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gradient quadratic lower order terms
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Abstract. In this paper we deal with solutions of problems of the type

iy (alz)Du = b@)|Dul? i
{ —le<(1+|u|)2> tu= T tf in€,

u=0 on 0f),

where 0 < o < a(z) < 3,]b(z)| < 7,7 >0, f € L*(Q2) and Q is a bounded
subset of RY with N > 3. We prove the existence of at least one solution
for such a problem in the space W' (2) N L?(Q) if the size of the lower
order term satisfies a smallness condition when compared with the prin-
cipal part of the operator. This kind of problems naturally appears when
one looks for positive minima of a functional whose model is:

_a |Do® v 2
(CR N A N R AL

where in this case a(z) = b(z) = a > 0.
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1. Introduction

In this paper we prove existence results for a class of nonlinear elliptic prob-
lems with lower order term having quadratic (natural) growth with respect
to the gradient and whose principal part is strongly degenerate. Our model
problem is:

dw<<1+|u>2) tu= B+ e,
u =0 on 012,

(1.1)

where o, v>0, f € L™(Q) with m >2 and Q is a bounded subset of RV, N >3.

® Birkhduser
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If o =+, such kind of problems naturally appear as the (formal) Euler—
Lagrange equation satisfied by the positive minima of functionals J of the

type
1 OtlD’U|2
J(U) - 2/ (1+|U| / |U‘2 /fU

Following the ideas of 7] the natural space to look for minima of J is the
space W, ' (Q) N L2(Q).

We deal with solutions of a class of problems that, in general, do not
have a variational structure. Specifically, let a(z) be a measurable function
such that for some positive constants a and 3 it holds

0<a<a(x) <p. (1.2)
Let also H(z, s, &) be a Carathéodory function such that
1€1?

H S A 1.3
for some v > 0. Suppose moreover that
flz) e L™(Q), m>2. (1.4)

Under the above assumptions, we study the existence of solutions u of the
following boundary value problem:

—div<(‘§<j>f|;g> +u=H(z,u,Du)+ f inQ

u=0 on 09,

(1.5)

in the following sense:
| Dul?
(14 |ul)?

/Qa( fjﬁf /uw /quDuw/fw,

for every ¢ € Wy*(Q) N L>=(Q
Note that every term in the above 1ntegral identity makes sense. Indeed,

by the assumptions (1.2) and (1.3), if (Jf‘uull)g € LY(), then it follows that

ez € L@ and H(z,u, Du) € L'(Q).

We also observe that the presence of the zeroth order term in the left
hand side in the equation is crucial. Indeed it gives a sort of coerciveness to
the equation and it allows us to deduce that the differential operator is well
defined in the space Wy (€2) N L?(£2). We basically recover the same type of
results proved in [8] for H(z, s,£) = 0. Equations with this type of degenerative
coercivity have been introduced in [9] and also studied in [6].

Now we state our main results.

u e Wyt (Q) N L*(R), such that e LY(Q),

and
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Theorem 1.1. Assume that (1.2), (1.3) and (1.4) hold true. If

a% -5 >0, (1.6)
then there exists a solution u € Wy (Q) N L™(Q) of (1.5).

Moreover:
(1) if2<m<4, thenu € W&E(Q),
(2) if m >4, thenu € W&’Q(Q);
(3) if m > max{N, (2 +1)}, then u € Wy () N L2 ().

We first notice that assumption (1.6) relies to be a size condition on
the right hand side in the equation of (1.5). Actually it means that the term
H(x,u, Du) cannot exceed the principal part of the operator, up to a coeffi-
cient % that depends on the regularity of the datum f. This kind of condition
is not completely new and naturally appears in this type of problems (see for
instance [1] and [15]).

Note that if f € L?(Q), the condition (1.6) implies that o > « and thus
Theorem 1.1 does not cover the case m =2 and a = 7.

We show that the arguments used to prove the Theorem 1.1 can be
adapted to the case m = 2 and a = « provided that f belongs to a slightly
smaller space than L2().

Theorem 1.2. Assume that (1.2) and (1.3) hold with oo = . If

/Q P log(1+ |]) < oo,

then there exists a solution of (1.5).

