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Abstract. The purpose of this paper is to establish strong lower energy
estimates for strong solutions of nonlinearly damped Timoshenko beams,
Petrowsky equations in two and three dimensions and wave-like equa-
tions for bounded one-dimensional domains or annulus domains in two
or three dimensions. We also establish weak lower velocity estimates for
strong solutions of the nonlinearly damped Petrowsky equation in two and
three dimensions. The feedbacks in consideration have arbitrary growth
close to the origin. These results improve the strong lower energy decay
rates obtained in our previous papers (Alabau-Boussouira in J Differ Equ
249:1145–1178, 2010; J Differ Equ 248:1473–1517, 2010) for strong solu-
tions of the nonlinearly locally damped wave equation and extend to
systems and to Petrowsky equation the method of Alabau-Boussouira
(J Differ Equ 249:1145–1178, 2010; J Differ Equ 248:1473–1517, 2010).
These results are the first ones for Timoshenko beams and Petrowsky
equations.
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1. Introduction

Damped reversible systems are involved in many applications in engineering,
mechanics and acoustics. They have been the subject of wide investigations in
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mathematics. If strong stabilization and upper energy estimates have been a
lot explored, comparatively very few is known on lower energy estimates and
optimality in case of nonlinear stabilization.

Vancostenoble [37] and Vancostenoble and Martinez [36] proved optimal-
ity of the upper energy estimates for a one dimensional (or radial in three
dimensions) boundary damped wave equation and for initial data with van-
ishing velocities.

Haraux [14] considered a one-dimensional locally polynomially damped
wave equation. He proved a weak (in the sense of a certain lim sup) lower veloc-
ity estimate from which he derived a weak energy estimate for initial data in
W 2,∞(Ω) ×W 1,∞(Ω).

We showed in [1] that it is possible to derive strong lower energy esti-
mates for general dampings, localized as well as boundary dampings under
weaker regularity assumptions on the initial data. We also extended the weak
lower velocity estimates of Haraux to general dampings and multidimensional
domains for bounded velocities in time and space.

The purpose of this paper is to give an extension of our method, to a
system, namely the Timoshenko beams and to Petrowsky equation in two
and three dimensions. We also prove weak lower velocity estimates for strong
solutions of the Petrowsky equation in two and three dimensions. Further, we
improve the strong lower bound of [1] for nonlinearly locally damped wave
equation in one dimensional domains or in annulus domains for two and three
space dimensions. Our method relies on energy comparison principles intro-
duced for the first time in [1,2] (for finite as well as infinite dimensional sys-
tems) and elementary interpolation properties. It also uses Dafermos’ strong
stabilization result and Lasalle invariance principle combined with unique con-
tinuation properties.

The Lyapunov type method used in [14] to prove L∞ regularity and a pri-
ori estimates of the velocities of locally polynomially damped one-dimensional
wave equations is specific to the structure of locally damped wave equations in
one-dimension. It does not extend to boundary damped wave equations, nor
to Petrowsky equation nor to systems such as Timoshenko beams.

Our method extends to systems and as well to higher order equation
in space, such as the Petrowsky equation. In this latter case, the problem of
smoothness and a priori estimate on the velocity in spaces is solved thanks to
Sobolev embeddings and appropriate Gagliardo–Nirenberg inequalities, which
allows us to give the first lower energy estimates for Petrowsky equation in
two or three dimensions. We also derive weak lower velocity estimates in this
latter case.

We already show in [1] that our method also works for boundary general
nonlinear dampings for wave equations in one dimensional, or annulus domains
in two and three dimensions.

Thus, an important issue is that our method is general regarding sev-
eral aspects such as feedback growth, localized or boundary feedbacks, and
is applicable to different PDE’s. It also raises new challenges or shows the
importance of still unsolved ones—such as regularity of the velocity—, which
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are interesting both in themselves and in the framework of lower estimates and
optimality. These challenges concern the regularity of solutions—in particular
of the velocity—, the behavior of higher order energies, the determination of
the asymptotic behavior of the solutions depending on initial data and the
possible dependence of the asymptotic behavior on the spatial dimension and
the geometry of the domain.

We recall that Dafermos [11] establishes strong stabilization, i.e. the
energy of solutions converges to zero as time goes to infinity, for a nonlin-
early locally damped wave equation provided that the damping is effective on
a non empty open set (see [16] for a generalization to monotone graphs dam-
pings). His proof is based on Lasalle invariance principle [20,21] and on the
dissipativity properties of the energy and on the energy of first order, i.e. the
energy of the time derivative of the solution. Dafermos pointed in this paper
the lack of information on the rate of decay.

Since then, many upper energy estimates have been derived at first
“polynomially” growing feedbacks (see [9,14,17,19,41,33] and the references
therein), and then for arbitrary growing feedbacks [1,2,5,6,12,22,27–29] and
the references therein). We also refer to Zuazua [40] and to [13] for exponen-
tial stabilization of linearly locally damped semilinear wave equations and to
Coron [10] for results on nonlinear systems (and the references therein).

Let us further mention that the question of lower energy estimates for
arbitrary domains in dimensions two or three is still open, as well as the opti-
mality of upper energy estimates derived in [2,5,12,22,27–29]. As above writ-
ten, a first step in this direction has been obtained by Vancostenoble [36] and
Vancostenoble and Martinez [36] in the case of a one dimensional (or radial in
three dimensions) boundary damped wave equation and for initial data with
vanishing velocities. Carpio [8] obtained results concerning the dependence of
the estimates with respect to initial data for power-like nonlinearities.

Remark 1.1 . In all the paper, we will consider initial data with nonvanishing
energy. The lower estimates resulting in the case of null energy initial data are
trivial (the lower bound is 0 in this case). This means that in this trivial case,
the nonnegative constant, which depends on the initial data, involved in factor
of the lower estimate is vanishing, whereas it is positive if the initial data have
nonzero energy.

The paper is organized as follows. After a brief introduction, we present
the strong lower energy estimates for Timoshenko beams in Sect. 2. Section 3
is devoted to strong lower energy and weak lower velocity estimates for Pet-
rowsky equation in two and three dimensions. Sections 4 and respectively 5
are devoted to the improvements of our lower energy estimates of [1] for the
one dimensional wave equation and respectively the wave equation in annu-
lus domains in dimensions 2 and 3. We conclude and present a series of open
problems connected to lower energy estimates, regularity of the velocity and
optimality in Sect. 6.
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2. Lower energy estimates for Timoshenko beams

We consider the following Timoshenko type system (see e.g. [7,31,34]):

{
ρ1ϕtt − k(ϕx + ψ)x = 0 t > 0, 0 < x < L,
ρ2ψtt − bψxx + k(ϕx + ψ) + a(x)g(ψt) = 0t > 0, 0 < x < L,

(2.1)

where a ∈ L∞(Ω) and a ≥ 0 a.e. on Ω with a > 0 on an open subset ω of Ω.
We set Ω = (0, L). We also make the following assumptions on g in the sequel

(H1)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

g : R �→ R is assumed to be an odd, increasing
continuously differentiable function
g has a linear growth at infinity,
sg(s) > 0 ∀ s ∈ R

�,

g(0) = g′(0) = 0.

Remark 2.1 . We assume that g is a C1 function on R. This assumption can
be relaxed with no difficulty. It suffices that g has this regularity in a neigh-
bourhood of 0. We prefer to shorten the formulation of the results, so that the
exposition is simple and clear.

