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1. Introduction

In this paper, we deal with the following second order periodic problem:

{—u”(t) = f(t,u(t)) a.e.on T = [0, ], (1)
u(0) = u(b), u'(0) = (b).

In this problem the reaction term f(¢,x) is jointly measurable and C! in the

z-variable. The aim of this work is to prove a multiplicity theorem when the
problem is resonant both at infinity and at zero. Such problems are known in
the literature as “doubly resonant”. Resonant Dirichlet equations, but with the
resonance only at infinity and only with respect to the first two eigenvalues,
were studied by Dancer and Gupta [7], Gupta [10], Tannacci and Nkashama
[11] and Sanchez [18]. Doubly resonant Dirichlet equations of higher parts of
the spectrum were investigated by Su and Li [19] and Zou [22]. For periodic
equations, we have the recent work of Su and Zhao [20]. With the exception
of Su and Li [19], all the other works produce two nontrivial solutions. Su
and Li [19] dealing with Dirichlet equations, produce six nontrivial solutions.
Here under more general hypotheses on the reaction f(¢,z), we produce six
nontrivial solutions for the periodic problem (1). Our approach combines varia-
tional techniques based on the critical point theory together with Morse theory.
In the next section, for the convenience of the reader, we recall the main math-
ematical tools that we will use in this paper.
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2. Mathematical background-hypotheses

Let X be a Banach space and X* its topological dual. By (-,-) we denote the
duality brackets for the pair (X*, X). Let ¢ : X — R be a C! function. We
say that ¢ satisfies the “Cerami condition” (the “C-condition” for short), if
every sequence {z, },>1 € X such that

{p(x,)} C Ris bounded and (1 + ||z, ||)¢’ (z,,) — 0 in X*as n — oo,

has a strongly convergent subsequence. Using this compactness type con-
dition, we have the following minimax theorem for the critical values of a
C'-functional, known in the literature as the “mountain pass theorem”.

Theorem 2.1. If X is a Banach space, ¢ : X — R is C', satisfies the
C-condition,xg, x1 € X,0 < p < ||lz1 — xo|, maz{p(zo), p(x1)} < infp(x) :
|z = zoll = p] = mp, and

c = inf max @(y(t)) where T := {y € C°([0,1], X) : v(0) = zq, (1) = x1},
~erl te[0,1]

then ¢ > n, and c is a critical value of .
For ¢ € C1(X) and ¢ € R, we introduce the following notation:
={reX:p)<c}, K={zeX:y(r)=0} and
K¢ ={xe K¥:p(x)=c}
If (Y1, Y>) is a topological pair with Yo C Y7 C X, then for every integer k > 0,
by Hy (Y1, Y2) we denote the kth-relative singular homology group for the pair
(Y1, Y3) with integer coefficients. The critical groups of ¢ at an isolated critical
point zg € X with ¢(x¢) = ¢ (i.e., zg € K¢), are defined by
Cr(p,x0) = Hi(e° NU, o NU\{x0}), for all k > 0,
where U is a neighborhood of zy such that K% () ¢°(U = {zo} (see [6,13]).
The excision property of singular homology, implies that the above definition
is independent of the particular choice of neighborhood U of xy. Assume that
¢ € C(X) satisfies the C-condition and —oo < inf p(K%). Let ¢ < inf p(K¥).
The critical groups of ¢ at infinity are defined by
Ci(p,00) = Hp(X, %) for all k >0, (see [5]).

The second deformation theorem (see, for example [15, p. 274]), implies that
the above definition is independent of the particular choice of the level ¢ <
inf p(K%).

If K% = {x0}, then we have Cj(p, 00) = Ci(p, o) for all kK > 0. The next result
is useful in computing the critical groups at infinity. It is a slight generaliza-
tion of a result of Perera and Schechter [17], suitable for functions ¢ € C*(X)
which satisfy the C-condition (see [12]).

Proposition 2.1. If H is a Hilbert space, {p;}ieo,1) € CLH(X), ¢} and Oyp; both
are locally Lipschitz, ¢y and @1 satisfy the C-condition, and there exist a € R
and § > 0 such that

pr(u) <a= 1+ [[ul)llei(u)l =6 for allt € [0,1]
then Ci(¢o,00) = Ci(p1,00) for all k > 0.
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Remark 2.1. Note that in particular, if there exists R > 0 such that
inf [(1+ [[ul)lo;(w)]l - ¢ € [0,1], |lul > R] >0,
inf [lo¢(u)]| : ¢ € 0,1], |lul < R] > —o0,
then C(¢o, 0) = Ck(p1,00) for all k > 0.
We set
my(z) = rank Ci(p, z) for € K¥ and 0 = rank Cy(p, 00) for all k > 0
and we introduce the polynomials
P(t,x) = ka(m)tk and P(t,00) = Zﬂktk for all t € R.
k>0 k>0

The Morse relation says that there exists a polynomial Q(¢) with nonnegative
integer coefficients such that
> P(t,z) = P(t,00) + (1+1)Q(t) forallteR. (2)
zeK¥
Also, if my = > e mi(z) (the Morse-type numbers for ¢) and By (the
Betti-type numbers for ¢) are as above, then we have the Morse inequality
q q

S (1) =D (1) R, geN.

k=0 k=0
Let X = H be a Hilbert space and let ¢ € H be an isolated critical point of ¢.
Let U be a neighborhood of ¢ and assume that ¢ € C2(U). The “Morse index
of x¢”, is the supremum of the dimension of the subspaces of H, on which
@ (x0) is negative definite. The “nullity of x(”, is the dimension of the kernel
of ¢"(xp). We say that xq is “nondegenerate”, if the nullity of z is zero (i.e.,
¢"(xp) is invertible). Suppose that ¢”(x) is a Fredholm operator. We have
the following facts about the critical groups of ¢ at zq:

(a) if 2o is “nondegenerate” critical point of ¢, then
Cr(p,20) = Ok,puoZ for all k > 0,

where o is the Morse index of xg.
(b) if ¢ is possibly degenerate with Morse index ¢ and nullity v, then

Cili,x0) = 0 for all k & [uo, po + vo].