The technique we use to obtain the existence of a solution in Theorems 1.1
and 1.2 relies on approximate (1.5) by a sequence of nondegenerate problems
with L*°(2)—data for which we prove suitable a priori estimates and com-

pactness results. Specifically, if f,(x) = % and H,(z,s,§) = ﬂ“’l‘s&%,

we deal with a sequence {u,} C Wy*(€2) N L>°(2) such that:

/Qm+/Qunz/;:/QHn(x,un,Dun)z/)-&-/anw, (1.7)

for any ¢ € Wy *(Q) N L>®(2), where for any k > 0,T,(s) is the classical
truncation defined by Tj(s) = min{k, max{—k, s}}. Hereafter we also denote
Gr(s) = s — Ti(s).

We remark that the existence of such a sequence is a consequence of [12].
In order to prove that (1.5) is solvable, we pass to the limit in (1.7). The
difficulty to make it is twofold. From one side we need to prove a strong L'
compactness of the lower order term that has natural growth with respect to
the gradient. On the other hand, the strong degeneracy of the principal part
of the operator forces us to change framework. Indeed, we cannot expect the
solutions to belong to I/Vol’2 (), but we look for them in a bigger space, namely
VVO1 o1 (Q)NL2(£2). Tt, consequently, implies that we need to prove a compactness
result in such a space.
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In addition, we prove that the condition on the integrability of | f|? log(1+
|f]) in Theorem 1.2 can be overcome in the case that (1.5) is variational. Spe-
cifically for f € L?(2), and a(z) satisfying (1.2), we look for solutions of the
equation

/Q (( zrDZII)M /wp /f +/ 1+|i|)|281gn(U)¢7 (1.8)

for every ¢ € Wy'?(2)NL>(Q). Note that if u € W, (Q)NL2(Q) and ﬁ €
L'(€2), then the functional J defined for v € W' () N L2(R2) by

1 a(z |DU|2 2 v, i 0,
T(v) = 2/(1+Iv| /H /f * Jo i <+ (1.9)

400, otherwise

is differentiable at u along every direction ¢ € W, 2(Q) N L™(Q) with
derivative

< J'(u), o >
= Du u Msinu
A Ry R KT e O

Hence every minimum of J is a solution of (1.8).

In [7] it was proved the existence of a function u € W, (2) N L2(€2) such
that J(u) < J(v) for any v € W, (). We slightly improve such a result (see
Theorem 4.1 below) by showing that w is in fact a minimum for J in the whole
W,y () N L2(Q) and, therefore, a solution of (1.8).

Observe that in case that f > 0, it is not difficult to prove that the min-
imum w is positive (J(u) > J(u™)). Hence, if furthermore the function a(z) is
constant, i.e. a(x) = a > 0, then problem (1.8) relies to be in the limit case
(condition (1.3) holds with o = ) and (1.8) becomes (1.1).

2. A priori estimates
In this section we assume (1.2), (1.3) and (1.4) and we suppose that
am—1)—~v>0 (2.1)

holds true. Notice that such an assumption is less restrictive than (1.6), since
m > 2.

Lemma 2.1. Assume that (1.2), (1.3), (1.4) and (2.1) hold true. If u, €
W,y (2) N L>2(Q) is a solution of (1.7), then for any k > 0,

/Q G un)|™ < /{ L (2.2)

Moreover, there exist R > 0 and Co depending on || f|m(q), o and v, such
that

[ 1D+l < R, (2.3)
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and, for any k > 0,
/ |DTy.(un)|* < Co k. (2.4)
Q

Proof. As we have already noticed, the existence of a solution u,, € W, 2(Q)N
L*>(Q) solving (1.7) is a consequence of [12].

Let us choose ¢ = |Gy (u,)|[" 2Gr(u,) as test function in (1.7), and use
(1.2) and (1.3) to deduce that

B O
e s e iy AT O
| Dy, |2

< [ 1lGuun)™ 4 [ S G2 G

Thus, joining the terms involving the gradient, we get

e

+ | |GE(un,)|™
ey (I TunlE T J |G ()]

“Da— |Gk(un)| |Dun|2 w.)|m—2 w w1
< [ [m-van Eeteal] Bl im 2 [ it

< [ 151G ().

