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1. Introduction

In this paper we study the following nonlinear periodic problem driven by the
scalar p-Laplacian, 1 < p < oo,

—([u/(#)[P~2u/ (1)) = f(t,u(t)) a.e. on T =][0,b],
{U(O) = u(b), v (0) = u'(b), (1.1)

with & > 0. Our goal is to prove a multiplicity theorem for problem (1.1),
when resonance occurs at infinity with respect to a higher eigenvalue of the
negative periodic scalar p-Laplacian. More precisely, we assume that asymp-
totically at +o0o the quotients i g I(;f’_i)w are within the spectral interval [A1, Ao],
0 < A1 < A being the first two nonzero eigenvalues of the negative periodic
scalar p-Laplacian, with resonance possible with respect to Ao. With respect
to A1, we allow nonuniform nonresonance. It is an interesting open problem
whether our work here can be extended to allow for resonance also at A;. This
is the so-called “double resonance” situation (see Fabry-Fonda [13] for semi-
linear (i.e., p = 2) periodic problems and Kyritsi-Papageorgiou [18] for nonlin-
ear periodic problems). Multiplicity results for periodic p-Laplacian equations
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can be found in the works of Aizicovici-Papageorgiou—Staicu [2], Del Pino—
Manasevich-Murua [10], Gasinski—Papageorgiou [14] and Yang [22]. However,
none of the aforementioned works allows for resonance to occur. In addition,
our approach here is different from those papers.

In this paper, using minimax methods based on the critical point the-
ory together with suitable truncation techniques and Morse theory (critical
groups), we prove a “three nontrivial solutions theorem” for problem (1.1).
In dealing with problem (1.1) we face serious difficulties in the handling of
the resonance situation. First, now we work outside the convenient Hilbert
space framework of the semilinear problem and we no longer have the orthog-
onal direct sum decomposition of the ambient space in terms of eigenspaces.
Second, a related difficulty is that we do not have convenient variational char-
acterizations of the higher eigenvalues {\g}x>2. These difficulties force us to
consider the case where resonance occurs with respect to Ay. Whether our
multiplicity result can be extended to other eigenvalues different from A, is an
open problem.

In the next section, we recall the main mathematical tools that we shall
use in the sequel.

2. Mathematical preliminaries

First, we recall some basic facts from the critical point theory. Let X be a
Banach space and let X* be its topological dual. By (-, -) we denote the dual-
ity brackets for the pair (X*, X). Let » € C'(X). We say that ¢ satisfies the
“Palais-Smale condition” (PS-condition, for short), if the following holds: every
sequence {n}n>1 C X such that {¢(xy,)}n>1 is bounded and ¢'(x,) — 0 in
X* as n — oo admits a strongly convergent subsequence.

Using this notion, we have the following theorem for the critical values
of a C'-functional, known in the literature as the “mountain pass theorem”.

Theorem 2.1. If X is a Banach space, ¢ € CY(X) and satisfies the PS-
condition, xg,x1 € X, r >0, ||xy — xol| > 7,

max{p(zg), o(z1)} < inf{p(z): ||z — zo| =7} =: 9y,
c= inf max o(y(1)), where T = {y € C(0,1],X) :7(0) = o, (1) =1},

then ¢ > n,. and c is a critical value of .

Let ¢ € C*(X) and ¢ € R. We introduce the following sets: p¢ = {x €
X: ¢(x)<c}and K, = {z € X : ¢'(z) = 0}. For a topological pair (Y7,Y>)
such that Y5 C Y3 C X and for every integer k > 0, by Hy(Y1,Y2) we denote
the kth relative singular homology group for the pair (Y7, Ys) with coefficients
in Z. The critical groups of ¢ at an isolated critical point z¢ with ¢ = ¢(x¢),
are defined by

Cr(po, o) = Hp (e N U, NU\ {xo}) for all integers k > 0,
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where U is a neighborhood of zy such that K, N¢°NU = {z¢} (see [6,19]).
The excision property of singular homology implies that the above definition of
critical groups is independent of the particular choice of the neighborhood U'.

Suppose that ¢ € C1(X) satisfies the PS-condition and —oo < inf p(K,,).
Let ¢ < inf ¢(K,). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X, ) for all integers k > 0

(see Bartsch and Li [4]). The deformation theorem implies that the above def-
inition of critical groups at infinity is independent of the particular choice of
the level ¢ < inf (K,,).

We assume that K, is finite. We define

M(t,z) = Zrank Cr(p,z)tF for every z € K,
k>0
and
P(t,00) = Z rank Cy (¢, 00)t".
k>0
The “Morse relation” holds, namely

> M(t,x) = P(t,00) + (1 +1)Q(t), (2.1)

r€EK,

where Q(t) = ;50 Bit* is a polynomial with nonnegative integer coefficients
(see [6, p. 36] and [19, p. 184]).
In the study of problem (1.1), we shall use the Sobolev space

WLE(0,b) = {u € W(0,b) : u(0) = u(b)}

per

endowed with the norm |ul| = (|lul[} + ||u'||§)1/p, where || - ||, stands for the

norm in LP(T) (recall that WP (0,b) is embedded compactly in C(7T') and so
the evaluations of u at ¢ = 0 and ¢ = b make sense). We shall also use the
Banach space

C(T) = CHT) N WLP(0,0) = {u € CHT) : u(0) = u(b)}.

per

This is an ordered Banach space with the order cone
Cy={uel(T):ult)>0 foralteT}.
The above cone has nonempty interior given by
intCy, ={ueCy ut)>0 foralteT}.

