|∇θ|2dxds ≤
∫

Ω

θ20 (b(u0) + ρ) dx. (5.27)
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Hence ∫

Ω

θ(t)2dx+
∫ t

0

‖θ(s)‖2
W 1,2(Ω)ds ≤ c, (5.28)

which immediately yields

‖θ‖L∞(I,L2(Ω)) + ‖θ‖L2(I,W 1,2(Ω)) ≤ c (5.29)

for some positive constant c (independent of θ̃).
Step 5. Now we prove the continuity of the mapping A. For θ̃ ∈ L1(QT ) we
solve (5.15)–(5.17). Setting u = A1(θ̃), to denote the solution of this problem,
we solve

(b(u) + ρ) ∂tθ = ∇ ·
(
λ(θ̃ε, uε)∇θ

)

+
(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
· ∇θ in QT , (5.30)

θ = 0 in ΓT , (5.31)

θ(0) = θε
0 in Ω. (5.32)

Denote by θ = A2(u, θ̃) the solution of this problem and define A(θ̃) = A3(θ),
where A3 is the embedding of W 2,1

2 (QT ) into L1(QT ).
Let θ̃n ∈ L1(QT ) be a sequence converging strongly to θ̃ in L1(QT ). Fol-

lowing Step 1 there exists a sequence of un = A1(θ̃n) ∈ W 2,1
2 (QT ) ∩ L∞(QT ),

such that
∫

QT

∂tb(un)φ dxdt+
∫

QT

(
a(θ̃ε

n)∇un + e(θ̃ε
n, un)

)
· ∇φ dxdt = 0 (5.33)

for any test function φ ∈ W 1,2
2 (QT ), φ = 0 in ΓT .

It follows from the estimate (5.18) that there exists a function u ∈
W 1,1

2 (QT ), such that (along a selected subsequence) we have

un → u weakly in W 1,1
2 (QT ). (5.34)

By the compact embedding W 1,1
2 (QT ) ↪→↪→ L1(QT ) we have

un → u strongly in L1(QT ) (5.35)

and therefore
un → u almost everywhere in QT . (5.36)

From (5.33) we deduce
∫

QT

∂tb(un)φ dxdt+
∫

QT

a(θ̃ε)∇un · ∇φ dxdt

+
∫

QT

[a(θ̃ε
n) − a(θ̃ε)]∇un · ∇φ dxdt+

∫

QT

e(θ̃ε, un) · ∇φ dxdt

+
∫

QT

(
e(θ̃ε

n, un) − e(θ̃ε, un)
)

· ∇φ dxdt = 0
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for any test function φ ∈ W 1,2
2 (QT ), φ = 0 in ΓT . We now proceed using

ideas in [14,22]. By the Lebesgue dominated convergence theorem we conclude
(along a selected subsequence)

∫

QT

[a(θ̃ε
n) − a(θ̃ε)]∇un · ∇φ dxdt → 0,

∫

QT

(
e(θ̃ε

n, un) − e(θ̃ε, un)
)

· ∇φ dxdt → 0

and by (5.34) and (5.36) we arrive at the following limits (along a selected
subsequence)

∫

QT

∂tb(un)φ dxdt →
∫

QT

∂tb(u)φ dxdt,
∫

QT

a(θ̃ε)∇un · ∇φ dxdt →
∫

QT

a(θ̃ε)∇u · ∇φ dxdt,
∫

QT

e(θ̃ε, un) · ∇φ dxdt →
∫

QT

e(θ̃ε, u) · ∇φ dxdt.

Consequently, as θ̃n → θ̃ in L1(QT ) we have (along a selected subsequence)
A1(θ̃n) → A1(θ̃) weakly in W 1,1

2 (QT ).
By the uniqueness of the solution it follows, that the convergence holds

for the whole sequence.
Following Step 2 there exists a sequence of θn = A2(un, θ̃n) ∈ W 2,1

2 (QT ),
such that the variational equation

∫ T

0

〈∂t (b(un)θn + ρθn) , ψ〉dt+
∫

QT

λ(θ̃ε
n, u

ε
n)∇θn · ∇ψ dxdt

+
∫

QT

θn

(
a(θ̃ε

n)∇un + e(θ̃ε
n, un)

)
· ∇ψ dxdt = 0 (5.37)

holds for all ψ ∈ C∞(QT ), ψ = 0 in ΓT . In what follows, we show that
θn = A2(un, θ̃n) → θ = A2(u, θ̃) strongly in L1(QT ) and θ satisfies (5.37). It
follows then that the operator A is continuous.