By (2.1) the first term is positive and consequently, by (1.4) and Young inequal-
ity, we derive that (2.2) holds true for any k > 0.

Let us choose now ¢ = [(1 + |u,|)™ ™! — 1] sign(uy,) as test function in
(1.7). Again, using (1.2), (1.3) and (1.4), we have by Hélder inequality

|Dun‘2 m—2
((m—1)a—7) /Q m(l + |tnl)

< Lm(m( /Q (1+ un>m)1_3"'. (2.5)

By (2.2) with k& = 0, (2.3) follows.

Finally we prove (2.4). If m > 4, as a consequence of (2.3), the whole
sequence {u,} is bounded in W, *(Q) and (2.4) holds.

In the case 2 < m < 4, consider ¥ = Ty (u,) as test function in (1.7).
Using as usual (1.2) (1.3) and (1.4), we deduce that

(1 + [un])?
< k([ fller @ +vR),
which also implies (2.4). O

DTy (uy,)]?
a/{l | }M+/ un T (tn) < k(|| full 2 (@) + [1Hn (2, i, Dun) 13 2)
un | <k Q

Remark 2.2. Since m > 2, the growth assumption (1.3) on H(z, s,€) and (2.3)
imply that there exists M = M(R) such that

/\H(xu Du)|<7/w<M (2.6)
o et DS oG s < M '
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As a consequence of the estimates of Lemma 2.1 we obtain the following
convergence results.

Proposition 2.3. Assume that (1.2), (1.3), (1.4) and (2.1) hold true. If {u,} is
a sequence of solutions of (1.7), then there exists u € Wy () N L™(Q) such
that, up to a subsequence,

Uy —u in Wy () and in L™().
In addition:
(i) if m > 2, then
Uy — u  weakly in Wy U(Q) with q = min{%, 2};
(ii) if m > max{N, Z (1+ 2)}, then u € L>(Q).

Remark 2.4. A consequence of the strong compactness in L'(Q)Y of Du,, is
that, up to a subsequence, Du,,(z) — Du(z) a.e. in .

Remark 2.5. By the previous remark and the Fatou lemma we deduce from
(2.3) that

/ |Dul?(1 + |u))*~™ < R.
Q

We also have, once again by (2.3) and the a.e. convergence of Du,, that
Du, Du
-z 3
(1 |un])*2 (1+ Jul)* 2
Proof of Proposition 2.3.

weakly in L*(Q)V.

Step 1. Almost everywhere convergence of the sequence {uy,}.
We observe that, since m > 2, a consequence of the estimate (2.3) is

2
/ NPwl g
o (1+ [unl)
So that the sequence {log(1+|u,|)} is bounded in W, ?(Q2) and, by the Rellich-

Kondrakov compact embedding, it is compact in LP(Q), for any 1 < p < 2*.
Hence there exists a function u such that, up to subsequences,

up(z) — u(x) a.e. in Q.

Step 2. Weak convergence of truncations Ty (uy) in Wy ().
Thanks to Fatou lemma we deduce from (2.2) that u belongs to L™(2). More-
over by (2.4) we have that, up to subsequences,

T (up) — Tp(u) —in Wy(Q). (2.7)

Step 3. Strong convergence of u,, in L™(Q).
Notice that, by (2.2) with k& = 0, we have, for any j > 0

.

meas(j < fu,|} < —
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Thus, for any € > 0, there exists j*(¢), independent from n, such that for any
J > g% f{‘u >} |f|I™ < e, thanks to the absolute continuity of the

1ntegra1
Hence, for every measurable subset £ C 2 and any positive j we have,
by (2.2), that

/ g | < 2 / 1T () + 27 / G ()™
E E Q

< 2™~ immeas(E) + 2m 1 / |f|™ < 2™ j™meas(E) + ¢,
{lun|>4}

that implies the equi-integrability of the sequence {|u,|™}. The almost every-
where convergence of u,(z) to u(z) and Vitali Theorem imply that w, con-
verges to u in L™ (2).

Step 4. Du,, — Du weakly in L*(Q)N
We follow the ideas contained in [8]. For any measurable set E C 2 we have,
using (2.3) with m = 2,

| Dy, |
Du,| = 1+ |u
/E| | /El+|un|( )

<[] [fovm] <] fomo]

Thanks to Vitali Theorem and by Step 3 we have that

lim / |Duy| =0, uniformly with respect to n.
meas(E)—0 /g

Thus by Dunford Pettis theorem, we deduce that Du exists in L'(Q)Y and
that it is the weak-L(Q)" limit of Du,,.

