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Abstract. We establish the existence of multiple positive solutions of non-
linear equations of the form

−u′′(t) = g(t)f(t, u(t)), t ∈ (0, 1),

where g, f are non-negative functions, subject to various nonlocal boundary
conditions. The common feature is that each can be written as an integral
equation, in the space C[0, 1], of the form

u(t) = γ(t)α[u] +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds

where α[u] is a linear functional given by a Stieltjes integral but is not
assumed to be positive for all positive u. Our new results cover many non-
local boundary conditions previously studied on a case by case basis for
particular positive functionals only, for example, many m-point BVPs are
special cases. Even for positive functionals our methods give improvements
on previous work. Also we allow weaker assumptions on the nonlinear term
than were previously imposed.
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1 Introduction

We establish the existence of multiple positive solutions of nonlinear nonlocal
boundary value problems (BVPs) for equations of the form

−u′′(t) = g(t)f(t, u(t)), t ∈ (0, 1), (1.1)

where g, f are non-negative functions, typically f is continuous and g ∈ L1 may
have singularities, subject to various nonlocal boundary conditions (BCs) includ-
ing the following

u(0) = 0, u(1) = α[u], (1.2)

u′(0) = 0, u(1) = α[u], (1.3)

u(0) = 0, u′(1) = α[u]. (1.4)

We shall take α[u] to be a linear functional on C[0, 1] given by

α[u] =
∫ 1

0
u(s) dA(s) (1.5)

involving a Stieltjes integral with a signed measure, that is, A has bounded vari-
ation. This is completely new and includes the special cases of so called m-point
problems when α[u] =

∑m−2
i=1 αiu(ηi). These have been extensively studied by

Gupta and co-authors, for example [3, 4], but they did not seek positive solutions.
Existence of positive solutions for the m-point problem corresponding to (1.2) has
been studied by Ma [14] and Zhang and Sun [22] when all the αi are positive.
The BCs (1.2) when α[u] =

∫ 1
0 α(s)u(s)ds, with α(s) ≥ 0 continuous has been

studied by Ma [15] while Karakostas and Tsamatos, [7] study the BCs (1.2) (and
other more complicated BCs in [8]) with α[u] given by a Riemann-Stieltjes integral
(with a positive measure) and include the case covered by [15]. We treat all of the
above BCs (and others) in a unified way and obtain new results by allowing signed
measures, but even for (positive) measures we obtain distinct improvements on
[7, 15]. In particular, we do not impose a condition which is used in both [7]
and [15] to reduce to the known case of a 3-point BVP. Also, when specialized to
m-point BVPs, we obtain the existence of positive solutions when coefficients of
either sign are allowed, which has not been done previously. Our conditions are
essentially optimal, typically we find strict inequalities that are sufficient while
non-strict inequalities are necessary.

The methodology used to treat such problems has been to write the BVP as
a Hammerstein integral equation

u(t) = Su(t) :=
∫ 1

0
kS(t, s)g(s)f(s, u(s)) ds, (1.6)
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for a non-negative kernel kS and find a solution as a fixed point of the operator S
by means of Krasnosel’skii’s theorem or, more generally, by using the fixed point
index theory of compact mappings.

We also use fixed point index theory on a suitable cone K in C[0, 1] but our
new approach is to use a new cone and to write the equation in the new form

u(t) = γ(t)α[u] +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds := γ(t)α[u] + Fu(t) := Tu(t). (1.7)

Here γ(t) = 1 for BC (1.3), while γ(t) = t for each of the BCs (1.2), (1.4). We
do not suppose that α[u] ≥ 0 for all u ≥ 0. Our new idea, which enables us to
deal with a signed measure in the term α[u] =

∫ 1
0 u(s) dA(s), is to include the

requirement α[u] ≥ 0 to be satisfied by positive solutions into the definition of a
cone that we use. Showing that our operators take values in the cone gives us,
very easily, a sufficient condition for the m-point BVPs to have a positive kernel,
which allows coefficients of both signs, and is close to necessary for the existence
of positive solutions.