Finally let us recall some basic facts about the spectrum of the negative
periodic scalar p-Laplacian. We consider the following nonlinear eigenvalue
problem:

{ —([' (#)[P~2u' (1)) = Mu(t)|P~2u(t) a.e.on T, (2.2)

u(0) = u(d), u'(0) = u/(b).
Evidently, a necessary condition for A € R to be an eigenvalue is that A > 0. In

fact, A\g = 0 is an eigenvalue and the corresponding eigenspace is R. Moreover,
Ao = 0 is the only eigenvalue whose eigenfunctions have constant sign. Every
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eigenfunction corresponding to an eigenvalue A > 0 is nodal (i.e., sign chang-

Y
%. The sequence {\, = (2M’J) }n>0 is the set of all

eigenvalues of problem (2.2). If p = 2 (linear eigenvalue problem), then o = 7
and so we recover the well-known sequence of eigenvalues of the negative peri-
odic Laplacian, given by {\, = (2#%)?},,>¢. Every eigenfunction u € C*(T)
of (2.2) satisfies u(t) # 0 a.e. on T and, more precisely, it has a finite number
of zeros. For details, we refer to Binding-Rynne [5], Drabek-Manasevich [11]
and Gasinski-Papageorgiou [15].

ing). Let m, =

3. Two solutions of constant sign

The hypotheses on the nonlinearity f(¢,x) are the following:

(H) f:T xR — R is a function such that

(i) for all x € R, t — f(t,x) is measurable;

(ii) for a.a.t €T,z — f(t,z) is continuous and f(t,0) =

(iii) for every r > 0, there exists a, € LP (T, (% + z% = 1) such that
[f(t,2)] < ap(t) for a.a. t €T, all |z] < r;

(iv) there exists § € L°°(T) such that Ay < [(t) a.e. on T, with strict
inequality on a set of positive measure, and

B(t) <liminf f(t 7) < lim f(t 7) < A2 uniformly for a.a. t € T,
2y

and if F(t,z) = [, f(t,s)ds, then there exists a function n € L>(T),
such that n( ) < A a.e. on T, with strict inequality on a set of positive
measure, and

F
———~ < n(t) uniformly for a.a. t € T}

(v) there exists § > 0 such that F(¢,z) <0 for a.a. t € T, all |x| < d;
(vi) there exists ¢o > 0 such that f(¢,z)z > —co|x|P for a.a. t € T, all x € R.

Remark 3.1. (a) Hypothesis (H)(iv) implies that at infinity we can have reso-
nance with respect to the second nonzero eigenvalue Ao, that is

f(t,x)

|z]— 00 |.’17|p_2{)3

= Ao uniformly for a.a. t € T.

With respect to A1, we have nonuniform nonresonance. To deal with the pos-
sibility of resonance, we need an extra condition, which is provided by the
second part of hypothesis H(iv), involving the potential F'(¢,2). A similar con-
dition for semilinear Neumann partial differential equations can be found in
Gossez—Omari [16].

(b) Hypothesis (H)(iv) implies that ki|z|P? < F(t,z) < ko|z|P for a.a. t € T
and all || > d, with constants d > 0 and 0 < k; < ky. Therefore, there exist
constants c_ < 0 < ¢y such that fob F(t,cq)dt > 0.
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Ezample. Consider the following potential function F(z) (for the sake of sim-
plicity we drop the t-dependence):

€ |z|" In |x| if |[z] <1
Flz) =191 A
LalP + 22 sin[z|P +c1 if |2] > 1,

with ¢g = r(n 4+ (A2 — ) cosl), ¢ :—%—¥Sin1, l<p<r<oo ne€

(2522 )\5). Then f(z) = F'(x) satisfies hypothesis (H).

As already mentioned in the Sect. 1, our approach involves also trun-
cation techniques. We introduce the positive and negative truncations of the
nonlinearity f(¢,-) defined by

_Jfte) ifx <0 _fo if 2 <0

Both are Carathéodory functions. We set Fi(t,x) = [; f+(t,s)ds and then,
for £ € (0,1), we introduce the functionals ¢% : W1P(0,b) — R defined by

per

per

1 b
¢4w=EWﬂw+§mM—/’Egamwwﬁ—gwi% for all u € W2(0,b).
0

Here u* = max{u,0} and v~ = max{—u, 0}. For u € W.P(0,b), we know that

per

ut,u” € Wi2(0,b). We also consider the Euler functional ¢ : W)2(0,b) — R

for problem (1.1) defined by

1 b
p(u) = = |lu'||P - / F(t,u(t))dt forall ue W;éf((), b).
p 0

Evidently, ¢% , ¢ € CH(WLE(0,b)).

per

Proposition 3.2. If hypotheses (H) hold, then the functionals 5. and ¢ satisfy
the PS-condition.

Proof. First we do the proof for the functional % . Consider a sequence
{un}n>1 C WLE(0,b) such that

|pS (un)| < My foralln>1, (3.1)
for some M; > 0, and
(©7) (un) — 0 in WE(0,b)* asn — oo. (3.2)

Note that
(cpi_)'(u) = A(u) + s|u|p72u — Ni(u) — s(qu)p*l for all u € WLP(0,b),

per

where A : WLP(0,b) — W2LP(0,b)* is the nonlinear map defined by

per per

b
(A.) = [ WO @y 0 dr o all wy € WE2(0.0)
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and N, (u)(+) = f4(-,u(+)) for all u € WLP(0,b). By virtue of (3.2) we have

per
b b b
(A(un),v>+6/ |un|p*2unvdt—/ fe(t, un)vdt—s/ (u)P~tvdt| <ep||v||
0 0 0
(3.3)
for all v € W, 2(0,b), with &, | 0.
We claim that {u, },>1 is bounded in W}:(0,b). To this end, in (3.3) we
choose v = —u,, € W,2(0,b) and we have
1) llp + ellug 1} < enllug |,
which implies
u, — 0 in W,2(0,b). (3.4)
Reasoning by contradiction, suppose that [|u,;}| — oco. Set y,, = Uy

Tt

n > 1. Then [|y,| = 1 and so we may assume that y,, — y in WLP(0,b) and

per

yn — y in C(T), with y > 0. Note that hypotheses (H)(iii), (iv) imply that
|f(t,z)] < a(t) +clz[P™' for a.a. t €T, all 2 € R,
with a € LP'(T)4, ¢ > 0. (3.5)

Therefore we see that

[f+(tun@®))] . at)

[ (Y L

+ clyn ()P~ foraa.teT,

which yields that { H]Xt(\lti)l }n>1 is bounded in LP'(T)). So, along a subsequence,

N+(un)

X hoin LP(T) as n — oo.
a1 )