Step 5. Strong convergence of Du,, to Du in L*(Q).

For the proof of this step, we have been inspired by [2] and [5]. For k,h > 0,
let us choose ¢ = Tj, [u, — Ty (u)] as test function in (1.7) (this test function is
admissible since Ty (u) € W,*(Q) N L®(Q)) and we obtain

_a@Dun o o Tl ST (u
/Q(l—i—|Tn(un)|)2DTh[ n—Tk( )]JF/Q nIhlun—Tr(w)] <hM, (2.8)

where M = || f|| + v R. By (2.7) we have

LY(®)
lim a(x) DTy (u)

nso Jg —(1 n |Tn(un)|)2DTh[un - Tk(u)] =0.

Moreover, thanks to the L? convergence of u,, the second integral in (2.8)
converges (as n diverges) to a positive number. Thus, it yields to

|DTh Un — ( )H
/ ) < hM + w(n), (2.9)
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where by w(n) we denote any quantity that vanishes as n diverges. Hence, by
Holder inequality, we deduce that

/{ﬂ ~wl= [ DT o~ Ti(w)]
|DTh Ty (u)]
/ = ; (1

where in the last 1nequahty we have used (2.9) and (2.2) with m = 2 and
k=0.
Fix, now, € > 0 and h > 0 such that Cy 1/% < e. Thanks to Step 4 and

the absolute continuity of the integral, there exists k* (independent from n)
such that, for & > k*, we have

/ Duy| +/ \Dul < e. (2.11)
{Iu[>k} {lul>k}

In addition, by the convergence in measure of u,, to u, Step 4 and once
again by Dunford Pettis Theorem, we deduce that there exists n(h,¢) such
that, for n > n(h,€), we have

/ |D(u, —u)| <e. (2.12)
{|trn—u|>h}

As a consequence of (2.10), (2.11), (2.12), we conclude

[ 1Dt =)

/\un—u\<h “"/\un—«xh - u)|+/ | D(un — u)l
{ Tu< { B {Jun—ul>h}

< 3e+w(n )7 Vn > n(h,e)

This proves the strong convergence of Du,, to Du in L'(Q)V.

Step 6. We prove, following the idea of [10], that (i) holds true.

It is clear that if m > 4, then (2.3) directly implies that the sequence
{un} is bounded in Wy*(Q).

On the other hand, if 2 < m < 4, we use Holder inequality with exponents
= and ——, to obtain

mo ‘Dun|ﬂ m(4—m)
/Q ol = | A [y T (L F )

<[ ftepes] [fomar]

Hence, in this case, we conclude by using (2.2) and (2.3) that the sequence
{un} is bounded in W01’7(Q).
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Therefore, in both cases, {u,} is bounded in W, %(Q), with ¢ =
min{%,2}, and consequently (i) is easily deduced.

Step 7. Finally, we prove that (ii) holds.
Since m > §(1+ 2), we have (2 —1) < % — 1. Let us choose ¢ > 0 such
that

1 /v m
- ——1) m_q
2(a SOSN

By (1.2) and (1.3), if we take [(1 + |u,])27F — (1 + k)29 1] Fsign(u,) as test
function in (1.7), we get

(2‘7+1)0‘/Q|DGk(Un)|2(1+|un|)2”_2+/QIun\[(1+|un|)2“+1—(1+k)2"+1]+

DG () 2ot 20+1 _ 20+17+
< ’Y/Q 1+ [un])® (1 + Jun)) +/Q [l [(1+|un|) (1+k) ]

By Sobolev and Young inequalities, we deduce that:

(20 +1)a - ﬂsz(/{K| 0 7 - (1 mf‘)z*

g
< / 1 +/ Cy f272 < Cpumeas {k < |u, [} =55,
{k<|un|} {k<|“n|}

where S denotes the best constant in Sobolev inequality. Defining 2z, = (1 +
|un|)” and h = (1 + k)7, the above inequality becomes