Part (b) is known as the “Gromoll-Meyer Theorem” (see [9]).
Next, consider the linear eigenvalue problem:

—u"(t) = u(t)on T =0, b], wu(0)=mu(b), u'(0)=1u'(b). (3)
It is well known (see, for example, [15, p. 309]), that the eigenvalues of (3)
are {\, = (%T”)Q}nzo. All eigenvalues A, for n > 1 have multiplicity equal to
2 and the corresponding eigenfunctions are nodal (i.e., sign changing). Also,
Ao = 0 has multiplicity 1 and the corresponding eigenspace is R (the space

of constant functions). In what follows, by E(Ar) we denote the eigenspace
corresponding to the eigenvalue A\, k > 0.
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In the analysis of problem (1), we will use the space

WL2(0,b) = {u € WH2(0,b) : u(0) = u(b)}.

per
It is well known that W:7(0,b) is compactly embedded in C(T'). In what fol-

lows, by || -|| we denote the norm of WL2(0,b) and by (-, -) the duality brackets

per

for the pair (W22(0,b)*, W2(0,b)) . Also in the sequel for notational econ-

per per

omy, we set W = W1 2(0 b). For every integer k > 1, we have the orthogonal

per
direct sum decomposition

W=W, 1®EM)® Wk+1,

where Wi_1 = @f;olE()\i) and /V[7k+1 ®i>k+1E(N\;). So, every v € W admits
the unique sum decomposition

u=u4+u’+7, with weWi 1, u’€BEN), @€ Wi
We will also use the space C(T) = CHT)NW = {u € CHT) : u(0) = u(b)}.
Note that C(T') is an ordered Banach space with positive cone
Ciy={ueC(T): u(t)>0 foralteT}.
This cone has a nonempty interior given by
intCy ={ueCy:u(t)>0 foralteT}.
Finally let A : W — W* be defined by

b
(A(u),y) = /0 o' (t)y (t)dt for all u, y € W.

Evidently A € L(W,W*).
Next let us introduce the hypotheses on the reaction term f(t,x):
H: f:T xR — Ris a function such that

(i) for all x € R,t — f(t,x) is measurable;
(i) for a.a.t € T,z — f(t,z)is C! and f(¢,0) = 0;
(iii) for a.a.t € T and all x € R, we have
|fo(t,x)] < a(t)(1+ |z|"72%) with a € L®(T) 4, 2 <7 < +o0;

(iv) there exist an integer m > 1,a € (0,1) and 0o, € L>®(T),05 < 0 a.e.
on 7T, 0 # 0 such that

t
lim M = A\, uniformly for a.a. t € T
|z]—o00 x
and if fo(t,z) = f(t,2) — A, then
lim Joclt:z) 0 and limsup ——>—-— Joo(l, 5 z)z < 0o(t) uniformly for a.a. t € T}
lz|—oo  |T|® |z [

|z|—00
(v) there exist an integer i > 1,i # m, 3 > 1 and 6y € L>(T),6p < 0 a.e.
on T, 6y # 0 such that

t
L f)

B = )\; uniformly for a.a.t €T
z|—0 T
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and if fo(t,z) = f(t,2) — A\jz, then

fO(tvx) . fO( ) .
=0 and limsup ————=— <0 uniformly for a.a. t € T
ELE B e = folt) unifomaly
(vi) there exist numbers {_ < 0 < &4 such that f(¢,£+) <0 < f(t, &) for
aa.tel.

Remark 2.2. Hypotheses H(iv) and (v) imply that we have resonance at
infinity and at zero, respectively. These hypotheses classify the problem as
“double resonant”.

Ezample 2.1. The following function f(x) satisfies hypotheses H (for the sake
of simplicity, we drop the ¢-dependance)

o) = Nz — nolz|9 %2 if|z] <1
Y7 Az — Noo|T|" 722 + p - sgnx if || > 1,

where 1 <7 <2< ¢q,m0 > i, b = 10(¢—2)+1s0(2—7) > 0. For this particular
reaction function we can take o € (7 — 1,1) (see H(iv)), 3 € (%,q—1) (see
H(v))and £ = —1,& =1 (see H(vi)).

Let ¢ : W — R be the energy functional for problem (1) defined by
1 b
o) = 113 —/ Pt u(t))dt for allu c W,
where F(t,x) fo f(t,s)ds. Hypotheses H imply ¢ € C?*(W). We will also
need the notlon of upper and lower solutions for problem (1).
Definition 2.1. (a) A function u € W12(0,b) is an “upper solution” for prob-
lem (1), if
b b
/ Ty dt 2/ F(z @)t for all v € C1(0,b), ¥ > 0
0 0

and u(b) > u(0).
(b) A function u € W12(0,b) is a “lower solution” for problem (1), if

b b
/ w'y' dtz < / f(z,u)ppdt  for all 9 € C(0,b), ¥ >0
0 0
and u(b) < u(0).

3. C-condition, critical groups

In this section we show the C-condition for the energy functional ¢ € C?(W)
and we compute its critical groups at the origin and at infinity. To this
end we prove some auxiliary results which can be deduced from hypotheses
H(iv), (v).

So, let A; > 0 be the eigenvalue postulated by hypothesis H(v) and consider
the orthogonal direct sum decomposition of the space W corresponding to it,
ie.,

W=W,_1®E\)® WiJrl-
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Then for every u € W, we have u = u + u® + 4, where © € W,;_1,u’ € E()\;),
uec Wz’+1~

Proposition 3.1. If {u,},>1 C W is a sequence such that ||u,| — 0 and
Untln _, () ip W, then limsup,, fob 7f°|‘(i’“ﬂg)§" dt < 0.

llunl]

Proof. In what follows, by | - | we denote the Lebesgue measure on R. From
Bartolo et al. [3], we know that given ¢ > 0, we can find ui(e) € (0,1),
pa(e) > 0 large such that

Ht € T : [ul(t)] < p]|u®||}] < e for all u® € E()\;)\{0} and

{t €T [u(t) +u(t)| > pollu+ul}]
< /i?ﬁi:‘ for all u € Wi+1,ﬂ eW,_,u+u#0.

For every n > 1, we introduce the following sets

Tin={t €T |up(t)| = mlluy|} and

Ton ={t €T : |un(t) +un(t)| < p2lltn +nll}-
Evidently we have

IT\T1 | <&, [T\T2n| <e and |Ti,NTa,|>

Tin| = [T\ T2n| = |T| = [T\T1n| = [T\T2n| = b — 2¢. (4)

So, if e € (0, %) then from (4) we see that [T}, N T%,| > 0, which implies that
Tin,NTsy, 7é 0. Ift e TinNToy, then

un(®)] _ fup @] _ (@) + (@] o flupll |+ Tl
= Z M1 2 .
l[unll — funl [[n| [[un]| [[un]|
Ift e TQn\Tlru then

[un(®] _ WO, [an®) + @] Wb Tl
foall = Tl © ol 2 ]

(5)

Since 0y € L>®(T') and y,, = ﬁ"‘” satisfies ||y, || = 1, then we can find ¢; > 0
such that

[ () < g

By virtue of hypothesis H(v), for the chosen € > 0, we can find § = (¢) > 0
such that

folt,2)x < (Bo(t) + p3%e)|z|*®  for aa. t €T, all |z] < 0.