Using hypothesis H(iv), as in [20] (see the proof of Proposition 5 therein), we
can show that

h(t) = g(t)y(t)P~' ae. on T, with B(t) < g(t) < Ay ae.onT. (3.6)
Now in (3.3) we choose v = y,, —y € WP(0,b), multiply by

bor and

\ +\|” *
finally pass to the limit as n — oo. Then, by (3.4), we obtain lim (A(y,),
yn — y) = 0. Since A is a map of type (S); (see, for example, Kyritsi—
Papageorgiou [18]), it follows that

yn — y in WEE(0,b), hence ||ly|| = 1. (3.7)

per

Once again we return to (3.3), multiply with and pass to the

[l +H" !

limit as n — oco. Then, by virtue of (3.4) and (3.6), we obtain

per

b
(A(y),v) = / yP"ludt for all v € WLP(0,D).
0

This reads as

—(ly'OF2y' (1) = g®)y()P~" ae onT,
{9(0) =y(b), ¥'(0) =y'(b). (3-8)
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We consider two distinct cases depending on the position of the weight
function g € L>°(T) within the spectral interval [A1, Ao].
Case 1: g(t) = Az a.e. on T.

By (3.7) and (3.8) it follows that in this case y is an eigenfunction corre-
sponding to the eigenvalue A\o. Hence y must be nodal, a contradiction to the
fact that y > 0.

Case 2: B(t) < g(t) < A2 a.e. on T and the last inequality is strict on a set of
positive measure.

By (3.8) and invoking Proposition 2 of Aizicovici-Papageorgiou—Staicu
[1] we infer that y = 0, a contradiction to (3.7).

Therefore {u} },>1 is bounded in W}:2(0,b), thus {u, },>1 is bounded in
WLP(0,b). So, we may assume that

per

Un ~> u in WpR(0,b) and  u, — u in C(T) asn — oo. (3.9)

In (3.3) we choose v = u,, —u € WLE(0,b) and pass to the limit as n — oo.

Then, using (3.9), we find that lim (A(u,),u, —u) = 0, which implies that
up — u in WLP(0,b).

per
This proves that ¢ satisfies the PS-condition. The proof for the func-
tional ¢ is similar.
Finally, for the functional ¢ we argue as follows. In this case, (3.4) is no
Unp

longer true. We suppose that ||u,|| — oo and let y, = =2, n > 1. Then

llunll?
lyn]| = 1 and we may assume that y, — y in W3 2(0,b) and y,, — y in

C(T) as n — oo. As before exploiting the fact that {u,},>1 C WE(0,b) is a

per

PS-sequence and that A is a map of type (S);, we derive that y, — y in
WZLP(0,b) (hence ||y|| = 1) and in this case y satisfies

(| @) P2y (1)) = g ly(H)[P~y(t) ae. onT,
{y(O) =y(b), v (0) =y'(b). (3.10)

with 8(t) < g(t) < Ay a.e. on 7.
Again we consider two cases depending on the position of g(-) in [A1, A

Case 1': g(t) = Ay a.e. on T.
From (3.5) we have
|F(t,x)|] < a(t)z] +cz|’ foraa.teT,alz ek,

which leads to {%}nzl is bounded in L*' (T)). So, we may assume that

2w in LP(T) as n — . (3.11)
[[n 7

From (3.10) we know that y(¢) # 0 for a.a. t € T and so |u,(t)| — oo for
a.a. t € T as n — oo. Hence, using hypothesis (H)(iv) as in [20], we show that

w(t) =£@)|lyt)P a.e.onT, with (t) < n(t) a.e. on T. (3.12)
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Since {un}tn>1 C Wp2(0,b) is a PS-sequence, we have |p(u,)| < M for all

n > 1, or equivalently,

b
F(t t M
oy~ [ PR g < 22
[[n [P [[een |7
It turns out that
b
Il = | €lulas (3.13)
0
(see (3.11), (3.12) and because y,, — y in W):2(0,b)).

Recall that y(t) # 0 for a.a. t € T. So, from (3.12), (3.13) and the
hypothesis on 7(-) (see (H)(iv)) we have

Y115 < AallyllE,

which contradicts (3.10).
Case 2': g(t) < Az a.e. on T, with strict inequality on a set of positive measure.
As before (see Case 2), from (3.10) and Proposition 2 of [1], we infer that
y = 0, which contradicts the fact that |ly|| = 1.
So, we have that {uy,},>1 is bounded in W}:2(0,b) and we may assume
that

Un ~>u in WaP(0,b) and  u, — u in C(T) asn — oo.

Again exploiting the fact that {u, },>1 is a PS-sequence and that the map A
is of type (S)4, we conclude that u,, — u in WLP(0,b), which proves that ¢

per

satisfies the PS-condition. O

Proposition 3.3. If hypotheses (H) hold, then 0 is a local minimizer for the

functionals ¢35 and .
Proof. Since W;2(0,b) is compactly embedded into C(T), we can find ¢; > 0

such that [Ju|leo < e1]|ull for all u € W2(0,b). Consequently, if § > 0 is as

in hypothesis (H)(v) and dy = 2, then for each u € W,2(0,b) with [lul| < &

one has |u(t)| <é forallt € T. Hence by virtue of hypothesis (H)(v), we have
Fi(t,u(t)) <0 ae. on T for all |Ju|| < dp. It follows that

1 b
0% (u) > *HUIHZ —/ Fi(t,u(t))dt > 0=¢(0) forall |lul < do.
p 0
This ensures that 0 is a local minimizer of ¢ . Similarly, for ¢° and ¢. 0

Remark 3.4. Without any loss of generality, we may assume that 0 is an iso-
lated critical point for the functionals ¢S and ¢. Indeed, suppose we could
find a sequence {uy, },>1 C WLP(0,b)\ {0} such that u,, — 0 in W'2(0,b) and

per per

(¢%) (un) = 0 for all n > 1, which means
A(uy) + elun [P ?un = Ny (uy) + € (ui{)pil .
Acting with —u;, € WLP(0,b), we obtain u,, > 0, u,, # 0. So, we have A(u,) =

per

N(uy) foralln > 1, with N(u)(-) = f(-,u(")) for allu € WLP(0,b). This entails

per
that u,, € C(T) and solves (1.1). Therefore we can produce a whole sequence
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of distinct, nontrivial, constant sign solutions of (1.1) and so we are done.
Similarly for the functionals ¢ and ¢.