One advantage of our method is its generality, many BVPs can be handled
by the same theory rather than on a case-by-case basis. Another advantage is
that we deal with a simpler kernel in (1.7) than we would have to deal with
using the explicit form of (1.6), which can appear very complicated, at the small
cost of having to consider a sum of two operators. We relate the different ways of
considering the fixed point problem using either (1.7) or (1.6), in particular we are
able to utilise strong fixed point index results involving the largest real eigenvalue
of S to prove strong results for T . This leads to us obtaining the existence of
multiple positive solutions under less stringent conditions on the nonlinearity than
is needed when Krasnosel’skii’s theorem is used.

For each of the three BVPs listed above we provide explicit examples of
signed measures that satisfy the hypotheses, and we also deduce the conditions
to be satisfied by the coefficients (of both sign) in each of the corresponding m-
point problems. In the last section we indicate how our results apply when u′′ is
replaced by a more general form of second order operator.

2 Preliminary results

We will obtain our results via the integral equation

u(t) = γ(t)α[u] +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds := γ(t)α[u] + Fu(t) := Tu(t), (2.1)

where α[u] is as in (1.5). We want this integral operator to be well defined and
compact in a cone K in the space C[0, 1] of continuous functions endowed with
the usual supremum norm. In order to define the new cone we use, we first list
the standing hypotheses on the terms occurring in (2.1):
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(C1) k ≥ 0 is measurable, and for every τ ∈ [0, 1] we have

lim
t→τ

|k(t, s) − k(τ, s)| = 0 for a.e. s ∈ [0, 1].

(C2) There exist a subinterval [a, b] ⊆ [0, 1], a measurable function Φ, and a
constant c1 ∈ (0, 1] such that

k(t, s) ≤ Φ(s) for t ∈ [0, 1] and almost every s ∈ [0, 1]
k(t, s) ≥ c1Φ(s) for t ∈ [a, b] and almost every s ∈ [0, 1].

(C3) A is of bounded variation and K(s) :=
∫ 1
0 k(t, s)dA(t) ≥ 0 for a.e. s.

(C4) g Φ ∈ L1[0, 1], g ≥ 0 a.e., and
∫ b

a

Φ(s)g(s) ds > 0.

(C5) γ ∈ C[0, 1], γ(t) ≥ 0, 0 ≤ α[γ] < 1. We write Γ := α[γ].
There exists c2 ∈ (0, 1] such that γ(t) ≥ c2‖γ‖ for t ∈ [a, b].

(C6) f : [0, 1] × R+ → R+ satisfies Carathéodory conditions, that is, f(·, u) is
measurable for each fixed u ∈ R+ and f(t, ·) is continuous for almost every
t ∈ [0, 1], and for each r > 0, there exists φr ∈ L∞[0, 1] such that

0 ≤ f(t, u) ≤ φr(t) for all u ∈ [0, r] and almost all t ∈ [0, 1].

The condition (C6) means that the singular behaviour of the nonlinearity is
captured by the term g, a typical example being when the nonlinearity is g(t)f(u)
with f continuous and g ∈ L1. Note that (C4) implies that g(s) > 0 on a subset
of [a, b] of positive measure but, in general, g could be identically zero on some
subinterval of [0, 1] and its singularities can occur at arbitrary points of [0, 1].
Also, (C1), (C2) and (C4) together imply that

lim
t→τ

∫ 1

0
|k(t, s) − k(τ, s)|g(s) ds = 0, (2.2)

lim
t→τ

∫ 1

0
|k(t, s) − k(τ, s)|g(s)φr(s) ds = 0, (2.3)

because each integrand is dominated by (a constant times) 2Φ(s)g(s). The ‘con-
tinuity in t’ assumption (C1) ensures that K(s) is defined for a.e. s ∈ [0, 1].

Let P = {u ∈ C[0, 1] : u ≥ 0} denote the standard cone of nonnegative
functions. Let q : C[0, 1] → R denote the continuous function

q(u) = min{u(t) : t ∈ [a, b]}, (2.4)
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and let c = min{c1, c2} with c1 as in (C2), c2 as in (C5). The new cone we use is
defined as follows:

K = {u ∈ P, q(u) ≥ c‖u‖, α[u] ≥ 0}. (2.5)

Note that γ ∈ K so K �= {0}, and

K = K0 ∩ {u ∈ P : α[u] ≥ 0}, where K0 = {u ∈ P, q(u) ≥ c‖u‖}.