Indeed, as soon as one assumes that g has a linear growth at infinity, then
the upper asymptotic behavior of the energy as times goes to ∞ is determined
by the behavior of g close to 0 as shown in [2,5,22,27,29]. Hence, the values
of g outside a neighbourhood of g does not affect the behavior of the energy
at ∞.

The functions ϕ and ψ denote respectively the transverse displacement
of the beam and the rotation angle of the filament. The term a g(ψt) is the
damping term, so one can remark that only the second equation is damped
whereas the first equation is not damped. Here g is assumed to satisfy (H1).
Moreover, ρ1, ρ2, k and b denote positive constants characterizing physical
properties of the beam and the filament. The speeds of propagation in the
first and second equations are respectively given by

v1 =
k

ρ1
, (2.2)

and

v2 =
b

ρ2
. (2.3)

We consider two types of boundary conditions for this system, namely

ϕ = ψx = 0, t > 0, x = 0, x = L, (2.4)
ϕ = ψ = 0, t > 0, x = 0, x = L. (2.5)
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Moreover the initial conditions for the state variables are:{
(ϕ,ψ)(x, 0) = (ϕ0(x), ψ0(x)) x ∈ (0, L),
(ϕt, ψt)(x, 0) = (ϕ1(x), ψ1(x)) x ∈ (0, L). (2.6)

The energy of solutions of the system (2.1) subjected to initial state (2.6)
and to either the boundary conditions (2.4) or (2.5) is defined by

E(t) =
1
2

∫ L

0

(
ρ1ϕ

2
t + ρ2ψ

2
t + bψ2

x + k|ϕx + ψ|2
)
dx. (2.7)

Well-posedness of these two systems together with regularity of solutions
and of the energy for smoother initial data is considered in [3,7,31].

For the moment, we can remark that if we multiply formally the first
equation in (2.1) by ϕt, the second one by ψt and if we add the two resulting
equations, we obtain the following dissipation relation

E′(t) = −
∫ L

0

a(x)ψtg(ψt) dx ≤ 0. (2.8)

We set U0 = (ϕ0, ψ0, ϕ1, ψ1) and denote by U = U(t) = (ϕ,ψ, ϕt, ψt) the
solution of either (2.1), (2.4), (2.6) or (2.1), (2.5), (2.6).

We denote by E1(t) the energy defined by (2.7), where ϕ and ψ are
replaced by ϕt and ψt and where U ′(t) = (ϕt, ψt, ϕtt, ψtt). E1 is the energy of
first order.

Remark 2.2 . We assume above that g is a globally Lipschitz function on R.
This assumption can be removed as far as lower energy estimates are concerned
at least to include power like nonlinearities g of the form g(s) = |s|p−1s for
s ∈ R, under conditions on p.

We define the energy space associated to problem (2.1), (2.4), (2.6) by

H1 = H1
0 (Ω) ×H1(Ω) × (L2(Ω))2,

and the unbounded operator in H1 defined by

D(A1) = (H1
0 (Ω) ∩H2(Ω)) ×H2(Ω) ×H1

0 (Ω) ×H1(Ω),
for U = (ϕ,ψ,w, z) ∈ D(A1),

A1U =
(
w, z,

k

ρ1
(ϕxx + ψx),

b

ρ2
ψxx − k

ρ2
(ϕx + ψ)

)
.

We also define the damping nonlinear operator

BU =
(

0, 0, 0,− a

ρ2
g(z)

)
.

In a similar way, we define the energy space associated to problem (2.1), (2.5),
(2.6) by

H2 = (H1
0 (Ω))2 × (L2(Ω))2,
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and the unbounded operator in H2 defined by

D(A2) = (H1
0 (Ω) ∩H2(Ω))2 × (H1

0 (Ω))2,
for U = (ϕ,ψ,w, z) ∈ D(A2),

A2U =
(
w, z,

k

ρ1
(ϕxx + ψx),

b

ρ2
ψxx − k

ρ2
(ϕx + ψ)

)
.

The nonlinear damping operator B is defined as above.
Problem (2.1), (2.4), (2.6) can be reformulated in the abstract equation

U ′(t) = A1U(t) +BU(t) t > 0.
U(0) = U0 = (ϕ0, ψ0, ϕ1, ψ1) ∈ H1.

In a similar way, problem (2.1), (2.5), (2.6) can be reformulated in the abstract
equation

U ′(t) = A2U(t) +BU(t) t > 0.
U(0) = U0 = (ϕ0, ψ0, ϕ1, ψ1) ∈ H2.

We recall the following classical existence and regularity result (see e.g. [15]
for the proof) using the theory of maximal nonlinear monotone operator:

Theorem 2.3. Assume that g satisfies (H1). Let i = 1 or 2. Then for all
(ϕ0, ψ0, ϕ1, ψ1) in Hi, the problem (2.1) and (2.6) subjected to (2.4) if i = 1,
and (2.5) if i = 2, has a unique solution U ∈ C([0,+∞);Hi). For i = 1, 2, the
operator Ai+B generates a continuous semigroup (Ti(t))t≥0 on Hi. Moreover,
for all (ϕ0, ψ0, ϕ1, ψ1) in D(Ai), the solution U is in L∞([0,+∞);D(Ai)) ∩
W 1,∞([0,+∞);Hi) and its energy defined by (2.7) satisfies the dissipation rela-
tion (2.8). Moreover E1, the energy of first order, is nonincreasing.

To recall Dafermos’principle applied to Timoshenko system, we need to
consider the conservative system corresponding to (2.1), that is{

ρ1ϕtt − k(ϕx + ψ)x = 0 t > 0, 0 < x < L,
ρ2ψtt − bψxx + k(ϕx + ψ) = 0 t > 0, 0 < x < L,

(2.9)

subjected to either (2.4) or (2.5).
We say in all the sequel, that a subset ω of Ω satisfies the assumption

(HS) below if it is such that

(HS)
{
(ϕ,ψ) is a weak solution of (2.9) and ψt ≡ 0 on ω =⇒ (ϕ,ψ) ≡ (0, 0)

Theorem 2.4. Assume the hypotheses of Theorem 2.3. We assume in addition
that ω satisfies (HS). Then for all U0 = (ϕ0, ψ0, ϕ1, ψ1) in Hi, the solution of
(2.1) and (2.6) subjected to (2.4) if i = 1 and to (2.5) if i = 2, is such that its
energy E defined by (2.7) satisfies

lim
t−→∞E(t) = 0. (2.10)

Proof. The proof is standard. We adapt and apply Dafermos’ [11] strong sta-
bilization technique based on Lasalle invariance principle. We detail the steps
for the reader convenience only in the case of boundary conditions (2.5). The
proof can easily be adapted to the case of boundary conditions (2.4). We



Vol. 18 (2011) Strong lower energy estimates 577

first assume that the initial data U0 = (ϕ0, ψ0, ϕ1, ψ1) are in D(A2). We set
U = (ϕ, p, ψ, q) = T2(t)U0 and define V on H2 by

V (U) =
1
2

∫ L

0

(
ρ1p

2 + ρ2q
2 + bψ2

x + k|ϕx + ψ|2
)
dx.