(20 + 1)a —ﬂfi(/{h%}(zn - h)2*>22* <C

Since the assumption o < & — 1 implies that 5= > 1 — , the boundedness
of the sequence {z,} (and then of {u,}) follows by Lemma 3 1 1in [16]. O

20+2

Remark 2.6. Observe that if 2 < m < 4, then it is easy to deduce the strong
convergence of u,, to u in Wy4(Q) with ¢ = m/2. Indeed, since we know that
Uy, 1s strongly compact in L™ () and its gradient a.e. converges in €, for any
E C Q measurable, we have by (2.3):

Dup 1% S 4
Dn E 1 nm SRRC nm
o< | trvmuyes) [ o] " smt] [

for a positive constant C. Hence by Vitali Theorem u,, is strongly compact in
Wy ().

3. Passing to the limit

This section is devoted to the proof of Theorem 1.1, which follows the ideas of
[1], [4], [11], [13] and [14].

Proof of Theorem 1.1.  We first observe that since m > 2, condition
(1.6) implies (2.1). Hence the results of the previous section hold true. Let



1750 D. Arcoya, L. Boccardo and T. Leonori NoDEA

a —v >0 and let us define the following function:

e if s >0,
9(s) = { S a<o (3.1)
m, 18 s < U.
Observe that g € C*(R) verifies
a%y'(s) — 7 >0, nR, (3.2)
g(s) >0, in R.
Moreover, we define the following family of cut-off functions:
Ri(s) =1—|T1(Gr(s))|, Yk >O0. (3.3)

Clearly, Ry, > 0, supp Ry(s) C [~k — 1,k + 1] and

1 if —k—1<s<—Fk,
R(s)=< -1 if k<s<k+1, (3.4)
0 otherwise.

To show that u is a solution of (1.5), the first part is the proof of the
inequality

a(x)DuD¢ /
/Q (1+ ful)? Q Q Q
for any ¢ € Wy2(Q) N L®(Q), ¢ > 0.
First of all, note that the a.e. convergence of Du,, (see Remark 2.4) and
its L? boundedness (see (2.5)) imply both

Du m Du -
™ g7 n 50?2 Klv in L2(OWN 36
T TallehE? ) ™ G pape?” () veskly i L), (36)
and
Du, 1 Du

1 -
T Tl o) Qg% ey n PO G0

where g¢ is the function defined in (3.1).
Recalling also the definition of Ry given (3.3) we use

_ gg(un)
0= 9% (u)

Ry (u)o
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as test function in (1.7) and we deduce that
/ a(z)Du,D¢ g% (un)R (u)— m a(z)Dup,Du g7 (uy)
o (I+Tn(lun)))? g% (u) o (14 T([unl))? g5+ (u)

/ a(x) Dun Du g”( n)
14+ T (|unl))? g% (u)

g'(u) Ry, (u)¢

Ry (u)¢

YA
—/QHn(x,un,Dun) g,;(( )) W)
+/Qu gg ( u)p = /fn 7 Fw)o, (3.8)
Using (1.2), (1.3), (L.6) and (3. )Wehave
D ) ~ oot Do)
2 oo - | P =0 (39)
Hence, by Fatou lemma, we obtain
'y [ AT g“f“f) = f D)
m/ 1+D‘Z|D“g ¢ — /quDu)gb (3.10)

R
In addition, since ¢ € W,*(Q) and k<u)) is bounded, by (3.6) we have

o [ e@DuDs gt [ a@DuDg
I | () Ratw) = | O e,

Similarly, using the strong L™(€2) compactness of (u, — f,), we also deduce
that

. _ g%(un) wWo — w— U
Ji [0S R = |- DRwe. G

On the other hand, it is not hard to see that
Du
gF W)’
so that, again by (3.6), we have:
m a(z)Dup,Du g% (uy,)
n=oo 2 Jo (14 Th(|unl))? g%+ (u)
m [ a(x)DuDu ¢’ (u)

=T oy Wl glw) O

9'(u)R(u) € L*(Q)",

g'(u) Ry (u)¢
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Moreover, we claim that

lim lim ()DunDu g?m(un)
k—oon—o0 Jo (1+ Ty(lua]))? g% (u)

R (u)¢ = 0. (3.12)

Indeed, recalling (3.4) we deduce that

m

. a(x)Du, Du 92 (Un DuDu
nli‘go/guwnuunn) u)é = / Tt u? e

Choosing 9 = T1(Gk(uy)) as test function in (1.7), we obtain

/ a(z)DupDus,
Jik<tun <k+1y (14 Tn(lunl))?