By virtue of Proposition 3.3 and Remark 3.4, and reasoning as in the
proof of Proposition 6 of [20], we can find 0 < p < min{c, b"/?, |c_|b'/?} (with
the constants ¢ < 0 < ¢y in Remark 3.1(b)) such that

0= 3.(0) < inf{p% (u) : lul = p} = 7. (3.14)

Now we are ready to produce two nontrivial solutions of (1.1) of constant
sign.

Proposition 3.5. If hypotheses (H) hold, then problem (1.1) has at least two
solutions ug € intCy and vy € —intCl .

Proof. By Remark 3.1(b), given ¢ > 0, we have

b
Filen) == [ Pelten)dt <0=3,0)
0

This fact, together with Proposition 3.2 and (3.14), permits the use of
Theorem 2.1 (the mountain pass theorem). So, we find ug € W}2(0,b) such
that

n < 9% (o) (3.15)
and
(¢5) (o) = 0. (3.16)
From (3.14) and (3.15) it is clear that ug # 0, while from (3.16) we have
A(ug) + £|uo|p_2u0 = Ni(ug) +¢ (ub")pil .
Acting with —uy € W,2(0,b), we obtain ug > 0, ug # 0. Hence A(ug) =
N (ug), which gives

(i ()~ 2uy(t)) = f(t,uo(t)) ae. on T,
{uO(O)O— wo(b)s uh(0) — up(b). (3.17)

It follows that ug € C1(T') solves problem (1.1).
Moreover, from (3.17) and hypothesis (H)(vi), we have

(lup (D[P~ 2up(t))" < couo()’™! ae.on T

(recall ug > 0). Invoking the nonlinear maximum principle of Vazquez [21], we
conclude that ug € intCy.

In a similar fashion, working this time with the functional ¢° , we obtain
vo € —int('y, a second constant sign solution of (1.1). O

In the next section, using Morse theory, we shall produce a third non-
trivial solution.
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4. Three nontrivial solutions

To implement Morse theoretic methods, we need to compute certain critical
groups of the functionals ¢% and ¢.

Proposition 4.1. If hypotheses (H) hold and 2 < p < oo, then Ci(¢%,00) =0
for all integers k > 0.

Proof. As before, we do the proof for the functional ¢, the proof for the
functional ¢° being similar.
Consider the functional 5 : W12(0,b) — R defined by

per
1 € 0+¢ .
¢i(“):];||U/||§+5||“Hg_7”“+”§ for ue WLP(0,b), with 6 € (A1, \2).

per

We introduce the following affine homotopy
hi(ru) = (1= 1)9% (u) + 795 (u)
for all (7,u) € [0,1] x W}2(0,b).

We show that there exists R > 0 such that Br = {u € W)£(0,b) : ||lul| <

R} contains the critical sets of hl (r,-) for all 7 € [0,1]. We argue indirectly.
Then there exist {7, }n>1 C [0,1] and {un }n>1 C WkE(0,b) such that

Tn — 7 € [0,1], |lun|| = o0 and (kL) (7,u,) =0 for all n > 1. (4.1)
From the equation in (4.1) we have
Aup)Fe|tun P 2wy = (1 — 7)) Ny (up) + e(w)P~ +7,0(u )P~ for all n>1.

As before, acting with —u,, € WLP(0,b), we obtain u, > 0, so

per

A(up) = (1 = 7)) N(up) + 7,0uP~"  for all n > 1. (4.2)
Let y,, = HZ:H’ n > 1. Then ||y, | = 1 and so we may assume that y, — y in
W32(0,b) and y, — y in C(T) as n — co. Notice that (4.2) yields
N
Alyn) = (1= m) o a2 (43)
From the proof of Proposition 3.2 we know that
N n w -1 - ! .
”(rrp_)l ZogyP™t in LP(T), with B(t) < g(t) < Ay a.e.onT. (4.4)
Up,
Acting on (4.3) with y, —y € W}£(0,b), passing to the limit and using that
A is a map of type ()4, it is seen that
Yp — Y in Wéef(() b), hence |ly]| =1,y >0. (4.5)

Passing to the limit as n — oo in (4.3) leads to
{ —(ly' @Oy (1) =[(1 = )g(t) + T0ly(t)P~*  ae. on T, (4.6)
y(0) =y(b), y'(0) =y/'(b).
First assume that 0 < 7 < 1 and set o,(t) = (1 — 7)g(t) + 70. It turns
out that

A <or(t) <Ay ae onT.
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Then, from (4.6) and Proposition 2 of [1], we infer that y = 0, which contra-
dicts (4.5).
Next we suppose that 7 = 0. Then we have

{ —(ly@®P2y'() =g(t)y(t)>~" ae onT,
y(0) = y(b), ¥'(0) =y'(b).

Again we consider the following distinct cases: g(t) = A2 a.e. on T and
g(t) < Ao a.e. on T, strictly on a set of positive measure. Arguing as in the
proof of Proposition 3.2, we see that each case leads to a contradiction. There-
fore, we can find R > 0 such that B = {u € W, 2(0,b) : [[u]| < R} contains
the critical sets of h (7,-) for all 7 € [0,1].