Then thanks to the dissipation relation on E, V is a Liapunov function for
T2(t). Moreover, thanks to Theorem 2.3, the energy of order 1 is nonincreasing
so that

E1(t) =
1
2

∫ L

0

(
ρ1ϕ

2
tt + ρ2ψ

2
tt + bψ2

tx + k|ϕtx + ψt|2
)
dx ≤ E1(0), ∀ t ≥ 0.

Hence, we have

E1(t) ≤ E1(0) ∀ t ≥ 0.

Thanks to the definition of E1, we deduce that the sets {ψtt(t, .), t ≥ 0} and
{ψt(t, .), t ≥ 0} are bounded respectively in L2(Ω) and in H1

0 (Ω). Hence the
set {ψt(t, .), t ≥ 0} is relatively compact in L2(Ω). Similarly, using in addi-
tion the fact that E is bounded uniformly on R

+, we deduce easily that the
sets {ϕtt(t, .), t ≥ 0} and {ϕt(t, .), t ≥ 0} are bounded respectively in L2(Ω)
and in H1

0 (Ω). Hence the set {ϕt(t, .), t ≥ 0} is relatively compact in L2(Ω).
Using now (2.1), we deduce that {ψxx(t, .), t ≥ 0} and {ϕxx(t, .), t ≥ 0} are
bounded in L2(Ω). Thus, the sets {ψ(t, .), t ≥ 0} and {ϕ(t, .), t ≥ 0} are rela-
tively compact in H1

0 (Ω), whereas the sets {ψt(t, .), t ≥ 0} and {ϕt(t, .), t ≥ 0}
are relatively compact in L2(Ω). We denote by γ(U0) = ∪t≥0T2(t)U0 the orbit
of U0. Thus γ(U0) is relatively compact in H2. We denote the ω-limit set of U0

by ω(U0). Using then Lasalle invariance principle as in [11] (see also [20,21]),
we deduce that for each W0 ∈ ω(U0), the map t �→ V (T2(t)W0) is constant.
Let now Z0 ∈ ω(U0) be given and set Z(t) = (w, r, z, θ)(t) = T2(t)Z0. Since
V (Z(.)) is constant, we deduce that (w, z) is solution of the system⎧⎪⎪⎨

⎪⎪⎩

ρ1wtt − k(wx + z)x = 0 t > 0, 0 < x < L,
ρ2ztt − bzxx + k(wx + z) = 0 t > 0, 0 < x < L,
(w(0), wt(0), z(0), zt(0)) = Z0 in Ω,
zt = 0 on {x ∈ Ω, a(x) = 0} ⊃ ω,

subjected to (2.5). Thanks to (HS), we deduce that (w, z) ≡ (0, 0). Hence
ω(U0) = {(0, 0, 0, 0)}, so that since the orbit is relatively compact in H2, the
energy E(t) associated to the initial data U0 converges to 0 as time goes to
∞. Thanks to the dissipation relation for E and since D(A2) is dense in H2,
we easily conclude that E(t) converges to 0 as t goes to ∞ for initial data
in H2. �

We now come to the lower energy estimates using the method developed
for strong solutions in [1] (see also [2] for first partial results in this direction).
For this, we define functions H, H̃ and Λ as follows

H(x) =
√
xg(

√
x), x ≥ 0 (2.11)
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and

H̃(x) =
H(x)
x

, x > 0, H̃(0) = 0, (2.12)

Λ(x) =
H(x)
xH ′(x)

. (2.13)

We can establish a lower bound of the energy using comparison principles
expressed through the energy of the solutions as in [2].

Theorem 2.5. Assume the hypotheses of Theorem 2.3. Let U0 = (ϕ0, ψ0, ϕ1, ψ1)
be in D(Ai). We denote by U the solution of (2.1) and (2.6) subjected to (2.4)
if i = 1 and to (2.5) if i = 2, and E its energy. We assume in addition that
either ω satisfies (HS) or that limt−→∞E(t) = 0. We define the functions H,
and H̃ respectively by (2.11) and (2.12). We assume that H̃ is nondecreasing
on [0, r20] for r0 > 0 sufficiently small. Then there exists T0 ≥ 0, depending on
E1(0) such that defining Ks by

Ks(τ) =
∫ γs

√
E(T0)

τ

1
H(y)

dy, τ ∈ (0, γs

√
E(T0)], (2.14)

E satisfies the lower estimate(
1
γs
K−1

s

(
cαa

ρ2
(t− T0)

))2

≤ E(t), ∀ t ≥ T0, (2.15)

where αa is defined in (2.23) and γs is defined later in (2.17) if (2.4) holds or
by (2.19) if (2.5) holds.

Moreover if limτ→0+ Ks(τ) = ∞, then

lim
t→∞K−1

s

(
cαa

ρ2
(t− T0)

)
= 0,

so that the left hand side of (2.15) is converging to 0 as time goes to ∞.

Proof. We first consider the boundary conditions (2.4). Then, thanks to the
smoothness of the solutions, we have

ψ2
t (t, x) = ψ2

t (t, y) + 2
∫ x

y

ψt(t, z)ψtx(t, z) dz ≤ ψ2
t (t, y)

+2

√∫ L

0

ψ2
t dx

√∫ L

0

ψ2
tx dx ∀ t ≥ 0, x ∈ (0, L).

Integrating this inequality with respect to y, we obtain

ψ2
t (t, x) ≤ 1

L

∫ L

0

ψ2
t (x) + 2

√∫ L

0

ψ2
t dx

√∫ L

0

ψ2
tx dx

≤ γs

√
E(t) ∀ t ≥ 0, x ∈ (0, L), (2.16)

where

γs =
2
ρ2

(
1
L

√
E(0) + 2

√
E1(0)

)
if (2.4) holds. (2.17)
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If we now consider the boundary condition (2.5), we have

ψ2
t (t, x) ≤ γs

√
E(t) ∀ t ≥ 0, ∀ x ∈ (0, L), (2.18)

where

γs =
4
ρ2

√
E1(0) if (2.5) holds. (2.19)

For both sets of boundary conditions, we have therefore

||ψ2
t (t, .)||L∞(Ω) ≤ γs

√
E(t) ∀ t ≥ 0, (2.20)

where γs is defined as above.
If E(t) converges to 0 when t tends to ∞ or if (HS) holds, then thanks

to Theorem 2.4, there exists T0 ≥ 0 such that

E(t) ≤
(
r20
γs

)2

, ∀ t ≥ T0. (2.21)

Thanks to (2.8), we have

− E′(t) =
∫ L

0

a(x)ψtg(ψt) dx ≤ cαa

∫ L

0

ψ2
t H̃(ψ2

t ) dx ∀ t ≥ T0, (2.22)

where αa is defined by

αa = ||a||L∞(Ω). (2.23)

Thanks to our hypotheses, H̃ is increasing on [0, r20], therefore we have

H̃(|ψ2
t (t, .)|) ≤ H̃

(
γs

√
E(t)

)
∀ t ≥ T0, x ∈ (0, L).

Using this result in (2.22), we derive

−E′(t) ≤ 2cαa

ρ2γs

√
E(t)H

(
γs

√
E(t)

)
, ∀ t ≥ T0

Thus we deduce that

Ks(γs

√
E(t)) ≤ cαa(t− T0)

ρ2
, ∀ t ≥ T0.