K0 is a well-known type of cone, which has been used by, for example, D. Guo
and Lakshmikantham [2], Krasnosel’skii and Zabreiko [9], and since used by many
other authors in the study of multiple solutions of BVPs.

Remark 2.1 The condition (C2) was introduced in [11], it is not restrictive (see
Theorem 2.2 below) and fits particularly well with use of the cone K0 for many
types of BVPs, including separated and nonlocal BCs. For example, when k is
continuous on [0, 1] × [0, 1] and k(t, s) > 0 for t ∈ (0, 1), s ∈ [0, 1] then (C2) holds
for an arbitrary [a, b] ⊂ (0, 1). In fact we can take

Φ = max
(t,s)∈[0,1]×[0,1]

k(t, s) and c1 = min
t∈[a,b], s∈[0,1]

k(t, s)/Φ.

The choice of Φ affects the choice of c1 in (C2), and it can be useful to find a more
precise function Φ and constant c1.

We do not explicitly write the dependence on [a, b], which is usually fixed, but
simply write K, q and c.

For u ∈ P , we define the maps T, S by

Tu(t) := γ(t)α[u] +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds := γ(t)α[u] + Fu(t) (2.6)

and

Su(t) :=
γ(t)
1 − Γ

∫ 1

0
K(s)g(s)f(s, u(s)) ds +

∫ 1

0
k(t, s)g(s)f(s, u(s)) ds

:=
∫ 1

0
kS(t, s)g(s)f(s, u(s)) ds. (2.7)

We also write (2.7) in the form

Su(t) =
γ(t)
1 − Γ

α[Fu] + Fu(t). (2.8)

We shall see below that T, S are closely related, amongst other things S and T
have the same fixed points in K. A direct derivation from the differential equation
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leads to a form of S which looks different from (2.7). As an example, for the
3-point BCs u′(0) = 0, u(1) = αu(η), 0 ≤ α < 1, T is given by

Tu(t) = αu(η) +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds, where k(t, s) =

{
1 − t if s ≤ t,

1 − s if s > t.

(2.9)

and the direct derivation gives

Su(t) =
∫ 1

0
kS(t, s)g(s)f(s, u(s)) ds, where

kS(t, s) =
1

1 − α
(1 − s) −

{ α

1 − α
(η − s) if s ≤ η,

0 if s > η,
−
{

t − s if s ≤ t,

0 if s > t.
(2.10)

but (2.7) would read, for this example,

Su(t) :=
1

1 − α

∫ 1

0
k(η, s)g(s)f(s, u(s)) ds +

∫ 1

0
k(t, s)g(s)f(s, u(s)) ds, (2.11)

with k as in (2.9). It can be verified that the two forms are equal. The form in
(2.10) contains two negative terms (but the overall sum is positive) whereas (2.11)
involves only positive terms.

Yet another advantage of our method is that (C2) is easily verified for S
because of the following result.

Theorem 2.2 If k satisfies (C1), (C2), (C3), (C4) and γ satisfies (C5), then kS

satisfies (C1), (C2) for a function Φ1, the same interval [a, b] and the same con-
stant c = min{c1, c2}, where Φ1 satisfies (C4).

Proof. We have

kS(t, s) =
γ(t)
1 − Γ

K(s) + k(t, s)

≤ ‖γ‖
1 − Γ

K(s) + Φ(s) := Φ1(s),

and for t ∈ [a, b],

kS(t, s) ≥ c2‖γ‖
1 − Γ

K(s) + c1Φ(s) ≥ min{c1, c2}Φ1(s).

Note that gΦ1 ∈ L∞ because A has finite variation and K(s) ≤ Φ(s) Var(A). �
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Note that this result appears to be non obvious when one deals, for example,
with the directly derived form of kS for m-point BVPs, e.g. [14]. In particular, it
shows for the first time that for the standard well-studied m-point BVPs one can
choose [a, b] arbitrarily in (0, 1) so that (C2) holds.

Our integral operators are compact.

Lemma 2.3 Under the hypotheses (C1)-(C5) the maps T, S : P → C[0, 1] defined
in (2.6), (2.7) are compact.