Raising and integrating the interpolation inequality (cf. [1, Theorem 5.2])

‖φ(t)‖L10/3(Ω) ≤ c‖φ(t)‖3/5
W 1,2(Ω)‖φ(t)‖2/5

L2(Ω)

from 0 to T we get
(∫ T

0

‖φ(t)‖10/3

L10/3(Ω)
dt

)3/10

≤ c

(∫ T

0

‖φ(t)‖2
W 1,2(Ω)‖φ(t)‖4/3

L2(Ω)dt

)3/10

≤ c‖φ‖3/5
L2(I,W 1,2(Ω))‖φ‖2/5

L∞(I,L2(Ω)). (5.38)

Hence we have

L2(I,W 1,2(Ω)) ∩ L∞(I, L2(Ω)) ↪→ L10/3(QT ). (5.39)
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Now using (5.18), (5.29), (5.38) and (5.39) we get the uniform bound

‖θn [a(θε
n)∇un + e(θε

n, un)] ‖L5/4(QT )2

≤ ‖θn‖L10/3(QT )

(
‖a(θε

n)∇un‖L2(QT )2 + ‖e(θε
n, un)‖L2(QT )2

)
≤ c (5.40)

and similarly
‖b(un)θn + ρθn‖L5/4(I,W 1,5/4(Ω)) ≤ c. (5.41)

From the equation (5.2) we obtain the uniform estimate

‖∂t(b(un)θn + ρθn)‖L5/4(I,W 1,5(Ω)∗) ≤ c. (5.42)

Since

W 1,5/4(Ω) ↪→↪→ W 1−β,5/4(Ω) ↪→ W 1,5(Ω)∗,

where β is a small positive real number, the Aubin-Lions lemma yields the
existence of χ ∈ L5/4(I,W 1−β,5/4(Ω)) such that (modulo a subsequence)

b(un)θn + ρθn → χ strongly in L5/4(I,W 1−β,5/4(Ω)). (5.43)

Since (6.17) yields the almost everywhere convergence and un converges almost
everywhere to u, we conclude

θn → θ almost everywhere in QT . (5.44)

Hence, b(un)θn + ρθn converges almost everywhere to b(u)θ + ρθ and

χ = b(u)θ + ρθ. (5.45)

The above established convergences are sufficient for taking the limit n → ∞
to get (along a selected subsequence)

∫ T

0

〈∂t (b(un)θn + ρθn) , ψ〉dt →
∫ T

0

〈∂t (b(u)θ + ρθ) , ψ〉dt,
∫

QT

λ(θ̃ε
n, un)∇θn · ∇ψ dxdt →

∫

QT

λ(θ̃ε, u)∇θ · ∇ψ dxdt,
∫

QT

θn

(
a(θ̃ε

n)∇un + e(θ̃ε
n, un)

)
· ∇ψ dxdt

→
∫

QT

θ
(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
· ∇ψ dxdt.

Uniqueness of the solution implies that the above convergences hold for the
whole sequence.

Finally, simple calculation yields

θ − θn =
(b(un) + ρ)θn − (b(u) + ρ)θ

b(u) + ρ
− (b(un) − b(u))θn

b(u) + ρ
.

By (5.35), (5.43) and (5.45) the right hand side tends to zero in L1(QT ),
therefore

‖θ − θn‖L1(QT ) → 0.

Now we conclude, that the operator A is continuous and, by compactness of
A3, completely continuous.
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Step 6. We note that the operator A is completely continuous and, by the a
priori estimate (5.29) and continuous embedding L2(I,W 1,2(Ω)) ↪→ L1(QT ),
θ is contained in some fixed ball of L1(QT ) with radius independent of θ̃. Now
we conclude the proof of Theorem 5.1 applying Theorem 5.2.

6. Proof of the main result

Let us denote by [uε, θε] ∈ W 2,1
2 (QT )2 the solution to the system (5.3)–(5.8)

ensured by Theorem 5.1.

6.1. Uniform estimates with respect to ε

Here we prove some uniform estimates (with respect to ε) for the couple
[uε, θε] ∈ W 2,1

2 (QT )2, the solution to the system (5.3)–(5.8). In the sequel,
C denotes the generic constant being independent of ε, which can vary from
line to line.