Since Ks is nonincreasing, we obtain (2.15). �

Remark 2.6. It is important to note that Haraux’ proof of regularity and a
priori estimates in L∞([0,∞),W 1,∞(Ω)∩H1(Ω)) of ψt does not extend to sys-
tems such as Timoshenko systems. It is requested for a sharper lower estimate
as seen in [1]. Hence a method such as in [1] requesting less regularity assump-
tions and based only on the dissipation of the energy and of first order energy
is useful for applications and extension to coupled systems. It also apply to a
wider class of initial data, the counterpart being that the lower estimates are
less sharp than the one derived in [1] for more regular solutions.

This above lower estimate can be characterized equivalently through
pointwise time estimates, under some additional assumptions on g. For this,
we need to use some of our results in [2], in particular Lemma 2.4, that we
include here for the sake of completeness.
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Lemma 2.7. Let G be a given strictly convex C1 function from [0, r20] to R such
that G(0) = G′(0) = 0, where r0 > 0 is sufficiently small and define Λ̂ on
(0, r20] by

Λ̂(x) =
G(x)
xG′(x)

. (2.24)

Let z be the solution of the ordinary differential equation:

z′(t) + κG(z(t)) = 0, z(0) = z0 t ≥ 0, (2.25)

where z0 > 0 and κ > 0 are given. Then z(t) is defined for every t ≥ 0 and
decays to 0 at infinity. Moreover assume that either

0 < lim inf
x→0

Λ̂(x) ≤ lim sup
x→0

Λ̂(x) < 1, (2.26)

or that there exists μ > 0 such that

0 < lim inf
x→0

(
G(μx)
μx

∫ z1

x

1
G(y)

dy

)
, and lim sup

x→0
Λ̂(x) < 1, (2.27)

for some z1 ∈ (0, z0]. Then there exists T1 > 0 such that for all R > 0 there
exists a constant C > 0 such that

(G′)−1

(
R

t

)
≤ C z(t), ∀ t ≥ T1, (2.28)

where T1 is a positive constant.

Remark 2.8. The constant C of the above Lemma depends explicitly on κ,R
(and in addition of μ if (2.27) holds). This dependence is given in the proof of
Lemma 2.4 in [2].

Moreover, in the above Lemma, one may assume that r0 = ∞. In this
case the interval [0, r20] becomes [0,∞) in the above Lemma.

Theorem 2.9. Assume the hypotheses of Theorem 2.3. Let U0 = (ϕ0, ψ0, ϕ1, ψ1)
be in D(Ai). We denote by U the solution of (2.1) and (2.6) subjected to (2.4) if
i = 1 and to (2.5) if i = 2, and E its energy. We assume in addition that either
ω satisfies (HS) or that limt−→∞E(t) = 0. We define H and Λ respectively
by (2.11) and (2.13). We assume that

(H2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∃r0 > 0 such that the function H : [0, r20] �→ R defined by (2.11)
is strictly convex on [0, r20],
and either 0 < lim infx→0 Λ(x) ≤ lim supx→0 Λ(x) < 1,
or there exists μ > 0 such that

0 < lim infx→0

(
H(μ x)

μ x

∫ z1

x
1

H(y) dy
)
, and lim supx→0 Λ(x) < 1,

for some z1 ∈ (0, z0].
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Then the energy E satisfies the lower estimate

1
γ2

sC
2
γs

(
(H ′)−1

(
1

t− T0

))2

≤ E(t), ∀ t ≥ T1 + T0, (2.29)

where T0 is defined such as in Theorem 2.5 and T1 such as in Lemma 2.7.

Proof. We use Lemma 2.7 as follows. We set z0 = γs

√
E(T0) and

κ =
cαa

ρ2
.

We denote by z the solution of (2.25) with H replacing G, Λ̂ = Λ. We set
ẑ(t) = z(t− T0) for t ≥ T0. Then we have

ẑ(t) = K−1
s (κ (t− T0)) = K−1

s

(
cαa

ρ2
(t− T0)

)
, ∀ t ≥ T0.

Thanks to (H2), H̃ is increasing on [0, r20], we can therefore apply Theorem 2.5.
Hence (2.15) holds, so that we have

1
γ2

s

ẑ2(t) ≤ E(t), ∀ t ≥ T0.

On the other hand applying Lemma 2.7 to G = H for R = 1, we deduce that
there exists Cγs

> 0 depending on γs, and in addition of μ if (2.27) holds, such
that

(H ′)−1
(

1
t− T0

)
≤ Cγs

ẑ(t), ∀ t ≥ T1 + T0.

Hence we have (2.29). �

Theorem 2.10. Assume the hypotheses of Theorem 2.3. Let U0 =(ϕ0,ψ0,ϕ1,ψ1)
be in D(Ai). We denote by U the solution of (2.1) and (2.6) subjected to (2.4)
if i = 1 and to (2.5) if i = 2, and E its energy. We also assume that (H2)
holds and that ω contains a neighbourhood of 0 and L. Then E satisfies the
lower estimate (2.29).

Proof. We use the stabilization results of Youssef [39] and Wehbe and You-
ssef [38] (see also the references therein). Thanks to these results, exponential
stability holds in case of equal speeds of propagation v1 and v2, whereas poly-
nomial stabilization holds for smoother initial data in case of different speeds
of propagation. Hence in both cases, strong stabilization holds for initial data
in the energy space, so that E(t) converges to 0 as times goes to ∞. We can
therefore apply Theorem 2.9 to conclude. �

Remark 2.11. We conjecture that the above lower energy estimate holds true
for arbitrary nonempty subset ω of Ω.

The above result can also be deduced from [3] for globally distributed
feedbacks, using the same argument as above.
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We now give examples of resulting lower energy estimates for examples
of feedbacks. Many other examples can be given. We limit ourselves to these
ones. One should note that the lower energy estimates given below, are not
optimal in general.

Corollary 2.12. Assume the hypotheses of Theorem 2.9. Let U0 =(ϕ0,ψ0,ϕ1,ψ1)
be in D(Ai). We denote by U the solution of (2.1) subjected to (2.4) if i = 1
and to (2.5) if i = 2 and E its energy. Then the following examples of lower
energy estimates hold.

Example 1 (polynomial feedbacks)
let g be given by g(x) = xp where p > 1 on (0, r0].

Then we have the estimates

c1t
−4/(p−1) ≤ E(t) (2.30)

for an explicit positive constant c1 which depends on E(0) and E1(0) and for
t sufficiently large.

Example 2 (exponential feedbacks)
let g be given by g(x) = e− 1

x2 on (0, r0].
Then we have the estimates

c1(ln(t))−2 ≤ E(t) (2.31)

for an explicit positive constant c1 which depends on E(0) and E1(0) and for
t sufficiently large.

Example 3 (polynomial-logarithmic feedbacks)
let g be given by g(x) = xp(ln( 1

x ))q where p > 1 and q > 1 on (0, r0].
Then we have the estimates

c1t
−4/(p−1)(ln(t))−4q/(p−1) ≤ E(t) (2.32)

for an explicit positive constant c1 which depends on E(0) and E1(0) and for
t sufficiently large.

Example 4 (between polynomial and exponential feedbacks)
let g be given by g(x) = e−(ln( 1

x ))p

where 1 < p < 2 on (0, r0].

c1e
−4(ln(t))1/p ≤ E(t) (2.33)

for an explicit positive constant c1 which depends on E(0) and E1(0) and for
t sufficiently large.