Proof. The compactness of F follows from Proposition 3.1 of Chapter 5 of [18]
since, as [0, 1] is compact, the limit in each of (2.2), (2.3) is readily shown to
be uniform in τ ∈ [0, 1]. Similarly S is compact. The perturbation γ(t)α[u] is
compact since it maps a bounded set into a bounded subset of a one dimensional
space and thus T is compact. �

More importantly we show that T and S leave K invariant, in fact S maps
P into K.

Theorem 2.4 Under the hypotheses (C1)-(C5), T : K → K and S : P → K.

Proof. To see that T : K → K, for u ∈ K and t ∈ [0, 1], we have,

|Tu(t)| ≤ α[u]|γ(t)| +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds

and so

‖Tu‖ ≤ α[u]‖γ‖ +
∫ 1

0
Φ(s)g(s)f(s, u(s)) ds.

Also, for t ∈ [a, b], we have

Tu(t) ≥ c2α[u]‖γ‖ + c1

∫ 1

0
Φ(s)g(s)f(s, u(s)) ds ≥ min{c1, c2}‖Tu‖.

Using Theorem 2.2, a similar calculation works for S with u ∈ P . Now we need
to show that α[Tu] ≥ 0 for u ∈ K and that α[Su] ≥ 0 for u ∈ P . Firstly we have,
using (C3), for u ∈ P ,

α[Fu] =
∫ 1

0

∫ 1

0
k(t, s)g(s)f(s, u(s)) ds dA(t) =

∫ 1

0
K(s)g(s)f(s, u(s)) ds ≥ 0.

Therefore, for u ∈ K we have,

α[Tu] = α[γ]α[u] + α[Fu] ≥ 0.
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Secondly, from (2.8), for u ∈ P we have

α[Su] =
Γ

1 − Γ
α[Fu] + α[Fu] ≥ 0.

�

Lemma 2.5 S and T have the same fixed points (in K).

Proof. Suppose that u(t) = Su(t). Then applying the linear functional α using
(2.8) we obtain

α[u] =
Γ

1 − Γ
α[Fu] + α[Fu] =

1
1 − Γ

α[Fu].

Substituting into u(t) = Su(t) gives u(t) = γ(t)α[u]+Fu(t) = Tu(t). The converse
is proved similarly. �

Let D be a bounded open set in C[0, 1] and write DK for D∩K so that D is
open in K and let ∂DK denote the boundary of K (in the relative topology). We
use standard properties of the classical fixed point index iK(T, DK) for a compact
map T , see for example [1] or [2] for further information. We begin with a very
useful observation.

Theorem 2.6 If u �= Tu for u ∈ ∂DK , then iK(T, DK) = iK(S, DK).

Proof. By Lemma 2.5, both indices are defined. By the homotopy property it
suffices to prove that

u �= βTu + (1 − β)Su, for all β ∈ [0, 1] and for all u ∈ ∂DK .

Suppose this fails, that is there exist u ∈ ∂DK and β ∈ [0, 1] such that

u(t) = βTu(t) + (1 − β)Su(t).

Applying α gives

α[u] = β(Γα[u] + α[Fu]) + (1 − β)(
Γ

1 − Γ
α[Fu] + α[Fu]).

Hence we have

(1 − βΓ)α[u] = βα[Fu] +
1 − β

1 − Γ
α[Fu]

so that α[u] =
1

1 − Γ
α[Fu]. This leads to u(t) =

γ(t)
1 − Γ

α[Fu] + Fu(t) = Su(t), a

contradiction. �
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This result means that we will obtain the same fixed point index results
whichever representation we use. However, we believe there is an advantage in
using the form involving T rather than S. In particular, it allows us to treat
m-point BVPs with coefficients αi of either sign and we easily get conditions on
these coefficients which ensure the kernel is positive, and which do not seem to be
obvious from the explicitly derived form of S, for example, a more complicated
version of (2.10), as in [14].

3 Fixed point index calculations

For ρ > 0 we define the following open subsets of K:

Kρ := {u ∈ K : ‖u‖ < ρ}, Vρ := {u ∈ K : q(u) < ρ}.

The set Vρ was essentially introduced in [10], in fact Vρ = Ωρ/c using the notation
of [10]. We believe that using Vρ is natural and makes it clear that choosing c
as large as possible yields a weaker condition to be satisfied by f in the following
result.