Multiplying the equation (5.3) by uε and integrating over Qt we get
∫

Ω

B(uε(t))dx+
∫

Qt

a(θε
ε)|∇uε|2dxds

=
∫

Ω

B(uε(0))dx+
∫

Qt

e(θε
ε, uε) · ∇uε dxds (6.1)

and applying the Young’s inequality to the last integral we arrive at the esti-
mate ∫ t

0

‖uε(s)‖2
W 1,2(Ω)ds ≤ C. (6.2)

Hence, we get
‖uε‖L2(I,W 1,2(Ω)) ≤ C. (6.3)

Now let us derive some uniform estimates for θε. The same way as in
(5.26)–(5.29), test (5.3) by θ2ε and (5.4) by 2θε to obtain

∫

Qt

∂

∂s

[
θ2ε (b(uε) + ρ)

]
dxds+

∫

Qt

2λ(θε
ε, u

ε
ε)|∇θε|2dxds = 0. (6.4)

Applying (3.4) we arrive at the inequality
∫

Ω

θ2ε (b(uε) + ρ) dx+ 2λ1

∫

Qt

|∇θε|2dxds ≤
∫

Ω

θ2ε(0) (b(uε(0)) + ρ) dx.

(6.5)

Therefore

‖θε(t)‖2
L2(Ω) +

∫ t

0

‖θε(s)‖2
W 1,2(Ω)ds ≤ C, (6.6)

which immediately yields

‖θε‖L2(I,W 1,2(Ω)) ≤ C, (6.7)
‖θε‖L∞(I,L2(Ω)) ≤ C. (6.8)

Having established the a priori estimates we are ready to complete the
proof of the main result passing to the limit for ε → 0.
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6.2. Passage to the limit

Here we pass to the limit for ε → 0 and study the convergence of the solution

[uε, θε] ∈ W 2,2
2 (QT )2

of the system (5.3)–(5.8). We present various convergence results based on
the uniform estimates (6.3) and (6.7)–(6.8) and, in addition, mention some
a priori estimates for the strong solution [uε, θε] of the system (5.3)–(5.4),
which is equivalent to the problem (5.1)–(5.2), with the boundary and initial
conditions (5.5)–(5.8).

First, recall the a priori estimates

‖uε‖L2(I,W 1,2(Ω)) ≤ C (6.9)

‖θε‖L2(I,W 1,2(Ω)), ‖θε‖L∞(I,L2(Ω)) ≤ C. (6.10)

As a consequence of the preceding a priori estimates we see that there
exist functions u ∈ L2(I,W 1,2(Ω)) and θ ∈ L2(I,W 1,2(Ω)), such that, along a
selected subsequence, we have (εj → 0+ as j → ∞)

uεj
→ u weakly in L2(I,W 1,2(Ω)), (6.11)

θεj
→ θ weakly in L2(I,W 1,2(Ω)). (6.12)

Using the compactness argument one can show in the same way as in [2,
Lemma 1.9] and [10, Eqs. (2.10)-(2.12)]

b(uεj
) → b(u) in L1(QT ) (6.13)

and almost everywhere in QT .
Since b is strictly monotone, it follows from (6.13) that [15, Proposition

3.35]
uεj

→ u almost everywhere in QT . (6.14)

We now proceed the same way as in (5.41)–(5.45). Using (6.9), (6.10),
(5.38) and (5.39) we get the following bounds

‖b(uε)θε + ρθε‖L5/4(I,W 1,5/4(Ω)) ≤ C, (6.15)

‖∂t(b(uε)θε + ρθε)‖L5/4(I,W 1,5(Ω)∗) ≤ C. (6.16)

Using Aubin-Lions lemma we conclude that there exists

χ ∈ L5/4(I,W 1−β,5/4(Ω)),

where β is a small positive number, such that (along a selected subsequence)

b(uεj
)θεj

+ ρθεj
→ χ strongly in L5/4(I,W 1−β,5/4(Ω)). (6.17)

Since uεj
converges almost everywhere to u, we conclude using (6.17)

θεj
→ θ almost everywhere in QT . (6.18)

Hence, b(uεj
)θεj

+ ρθεj
converges almost everywhere to b(u)θ + ρθ and χ =

b(u)θ + ρθ. Finally, (6.16) yields

∂t(b(uεj
)θεj

+ ρθεj
) → ∂t(b(u)θ + ρθ) weakly in L5/4(I,W 1,5(Ω)∗). (6.19)
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By (6.11), (6.12) and (6.18) we conclude

λ(θε
εj
, uε

εj
)∇θεj

→ λ(θ, u)∇θ weakly in L2(QT )2, (6.20)

a(θε
εj

)∇uεj
+ e(θε

εj
, uεj

) → a(θ)∇u+ e(θ, u) weakly in L2(QT )2 (6.21)

and finally,

θεj

(
a(θε

εj
)∇uεj

+ e(θε
εj
, uεj

)
)

→ θ (a(θ)∇u+ e(θ, u)) weakly in L5/4(QT )2.