3. Strong lower energy estimates for Petrowsky equation in
dimension two and three

Let Ω be a bounded open subset of R
N with a boundary of class C4 denoted

by Γ, where N = 2 or N = 3. We assume that ω is an open subset of Ω of
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positive measure. We consider the following Petrowsky equation with nonlinear
damping: ⎧⎨

⎩
∂ttu+ Δ2u+ a(.)g(ut) = 0 in (0,∞) × Ω
u = 0 = ∂u

∂ν on Σ = Γ × R,
(u, ∂tu)(0) = (u0, u1) on Ω,

(3.34)

where a ∈ L∞(Ω) and a ≥ 0 a.e. on Ω with a > 0 on an open subset ω of Ω
and where g satisfies (H1) in all the sequel of this section.

The energy of a solution is defined by

E(t) =
1
2

(∫
Ω

|ut|2 + |Δu|2
)
dx. (3.35)

We set V = H2
0 (Ω),H = L2(Ω) and Au = Δ2u for u ∈ D(A), where D(A) is

defined by D(A) = H4(Ω) ∩H2
0 (Ω).

Existence and regularity result hold in a classical way in C([0,+∞);V )×
C1([0,+∞);H) (see e.g. [15] for the proof). Moreover if (u0, u1) ∈ D(A) × V ,
the solution u is in L∞([0,+∞);D(A))×W 1,∞([0,+∞);V )×W 2,∞([0,+∞);H)
and its energy satisfies the following dissipation relation:

E′(t) = −
∫

Ω

autg(ut) dx ≤ 0. (3.36)

Moreover the energy of first order, defined by

E1(t) =
1
2

(∫
Ω

|utt|2 + |Δut|2
)
dx,

is nonincreasing.
We consider as for the Timoshenko system, a unique continuation result

for the conservative system corresponding to (3.34), that is for{
∂ttu+ Δ2u = 0 in (0,∞) × Ω
u = 0 = ∂u

∂ν on Σ = Γ × R,
(3.37)

We assume now that ω is such that the following unique continuation
result holds for weak solutions of (3.37)

(HSP )
{
u is a solution of (3.37) and ut ≡ 0 on ω =⇒ u ≡ 0

Proceeding as in Dafermos [11] (see also the proof of Theorem 2.4), we
prove

Theorem 3.1. Assume that g satisfies (H1) and that ω satisfies (HSP ). Then
for all U0 = (u0, u1) in V ×H, the solution of (3.34) is such that its energy
E defined by (3.35) satisfies

lim
t−→∞E(t) = 0. (3.38)

We can establish a lower bound of the energy using comparison principles
expressed through the energy of the solutions as in Sect. 2.
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Let r be any real in (N, qN ), where qN = ∞ if N = 2, whereas qN = 6 if
N = 3. We set

θr =
1

1 + 2/N − 2/r
. (3.39)

Then we recall the following Gagliardo–Nirenberg inequality

||v||L∞(Ω) ≤ Cr||v||1−θr

L2(Ω)||v||
θr

W 1,r(Ω) ∀ v ∈ W 1,r(Ω) (3.40)

Theorem 3.2. Assume the hypotheses of Theorem 3.1. Let U0 = (u0, u1) be
in (H4(Ω) ∩ H2

0 (Ω)) × H2
0 (Ω). We denote by U the solution of (3.34) and

E its energy. We assume in addition that either ω satisfies (HSP ) or that
limt−→∞E(t) = 0. We define the functions H, and H̃ respectively by (2.11)
and (2.12). We assume that H̃ is nondecreasing on [0, r20] for r0 > 0 sufficiently
small. Let r be any real in (N, qN ) and θr be defined as in (3.39).

Then there exists T0 ≥ 0 and γp, depending on E1(0) and r such that
defining Kp by

Kp(τ) =
∫ γpE1−θr (T0)

τ

1
H(y)

dy, τ ∈ (0, γpE
1−θr (T0)], (3.41)

E satisfies the lower estimate(
1
γp
K−1

p (2cαa(1 − θr) (t− T0))
)1/(1−θr)

≤ E(t), ∀ t ≥ T0, (3.42)

where αa is defined in (2.23).
Moreover if limτ→0+ Kp(τ) = ∞, then

lim
t→∞K−1

p (cαa(1 − θr) (t− T0)) = 0,

so that the left hand side of (3.42) is converging to 0 as time goes to ∞.

Proof. Thanks to the smoothness of the solutions, the energy of first order of
solutions of (3.34) is nonincreasing, so that

E1(t) =
1
2

(∫
Ω

|utt|2 + |Δut|2
)
dx ≤ E1(0) ∀ t ≥ 0. (3.43)

This implies in particular, thanks to Sobolev embeddings that ut ∈ L∞([0,∞);
W 1,r(Ω) for any r ∈ (N, qN ) and that v = ut satisfies (3.40), so that we have

||ut(t)||2L∞(Ω) ≤ γpE
1−θr (t) ∀ t ≥ 0, (3.44)

where γp is a positive constant which depends on r,N and E1(0).
If E(t) converges to 0 when t tends to ∞ or if (HSP ) holds, then thanks

to Theorem 3.1, there exists T0 ≥ 0 such that

E(t) ≤
(
r20
γp

)1/(1−θr)

, ∀ t ≥ T0. (3.45)

Thanks to (3.36) and (H1), we have

− E′(t) =
∫

Ω

a(x)utg(ut) dx ≤ cαa

∫
Ω

u2
t H̃(u2

t ) dx ∀ t ≥ T0, (3.46)
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where αa is defined by (2.23). Thanks to our hypotheses, H̃ is increasing on
[0, r20], therefore we have

H̃(|u2
t (t, .)|2) ≤ H̃

(
γpE

1−θr (t)
)

∀ t ≥ T0, x ∈ Ω.

Using this result in (3.46), we derive

−E′(t) ≤ 2cαa

γp
Eθr (t)H

(
γpE

1−θr (t)
)
.

Thus we deduce that

Kp(γpE
1−θr (t)) ≤ 2cαa(1 − θr), ∀ t ≥ T0.

Since Kp is nonincreasing, we obtain (3.42). �

As for Timoshenko beams, the above lower estimate can be characterized
equivalently through pointwise time estimates, under some additional assump-
tions on g.

Theorem 3.3. Assume the hypotheses of Theorem 3.2. Let U0 = (u0, u1) be
in (H4(Ω) ∩ H2

0 (Ω)) × H2
0 (Ω). We denote by U the solution of (3.34) and

E its energy. We assume in addition that either ω satisfies (HSP ) or that
limt−→∞E(t) = 0. We define H and Λ respectively by (2.11) and (2.13). We
assume that (H2) holds. Let r be any real in (N, qN ) and θr be defined as in
(3.39). Then the energy E satisfies the lower estimate(

1
γpCγp

(
(H ′)−1

(
1

t− T0

))1/(1−θr)

≤ E(t), ∀ t ≥ T1 + T0. (3.47)

Proof. We use Lemma 2.7 as follows. We set z0 = γpE
1−θr (T0) and

κ = 2cαa(1 − θr).

We denote by z the solution of (2.25) with H replacing G, Λ̂ = Λ. We set
ẑ(t) = z(t− T0) for t ≥ T0. Then we have

ẑ(t) = K−1
p (κ (t− T0)) = K−1

s (2cαa(1 − θr) (t− T0)), ∀ t ≥ T0.