By hypothesis ||u,| — 0. From the continuous (in fact compact) embedding of
W into C(T'), we have ||u,||oc — 0 as n — oo. So, we can find ng = ng(d) > 1
such that ||u,|leo < d for all n > ng. Therefore

Folts () un (t) < (Bo(t) + 1278) Jun (£)[?° for aa. t € T, alln > ng. (8)



Vol. 19 (2012) Periodic problems with double resonance 309

Now, we evaluate the Ob %dt for n > ng by splitting it into two

integrals. To this end, we recall that 8y < 0 a.e. on T. Then, using (4), (5) and
(8) we obtain

/ fO(t;un)undt
Ty nNTo Hun||25
26
Uy (T
S/ (Bo(t) + p3%) (' ()> dt
Ty nNT2y ”unH
2 24 ~ _ 243
i (|u2||> iy <||un+un||) [
2261\ [|un |l ? [[wn | Ty WO Ton
2
+ufﬁe/ ('u"(m) ﬂdt
Ty nNT2y ||un”
2 28
i (BN _ (] / .
226=1 \ [|un |l 4 [[wn |
23 0\ 28 243
nl(t
n l;;_l <||un|> / _eodtJru%Bg/ (Iu ()|) gt
2 [l || T\(T1 nNTs 1) Ty Mo [|tn ]
2 28 ~ _ 2 b
i’ (|u2||> 2 <||un+un||) ’ / oci
228=1 \ [Jun | ? [[unl 0
ik Jun () )
0o lls02 n dt 9
b o2 + 12 /TT( =0l) )

For the evaluation of the second integral we simply use (8):

23
t, Up ) U, n(t
T\(T1 nNT2 1) [l ] T\(Ty nNT2 ) [l ]

Therefore, finally for n > ng, owing to (7), and adding (9) and (10) we have
2 ~ =
/ folt,wn)n o, [ i’ <|u2> e (nunwnn)” /"godt
lunl?? 7| 22070 \lual ’ [[n | 0
i’ " (a1
00!l oo = dt
et iooe s’ [ ()

203 ~ _ 2
T <|u2> _Mm<||un+un||) 7
226-1 \ JJuy | 2 ]

b
,u _
/ 90dt+ 2215 3 (H90||00 +0122ﬁ 2) (11)
In (11) we pass to the limit as n — oo and use the fact that by hypothesis

— 1 and
[[wn | [Junll
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‘We obtain

: fO t un un 2B3-2
hmsup/ IS < 22[3 - 90dt+ 22[3 5 (||90||Oo+012 A2y

n—oo

Recall that € > 0 was arbitrary. So, choosmg e € (0, 1) small we obtain

(t
limsup/ folt, un) JOuT, Un )t 4y < 0.

n—oo llun]??

We have a similar result for foo (¢, z).

Proposition 3.2. If {u,}n>1 C W is a sequence such that ||u,| — +oo and
Uptl () ip, W, then limsup,, . fb Mdt <0.

llenl] [R2ES

Proof. For this proposition, we consider the following orthogonal direct sum
decomposition

W =Wn1®EAn) ® Wit

Again from Bartolo et al. [3], we know that given ¢ > 0, we can find
u1(e), p2(e) > 0 such that

{t € T : [ul(t)] < pa|[ul]|}] < e for all u® € E(\,,)\{0} and

{te T () + a(t)] > palli + 7}
< 3% for all 4 € Wm_l,_l,U EWpo1,u+u #0.
For every n > 1, we consider the sets
Iip = {t €T Jup(t)] > paflup ]} and
Ion ={t €T : [Un(t) + Un(t)] < p2l[tn + Unll}-
We have
|[T\I1n| <e, |T\I2n| <e and |[[1,NIap|>|T| —2c=0b—2¢. (12)

So, if we choose € € (0,3) then from (12) we see that |I1, N I2,| # 0. For
tel, NIy, we have

t v Up +
|un (2)] _— [[uall i [wn + | (13)
[[un| [lun [[uan|
For t € Is,\I1, we have
un(t)] _ || H [T + T |
lunll — ||unH [[un|

By virtue of hypothesis H (iii), (iv), given € > 0, we can find a. € L*(T)4 such
that

foo(t, ) < (B0 (t) + p3%) |z + ac(t) for aa. t € T, all z € R, (15)
Now, we can find ¢y > 0 such that:

[ () s )
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Then, arguing as for (9) and (10), recalling that 0., < 0 and using firstly (13)
and (15), then only (15), we obtain

OOt7 n n
/ Joollyun)un o,
I nNlan [l ||

o 2c
< ﬁ(ﬂuzn) L <||un+un|) /9 "
T ez \luall : [[unll

2a 0 2a

+M1<””n”) / — O dt
C3 (|2l T\I1 nNI2n

2a
n(t
+u§“e/ ('“ U') dt+/ aE(Q)adt (17)
Iy NIz p ||un|| Iy nNl2p un”

for some c3 > 1 and

2a
oo t? n n n t
T\(I1 nNI2p) [l [| 2 T\(I1 nNI2p) [[2n |

+/ a(h) (18)

\(I1 nNI2 ) ”unHQa

Adding (17) and (18) and using (12) and (16), we have
/ foo(t, tn)un |
e
2a ~ — 2a
< Ml(”“n”) _’uga(”“nJrun”) / O dt—|— >
¢z \llunll [[n| 0 \unH
b 2a b
t t
x/ —aoodtﬂﬁ%/ ('“”( )> dt+/ (Q)th
T\I1 nN 12, [lun | [[wnl
200 2a
m(uunn> e
¢z \[lunll [[n]|

llae ||y
||000H0025 + p3%cy + ||u:||2“ (19)

In (19) we pass to the limit as n — oo and use the fact that

0 ~ p—
Janll = oo, Lnll 3 g L+ Tl
[l [[un

So, in the limit we have

{X) t n n
limsup/ / | 1|L|2au dt < Ml 9 dt + —— i (2/|0s0 || oo + c2c3).
n— o0 u C3 C3

Recall that fo Ooodt < 0. So choosing £ > 0 small we obtain

limsu
s Jo [unle
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Let R > 0 and n, a € (0,1) (« as in hypothesis H (iv)). We introduce the set
Coo(R,m, ) ={u e W ul| = R, [[u+a] <nllul®}.

Proposition 3.3. If hypotheses H hold, then there exist R > 0,1 € (0,1) and
8o > 0 such that (¢’ (u),u®) > &g for all u € Coo(R, 1, ).