(6.22)

The strong solution [uε, θε] of the problem (5.3)–(5.8) (ensured by Theo-
rem 5.1) is a solution of the system (5.1)–(5.2) with the boundary and initial
conditions (5.5)–(5.8) and satisfies the variational problem (corresponding to
(5.1)–(5.2) and (5.5)–(5.8))

−
∫

QT

b(uε)φt dxdt+
∫

QT

(a(θε
ε)∇uε + e(θε

ε, uε)) · ∇φ dxdt =
∫

Ω

b(u0)φ(0) dx

(6.23)

and

−
∫

QT

(b(uε)θε + CS�Sθε)ψt dxdt+
∫

QT

λ(θε
ε, u

ε
ε)∇θε · ∇ψ dxdt

+
∫

QT

(θ (a(θε
ε)∇uε + e(θε

ε, uε))) · ∇ψ dxdt

=
∫

Ω

(b(u0)θ0 + ρθ0)ψ(0)dx (6.24)

for all test functions [φ, ψ] ∈ C∞(QT )2, φ = ψ = 0 in ΓT and φ(T ) = ψ(T ) = 0
in Ω.

The above established convergences (6.11)–(6.14) and (6.19)–(6.22) are
sufficient for taking the limit εj → 0 as j → ∞ in (6.23) and (6.24) (along
a selected subsequence) to get the weak solution of the system (1.2)–(1.7)
satisfying (4.1) and (4.2). This completes the proof of the main result stated
by Theorem 4.2.

7. Applications

Several engineering models of coupled groundwater flow and heat transport
possess a common structure, derived from two balance equations of mass and
heat energy [9,23]

∂tΘ(h) = ∇ · (K(θ, h)∇h) + ∂zK(θ, h) (7.1)

and

∂t (Cw�wΘ(h)θ + CS�Sθ) = ∇ · (Λ(θ, h)∇θ)
+∇ · (θCw�w (K(θ, h)∇h+ ezK(θ, h))) . (7.2)
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Here the primary unknowns in the model are the absolute temperature
θ = θ(x, t) and the matric potential h = h(x, t) [m] (single-valued functions
of the time t and the spatial position x ∈ Ω). K [m s−1] represents the hy-
draulic conductivity of porous medium, λ [W m−1 K−1] is the effective ther-
mal conductivity. Further, �w [kg m−3] is the density of liquid water, Cw

[J kg−1 K−1] represents the isobaric heat capacity of water, �S [kg m−3] and
CS [J kg−1 K−1], respectively, are the mass density and the isobaric heat capac-
ity of solid microstructure. ez stands for the vertical unit vector. The amount
of water present at a certain matric potential of the porous medium is charac-
terized by the water retention curve Θ = Θ(h) [-]. Here we present the relation
proposed by van Genuchten and Mualem (see e.g. [11])

Θ(h) = Θr + (Θs − Θr)[1 + |αh|n]−m,

where Θs is the soil saturated water content [-], Θr is the soil residual water
content [-], α [m−1], m and n are parameters.

The temperature dependence of hydraulic conductivity is given by [9,23]

K(θ, h) = KsKr(h)
ν(θ0)
ν(θ)

,

Ks [m s−1] is the saturated hydraulic conductivity at the reference temperature
θ0, Kr [m s−1] is the h-dependent relative hydraulic conductivity,

Kr(h) =
√
S(h)

(
1 −

(
1 − S(h)1/m

)m)2

for h < 0 (unsaturated porous media), S(h) = Θ(h)−Θr

Θs−Θr
. Here Θr, Θs, n and

m are positive constants. Finally, ν [m s−2] is the temperature dependent
kinematic viscosity.