Thus, thanks to (3.42), we have
(

1
γp
ẑ(t)

)1/(1−θr)

≤ E(t), ∀ t ≥ T0.

On the other hand applying Lemma 2.7 to G = H for R = 1, we deduce that
there exists Cγp

> 0 depending on γp, and in addition of μ if (2.27) holds,
such that

(H ′)−1
(

1
t− T0

)
≤ Cγp

ẑ(t), ∀ t ≥ T1 + T0.

Hence we have (3.47). �
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We now assume the following geometric hypotheses on Ω and ω as in [26]
(see also [28,4]) for use of the piecewise multiplier method:

(HG)

⎧⎨
⎩

∃ ε > 0, domains Ωj ⊂ Ω with Lipschitz boundary Γj for 1 ≤ j ≤ J and points xj in R
N

such that Ωi ∩ Ωj = ∅ if i �= j,

Ω ∩ Nε [∪jγj(xj) ∪ (Ω\ ∪j Ωj)] ⊂ ω,

where γj(xj) = {x ∈ Γj , (x− xj) · νj(x) > 0}, and where the notation Nε(O)
stands for an ε neighbourhood of a given set O in R

N .

Remark 3.4. These assumptions are a generalization of Zuazua’s assump-
tions [40] for which one has J = 1 and Ω1 = Ω.

Corollary 3.5. Assume the hypotheses of Theorem 3.3 and that ω satisfies
(HG). Let r be any real in (N, qN ) and θr be defined as in (3.39). Then E
satisfies the lower estimate (3.47). In particular for N = 2, we have for any
r ∈ (2,∞)(

1
γpCγp

(
(H ′)−1

(
1

t− T0

)))1/(1−θr)

≤ E(t), ∀ t ≥ T1 + T0,

where θr tends to 1/2 as r goes to ∞.

Proof. We prove in [4] and [2] (see Theorem 4.10) that thanks to (HG), E
satisfies the upper estimate

E(t) ≤ C(E(0)) (H ′)−1
(
D

t

)
(3.48)

for t sufficiently large and whereD is a positive constant which does not depend
on E(0) whereas C(E(0)) is a positive constant which depends on E(0). Hence,
strong stabilization holds, so that we can apply Theorem 3.3. �

Remark 3.6. The constant involved in the lower estimate stated in Corol-
lary 3.5 when N = 2, depends on r and blows up as r goes to ∞.

The above results extend to the case for which the boundary conditions
are replaced by u = 0 = Δu on the boundary.

Corollary 3.5 can probably be generalized to weaker geometric assump-
tions using unique continuation results as stated in (HSP ) for weaker geomet-
ric assumptions.

Corollary 2.12 is valid for the energy of solutions of (3.34). We do not
reformulate these examples of lower energy estimates for various examples of
feedbacks.

We now state our weak lower velocity estimates

Theorem 3.7. Assume the hypotheses of Theorem 3.3 and that ω satisfies
(HG). Let r be any real in (N, qN ) and θr be defined as in (3.39). Then,
the velocity satisfies the following weak lower estimate

lim sup
t→∞

(
1

(H ′)−1 (D0
t

) ||ut(t)||2L∞(Ω)

)
≥ 1. (3.49)

We need the following lemma and corollary that we proved in [1].
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Lemma 3.8. (Lemma 7.2 [1]) We assume that g satisfies (H1) and that g(0) =
g′(0) = 0. We define H as in (2.11) and H̃ as in (2.12). We also define the
function Λ as in (2.13). We assume that H satisfies (H2). We set μ = 1 if
the first alternative of (H2) holds, otherwise μ > 0 is the one involved in the
second alternative of (H2). Assume that E : [0,∞) �→ (0,∞) is in W 1,1

loc([0,∞)
and satisfies the two inequalities

− E′(t) ≤ βaH̃
(
||ut||2L∞(Ω)

)
E(t), ∀ t ≥ T−, (3.50)

where H̃ is defined in (2.12), βa > 0 and T− ≥ 0 are given constants, and

E(t) ≤ βE(0) (H ′)−1
(
D

t

)
, for t sufficiently large. (3.51)

Define the solution z of the ordinary differential equation

z′(t) +H(μ z(t)) = 0, z(0) = z0 > 0, (3.52)

where z0 is given. Then we have

lim sup
t→∞

⎛
⎝H̃

(
||ut(t)||2L∞(Ω)

)

H̃(μ z(t))

⎞
⎠ ≥ μ

βa
> 0. (3.53)

Corollary 3.9. (Corollary 7.3 [1]) Assume the hypotheses of Lemma 3.8. Then,
there exists D0 > 0 depending on μ and βa such that

lim sup
t→∞

(
1

(H ′)−1 (D0
t

) ||ut(t)||2L∞(Ω)

)
≥ 1. (3.54)

We now give the proof of Theorem 3.7.

Proof. Thanks to (3.46), E satisfies (3.50) with βa = cαa and T− = T0. More-
over thanks to (HG) and the results in [2,4], E satisfies (3.48). Thus, we can
apply Lemma 3.8, so that (3.53) holds. Applying Corollary 3.9, we deduce that
(3.54) holds. �

4. Lower estimates for strong solutions of one-dimensional wave
equations

We improve our lower energy estimates obtained in [1], giving a sharper lower
estimate.

We consider the nonlinearly damped wave equation⎧⎪⎨
⎪⎩
utt(t, x) − uxx(t, x) + a(x)g(ut(t, x)) = 0, 0 < t, x ∈ Ω,
u(t, c) = u(t, d) = 0, for 0 < t,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω,
(4.55)

where Ω = (c, d) ⊂ R, with −∞ < c < d < ∞, a ∈ L∞(Ω) and a ≥ 0 a.e. on
Ω with a > 0 on an open subset ω of Ω, in all the sequel. Required existence
results, monotonicity properties and appropriate a priori estimates either in
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monotonic situations or through compactness methods are contained in the
works by Lions–Strauss [25] and further on in Lions’s book [24].
The energy of a solution is defined by

E(t) =
1
2

∫
Ω

(
u2

t + u2
x

)
dx. (4.56)

It is well-known that (4.55) is well-posed for initial data in the energy
space H = H1

0 (Ω)×L2(Ω), i.e. for all (u0, u1) ∈ H, (4.55) has a unique solution
u in C(R+;H1

0 (Ω)) ∩ C1(R+;L2(Ω)).
Moreover if (u0, u1) is in (H1

0 (Ω)∩H2(Ω))×H1
0 (Ω) then u ∈ C(R+;H1

0 (Ω)
∩H2(Ω)) ∩ C1(R+;H1

0 (Ω)) ∩ C1(R+;L2(Ω)). Also the energy of higher order

E1(t) =
1
2

∫
Ω

(
u2

tt + u2
xt

)
dx (4.57)

is well-defined, and nonincreasing. In this latter case, the natural energy E
satisfies the dissipation relation

− E′(t) =
∫

Ω

a(x)ut(t, x)g (ut(t, x)) dx t ≥ 0. (4.58)

Theorem 4.1. Assume that (u0, u1) ∈ (H1
0 (Ω) ∩ H2(Ω)) × H1

0 (Ω) and that g
satisfies (H1). We define two functions H, and H̃ respectively by (2.11) and
(2.12). We assume that H̃ is nondecreasing on [0, r20] for r0 > 0 sufficiently
small. Then there exists T0 ≥ 0, depending on E1(0) such that defining Kin by

Kin(τ) =
∫ γin

√
E(T0)

τ

1
H(y)

dy, τ ∈ (0, γin

√
E(T0)], (4.59)

E satisfies the lower estimate(
1
γin

K−1
in (αa (t− T0))

)2

≤ E(t), ∀ t ≥ T0, (4.60)

where αa is defined in (2.23) and γin is defined later in (4.62).
Moreover if limτ→0+ Kin(τ) = ∞, then

lim
t→∞K−1

in (αa (t− T0)) = 0,

so that the left hand side of (4.60) is converging to 0 as time goes to ∞.