Theorem 3.1 1. Suppose that f(t, u) ≤ ρf0,ρ for t ∈ [0, 1] and 0 ≤ u ≤ ρ.
Then we have iK(T, Kρ) = 1 if

f0,ρ
(

sup
t∈[0,1]

{ γ(t)
1 − Γ

∫ 1

0
K(s)g(s) ds +

∫ 1

0
k(t, s)g(s) ds

})
< 1. (3.1)

2. Suppose that f(t, u) ≥ ρfρ,ρ/c for t ∈ [a, b] and ρ ≤ u ≤ ρ/c. Then we have
iK(T, Vρ) = 0 if

fρ,ρ/c

(
inf

t∈[a,b]

{ γ(t)
1 − Γ

∫ b

a

K(s)g(s) ds +
∫ b

a

k(t, s)g(s) ds
})

> 1. (3.2)

Proof. (1) We show that Tu �= λu for all λ ≥ 1 when u ∈ ∂Kρ, which implies that
iK(T, Kρ) = 1. In fact, if not, then there exist u with ‖u‖ = ρ and λ ≥ 1 such
that

λu(t) = Tu(t) = γ(t)α[u] + Fu(t).

Therefore λα[u] = Γα[u] + α[Fu] and hence λu(t) =
γ(t)

λ − Γ
α[Fu] + Fu(t).

Using the inequality f(s, u(s)) ≤ ρf0,ρ and taking the supremum over [0, 1]
gives

λρ ≤ ρf0,ρ
(

sup
t∈[0,1]

{ γ(t)
1 − Γ

∫ 1

0
K(s)g(s) ds +

∫ 1

0
k(t, s)g(s) ds

})
,

contradicting (3.1).
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(2) We show that u �= Tu + λγ for all λ ≥ 0 and u ∈ ∂Vρ which implies
that iK(T, Vρ) = 0. In fact, if there is u ∈ ∂Vρ and λ ≥ 0 with u = Tu + λγ =
γα[u] + Fu + λγ, then α[u] = Γα[u] + α[Fu] + λΓ. Therefore we have

u(t) =
γ(t)
1 − Γ

(α[Fu] + λΓ) + Fu(t) + λγ(t) =
γ(t)
1 − Γ

α[Fu] + Fu(t) +
λ

1 − Γ
γ(t).

We replace the integrals over [0, 1] by integrals over [a, b], note that, for u ∈ ∂Vρ,
q(u) = ρ and ρ ≤ u(s) ≤ ρ/c for s ∈ [a, b], and use the inequality f(s, u(s)) ≥
ρfρ,ρ/c. Taking the infimum for t ∈ [a, b] then gives

ρ = q(u) ≥ ρfρ,ρ/c

(
inf

t∈[a,b]

{ γ(t)
1 − Γ

∫ b

a

K(s)g(s) ds +
∫ b

a

k(t, s)g(s) ds
})

,

for λ ≥ 0, contradicting (3.2). �

Remark 3.2 These two results can be written (loosely) in the following forms

f0,ρ < mS =⇒ iK(T, Kρ) = 1; fρ,ρ/c > MS(a, b) =⇒ iK(T, Vρ) = 0. (3.3)

Here

1
mS

:= sup
t∈[0,1]

∫ 1

0
kS(t, s)g(s) ds;

1
MS(a, b)

:= inf
t∈[a,b]

∫ b

a

kS(t, s)g(s) ds. (3.4)

These could be deduced from known results for S, for example [21], since S
satisfies the appropriate hypotheses as is shown in Theorem 2.2, and then using
Theorem 2.6. We have given the direct proofs because often [a, b] can be chosen
arbitrarily in (0, 1). In this case an obvious question is whether there is some
optimal choice. For a given [a, b], (3.2) shows that we should choose c = c(a, b)
as large as possible. We also have a weaker restriction on f when MS(a, b) is
as small as possible. In some simple cases, determining [a, b] so as to minimize
MS(a, b) can be achieved, see [19], but the calculations quickly become tricky, see
[20]. However, using our method, we get good choices that can be calculated more
easily. These are the following.