</ L |+/ |Dun|2 </ I H‘/ |Dun|2
S n VYo S n Yo
(k< |un|} e<tunly (L [unl)® = Jip<iualy (e<lunly (L [unl)?

Using Fatou lemma and Remark 2.5 we deduce that
DuD

lim a(x)Du 2u _
k=00 J th<ful<itry (1+]ul)

< /{kgxunl} [fnl +/Q|H(ac,un,Dun)HTl(Gk(un))‘

9

and (3.12) follows.

Gathering together (3.10), (3.11), (3.12) and passing to the limit in (3.8)
first with respect to n and after as k tends to infinity, we deduce that (3.5)
holds true.

We want, now, to show that the reverse inequality holds true, namely
that

/Qmpuer/ﬂwpz/QH(x,u,Du)qur/Qm (3.13)

for any ¢ € Wol’2(Q) N L (), ¢ > 0. In order prove such inequality we
choose

ELO)
Y= 0T ()

as test function in (1.7) and we get

Ry(u)o

m

( )DunDd) 92( ) u a(x)DunDU g%(u) " (u
|, |un\>> Fluy,) ) /Q<1+Tn<|un|>>2g’5‘<un>3’“( )¢
Lm DunDu gﬂ’l(u)

+/Qun ¢/fnm Ry (u)o

= m/ 1+;)u|7;i)|un ’g”il((u) )g/(un)Rk(u)(b
T,u )2  (u) u
—l—/QHn( s Uy D n)g%(un)Rk( ). (3.14)
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We follow, step by step, the proof of inequality (3.5) with just a small change.
Indeed we can pass to the limit in the left hand side above exploiting that
(3.11) holds and using (3.7).

In order to get rid of the right hand side of (3.14) we use Fatou lemma,
using that

[7; %9’%)  Hy (. D“n)g“‘”)] Rk(“)(bm

m 9% (u)  |Duyl?
> [ag (un )Ry (u) — ’Yg(un):| Rk(u)(bg%ﬂ(un) (1 + |uy))?

2
where last inequality holds since g verifies (3.2). By applying Fatou lemma
we deduce the convergence of the right hand side of (3.14) and consequently
(3.13) follows.

Gathering together (3.5) and (3.13) we deduce that v € W, (Q)NL™(Q)
solves (1.5) for any test function ¢ € Wy *(Q) N L () positive. In order to
generalize it to any test function (without any restriction on its sign) we just
have to deal first with its positive part and then with its negative part.

Finally, the regularity results (1)—(3) of Theorem 1.1 are a direct conse-
quence of Proposition 2.3. 0

4. The limit case

This section is devoted to prove the results in the limit case. We start by prov-
ing Theorem 1.2, that is, the existence of a solution in the case a = ~y if the
datum belongs to a smaller space than L?(().

Proof of Theorem 1.2.  The proof follows the steps of Theorem 1.1.

Step 1. u,, a.e. converges to u € L*(Q).
Let us consider the real function 7 given by

n(t) = (1 + |t]) log(1 + |¢])sign(t), te€R.

Choosing ¥ = n(u,) as test function in (1.7), we deduce, by (1.2) and (1.3)
with o = 7, that

o ‘D“”' u /|u||u|</|f||u|+a/W<u>

In(t)\
+ 1t

|Dun| 1/
o | G+ [ i)
<[ A+ [ Flln(un)]
{3 lunl<If1} {Glunl>|F1}
1
/ A2l [ ()
{Zlunl<IfI} {Glunl>|F1}

Since 7'(t) — =1 for every t € R, we derive that

IN
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and, consequently, there exists a constant C; > 0 such that

| D, |2 1
o [ @2l [t < {1+ [ 1100 +17) ).