Now, for hl (-,-) we can find a pseudogradient vector field ¢ = (vg,v) :
[0,1] % (W\Bg) — [0,1] x W (here for notational simplicity, W = W2(0,b)).
From the construction of a pseudogradient vector field (see, e.g., Chang [6,
p. 19] or Gasinski-Papageorgiou [15, p. 614]), we may assume that vg(7,u) =
Orh} (T,u) and v(7,u) =: v-(u) is locally Lipschitz and for every 7 € [0,1],
v-(-) is a pseudogradient vector field of hl (,-). Therefore, the map

_MU u) =: w,(u
Ly, e = e e W

is well defined and locally Lipschitz (note that since by hypothesis 2 < p < oo,
the map is locally Lipschitz). Let

p < inf{hl (r,u) : 7 €[0,1], |lul| < R}. (4.7)

’LLGW\ER'—)

Evidently, 4 is not a critical value of any of {h (7, “)}ref0,1]- Since the func-
tional o9 is unbounded below (see (H)(iv)), we can choose z € (¢5 )" and
consider the following Cauchy problem

%x(T) =w,(z(1)) for 7 €[0,1], z(0) = 2. (4.8)

By virtue of the local existence theorem, we know that (4.8) admits a
local flow. Moreover, from the definition of a pseudogradient vector field, we
have

d%_hi_(ﬂz(r)) <0

for all 7 in the domain of the solution z, from which it follows that

hi(1,2(7)) < hy(0,2(0)) = 5 (2) < p,
so by (4.7) we deduce that |lz(7)|| > R. This shows that (k1 )] (7, z(7))) # 0,
hence the flow is global. Furthermore, we have that

BL(L2(1) = ¥ (2(1) < .
We derive that
(¢%)" = h!(0,-)" is homeomorphic to a subset of (Y5 )" = hY (1,-)*.  (4.9)
Proceeding in a similar way with the affine homotopy defined by
B2 (ryu) = WL (1= 7, u) = 705 (u) + (1 — 795 (u),
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for all (7,u) € [0,1] x WLE(0,b), we infer that

per

(1»%)* = h2(0,-)" is homeomorphic to a subset of (5 )" = hZ (1,-)",

(4.10)
with g < inf{h} (7,u), h2 (t,u) : 7€ [0,1], ||lu| < R}.
The properties given in (4.9) and (4.10) imply that
Hy, (W, (¢5)") = Hy (W, (¥5)")  for all integers k >0
(see Granas—Dugundji [17, p. 387]), which means
Ci(p%,00) = Cr(¥5,00) for all integers k > 0. (4.11)

Suppose that u € W = Wgéf(o b) is a critical point of the functional 7 .
Then

A(u) + elulPu = (0 +¢)(uh)P~L.
Acting with —u™ € W2(0,b), we see that u > 0. Hence A(u) = 6uP~!, that
is
u(0) = u(b), u'(0) = u'(b).

This yields uw = 0 since 0 € (A1, \2). Therefore 0 is the only critical point of
7 and so

{—(IU’( P2 (1) = Ou(t)P~! ae.on T,

Cr(¥%,00) = Cr(¥7,0) for all integers k > 0. (4.12)
We need to compute Cj(¥)7,0), k& > 0. To this end, let £ € L>(T)4,

¢ # 0, and consider the homotopy h(7,u) = ¢S (u) — 7§u. We claim that
(h).,(r,u) #0 for all 7 € [0,1] and all u # 0. (4.13)

Suppose that (4.13) is not true. Then we can find 7 € [0,1] and u # 0
such that (h),,(7,u) = 0, that is

Au) + eful’"Pu= (0 + &))" +7¢

Acting with —u~ € W,2(0,b) and since & > 0, we infer that u > 0, u # 0 and
S0

A(u) = uP~t + 7€,

If 7 =0, then A(u) = OuP~!, which implies u = 0 since § € (A1, \2), a
contradiction.
If 0 < 7 <1, then we get

(1)~ () = u(ty= +7E(r) ae.on T,
{U(O) = u(b), u/'(0) = u'(b), (4.14)

and then that
(| (#)|P~2u/(t)) <0 a.e. onT.

This ensures that u € intC'; (see Vazquez [21]).
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Let v € intC‘+ and consider

P

R(v,u)(t) = [V (1)|P — |/ (£) P~ (¢) ( ) (t) forallteT.

By virtue of the generalized Picone identity (see Allegretto-Huang [3]), we
have

up~1

o< [ rewwa=g - [woree () o

P
;U

b
= IIU/IIZ*/O —(w P (@) = (1) dt

— Hip p ’ vP
= [[0"ll5 = Ollolly -7 | §(t) = (t) dt, (4.15)

where the integration by parts and (4.14) were utilized. In (4.15) we choose
v=1¢€ intCy. Then

0< /bR(l,u)(t)dt <0,

a contradiction. This proves that (4.13) is true.
Let 4% (u) = 97 (u) —&§u. We have just seen that ¢)5 has no critical points,

S0
C’k(iﬁi, 0) =0 for all integers k > 0. (4.16)
Also, by the homotopy invariance of singular homology, we have
Cr(¥,0) = C’k(l/;i, 0) for all integers k > 0. (4.17)

Combining (4.16) and (4.17), we conclude that
Cr(¥5,0) =0 for all integers k > 0,
thereby
Cr(pS,00) =0 for all integers k > 0
(see (4.11) and (4.12)). In a similar fashion, we show that
Cr(p®,00) =0 for all integers k > 0.
0

We want to conduct a similar computation for the functional ¢. To do
this, we will need the following alternative minimax characterization of Ay > 0.
Let uo(t) = bl%’ t € T, be the LP-normalized principal eigenfunction of
the negative periodic scalar p-Laplacian (i.e., the LP-normalized eigenfunction
corresponding to the eigenvalue A\g = 0). Let
0B{" = {u e LP(T) : |[ull, = 1}

and

b
Ci(p) = { € WRE(0.8) s llully =1, [ Jup~udt = 0} |
0
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We know (see [11], [15]) that
A1 = min{|[«/||P:u € Ci(p)}. (4.18)

For our purposes, the following alternative minimax characterization of \; is
more convenient.

Proposition 4.2. If D = WL2(0,b) N dBL" and Ty = {7 € C([-1,1],D) :

per
Yo(—1) = =i, vo(1) =G}, then A1 = inf  ep, max_1<s<1 ||%’YO(S)H£-

Proof. Let vy € 'y and consider the function 6., : [—1,1] — R defined by

b
5 = / o (8)(B)P20(s) (1) dt.