Let us note that the equation (7.1) is degenerate with degeneracies in both
elliptic and parabolic parts. It is a common treatment of nonlinear problems
to make the so called Kirchhoff transformation, which employs the primitive
function β : R → R

+, ζ = β(ξ), defined by

β(ξ) =
∫ ξ

0

Kr(s)ds

and converts these degeneracies only to the parabolic term (see [2]). This
formally leads to the system (1.2)–(1.3), where

b(u) := Θ(β−1(u)),

a(θ) := Ks
ν(θ0)
ν(θ)

,

ρ :=
CS�S

Cw�w
,

λ(θ, u) :=
Λ(θ, β−1(u))

Cw�w
,

e(θ, u) :=
ezK(θ, β−1(u))

Cw�w
.
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Let us mention that the structure conditions (A1)–(A3) closely reflect the
physical constraints on the mentioned transport model and experimental ob-
servations. The required regularity and boundedness of coefficients a, b, λ and
e are therefore ensured.

Appendix A. The existence of the unique solution
u ∈ W 2,1

2 (QT ) to the system (5.15)–(5.17)

As claimed in the proof of Theorem 5.1, Step 1, here we prove the following
result.

Theorem A.1. There exists the uniquely determined u ∈ W 2,1
2 (QT ), such that

∂tb(u) = ∇ ·
(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
in QT , (A.1)

u = 0 in ΓT , (A.2)

u(0) = uε
0 in Ω. (A.3)

Before we proceed to prove Theorem A.1, we explore some auxiliary re-
sults.

Proposition A.2. [2, Theorem 1.7, Remark 1.10] There exists the so-called
weak solution u ∈ L2(I,W 1,2

0 (Ω)) to the problem (A.1)–(A.3), such that b(u) ∈
L∞(I, L1(Ω)), ∂tb(u) ∈ L2(I,W 1,2(Ω)∗),

∫ T

0

〈∂tb(u), φ〉dt+
∫

QT

(
a(θ̃ε)∇u+ e(θ̃ε, u)

)
· ∇φ dxdt = 0 (A.4)

for all φ ∈ L2(I,W 1,2
0 (Ω)) and

∫ T

0

〈∂tb(u), φ〉dt+
∫

QT

(b(u) − b(uε
0)) · ∂tφ dQT = 0

for every test function φ ∈ L2(I,W 1,2
0 (Ω)) ∩W 1,1(I, L∞(Ω)) with φ(T ) = 0.

The uniqueness of the weak solution is now proved in the following lemma.

Lemma A.3. The weak solution u ∈ L2(I,W 1,2(Ω)) to the system (A.1)–(A.3)
is unique.

Proof. Assume that there are two solutions u1 and u2 to the system (A.1)–
(A.3). For small ε > 0 let

ψε(z) := min
(
1,max

(z
ε
, 0

))

and set φ := ψε(u1 − u2) as test function in the equation (A.4) to obtain
∫

Ω

∂t (b(u1) − b(u2))ψε(u1 − u2) dx+
∫

Ω

a(θ̃ε)|∇ (u1 − u2) |2ψ′
ε(u1 − u2) dx

−
∫

Ω

∇ ·
(
e(θ̃ε, u1) − e(θ̃ε, u2)

)
ψε(u1 − u2) dx = 0. (A.5)
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Let us mention that the second integral on the left hand side is nonnegative,
therefore

∫

Ω

∂t (b(u1) − b(u2))ψε(u1 − u2) dx

≤
∫

Ω

∇ ·
(
e(θ̃ε, u1) − e(θ̃ε, u2)

)
ψε(u1 − u2) dx. (A.6)

Passing to the limit for ε → 0, we have ψε → H, where H stands for the
Heaviside function, and we arrive at the inequality

∫

Ω

∂t (b(u1) − b(u2))H(u1 − u2) dx

≤
∫

Ω

∇ ·
(
e(θ̃ε, u1) − e(θ̃ε, u2)

)
H(u1 − u2) dx. (A.7)

Let (w)+ = max {0, w} and (w)− = max {0,−w}. Integration by parts yields

∫

Ω

∇ ·
(
e(θ̃ε, u1) − e(θ̃ε, u2)

)
H(u1 − u2) dx

=
∫

Ω

∇ ·
(
e(θ̃ε, u1) − e(θ̃ε, u2)

)

+
dx

=
∫

Γ

(
e(θ̃ε, u1) − e(θ̃ε, u2)

)

+
· n dS. (A.8)

Since u1 = u2 on Γ, the last integral vanishes and (A.7)–(A.8) yield
∫

Ω

∂t (b(u1) − b(u2))+ dx ≤ 0. (A.9)

Let us interchange u1 and u2 to get
∫

Ω

∂t (b(u1) − b(u2))− dx ≤ 0. (A.10)

Now the equations (A.9)–(A.10) yield b(u1) = b(u2) and therefore u1 = u2.
The proof is complete. �

We now prove the L∞-estimate for the weak solution to the system (A.1)–
(A.3). The following lemma together with the linear theory for parabolic prob-
lems (see [17, Chapter III.]) provides the a priori estimate (5.18).