Proof. We proceed by contradiction. Assuming that the proposition is not true,
then for every n > 1 and n = §p = =, we can find u,, € W such that

1
[unll =, 1@+l < ~llunll® and (@' (un), up) < —  for alln > 1. (20)
n n

From (20) we have
([t + |
[[un|*

Moreover, exploiting the orthogonality of the component spaces in (20), we
have

([tin + ||

[t

|t — oo, — 0 and since « € (0, 1), also —0. (21)

<ﬂ%M%:W%)>—MMM&/ht%Uﬁ

MﬁW?ﬂmﬁﬁ—Afﬂmmﬁﬁ

b 1
—/ foo(t,un)ugdt < —,
0 n

SO

liminf ———— |2a / Foo(t,un)uldt > 0. (22)

By virtue of hypotheses H (iii),(iv), given € > 0, we can find a. € L*(T) such
that

|[foo(t,x) < elz|® +ac(t) foraa.teT, allzeR. (23)
Let ¢o be the constant of the embedding of W in C(T'). From (23) we have

/ footun ( ()—’_En(t))dt

[[un |2

</ (elun®)|” +@c(t)) [un(t) + T (t)] ,,
—Jo

[[un |

[e3 ~ —_ ~ —
<oe (Bl o Sl oy, Lot

[[n | [[unl|* K

Mforalln>1

[len ||

(becHo‘ + co||EiEH1)

SO

. foo(t, un () (Un(t) +0n(t)) .
hm/ lun]2o dt = 0. (24)

n—oo
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From this last equality and Proposition 3.2 it follows that
T t
lim sup / foolt,u tn )dt

n—o0 ||un||2a

lmsup [ / foo b (®)un(t) /Ob foo b () (@n () + (1))

n—oo Hu H2o¢ Hun”Za
(¢, t
< hmsup/ Joot, un(t 2 tnl )dt < 0. (25)
n—oo |u || o
Comparing (22) and (25), we reach a contradiction. This proves the
proposition. ]

Now we are ready to prove that the energy functional ¢ satisfies the
C-condition.

Proposition 3.4. If hypotheses H hold, then the functional ¢ satisfies the
C-condition.

Proof. Let {u,}n>1 € W be a sequence such that {¢(uy)}n>1 C R is bounded
and

(1 + [Jun|)¢' (un) — 0in W* as n — oo. (26)
We will show that the sequence {uy}n>1 € W is bounded. If this is not the

case, by passing to a suitable subsequence if necessary, we may assume that
||tn || = oo. From (26) we have

nllh|]
|<<Pl(un)7h>| < —
L+ [[un]|

In (27) we choose h = u,, € W. Exploiting the orthogonality of the component
spaces, we have

b b
(0 (Un), Un) = (A(un), Un) — )\m/o U Uy dt —/0 Joo (b, up )ty dt

for all h € W, with g, — 0. (27)

b
12 = Al 2 —/0 Pt )indt < £ foralln > 1,

and from this, using (23) and bearing in mind that u,, € ﬁ/\m_H, we can find a
number &y > 0 such that

b b
§0HﬂnH2 <e, +/ Soo(t, up)undt < anr/ (elun|® 4+ as(t)) updt for alln>1,
0 0
so, for all n > 1, we have

Eolltnll* < en + becg™ llun |1l + collacly I,

hence
~ 2 ~ ~
= ( lunll En 14a , Colla=lli [Tl
&o ( < +( becy ™ + for all n > 1, (28)
[lwn|* [[wn[? 0 unll® ) flunl*
and { = \ﬁ I } is bounded.
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We may assume that 0, — 0 > 0 as n — co. So, if in (28) we pass to the limit
as n — 0o, then

2002 < bac(1)+aa.
Since € > 0 was arbitrary, we let ¢ — 0T to conclude that ¢ = 0. Therefore

~
[l |

NG — 0in W as n — oc. (29)

Next, in (27) we choose h = —,, € W,,_1. Then we can find 21 > 0 such that

b
§1Hﬂn\|2 <en, —|—/ | foo (t, wn)||@n|dt for all n > 1,
0

hence (see (23)), for all n > 1 we have

_ 2 ~ _
c [, || En 1+a collac]x [ |
&1 ( < + [ becit™ 4+ 30
lenlle) = T2 T\ o) e OV
and, as above we deduce that IITTLIIH“ — 0in W as n — oo.

Let R > 0,17 € (0,1) and dp > 0 be as postulated in Proposition 3.3. Since
||un || is not bounded, from (29) and (30) it follows that u, € C(R,n,«) for
all n > ng and so by virtue of Proposition 3.3

(@' (un),ul) >89 for all n > ng. (31)
On the other hand, if in (27) we choose h = u2 € E()\,,), then
(¢ (un),u) < e, forallm>ng and g, — 0%, (32)

Comparing (31) and (32), we reach a contradiction. This proves that {u,} C W
is bounded. Hence we may assume that

Up —=uin W and wu, — uin C(T) as n — oo. (33)

In (27) we choose h = u,, —u € W. Then

b
Enllun — ul|
Auy), Un —u 7/ toup) (U, —u)dt| < ——;
(A(un) ) Of( ) ) T+ o]
from this, using (33), we deduce that lim, .o{A(un),u, — u) = 0; since

A(up) = A(u) in W*, we have that ||u),||2 — ||||2. Finally, from the Kadec—
Klee property of Hilbert spaces, we have u/, — v’ in L?(T). Hence u,, — u in
W and ¢ satisfies the C-condition. O

Next we will compute the critical groups of ¢ at the origin and at infinity.
First we consider the critical groups at the origin. For this purpose let § > 1
be as in hypothesis H(v) and introduce the following set

Colp, n, B) ={ueW,: |lu <p, |a+7| <nlul’} withp>0, ne(0,1).

Recall that since we are dealing with ¢ near the origin, we use the following
direct sum decomposition

W =W, 1®EM\)® Wy
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Proposition 3.5. If hypotheses H hold then Cy(p,0) = 0y,q,Z for all k > 0,
where d; = dimW,;_1.

Proof. First we show that there exists p > 0 and n € (0,1) such that
(¢ (u),u’y >0 for all u € Coy(p, 1, B). (34)

We argue by contradiction. So, we may assume that for every n > 1 and
p=n= % we can find u,, € W such that

1 . 1
lunll < — |tn, + @, < ﬁHunH’G and <<p/(un),u2> <0 foralln>1.(35)
From (35) we have
[[tn + |

lun|l — 0, TP —0 asn— oo, (36)

and

b b
<cp'(un)7u2> = (A(un)7u2> — )\i/ unugdt —/ fo(t,un)u%dt
0 0
b
= 1) I3 = Malll 2 - / folt, wn)uldt

b
—/ fo(t,up)uldt <0 (since v € E(\)),
0
S0
n—-+o0o

.. f() t un n
hmlnf/ PN Rt > 0. (37)

Hypotheses H (iii), (v), imply that given ¢ > 0, we can find a@. € L'(T); such
that

|fo(t,x)| < elx|® +ac(t)|z|” for a.a. t € T, all z € R with v > 5. (38)

Then
(t, _
/ fO un u;ﬁ"’”n)dt
flunl
</ (elun|? + @ (t)|un|?) |ﬁn+ﬂn|dt
= 23
0 [Junll
ecy” + ¢ Qe 1| wn i + | for alln > 1,
bectt? 1 7 a v\ | ot el
SO
(t, Uy,
jim, ] o )

It follows that
liminf/ Jo(t, un)u ”dt —hmlnf/ Jo(t, un) undt >0

n—00 [l [ n—o0 [

This last inequality contradicts Proposition 3.1. Therefore, we can find p > 0
and n € (0, 1) such that (34) holds.
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Now let A € (0, \; — A\;—1) (recall i > 1, see H(v)) and consider the following
homotopy

A
hi(u) = o(u) + t§||u0||2 for all (t,u) € [0,1] x W.
Claim. There exists ro > 0 small such that u =0 is the only critical point of
{he()}eepo,1) in Br,(0).