Proof. We proceed as for Timoshenko beams. We have

u2
t (t, x) ≤ γin

√
E(t) ∀ t ≥ 0, ∀ x ∈ Ω. (4.61)

where

γin = 4
√
E1(0). (4.62)

Thanks to the dissipation relation (4.58) and the definition of H̃, we have

− E′(t) =
∫

Ω

a(x)u2
t H̃
(
u2

t (t, x)
)
dx. (4.63)
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Moreover, using Dafermos’ Proposition 2.3 in [11], saying that limt→∞E(t) = 0,
we deduce that there exists T0 ≥ 0 such that (2.21) holds. Thanks to our
hypotheses, H̃ is increasing on [0, r20]. We thus have

H̃
(
|ut(t, .)|2

)
≤ H̃

(
γin

√
E(t)

)
, t ≥ T0, in Ω. (4.64)

Using this inequality in (4.63), we obtain

−E′(t) ≤ H̃
(
γin

√
E(t)

)∫
Ω

au2
t dx ≤ 2αa

γin

√
E(t)H

(
γin

√
E(t)

)
t ≥ T0.

Therefore, we deduce that

Kin

(
γin

√
E(t)

)
≤ αa (t− T0), ∀ t ≥ T0.

Since Kin is nonincreasing, we deduce the desired estimate. �

Theorem 4.2. Assume that (u0, u1) ∈ (H1
0 (Ω) ∩ H2(Ω)) × H1

0 (Ω) and that g
satisfies (H1). We define H and H̃ respectively as in (2.11) and (2.12). We
also define H and Λ respectively as in (2.11) and (2.13). We assume that (H2)
holds. Then the energy satisfies the lower estimate

1
γ2

inC
2
γin

(
(H ′)−1

(
1

t− T0

))2

≤ E(t), ∀ t ≥ T1 + T0, (4.65)

where γin is defined in (4.62), and depends on E1(0), and Cγin
depends explic-

itly on γin, and E1(0).

Proof. We proceed as for the Timoshenko beams and use Lemma 2.7 as fol-
lows. We set z0 = γin

√
E(T0) and κ = αa. We denote by z the solution of

(2.25) with H replacing G, Λ̂ = Λ. We set ẑ(t) = z(t − T0) for t ≥ T0. Then
we have

ẑ(t) = K−1
in (κ (t− T0)) = K−1

in (αa (t− T0)), ∀ t ≥ T0.

Thus, thanks to (4.60), we have
1
γ2

in

ẑ2(t) ≤ E(t), ∀ t ≥ T0.

On the other hand applying Lemma 2.7 to G = H for R = 1, we deduce that
there exists Cγin

> 0 depending on γin, and in addition of μ if (2.27) holds,
such that

(H ′)−1
(

1
t− T0

)
≤ Cγin

ẑ(t), ∀ t ≥ T1 + T0.

Hence we have (4.65). �

Remark 4.3. Corollary 2.12 applies for the above example so that the corre-
sponding energies satisfy the corresponding examples of lower estimates for
the four examples.

Note that the lower bound obtained in [1] was

1
γ2

inC
2
γin

((
H̃ ′
)−1

(
1

t− T0

))2

≤ E(t), ∀ t ≥ T1 + T0,
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We can see that the new lower bound given in (4.65) is strictly sharper for
examples 1 and 3. We can give several further examples for which this lower
estimate is strictly sharper than the one above. However for too weak dissi-
pation, that is when the feedback g converges to 0 as an exponential speed or
close to an exponential speed as in examples 2 and 4 for instance, then the
two lower estimates are equivalent.

5. Improved lower bounds for locally damped wave equations in
radial domains

Following [1], we derive lower energy estimates for wave equations in annulus
type domains in dimensions 2 and 3. We just adapt the results. The proofs
with the improved lower bounds can easily be derived using the method in [1].
We formulate them here for the sake of completeness. Similarly to the one
dimensional case, Corollary 2.12 applies for wave equations in radial domains
of annulus type, so that the corresponding energies satisfy the corresponding
examples of lower estimates for the four examples.

Locally distributed damping for wave equation in radial domains in R
2. For

the sake of simplicity, we will just consider a globally distributed case. The
next results are obviously true in case of a localized feedback with a feedback
coefficient which is radial and satisfies the same hypotheses in (R1, R2) than
in the one-dimensional case.

We assume that the space dimension is N = 2 and we consider Ω =
B(0, R2)\B(0, R1) in R

N . We consider the equation
⎧⎪⎨
⎪⎩
utt − Δu+ g(ut) = 0, 0 < t, x ∈ Ω,
u(t, .) = 0, on Γ = ∂Ω, 0 < t,

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ Ω.
(5.66)

Well-posedness of (5.66) in the energy space H1
0 (Ω) × L2(Ω) holds.

We restrict our attention to initial data that depend only on the radial
component, so that we can extend our previous results. To avoid to intro-
duce too many notation, we use the same notation for the radial function as a
function on Ω, and as a function of the radial component only.

Let u0(.) = u0(r) and u1(.) = u1(r) in Ω where (u0, u1) ∈ (H1
0 (R1, R2) ∩

H2(R1, R2)) ×H1
0 (R1, R2). Then the solution u of (5.66) depends only on r.

As above mentioned, we still denote this radial solution by u.
Then, u satisfies the equation

⎧⎪⎨
⎪⎩
rutt − (rur)r + rg(ut) = 0, 0 < t, r ∈ (R1, R2),
u(t, R1) = u(t, R2) = 0, for 0 < t,

u(0, r) = u0(r), ut(0, r) = u1(r), r ∈ (R1, R2).
(5.67)
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Its energy is given by

Eu(t) =
1
2

∫ R2

R1

∫ 2π

0

(
u2

t + |∂r(u)|2
)
r dr dθ

= 2πE(t) =: 2π
∫ R2

R1

1
2
(
u2

t + u2
r

)
r dr. (5.68)

We also define the energy of higher order

E1u(t) =
1
2

∫ R2

R1

∫ 2π

0

(
u2

tt + |∂r(ut)|2
)
r dr dθ

= 2πE1(t) =: 2π
∫ R2

R1

1
2
(
u2

tt + u2
tr

)
r dr. (5.69)

Theorem 5.1. Let u0(.) = u0(r) and u1(.) = u1(r) in Ω where (u0, u1) ∈
(H1

0 (R1, R2) ∩H2(R1, R2)) ×H1
0 (R1, R2). Assume also that g satisfies (H1).