Lemma A.4. Let u be the weak solution to (A.1)–(A.3), then u ∈ L∞(QT ) and

‖u‖L∞(QT ) ≤ ‖uε
0‖L∞(Ω). (A.11)

Proof. Set

φ := [b(u) − b(u∗)]− =
{
b(u) − b(u∗), u < u∗,
0, u ≥ u∗,

(A.12)
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as a test function in (A.4) to get

1
2

∫

Ω

[b(u) − b(u∗)]2−dx+
∫

Qt

a(θ̃ε)b′(u)|∇u|2χ{u<u∗}dxds

−
∫

Qt

∇ · e(θ̃ε, u)[b(u) − b(u∗)]−dxds = 0.

Hence
1
2

∫

Ω

[b(u) − b(u∗)]2−dx+
∫

Qt

a(θ̃ε)b′(u)|∇u|2χ{u<u∗}dxds

≤ ξ

∫

Qt

|∇ · e(θ̃ε, u)|2dxds+ C(ξ)
∫

Qt

[b(u) − b(u∗)]2−dxds

and choosing ξ sufficiently small we can use the Gronwall’s lemma to conclude

1
2

∫

Ω

[b(u) − b(u∗)]2−dx = 0 for almost every t ∈ I.

Now we conclude that the set {x ∈ Ω; u(x, t) < u∗} has a measure zero
for almost every t ∈ I.

Now setting

φ = [b(u) − b(u∗)]+ =
{
b(u) − b(u∗), u > u∗,
0, u ≤ u∗, (A.13)

we obtain using similar arguments

1
2

∫

Ω

[b(u) − b(u∗)]2+dx = 0 for almost every t ∈ I.

Hence the set {x ∈ Ω; u(x, t) > u∗} has a measure zero for almost every
t ∈ I. �

We are now in a position to prove Theorem A.1.

Proof. Let u be the uniquely determined bounded weak solution to (A.1)–(A.3),
which is ensured by Proposition A.2, Lemma A.3 and Lemma A.4. Consider
the problem

b′(u)∂tv − ∇ ·
(
a(θ̃ε)∇v

)
= ∇ · e(θ̃ε, u) in QT , (A.14)

v = 0 in ΓT , (A.15)

v(0) = uε
0 in Ω, (A.16)

where ∇·e(θ̃ε, u) ∈ L2(Ω). Let us stress that there exists some positive constant
b0, such that

0 < b0 ≤ b′(u) ≤ b2 < +∞ (A.17)

as a result of Lemma A.4 and the assumption (3.2). By [17, Chapter III.,
Theorem 6.1. and Remark 6.2] the system (A.14)–(A.16) possesses just one
weak solution

v ∈ W 1,1
2 (QT ). (A.18)
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Now we write the system (A.14)–(A.16) in the form

∂tv − Δv = f in QT , (A.19)

v = 0 in ΓT , (A.20)

v(0) = uε
0 in Ω, (A.21)

where

f := ∂tv − b′(u)
a(θ̃ε)

∂tv +
1

a(θ̃ε)
∇a(θ̃ε) · ∇v +

1
a(θ̃ε)

∇ · e(θ̃ε, u).

By (A.17), (A.18) and the assumptions (A1)–(A2) we have f ∈ L2(QT ). Fol-
lowing the linear theory for parabolic equations [17, Chapter III.] we get the
uniquely determined strong solution of the system (A.19)–(A.21)

v ∈ W 2,1
2 (QT ).

This yields the regularity v ∈ W 2,1
2 (QT ) for the system (A.14)–(A.16). By the

uniqueness of the solution v to the system (A.14)–(A.16) and the uniqueness of
the weak solution u to the system (A.1)–(A.3) we conclude u = v ∈ W 2,1

2 (QT ).
This concludes the proof of Theorem A.1.
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