To prove the Claim, we argue indirectly. So, suppose we can find
{tn}n>1 C [0, 1]\{0} and {u,}n>1 € W such that

tn >t €[0,1], fupl| = 0 and h] (un) = ¢ (uy) + toAud =0V n > 1. (40)
From the last equation in (40), we have

(@' (up),ul) = =t  M[ul |2 for alln > 1. (41)
Suppose that u2 = 0 for all n > ng > 1. Then, for n > ng, we have

Alun) = N(up) = ¢/ (1) = 0, where N(y)() = f(-y(-)) Yy € W.  (42)

If we set y, = ”Z””, n > 1, then we may assume that
Yn =y in Wand y, — yin C(T) as n — +o0. (43)
From (42) we have
N(up,
Alyn) = ”(UH) for all n > ny. (44)
Up,

Evidently {N(u")} . C LY(T) is uniformly integrable (see H (iii) and (40)).
nz

[

So, by virtue of the Dunford—Pettis theorem, we may assume that ]\\?I(L%ﬂ) —gq

in L}(T) as n — oo. Using hypothesis H(v) and reasoning as in the proof of
Proposition 5 of [14], we obtain g = A;y. Hence, if in (44) we pass to the limit
as n — oo, and we take into account (43), then we obtain A(y) = Ay, that is

—y"(t) = Niy(t) a.e. on T, y(0) = y(b), '(0) =4(b),

so y € E()\;). In fact, acting in (44) with y, — y and arguing as in the proof
of Proposition 3.4, from (43) we deduce that y, — y in W,||y|| = 1 and
y € E(X\)\{0}. Bearing in mind the decomposition adopted for W, we can
write y = 3°. Then 30 = HZEH — 9 £ 0, which contradicts the hypothesis
that u9 = 0 for all n > ng. Therefore by passing to a suitable subsequence if
necessary, we may assume that u9 # 0 for all n > 1.

Let p > 0 and n € (0,1) be as in (34). Suppose that u, € Cy(p, n, ) for all

n > fy. Then from (34) we have

(¢ (un),ud) >0 for all n > f,

which contradicts (41). Hence, by passing to a suitable subsequence if neces-
sary, we may assume that u,, ¢ Co(p, n, 3) for all n > 1. Then

it + Tn|| > nllun|®  for alln > 1. (45)
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From the orthogonality of the component spaces and (40), we have

0= <h;n (un)a Uy, — ﬂn) = <(pl(un)a Uy — ﬂn>

b
= l[anll3 — Nillnl3 - ||ﬂn||§+/\i||ﬂn\\§—/o folts un) (i — ) dt

b
> Eol|an||? + &l ||* - / fo(t,un)(Gn —wy,)dt  for alln > 1.
0

Now, owing to (38) and the fact that |4, — Ty| = ||Gn + ||, if we choose

c3 = max{cHﬂ, ¢o 7 l@||1}, then we obtain

b
M%W+MWW—/ﬁﬁMM%—mW
0

> ollnll® + Eullanl® — esliin + @l (ellunl® + [lunl|")  for alln > 1.

Finally, if we choose & = min{&y, & }, use (45) and put together the previous
inequalities, then we obtain

0> 52”@71 +ﬂn||2 — c3lltin +ﬂn”(5HunHB + [luall”)

L el | ]
= ||, + 7 2 {5 —c < - — + — —
ltn 47l €2 = €8 \ 1 S0 T Tt + 0]

> nan4-un2[52—-jj(e4-nunnwﬁ)]. (46)

Since v > 3 and ||u,|| — 0, we can have ||u,|”™? < &, hence (see (46))
g < 22‘33 Choosing € > 0 small we obtain 52 25# and this leads to a con-
tradiction. This proves the Claim.

The orthogonality of the component spaces, implies

(hy(u), @) = (¢'(u), @) and  (hi(u),u) = (¢'(u), ) forall (t,u) € [0,1] x W.

Using these facts and reasoning as in the proof of Proposition 3.4, we show
that for all ¢ € [0, 1], hy(-) satisfies the C-condition. Then by virtue of the ho-
motopy invariance of the critical groups (see [6, p. 332]) and being hg = ¢, we
have

Cr(¢,0) = Cx(h1,0) for all k > 0. (47)

Note that hi(u) = @(u) + 5|u’||? for all u € W. Clearly h; € C*(W) and
u = 0 is a critical point of hy. We claim that v = 0 is a nondegenerate critical
point of hy. To this end, let y € kerh!(0). Then

hi(0)y = ¢"(0)y + Ay = 0,
hence
Aly) = Xy — (fo)z (- 0)y + Ay = 0. (48)
Note that fo(¢,0) = 0 for a.a. t € T (see H(ii)), and f"(t 2) — == — \;, hence

lim$ﬂow = 0 uniformly for a.a. t € T (see H(v ))7 S0) (fo);( 0) = 0 for
a.a. t € T. Using this in (48), we have A(y) = (\; — \)y, hence

—y"(t) = (\i = Ny(t) a.e. on T, y(0) = y(b), ¥'(0) = y'(b). (49)
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Proposition 2 of Aizicovici et al. [1] and (49), imply that y = 0 (recall that
A € (A;—Ai—1). Hence kerh{(0) = {0} and so u = 0 is a nondegenerate critical
point of hy and its Morse index is d; = dimW;_;. From (47) and Mawhin and
Willem [13, p. 188], we have

Ck(QD,O) = Ck(hl,()) = Jk,diZ for all k Z 0.
U

Next we will compute the critical groups of ¢ at infinity. Now we are dealing
with the orthogonal direct sum decomposition

W =Wn1®EAn) ® Wit

Proposition 3.6. If hypotheses H hold, then Cy(p,00) = dk.a,,Z for all k > 0,
where dy, = dimW ,_1.

Proof. In this case, we consider the following homotopy
t
hi(u) = o(u) + §||uo||2 for all (¢,u) € [0,1] x W.

Note that for all ¢ € [0,1],h; € C?*(W) and h}, d;h; are both locally Lipschitz.