We define H as in (2.11). We assume that (H2) holds.
Then the energy satisfies the lower estimate

4π
γ2C2

γ

(
(H ′)−1

(
1
t

))2

≤ Eu(t), ∀ t ≥ T1, (5.70)

where γ is defined given by

γ =
4
√
E1(0)
R1

,

and Cγ depends explicitly on γ and E1(0).

Locally distributed damping for wave equation in radial domains in R
3. As

above and for the sake of simplicity, we will just consider a globally distrib-
uted case. The next results are obviously true in case of a localized feedback
with a feedback coefficient which is radial and satisfies the same hypotheses
in (R1, R2) than in the one-dimensional case.

We assume that the space dimension is N = 3 and we consider Ω =
B(0, R2)\B(0, R1) in R

N . We consider the equation (5.66). Well-posedness in
the energy space H1

0 (Ω) × L2(Ω) holds. For initial data that depend only on
the radial component, we can extend our previous results.

Let u0(.) = u0(r) and u1(.) = u1(r) in Ω where (u0, u1) ∈ (H1
0 (R1, R2) ∩

H2(R1, R2)) ×H1
0 (R1, R2). Then the solution u of (5.66) depends only on r.

Its energy with respect to spherical coordinates is given by

Eu(t) =
1
2

(∫ R2

R1

∫ 2π

0

∫ π

0

(
u2

t +
∣∣∣∣1r ∂r(r u)

∣∣∣∣
2
)
r2 sin(θ) dr dθ dφ

)
. (5.71)

We make the well-known change of unknown

v(t, r) = ru(t, r), t > 0, r ∈ (R1, R2). (5.72)
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Then, v satisfies the equation⎧⎪⎨
⎪⎩
vtt − vrr + rg(vt

r ) = 0, 0 < t, r ∈ (R1, R2),
v(t, R1) = v(t, R2) = 0, for 0 < t,

v(0, r) = ru0(r), vt(0, r) = ru1(r), r ∈ (R1, R2).
(5.73)

Moreover we have

Eu(t) = 4πE(t) =: 4π
∫ R2

R1

1
2
(
v2

t + v2
r

)
dr. (5.74)

Theorem 5.2. Let u0(.) = v0(r) and u1(.) = v1(r) in Ω where (v0, v1) ∈
(H1

0 (R1, R2) ∩H2(R1, R2)) ×H1
0 (R1, R2). Assume also that g satisfies (H1).

We define H as in (2.11). We also assume that (H2) holds.
Then the energy satisfies the lower estimate

4π
γ2

inC
2
γin

(
(H ′)−1

(
1
t

))2

≤ Eu(t), ∀ t ≥ T1, (5.75)

where γin is defined in (4.62), and depends on E1(0), and Cγ depends explicitly
on γin and E1(0).

Remark 5.3. A comparison principle for the energy can be stated as in the
previous sections, but we do not formulate it here, to make the paper easier
to read.

The previous results obviously extend to a damping term of the form
a(|x|)g(ut) in (5.66), where | · | stands for the euclidian norm in R

N , and where
a ∈ L∞(R1, R2), a ≥ 0 on (R1, R2) and a is nonvanishing on a subset of
(R1, R2).

6. Conclusion and open questions

The lower estimates given in the previous sections are not of the same order
of convergence to 0 as time goes to ∞ than the sharp upper estimates given
in [1,2]. More precisely, we recall that under classical geometric hypotheses on
ω and for dampings which are not close to linear behavior close to the origin
(see [2]), the energy of solutions of the wave, Petrowsky equations in dimen-
sions two and three, or Timoshenko beams in case of equal velocities v1 and
v2, satisfies the upper estimate

E(t) ≤ C(E(0)) (H ′)−1
(

1
t

)

for t sufficiently large, and where C(E(0)) is a constant which depends on
E(0). We recall the lower energy estimate derived in Sects. 2, 4, 5 and a
weaker estimate in Sect. 3 are

C1(E1(0))
(

(H ′)−1
(

1
t− T0

))2

≤ E(t),

for t sufficiently large, and where C1(E1(0)) is a constant which depends on
E1(0). Both the upper and lower bounds given above converges to 0 as times
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goes to ∞ but not at the same rate, so that these results are not sufficient to
prove optimality.

Hence optimality is an open question. As said in the introduction, Vanc-
ostenoble [37], and Vancostenoble and Martinez [36] obtained first results in
this direction for a one-dimensional boundary damped wave equation for ini-
tial data with vanishing velocity. We also give some optimality results in [5]
applying their results. The question is open for general initial data, localized
dampings, multidimensional domains. Similar questions hold for Petrowsky
equation.

Another question which is of interest is the regularity of the solution
of nonlinearly damped wave equations in case of arbitrary multidimensional
domains. If solutions are such that ut is in L∞([0,∞);W 1,p(Ω)) for a certain
2 < p < ∞ and where the a priori bound involves only the initial data, we
proved in [2] a lower energy estimate for polynomial dampings. We proved
in [1] that a stronger lower estimate holds if p = ∞, this for general dam-
pings. This regularity holds in one-dimension as shown by Haraux [14], and in
annulus domains in two and three dimensions. Is it possible to exhibit solu-
tions which satisfy the prescribed regularity and a priori estimates for general
multidimensional domains? We conjecture that such solutions may exist.

Also, for radial solutions in annulus domains, the lower estimate we
derived does not depend on the dimension, whereas it depends on the dimen-
sion for general domains for solutions with ut in L∞([0,∞);W 1,∞(Ω)).

Furthermore, the answers on the above open questions may depend on
characteristics of the initial data [5,8]. So it is important to keep trace on the
dependence of the lower and upper estimates on the initial data. This question
is also important in view of numerics and applications.

Another question of interest is the case of dissipations which are linear
close to the origin and weak at infinity. These questions have been considered
in [18,23,30,32]. In [30], the authors prove that if the globally distributed dis-
sipation for a wave equation in two dimensional domains, is bounded or at
most of polynomial growth at infinity, and linear close to the origin then the
energy of strong solutions decays exponentially at infinity as e−ωt where ω > 0
depends on a higher norm of the initial data. One can use the techniques of
the present paper to give some lower bounds of exponential type in some situ-
ations. For instance, if g(x) grows as |x|q+1 for |x| ≥ 1 and has a linear growth
close to the origin, then one can easily show that in the case q ∈ [0, 1], there
exists a positive constant C independent of the initial data such that

E(0)e−Ct ≤ E(t) ∀ t ≥ 0.

For this, one just needs to remark that thanks to the dissipation relation for
strong solutions, one has

−E′(t) =
∫

Ω

u′g(u′) ≤ C

2

∫
Ω

|u′|2 ≤ CE(t) ∀ t ≥ 0

where C is such that

0 ≤ 2xg(x) ≤ C|x|2 ∀ x ∈ R.
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A more involved result can also be obtained if q > 1 for solutions with suffi-
ciently smooth velocities, following our proofs in the present paper or in [2,1].
In this case, one also obtains a lower bound as above, but with a constant C
which depends on the energy of order 1 of the initial data. The general case,
without such an a priori regularity result on the velocity is open. It would be
also very interesting to derive lower energy estimates when the dissipation has
a sublinear growth at the origin, and is superlinear at infinity.

Remark 6.1. The results given in this paper can easily be extended and
adapted to dissipations of the form

b(t)a(x)g(ut)

where a is the damping coefficient for localization of the feedback and b is a
nonincreasing positive function on [0,∞).
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