Theorem 3.3 1. Suppose f(t, u) ≤ ρf0,ρ for t ∈ [0, 1] and 0 ≤ u ≤ ρ. Then
we have iK(T, Kρ) = 1 if

f0,ρ

( ‖γ‖
1 − Γ

∫ 1

0
K(s)g(s) ds +

1
m

)
< 1, (3.5)

where
1
m

= sup
t∈[0,1]

∫ 1

0
k(t, s)g(s) ds.
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2. Suppose f(t, u) ≥ ρfρ,ρ/c for t ∈ [a, b] and ρ ≤ u ≤ ρ/c. Then we have
iK(T, Vρ) = 0 if

fρ,ρ/c

(
c2‖γ‖
1 − Γ

∫ b

a

K(s)g(s) ds +
1

M(a, b)

)
> 1. (3.6)

where
1

M(a, b)
:= inf

t∈[a,b]

∫ b

a

k(t, s)g(s) ds.

Remark 3.4 M(a, b) corresponds to a simpler kernel than does MS(a, b) so deter-
mining the interval [a, b] which makes M(a, b) minimal is also simpler.

Webb and Lan [21] gave criteria for the existence of (multiple) positive solu-
tions of Hammerstein integral operators of the form u(t) = Su(t) which depend on
the relationship between the behaviour of f(t, u)/u as u tends to 0+ or ∞ and the
principal (smallest positive) characteristic value µ1 of an associated linear integral
operator. An example is replacing the conditions

fρ1,ρ1/c > MS(a, b), f0,ρ2 < mS , for ρ1 small and ρ2 large, (3.7)

by

lim inf
u→0+

f(u)/u > µ1, lim sup
u→∞

f(u)/u < µ1, (3.8)

which gives an optimal result. This uses some fixed point index calculations from
[21]. It was shown in [21] that mS ≤ µ1 ≤ MS(a, b) and the inequalities are
strict if the corresponding eigenfunction is not constant, so using (3.8) usually
gives a better result than using (3.7). This does not make the constants mS , MS

redundant, because they are useful in taking account of the behaviour of f(t, u)
with respect to u on bounded intervals not containing 0, and are used explicitly
in results concerning the existence of multiple solutions, see Theorem 4.2.

We will use some results from [21] which apply to S to deduce results for T .
We first define the linear operator LS corresponding to S. We define

LS(u) :=
∫ 1

0
kS(t, s)g(s)u(s) ds.

Similar to the proofs of Lemma 2.3 and Theorem 2.4, LS is compact and maps
P into K. We recall that λ is an eigenvalue of an operator L with corresponding
eigenfunction ϕ if ϕ �= 0 and λϕ = Lϕ. The reciprocals of nonzero eigenvalues are
called characteristic values of L. The characteristic values of the integral operator
are often called eigenvalues of the differential operator from which they arise.

Theorem 3.5 When (C1) − (C4) hold, r(LS), the radius of the spectrum of LS,
is an eigenvalue of LS with eigenfunction in K.
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Proof. This is a consequence of the Krein-Rutman theorem which shows that
r(LS) is an eigenvalue of LS with eigenfunction in P . (C4) is used to show
r(LS) > 0, see [21]. As LS maps P into K, the eigenfunction belongs to K. �

We note that µ1 := 1/r(LS) satisfies ϕ = µ1LSϕ if and only if

ϕ = γ(t)α[ϕ] + µ1LF ϕ, (3.9)

where LF u =
∫ 1
0 k(t, s)g(s)u(s) ds, by the same calculation as in the proof of

Lemma 2.5. Equation (3.9) tells us how we must define LT and ‘eigenvalues’ of
LT .

We also define an operator

L̃S :=
∫ 1

0
k̃S(t, s)g(s)u(s) ds :=

∫ b

a

kS(t, s)g(s)u(s) ds.

Since the kernel k̃S satisfies the same hypotheses as kS , r(L̃) is an eigenvalue of L̃S

with eigenfunction in K. Let µ̃1 = 1/r(L̃S). We shall use the following concept.

Definition 3.6 We say that L satisfies (UPE) if r(L) is the only positive eigen-
value of L with an eigenfunction in the cone P .

(UPE) holds for LS whenever kS is symmetric: kS(t, s) = kS(s, t), and
g ∈ L1, see [21]; but the kernel need not by symmetric. Also (UPE) holds if LS

is strongly positive, that is LS maps P \{0} into the interior of P , by Theorem 3.2
of [1] but, for BVPs with the BC u(0) = 0 the corresponding LS is not strongly
positive since LSu(0) = 0. It is often possible to verify (UPE) when g ≡ 1 directly
from the differential equation, see [20, 21].