Claim. There exists a € R and 6 > 0 such that if hy(u) < a then
L+ ul)ki(w)l = 6 for allt € [0,1].

We proceed by contradiction. Note that (t,u) — hi(u) maps bounded sets to
bounded ones. So, if the Claim is not true, then we can find {t,}»,>1 C [0,1]
and {un }n>1 C W such that

tn, — t, ||unl — oo, hy, (u,) — —o0 and

X(1+ [un|)hi, (wn) — 0 W* asn — oo. (50)
From the last convergence in (50), we have
|, (un), v)| < 16—:||||Uu”|| for allv € W, with g, — 07,
S0)
’ ’ enlv]l
Up), V) — Uy )vdt + 14, u, vdt| < ———— for alln > 1.
A N d Yvd for all 1. (51
0 0 L+ [fun |
If we set y, = m, n > 1, then we may assume that
Yo —yinW and y, — yin C(T) asn — oo. (52)
From (51) we have
b b
N(uy,) enlv]l
A — [ —udt+t Opdt| < ——" 1 _Vn>1.
(At 0) = [ ot e[| < g g v 1 G

As before, using H(v), the Dunford—Pettis theorem and reasoning as in [14],
we have

[[een |

— Apy in LY(T). (54)
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If in (53) we pass to the limit as n — oo, and use (52) and (54), then

b b
(A(y), v) = )\m/ yodt — t/ yOvdt  for allv € W. (55)
0 0

Moreover, if in (53) we choose v = y,, — y and pass to the limit as n — oo,
then, bearing in mind (52) and (54), we obtain lim, o (A(Yn), ¥n —y) = 0,
hence

Yo —yin W andso |y||=1. (56)

Next in (55), we choose first v = € Wm_i'_]_ and then v =y € W,,_1. We
obtain [[7'[|3 = A [|7l13 and [|7'[|3 = Awml[7l|3, and so § =7 = 0. Hence

y=1" € E(An)\{0}. (57)

From (55) and (57) it follows that A(y) = (A — )y, so ||¥/[13 = (A — 1)||yI3,
hence t||y||3 = 0; bearing in mind that ||y|| = 1 we deduce that t = 0.
Reasoning as in the proof of Proposition 3.4 (see (29) and (30)), we show that

[l | ll%n | 1T +2n ||
llun ™ [lwn ™ llun ™

if R >0 and n € (0,1) are as postulated by Proposition 3.3, we have

— 0 and — 0 in W, hence — 0in W as n — oo. Then,

Up € Coo(Rymy, a) ={u €W : |lul| >R, ||[u+a| <nllul|*} for all n > ng,
hence (¢’ (uy,), ud) > g for all n > ng. As ¢, — 0, we obtain

]
(ht,, (un), ud) > EO >0 for all n > ny > ng,

which contradicts (50). So, the Claim is true.

Note that hy = ¢ which satisfies the C-condition (see Proposition 3.4). In a
similar way, exploiting the orthogonality of the component spaces, we check
that hy too satisfies the C-condition. So, we can apply Proposition 2.1 and
have

Cr(p,00) = Ck(hy,00) for all k > 0. (58)

From a slight modification of the proof of Proposition 3.10 of Bartsch and Li
[5], we have

Cr(h1,00) = 6k.q,,Z forall k>0,
hence

Cr(p,0) = k,a,,Z for all k > 0.

4. Multiple nontrivial solutions

In this section we prove the full multiplicity theorem for problem (1). First we
show the existence of two constant sign solutions which are local minimizers
of the energy functional ¢.
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Proposition 4.1. If hypotheses H hold, then problem (1) has two nontrivial
constant sign solutions
up € intCy, vo € —int Cy, §- <vo(t) <0< wup(t) <& forallteT

and both are local minimizers of the energy functional .

Proof. Let 6 € (0,1) and consider the following truncation—perturbation of
f(t, x):
0 ifz <0
it z)=< ft,z)+0x if0O<z<&y (59)
f(t, &) +064 & <w.
We set Ff(t,z) = [ f{(t,s)ds and consider the functional ¢ : W — R
defined by

1 0 ’
@ (u) = §HU/H% + §Hu||§ 7/ FO(t,u)dt for all u € W.
0

We see that % € C!'(W) and exploiting the compact embedding of W
into C(T) we can check that ‘Pi is sequentially weakly semicontinuous. Also,
because of (59), clearly apﬂ is coercive. Therefore, invoking the Weierstrass
theorem, we can find ug € W such that

¢ (uo) = inf o, = mf. (60)
First we show that ug # 0. Indeed, hypotheses H(v) implies that given € > 0,
we can find 6 = d(g) € (0,£4) such that
ft, ) > (A —e)x for almost all t € T, all z € [0, 4],
SO

F(t, 2) > =(\i —e)2? for almost all t € T, all z € [0,6]. (61)

1
2
Hence for £ € [0,6] C [0,&+[ and € € (0, \;) (recall that ¢ > 1 and so A; > 0),
we have

B 952 b B b
= 7b—/o FU(t,&)dt = —/O F(t,&)dt

1
< —5()\1 - 6)56217 <0,

0% ()

and from this we deduce
¢4 (uo) = inf o = m < 0=} (0),
s0
ug # 0. (62)

From (60), we have

(¢%) (uo) = A(uo) + Oug — N (ug) =0 (63)
where N (u)(-) = f4(-,u(-)) for all u € W, namely
—uf(t) + Oug(t) = f1(t,uo(t)) a.e. on T, up(0) = ug(b), up(0) = ug(b). (64)
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From (64) it follows that uy € C(T)\{0}. In (63) we act with (ug — &4 )T € W
and obtain
b

b
(A(ug), (uo — &) ") + ‘9/0 uo(up — &4 )" dt = /o £t uo) (uo — &4) Tat

b
N /o (f(t,€4)+084) (uo—E4) T dt;

owing to hypothesis H(vi) we achieve

b
(A(uo) — A(E4) (o — £4)7) +6 / w0 — £4)*dt <0,

hence 0||(ug — &4+)T]]? <0, so
(up —&4)T =0, ie., up(t) <& forallteT. (65)

Also, on (64) we act with —uy € W, use (60) and obtain ||(ug )||3 40| (ug |3 =
0, so O||ug || <0, and finally

up(t) >0 for all t € T, ug # 0 (see (62)). (66)

From the last two equations we see that ug(t) € [0,&4] for all ¢ € T and in this
case (60) yields

—ug(t) = f(t,uo(t)) ae. on T, ug(0) = uo(b), ug(0) = ug(b),

hence up € C1\{0} and solves problem (1).
Hypotheses H (ii), (iii) imply that there is og > 0 such that for a.a. t € T,z —
f(t,x) + opx is nondecreasing on [{_, &4 ]. Hence