Clearly, 6,,(-) is continuous and 6,,(—1) < 0 < 6,,(1). Therefore, there is
so € [—1,1] such that 6,(so) = 0. This means that vy(so) € Ci(p). Hence, by
virtue of (4.18), we have ||%fyo(so)||g > Ap, thus

p
> Ay (4.19)

P

inf max
Yo€T'p —1<s5<1

@70(8)

Due to (4.19), to establish the stated result we need to produce 7 € I'y satis-
fying max_y<o<1 | 35 ()] = A
Let 41 € C1(p) NCL..(T) be an eigenfunction corresponding to the eigen-

value A\; > 0. We consider the map o : R — D defined by

o(r)= 2T o allr e R
a1+ rllp
We have
H o [laalp
o N +rlp
This implies
, i
] R e e T2

where F, : LP(T) — L¥'(T) is the duality map for the pair (LP(T), L¥ (T)),

(-, -)pp denote the duality brackets for this pair and 1 is the constant function

equal to one. We recall that F,(u)(-) = H”%|u(~)|p’2u(~) for all uw € LP(T).
uilp

Then

L o] = vttty [ 1@+ =20 L a0
dr || dt » i1 + TH
From (4.20) it follows that the function r — ||% || has a unique maxi-
mum at r = 0 and this maximum value is ||@}[|2 = A\ (recall 4y € Cy(p) and
|t1]l, = 1). Also, for r # 0, we have
Uy r B 1y sgn( )

o(r) =

- + = = 7=
lax+rlly ~ Nlas+rlly o +rlly [ 2ay () + Lpde]t/e
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It turns out that

1
o(r) —» £— =+ asr — too. (4.21)
br
Let 75 (s) = 0(1=°5) for s € (—1,1). Evidently 75 is continuous and by virtue
of (4.21), it can be extended to [—1,1] showing that 5 € Ty and

d p
max |[—75(s)|| = A
se[-1,1] dt%( ) » b
which proves the proposition. O

Remark 4.3. A similar minimax characterization of the second eigenvalue of
the negative Dirichlet p-Laplacian was obtained by Cuesta—de Figueiredo—
Gossez [8].

Proposition 4.4. If hypotheses (H) hold and 2 < p < oo, then
Co(ip,00) = C1(p,00) = 0.
Proof. Let p € (A1, A2) and consider the set
L={ueWyk(0,b): ||} < ululp}.

Claim 1. The set L is path connected.

We use ideas from Cuesta—de Figueiredo—Gossez [8] and Dancer—Perera
[9]-

From Dugundji [12, p. 115] we know that it suffices to connect any u € L
and Gy € L with a path lying entirely in L. Let V,, be the connected component
of L contalmng u. We note that V, is open in L and path-connected. Letting

f{ T ”p cv €V, v # 0}, consider {v,}n>1 C V4, \ {0} a minimizing
sequence. We may assume that [|v, ||, =1 for all n > 1. Then |[|v}, ||} — m, as
n — 00. So {v, tn>1 C WEE(0,b) is bounded and we may suppose that

per

Vp > vp in W3k(0,0) and v, — vo in C(T) as n — oco.

Then ||vg]l, = 1 and from the lower semicontinuity of the norm in a Banach
space, we have

bl < timinf ([0 5 = 1, ool = 1,

which forces [|vg||) = m., (see also the proof of [8, Lemma 3.6]). Consequently,
we derive that v,, — vg in WLP(0,b), hence vy € V,, N OBL".

per
Let w(v) = ||v’||p v E Wg(’};(o b), and wy = w|p, with D = Wplé’r’(() b) N
OB . Notice that vy is a global minimum point of wy on V,, N OBL?. Assume
that vg is a boundary point of V,, NdB". Using that V,, N dBL” is a union of
connected components of L N B and the latter is open in D, Lemma 3.5
(iii) of [8] ensures that vo ¢ L N AB". On the other hand, by the definition
of m,, one has that m,, < pu, so vg € LN OBL". This contradiction shows that

vy € Vuy NOBLY. Hence vy is a critical point of wy on the smooth submanifold
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D of W,2(0,b). Now, to prove Claim 1, it suffices to connect vy and g with

a path in L.

Suppose vy < 0. We infer that vg = —ug and from Proposition 4.2, we
know that —1y and g can be connected with a path in L. Therefore, we may
assume that v # 0. We define

vy — (1 —T)vg

vy = -, 7€][0,1].
lvg = (1 = 7)vg [l

Recall that

per

b
(A(vo), ) = / mulvo[P~2vohdt for all h € WLP(0,5).  (4.22)
0

In (4.22) first we choose h = vi € W1(0,b) which gives

per
1(og)' 15 = mullog 5. (4.23)

Next, in (4.22), we choose h = —v; € ngjr’(O, b) obtaining
(v )' Il = mullvg 13- (4.24)

Therefore exploiting the disjointness of the supports of va“ and v, and using
(4.23) and (4.24), we see that wo(v,;) = m, for all 7 € [0,1]. Hence vy :=
vy
v Il
v1 > 0 we find that v; = ug, thus 7 — v, is a continuous path connecting vg
and 4g. This proves Claim 1.
Let ¢ : W)2(0,b) — R be the C'-functional defined by
1

b(u) = ];||u’||£ _ %Hung for all u € WL2(0,b).

€ D is a local minimizer of wy, so a critical point of wy. Noting also that

per

We consider the following homotopy
hi(r,u) = (1 — 7)p(u) + 79(u) for all (1,u) € [0,1] x WLE(0,b).

per

Claim 2. There exist a € R and ¢ > 0 such that for each 7 € [0, 1] one has
hi(ru) <a = (b)), (7, w)ll = 6. (4.25)

Proceeding indirectly, suppose that Claim 2 is not true. Then we can
admit that there are sequences {7,}n>1 C [0,1] and {un}n>1 C WhE(0,0)
such that 7, — 7 € [0,1], ||u,| — oo,

(h1)l,(Tnyun) — 0 in WLP(0,0)* and  hq(7n,un) — —o0. (4.26)

per

From the convergence (h1)!, (7w, uy) — 0 in W 2(0,b)* we have

b b
(A(un),h>—(1—rn)/ f(t,un)hdt—Tnu/ (P~ 2unhdt] < e0|B]
0 0

(4.27)
for all h € WLP(0,b), with &, | 0.

per
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Let yn = 27, n > 1. Then, from (4.27), we have

flw

[t un)

[[un [P~

b b
(A(yn). ) — (1 — 1) / Bt — o / P2y dt
0 0

En
S g L (4.28)