Notation We make the following definitions.

f(u) : = sup
t∈[0,1]

f(t, u), f(u) := inf
t∈[0,1]

f(t, u);

f0 = lim sup
u→0+

f(u)/u, f0 = lim inf
u→0+

f(u)/u;

f∞ = lim sup
u→∞

f(u)/u, f∞ = lim inf
u→∞ f(u)/u.

The following result collects together some results, proved in [21] for opera-
tors of the form S, and gives conditions which ensure the fixed point index of T
on suitable subsets of K is either 0 or 1. These can then be used in a standard
way to get multiplicity results; we state some of these below.

Theorem 3.7 (1) If 0 ≤ f0 < µ1, then there exists ρ0 > 0 such that

iK(T, Kρ) = 1 for each ρ ∈ (0, ρ0].
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(2) If 0 ≤ f∞ < µ1, then there exists R0 such that

iK(T, KR) = 1 for each R > R0.

(3) If µ1 < f0 ≤ ∞, then there exists ρ0 > 0 such that for each ρ ∈ (0, ρ0], if
u �= Tu for u ∈ ∂Kρ, then

iK(T, Kρ) = 0.

(4) If µ̃1 < f∞ ≤ ∞, then there exists R1 such that for each R ≥ R1, if u �= Tu
for u ∈ ∂KR, then

iK(T, KR) = 0.

(4′) Suppose also that L satisfies (UPE) and that (C2) holds for an arbitrary
[a, b] ⊂ (0, 1). If µ1 < f∞ ≤ ∞, then there exists R1 such that for each R ≥ R1,
if u �= Tu for u ∈ ∂KR, then

iK(T, KR) = 0.

Proof. The results of [21] apply to S and give the above statements with S in
place of T , we then apply Theorem 2.6. �

Note that µ̃1 ≥ µ1 so (4′) gives a stronger result than (4). When (4′) holds,
the index iK(T, KR) = 0 is independent of [a, b] (recall that K depends on [a, b])
so we can use any fixed [a, b] that is convenient for other purposes.

4 Existence of multiple positive solutions of inte-
gral equations

We use the notation of the previous section and state results on existence of
multiple nonzero positive solutions for the equation

u(t) = Tu(t) := γ(t)α[u] +
∫ 1

0
k(t, s)g(s)f(s, u(s)) ds, t ∈ [0, 1]. (4.1)

We say that (C∗
2 ) holds if (C2) is valid for an arbitrary interval [a, b] ⊂ (0, 1).

However our theorems are for a fixed [a, b] and corresponding cone K.

Theorem 4.1 Assume that (C1)-(C6) hold and that one of the following condi-
tions holds.

(H1) 0 ≤ f0 < µ1 and µ̃1 < f∞ ≤ ∞.
(H2) 0 ≤ f∞ < µ1 and µ1 < f0 ≤ ∞.

Then (4.1) has a positive solution u ∈ K, ρ ≤ ‖u‖ ≤ R for some 0 < ρ < R.
When LS satisfies (UPE) and (C∗

2 ) holds, we may replace µ̃1 by µ1 in (H1).
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The proof is by applying Theorem 3.7 on Kρ and KR for ρ sufficiently small
and R sufficiently large and using the additivity property of fixed point index.
This gives some optimal results and is a real improvement on the earlier ones
where, for example, in the second case it was assumed that

0 ≤ f∞ < mS , MS < f0 ≤ ∞.

We also state results for the existence of at least two and at least three
(strictly) positive solutions.

Theorem 4.2 Assume that (C1)-(C6) hold. Then (4.1) has two positive solutions
in K if one of the following conditions holds.
(S1) 0 ≤ f0 < µ1, fρ,ρ/c > MS for some ρ > 0, and 0 ≤ f∞ < µ1.
(S2) µ1 < f0 ≤ ∞, f0,ρ < mS for some ρ > 0, and µ̃1 < f∞ ≤ ∞.
Equation (4.1) has at least three positive solutions if either (T1) or (T2) below
holds.
(T1) There exist 0 < ρ1 < ρ2 < ∞, such that

µ1 < f0 ≤ ∞, f0,ρ1 < mS , fρ2,ρ2/c > MS , 0 ≤ f∞ < µ1.