—ug(t) + oo(uo(t)) = f(t,uo(t)) + oo(uo(t)) > 0 a.e. on T,
so ug (t) < op(up(t)) a.e. on T and from this we infer (see [21])
ug € int Cy. (67)
Similarly, using hypotheses H(vi) and the fact that uy < &4 we obtain
—(&+ —u0)"(t) + 00(E+ —uo(t)) = f(t,&+) +00(&+) — f(t,uo(t)) — oo(uo(t))
>0ae onT,
50 (&4 —uo)"(t) < 00(€+ — ug(t)) a.e. on T and from this we deduce
£+ —Up € int C+. (68)
Hence from (67) and (68) it follows that 0 < ug(t) < &4 for all t € T, so
ug € inte [0,&4] = inté(T){u eC(T): 0<up(t) <& forallteT}.
(69)
Note that ¢o.¢,) = @i [0,64]+ S0, from (69) we infer that ug is a local C(T)-
minimizer of ¢. Then from Proposition 5 of Papageorgiou and Papalini [16], it
follows that wug is also a local W-minimizer of ¢.
Similarly, if we truncate  — f(t,z)+60x at {{_, 0}, as above we obtain another

constant sign solution vy € int Cy, & < vg(t) < 0 for all ¢ € T, which is also
a local minimizer of the energy functional ¢. O
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The next lemma, can be found in Aizicovici et al. [2], where it was proved for
Neumann partial differential equations driven by the p-Laplacian differential
operator.

Lemma 4.1.

(a) If uy, uy, € W are lower solutions for problem (1), then u =
max{u,, uy} € W is a lower solution too.

(b) If wy, ua € W are upper solutions for problem (1), then uw =
max{uy, Uz} € W is an upper solution too.

This lemma leagi\s to the existence of extremal solutions in the order inter-
vals [0,¢4] ={u e C(T): 0<u(t) <&  forallt e T} and [€-,0] = {u €
C(T): & <u(t)<OforallteT}.

Proposition 4.2. If hypotheses H hold, then problem (1) has a biggest solution
u* €int Cy in [0,€4] and a smallest solution v* € —int Cy in [_,0].

Proof. Let
St ={ueW: u#0, usolves (1), 0 <wu(t) <& forallt € T}.

From Proposition 4.1, we know that S, # (). Next we show that S, is upward
directed, i.e., if uy, ug € S4, then we can find u € Sy such that u; < u,us < w.
So, let uy, us € S;. Then by virtue of Lemma 4.1 (a), we have that u =
max{uy, uz} € W is a lower solution for problem (1). Because of hypothesis
H(vi) w =&, is an upper solution for (1) and v < . As before, let 6 € (0,1)
and counsider the truncation of x — f(t,z) + 0z at {u(t),u = &4} for a.a.
t € T. Then via the direct method, we obtain a solution @y € [u,u] = {u €
W a(t) <wu(t) <& forall t € T} (see [2]). This proves that S, is outward
directed.

Now, we show that S; has a maximal element for the pointwise ordering on W.
To this end, let C' C S; be a chain (i.e., a totally ordered subset of S;). From
Dunford and Schwartz [8, p. 336], we know that we can find {up}n>1 € C
such that sup C' = sup,,~, u,. we have

A(up) = N(up,) for alln > 1. (70)

As, 0 < wu,(t) <& forallt € T, we can find ¢4 > 0 such that |jul,|| < ¢4 for
all n > 1, hence {u, },>1 C w is bounded. So, we may assume that

u, = uin W, and u, — v in C(T) as n — oo. (71)

Passing to the limit as n — oo in (70) and using (71), we obtain A(u) = N(u),
sou=supC € S;.

Invoking the Kuratowski—Zorn lemma, we infer that S; has a maximal element
u* € §;. This is the biggest solution of problem (1) in the ordered interval
[0,£+]. Indeed, let u € Sy. Since Sy is upward directed, we can find u € S4
such that v* < u,u < u. The maximality of u* implies that u = u*. Hence
u < u* and since u € S; was arbitrary, we conclude the extremality of u*.
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Similarly, if we consider the set
S_={veW: v#0, vsolves (1), £~ <wv(t) <0 forallt €T},

then reasoning as above, we produce v* € —int C'y the smallest element of S.
O

Now we are ready for the full multiplicity theorem for problem (1). Our proof
combines variational methods with truncation techniques and Morse theory.

Theorem 4.1. If hypotheses H hold, then problem (1) has at least sixz non-
trivial smooth solutions ug, u € intCy,u —ug € intCy,up(t) < &4 for all
t € Tyug,0 € —intCr,vg— 0 € intCy, & < vo(t) for all t € T, and yo,
yeCHT).

Proof. Proposition 4.1 guarantees the existence of two smooth solutions of
constant sign ug € int Cy,v9 € —int Cy and £ < vo(t) < 0 < up(t) < &4 for
allt € T.

In fact, invoking Proposition 4.2, we may assume that wug (respectively vg) is
the biggest (respectively smallest) solution of (1) in the ordered interval [0, &4 ]
(respectively [€-,0]). Let # € (0,1) and consider the following truncation—
perturbation of f(t,x)

- {0y motzen o

We set F\f(t, x) = fox fi (t,s)ds and define the functional ¢% : W — R by
~0 Lot 2 ’ 70
% (u) = §||u I3 + §||u|\2 — | F{(t,u(t))dt forallue W.
0
Note that @% € C?>79(W). Moreover, reasoning as in the proof of

Proposition 3.4, we can check that @‘i satisfies the C-condition.

Claim. ug € int Cy is a local minimizer of §%.. We truncate fi (t,-) as follows

# gy = L) ifr <y 73
Fto {mt,m e, < ™

Set Fi_(t, x) = [ ?i(t, s)ds and consider the functional 3% : W — R defined
by

1 0 b
70 (u) = 5||u’||§ + 5||uH§ —/ Fi(t,u(t))dt for all u € W.
0
Clearly 7% € C?~%(W) and from (73) it is clear that ', is coercive. It is also

sequentially weakly lower semicontinuous. So, by the Weierstrass theorem, we
can find 7y € W such that @ﬂ(ﬂo) = infy @i = Wﬂ, hence

(@) (@) = Adio) + Otig — N, (ip) = 0, (74)
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where Ni(u)() = fi(,u()) for all w € W. On (74), first we act with