Since ||y, || =1 for all n > 1, we may assume that

Yn —y in WEP(0,b) and y, —y in O(T) as n — oo. (4.29)

per

In (4.28) we choose h = y,, —y € WLP(0,b). Passing to the limit as n — oo

per

and using (4.29), we obtain lim (A(y,),yn —y) =0, so
n—oo
Yn — y in W2P(0,b), hence ||y|| = 1. (4.30)
From the proof of Proposition 3.2, we know that

T X glyP2y in LP (T), B(t) < g(t) < Ay ae.on T.  (4.31)
n

So, if in (4.28) we pass to the limit as n — oo and use (4.31), we get

—(ly (P2 (1)) = [(1 = 7)g(t) + Tully(IP~2y(t) ae. on T,
{9(0) =y(b), ¥'(0) =y'(b). (4.32)

If 7 # 0, then Ay < (1 —7)g(t) + 7 < Az a.e. on T and so from (4.32)
and Proposition 2 of [1], we have y = 0, a contradiction to (4.30).
Therefore 7 = 0 and so from (4.32) we obtain

~(ly (P2 (1)) = g(®)[y(t)P2y(t) ae. onT,
{y(O) =y(b), y'(0) ='(b). (4.33)

Again the case g(t) < A2 a.e. on T, strictly on a set of positive measure,
should be excluded since it leads to y = 0. Hence it is sufficient to consider
that g(t) = Ay a.e. on T and so y € C(T) is an eigenfunction corresponding
to the eigenvalue Ay > 0. In particular, y(¢) # 0 a.e. on T

Recall from (4.26) that hy(7,,un) — —00 as n — oo. Then we can find
ng > 1 such that

1 b
f||u;l|\£ —(1- Tn)/ F(t,uy,)dt — TnHHuan <0 forall n>ng,
p 0 p

thus

Loy /b F(t,un) p
=Nyl — (1 — 7, dt — 7= ||yn||2 <0 for all n > ng. 4.34

We know that 7, — 0 and from the proof of Proposition 3.2 [see (3.11) and
(3.12)], we have

pF(aun())

P ¥ elylP,  with & € LTy, £(t) < n(t) ace. on T. (4.35)
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So, if we pass to the limit as n — oo in (4.34) and use (4.35), we obtain

1., 1t A2
—lly ”Sf/ Elyl” dt < —|lyllp,
pLER ; ] o 19l
a contradiction. This proves Claim 2. Similarly for ha(7,w) := hy(1 — 7, u).

Let 8 < inf{hi(7,u), ho(r,u) : 7 € [0,1], |Ju|| < R}. Reasoning as in
the proof of Proposition 4.1, we show that the level sets ¢ and ? are of the
same homotopy type, hence

Hi (W, 0P = H,(W,4?) for all integers k > 0,
where W = W1F(0,b), which ensures

per
Cr(p,00) = Cr(¢,00) for all integers k& > 0. (4.36)
Because p € (A1, A2), we see that 0 is the only critical point of ¥, thereby
Cr (¢, 00) = Ci(1,0) for all integers k > 0. (4.37)

By definition
Cr(1,0) = Hp (4", 4"\ {0}) for all integers k > 0. (4.38)

Note that L c 49\ {0} and let * € L. From the reduced exact homology
sequence (see [17, p. 388]) we see that

o H (00, %) 5 Hy (00,40 \ {0}) % Hy—y (90 {0}, %) . ..
for all integers k > 0, (4.39)

where i, is the group homomorphism resulting from the corresponding inclu-
sion map and 9, is the boundary homomorphism. Since the functional 1) is
p-homogeneous, it follows that 1° is contractible and so

Hy(°,%) =0 for all integers k > 0. (4.40)
Then from (4.39) and (4.40) we infer that imi, = kerd, = 0. This means
that 0, is an isomorphism of Hy (4%, 1%\ {0}) = Ck(1,0) (see (4.38)) with a
subgroup of Hy_1(¢° \ {0}, *). Note that

L=14":={ueWyk(0,b) : (u) < 0}.
Then, from the second deformation theorem and Granas—Dugundji [17, p. 407],

we see that for € > 0 small

¥° \ {0} is homotopy equivalent to ¢—=, (4.41)

L is homotopy equivalent to 1)—¢. (4.42)

Properties (4.41) and (4.42) guarantee that 1° \ {0} is homotopy equivalent
to L and, as a consequence,

Hip(¢°\ {0}, %) = Hy(L,*) for all integers k > 0. (4.43)

But from Claim 1 we know that L is path-connected, which implies that
Hy(L,*) = 0. Taking into account (4.43), we arrive at

Ho(¢°\ {0}, %) = 0. (4.44)
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Because Hy,(v°,4°\ {0}) = Ci(¢,0) is isomorphic to a subgroup of Hy,_1(¢°\
{0}, %), we have

Co(1,0) =0 (4.45)
since H_1(°\ {0}, %) = 0, and by (4.44),

C1(1,0) = 0. (4.46)
Combining (4.36), (4.37), (4.45) and (4.46), we achieve the desired conclu-
sion. 0

Next we compute the critical groups of ¢ at the two constant sign solu-
tions ug € int C’+ and vg € —int C’+ obtained in Proposition 3.5.

Proposition 4.5. If hypotheses (H) and 2 < p < oo hold, then Ci(p,ug) =
Ci(p,v0) = 0k1Z for all integers k > 0.

Proof. We start by computing the critical groups of ¢S at ug and of ¢ at
vg. Subsequently, exploiting the homotopy invariance of the critical groups, we
will be able to compute the critical groups of ¢ at those points.

Claim. Ci(p%,u0) = Cr(¢=,v0) = 0x,1Z for all integers k > 0.

As before, we do the proof for the pair {¢%,ug}, the proof for the
pair {¢°,vp} being similar. From the proof of Proposition 3.5 we know that
©5(0) =0 < nf < ¢5(uo). Let # <0 < p < nf and consider the following
triple of sets

(¢3)" C ()" CW =W(0,b).