This implies that log(1+ |u,|) is bounded in W, *(2) and Step 1 is concluded.
Step 2. A priori estimates.
Choosing now, for any k > 0, ¢ = n(Gj(uy)) as test function in (1.7)
and arguing as in the above Step 1, we deduce that

|DGr(un)]* | 1 2
[ 5 [ Gt < aa(e [ iriogta 1))

Step 3. Du,, weakly converges to Du in L*(Q)"N.

Arguing as in Steps 3 and 4 of the proof of Proposition 2.3, we get the
strong compactness of the sequence {u,} in L?(2) and the weak L'(2)" con-
vergence of Du,, is deduced.

Step 4. u is a solution of (1.5).

Following the ideas of Step 5 of Proposition 2.3, it is easy to show the
strong compactness of u,, in Wy (Q).

Thus, in order to prove that w turns out to be a solution of (3.13), we
first show that it is a subsolution of (1.5), i.e. u satisfies (3.5). To make it, we
follow the ideas of the proof in Theorem 1.1 by choosing in this case, for any
positive k, the test function

in (1.7), where ¢ € Wy*(2) N L>®(),¢ > 0, Ri(s) is the function defined in
(3.3) and h(s) is given by

1+s ifs>0
hs) = { if 5 < 0. (4.1)
-5
Notice that h is positive, increasing and it verifies
h(s .
B (s) — 1 —l(- |l| >0 in R.
Hence, we perform the same proof of of the first part of Theorem 1.1 and

we get (3.5).
Analogously, in order to prove that w is supersolution of (1.5) [i.e., u
verifies (3.13)] we deal with the following test function:

h(u)
in (1.7), where ¢ € Wy *(Q)NL>®(Q), ¢ > 0, Ry (s) is defined in (3.3) and h(s)
in (4.1). Following the second part of the proof of Theorem 1.1, we obtain
(3.13). Thus we deduce the existence of a solution for (1.5) just by gathering

together (3.5) and (3.13) and dealing, as before, with the positive and negative
part of ¢. O

Y= Ry (u)é
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Finally, we prove the existence of a minimum in W' (Q) N L?(2) of the
functional J given by (1.9). As it has been mentioned it implies the existence
of a solution for (1.8). The proof is essentially contained in [7].

Theorem 4.1. If f € L*(Q) and a(z) satisfies (1.2), then there exists a solution
of (1.8) which is a minimum in W' (Q) N L3(Q) of the functional J defined
in (1.9).
Proof. In [7] it is proved the existence of a function u € Wy''(Q) N L?(2)
such that

J(u) < J(v), Yve W2 (Q), (4.2)

where J is the functional given by (1.9).

We claim that  is a minimum in the whole W' (€2) N L2(Q). Indeed,
assume by contradiction that there exists w € Wy (Q) N L*(Q) such that
J(w) < J(u) < +oo. This implies that

a(z)| Dw|?
J T <+ )

and consequently

lim sup J (T (w)) < J(w) + kli_)ngo Qka(w) = J(w) < J(u).

k—o0

In particular, if we fix k large enough, the function z := T} (w) € Wy (Q) N
L>°(Q) satisfies

J(z) < J(u). (4.4)
Since z € L*°(Q) and (4.3) holds true, we get from (1.2) that

@ a(z)|Dz|?
— [ |D 2</7<+ :
<1+||z||oo>2/g‘ A= e <

ie., z € W ?(Q) N L>®(Q). Therefore (4.4) contradicts (4.2) proving that nec-
essarily

J(u) < J(v), Yve Wa'(Q)nL*(Q)
and, thus, u satisfies (1.8). O
Remark 4.2. Observe that, if the solution is bounded, then the principal part of
the operator is not anymore degenerate and the existence of a solution of (1.1)

becomes trivial. Hence, we want to stress that if the datum on the right hand
side is not sufficiently regular, then unbounded solutions may exist. Indeed

assume that f(z) = 76‘(1\'7‘;)‘“77 — 1, then a positive solution of
. Vu |Vu|? .
4q _ SV A B(0,1
1V(a(1+u)2>+u ’y(l+u)3 f(z) in B(0,1),

is u(|z|]) = & — 1. Since f belongs to L™(B(0,1)), ¥1 < m < N, accord-

E
ing to the hypotheses of Theorem 1.1, we can only deduce that u belongs to
W, 2(2) N L™(B(0,1)), but not to L>®(B(0,1)).
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