(uo — Up)*T € W. Bearing in mind (72), (73) and recalling that ug solves (1),
we obtain

b b
(A(Tio), (1o — Tio)*) + 9/0 o (o — Tig)*dt = /0 F(t o) (o — o) dt

b b
—|—9/ Uo(UQ — ﬂ0)+dt = <14(U0)7 (’LLO — a0)+> —|— 9/ UQ(UQ — ﬂ0)+dt,
0 0

b
<A(U0) — A(ao), (UO - a0)+> + 9/0 (UO - ﬂo)(uo - ﬂ0)+dt = 0,

hence 0| (ug — o) *||* <0, so

Next, on (74) we act with (Gg — &) € W. Using (73), (72) and hypothesis
H (vi), we obtain

b b
(A(tg), (W — &4)T) + 9/ o (g — &4) Tt = / (f(t,&4)+084) (o — &4 ) Hdt
0 0

b
<4 /O € (i — €4 ) dt,

S0)
b
(A(@0) = A€4). (@ = € +0 [ (@ = €)@ — €4 dt < 0

hence 0| (o — £4+)]]? <0, so

g < &4 (76)
From (75) and (76) it follows that ug(t) < Go(t) < &4 for all t € T and so
(74) becomes A(tg) = N(up), hence —ug(t) = f(t,uo(t)) a.e. on T,ug(0) =
uo(b), ug(0) = ug(b), so up € int Cy solves (1) and up € [ug,&+]. From this,
due to the extremality of uy we deduce g = wup. From (73) it is clear that
(ﬁ‘iho@r] = ¢ﬂ|[075+1, while, from the proof of Proposition 4.1, we know that
ug € inté(T) [0, &4 ]; so, it follows that g = wg is a local a(T)—minimizer of L/ﬁi,
hence it is also a local W-minimizer of @ (see [16]). This proves the Claim.
We may assume that ug is an isolated critical point of @ﬂ Indeed, suppose
that we can find {u,}n>1 € W such that u, — up in W as n — oo and
(@i)l (un) = 0 for all n > 1. Then, as above, we can check that uy < w, for
all n > 1 and {u,}n>1 C int Cy. Then (72) implies that u, is a smooth solu-
tion of (1) for all n > 1 and so we have produced a whole sequence of distinct

positive solutions of (1) and we are done. Then as in the proof of Proposition 6
of Motreanu et al. [14], we can find py > 0 small such that

7% (uo) < inf [@%(u) : |lu— uol| = pa] = M. (77)
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Let £ € Ry = [0,+00) with & > ||ug|lec- Then, owing to (72), we can find
¢s > 0 such that

0 b b
B =g [ Puga<ea- [ Feoa (78)

Since A, > 0, given ¢ € (0, An), we can find M > 0 such that F(t,z) >
(A —e)a? for a.a. t € T, all |z| > M, so F(t,x) — +oc uniformly for almost
all t € T as |x| — co. Hence from (78) we conclude that

P(E) —» —c0 as € — +oo, £>0. (79)

Because of (77), (79) and recalling that @9 satisfies the C-condition, we see
that we can apply Theorem 2.1 and obtain & € W such that

. ~ 0\

Qﬁ(uo) =1y < tﬁi(u), and (goi) (u) = 0. (80)

From (80) we have that u # ug and
A(@) + 0a = NY (@), where N (u)(-) = f2(-,u(-)) forallue W. (81)

On (81) we act with (ugp — u)* € W and as before show that vy < @ and
u € intCy. Hence u € int Cy is a smooth solution of (1) (see 72). Hypoth-
eses H(ii), (iii) imply the existence of a & > 0 such that for almost all ¢ €
T,z — f(t,z)+6x is nondecreasing on [— ||i|so, || 7| o). Hence — (@ — ug)” (t)+
o(u—up)(t) = f(t,ut)) + au(t) — f(t,uo(t)) — cuo(t) > 0 a.e. on T, so
(@ —up)" (t) <& (W —ug) (t) a.e. on T, hence U — ug € int Cy (see [21]).
Similarly, if we use the other solution vy € —int C'y and the following trunca-
tion—perturbation of f(t,x)

~p ft,x) + 0x it = <w(t)

s VR N (52)
then working as above, using this time (82), we obtain a second negative
smooth solution v € —int Cy such that vg — v € int C.

From Proposition 4.1 we know that uy and vy are both local minimizers of .
Hence (see [13, p. 175])

Cr(p,up) = Cr(p,v0) = g oZ for all k > 0. (83)

From the previous arguments, we know that u € intC, is a critical point
of mountain pass type for the functional @, hence Cy (3%, %) # 0 (see [6]).
Moreover, from (72) we have for every u € W,u > ug

b

5 () = 12 = o2 - bF d F — d
B ) = g5 = Glluol = [ Pt [ (FGw0)  ftw)

9 b
— () + co, where cg =~ [l + | (F(t,u0)  f(t,u0)) .
0
Hence, since u > ug we have
Ci(@%, 1) = Ci(p + cg,1) = Ci(p,u) for all k > 0, (84)

S0,

Ck ((P, a) 7é 0.
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Recall that ¢ € C?(W) and

b b
(" (@)y,v) = / y'v'dt — / fo(t,@)yvdt for all y, v e W.
0 0

So, we can apply Proposition 25 of Bartsch [4] (see also [13, p. 195]) and have
that

Cr(p,u) = 6x1Z for all k> 0. (85)
Similarly, we show that
Cr(p,0) = 01Z for all k > 0. (86)
From Proposition 3.5, we have
Cr(p,0) =0 qZ forall k>0 (d;=2i+1) (87)
and from Proposition 3.6, we have
Cr(p,00) = 0k,q,,Z forall k>0 (d, =2m+1). (88)

Then (88) implies that we can find a critical point yg € C1(T) (regularity
theory) of ¢ that solves problem (1) and such that

Ca,, (¢, y0) # 0. (89)

Because m > 1,d,, > 3 and since i # m we also have d; # d,,,. Hence (89),
together with (83), (85)—(87) implies yo ¢ {0, uo, vo, U, V}.

Let i be the Morse index of yo and v the nullity of yo. From (89) and the
Gromoll-Meyer theorem (see Sect. 2), we have d,,, € [, t + 7] and ¥ < 2
(recall that d,, = 2m + 1 and 1,7 € Ny). If 7 = 0, then yo is nondegenerate
and so Ci(p,y0) = 0k.q,,Z for all k£ > 0. Also, if ¥ = 1, then by virtue of the
shifting theorem (see [6, p. 333]) and Corollary 8.4(v), p. 194, of Mawhin and
Willem [13], again we have Ci(p,yo) = 0k,q4,,Z for all k > 0. Finally, if v = 2,
then for d,, = i or d,, = i + 2, we have Ci(p,yo) = 0.4, Z for all k& > 0 (see
[13]). So, assuming that {0, ug, vo, U, U, yo} are the only critical points, from
the Morse theory with t = —1, we obtain (—1)% = 0, a contradiction. Finally,
for d,, = i1 + 1, from the Morse inequality (with ¢ = d,,, +d; = 2(m + i+ 1))
, we obtain (—1)% > 0, hence —1 > 0, a contradiction again. Therefore, there
is a critical point § of ¢ such that § ¢ {0, ug, vo, U, 0, yo}. Then § € C1(T)
and solves problem (1). O
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