For this triple we consider the long exact sequence

CHG(W, (02)7) 5 Hy (W, (09)") 5 Hi 1 (05", (95)%) ... (447)

As before, i, is the group homomorphism resulting from the corresponding
inclusion map and 0, is the boundary homomorphism.

We may assume that {0,ug} are the only critical points of % (otherwise,
we have @ a third critical point of ¢ , distinct from {0, uo}, and as in the proof

of Proposition 3.5 we show that @& € intC'y, hence it is a solution of (1.1) and
we have a third nontrivial solution). Since 0 is the only critical point of %
with critical value in (6, i), there holds

Hy—1((e)", (gai_)e) = Cr—1(¥5,0) for all integers k > 0 (4.48)

(see Chang [6, p. 35]). From Proposition 3.3 we know that 0 is a local minimizer
of ¢, therefore

Cr(¢%,0) = 0x,0Z for all integers k& > 0
(see [6, p. 33] and [19, p. 175]). In view of (4.48), we deduce that
Hy 1 ((cpi)“ ; ((pi)e) = 0k-10Z = 0;1Z for all integers k > 0. (4.49)
Also, ug is the only critical point of ¢% with critical value above ;. Hence

H;, (VV, ((pi)“) =C} (api7u0) for all integers k > 0. (4.50)
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Moreover, from the definition of critical groups of ¢ at infinity (see Sect. 2),
we have

Hy, (W, ((pi)e) = C (%, 00) for all integers k > 0,
which, due to Proposition 4.1, implies
Hy (W, (5)") =0 for all integers & > 0. (4.51)

Returning to (4.47) and using (4.49) and (4.51), we see that we must
focus on the tail of sequence, for k = 1, since the rest is trivial. Then, owing
to the exactness of (4.47), we have

rank H; (W, (¢7)") = rank (im 0,) + rank (imi,)
yielding, through (4.49), (4.50), (4.51), that

rank Cy (goi, uo) <14+0=1. (4.52)
But ug, being a point of mountain pass type, by Chang [6, p. 89], satisfies
Cl ((pi,UQ) 75 0. (453)

Combining (4.52) and (4.53), we obtain

Cr (95, u0) = 6,1Z for all integers k > 0.
Similarly, we show that

Cr(9%,v9) = dk1Z for all integers k > 0.
This proves the Claim.

Next we consider the homotopy
hi(1,u) = (1 = 7)p(u) + 795 (u) for all (7,u) € [0,1] x Wgéf(O b).

We may assume that there is 79 > 0 such that wg is the only critical point of
hy(7,-) in By, (ug) = {u € W22(0,b) : [[u—ug| <ro} for all 7 € [0,1]. Indeed,
if it is not the case, we can find {7, }n>1 C [0,1] and {u,}n>1 C W2(0,b)

such that 7, — 7 € [0,1], u, — up in WLP(0,b) and

per
(ha )i (Tnyun) =0 for alln > 1. (4.54)

From equation (4.54) we have

—(|up (O, (1) + Tnelun (8P~ >un(t)
= (1= 7)) f(t,un(t)) + T fs (t,un(t)) + Tne(ut (£))P~1 ae.on T, (4.55)
U (0) = up (b), ul,(0) =ul(b).

It turns out that {(Ju’,(-)["~2u,(-)) }n>1 is bounded in LP (T), so {ul }n>1
is relatively compact in C(T'). Hence we may infer that {u,}n>1 is relatively
compact in C1(T). We find out that along a subsequence u,, — ug in C1(T)
as n — oo. Recalling that ug € int C’+, we get that u,, € int C'+ for all n > ny.
Therefore (4.55) becomes

{—(|u’ P2, (1) = f(t un(t)) a.e.onT,
un(0) = un(b ) ty, (0) = uy, (b).



Vol. 17 (2010) Multiple solutions for resonant nonlinear 555

We have produced a whole sequence of distinct, strictly positive solutions of
(1.1).

Thus, we can say that there is 7o > 0 such that ug is the only critical
point in B,,(ug) of hy(7,-) for all 7 € [0,1]. Moreover, as before, we verify
that hy(7,-) satisfies the PS-condition. Invoking the homotopy invariance of
critical groups (see [7]), we have

Cr(h4(0,-),up) = Cr(hy(1,-),up) for all integers k > 0.
Due to the Claim, this reads as
Cr(p,uo) = 0k,1Z for all integers k > 0.
Similarly, using the homotopy
h_(1,u) = 7o(u) + (1 — 7)¢° (u) for all (r,u) € [0,1] x WLE(0,b),

per

we show that Cy (¢, vo) = 0,1Z for all integers k > 0. O

Now, we are ready to produce a third nontrivial solution and have the
complete multiplicity result for problem (1.1).

Theorem 4.6. If hypotheses (H) hold and 2 < p < oo, then problem (1.1) admits
at least three nontrivial solutions ug € intCy, vg € —intCy and yo € CH(T).

Proof. From Proposition 3.5, we already have two constant sign solutions ug €
intC'y and vy € —intC.. Proposition 4.5 implies that

Cr(p,up) = Cr(p,v0) = 0 1Z for all integers k > 0. (4.56)
Also, from Proposition 3.3, we know that 0 is a local minimizer of ¢, hence
Ci(9,0) = di,0Z for all integers k > 0. (4.57)

Assume that {0,up,vo} are the only critical points of ¢. Invoking the
Morse relation (2.1) and using (4.56), (4.57) and Proposition 4.4, we have

L+2t =123 appat® + (141 Bit",

k>0 k>0

for nonnegative integers aj42 and G, k > 0. By equating the corresponding
coefficients we reach a contradiction. This means that ¢ has a third nontrivial
critical point yo. Then yo € C*(T') and solves (1.1). O

Remark 4.7. We conclude the paper by mentioning three open problems:

(a) Is it possible to remove the restriction 2 < p < oo allowing in this way
for differential operators which are singular on the critical set {¢t € T :
uw'(t) =0}?

(b) Is it possible to allow double resonance in the spectral interval [A1, Ao],
namely can we have 3(t) = A; a.e. on T

(c) Can we have such a “three nontrivial solutions theorem”, when resonance
occurs in the spectral interval [0, A1] or in a general spectral interval
[)\m; /\m+1], m Z 27
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