(T2) There exist 0 < ρ1 < cρ2 < ∞, such that

0 ≤ f0 < µ1, fρ1,ρ1/c > MS , f0,ρ2 < mS , µ̃1 < f∞ ≤ ∞.

When LS satisfies (UPE) and (C∗
2 ) holds, we may replace µ̃1 by µ1.

The proof is an application of the additivity property of fixed point index,
see [21] for details. It is possible to give criteria for the existence of a countable
number of positive solutions by extending the list of conditions. We omit the
routine statement of such results.

5 Boundary Value problems

5.1 The BCs (1.2)

We first study the BVP

−u′′(t) = g(t)f(t, u(t)), t ∈ (0, 1), (5.1)
u(0) = 0, u(1) = α[u], (5.2)

where α[u] =
∫ 1
0 u(s)dA(s) for a signed measure dA. Special cases of these BCs

have been studied by Ma [15] and Karakostas and Tsamatos [7]. Ma studied the
problem

−u′′(t) = g(t)f(u(t)), u(0) = 0, u(1) =
∫ β

α

h(s)u(s) ds, (5.3)
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with g ≥ 0, f ≥ 0 both continuous and with 0 ≤ β
∫ β

α
h(s) ds < 1, where 0 < α <

β < 1, which implies
∫ β

α
th(t) dt < 1. Here h ≥ 0 is continuous and is 0 outside

[α, β], and g is strictly positive at some point of [β, 1]. Karakostas and Tsamatos
[7] studied the same equation with the same assumptions except the BC has the
more general form

u(1) =
∫ β

α

u(s) dA(s) (5.4)

where dA is supported on [α, β], A is increasing, (corresponding to a (positive)
measure), with the requirement β

∫ β

α
dA(t) < 1. Both authors made this last

assumption in order to relate their problem to a 3-point problem, our method
does not need knowledge of an earlier problem but can be used to deduce results
for 3-point problems. By applying our result we shall see that the assumptions
can be weakened: g need not be continuous, the measure dA can be a signed
measure, and it does not have to be supported on some subinterval [α, β]. We
also use better conditions on f . For a signed measure we show below that we need

0 ≤
∫ 1

0
t dA(t) < 1 (5.5)

together with

(1 − s)
∫ s

0
t dA(t) + s

∫ 1

s

(1 − t) dA(t) ≥ 0, for a.e. s ∈ [0, 1]. (5.6)

This clearly strictly includes the case studied by Karakostas and Tsamatos [7] and
Ma [15] since (5.6) is trivially satisfied when dA is a positive measure. We give
explicit examples of sign changing measures that satisfy our requirements below.
In the discrete sign changing case we obtain conditions for existence of positive
solutions of m-point BVPs which are close to necessary.

Our existence and multiplicity results of section 4 require less stringent
restrictions on f than [7, 15]. Ma only considered the case when f is either
sub- or super-linear, that is, either f0 = ∞ and f∞ = 0 or f0 = 0 and f∞ = ∞,
respectively and obtained the existence of one positive solution. Karakostas and
Tsamatos gave results for the existence of one, two or three positive solutions. Our
conditions on f are weaker because firstly we use the constants mS , MS which are
better than those used in [7] [two negative terms are discarded in a calculation
in [7]], and secondly we also use µ1 which gives even sharper results. As noted
above, we could easily state results for countably many solutions too.

For the BCs (1.2) the operator T is

Tu(t) = tα[u] +
∫ 1

0
k(t, s)g(s)f(s, u(s))ds, where k(t, s) =

{
s(1 − t) if s ≤ t,

t(1 − s) if s > t.

(5.7)
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We take [a, b] = [1/4, 3/4]. It is easy to check that k(t, s) ≤ s(1 − s) := Φ(s)
and that mint∈[1/4,3/4] k(t, s) ≥ (1/4)s(1 − s), that is, c1 = 1/4 for this choice of
[a, b]. Also it is clear that c2 = 1/4. In fact we have chosen [1/4, 3/4] because it
gives the minimal M in the conditions of Theorem 3.3, but since k(t, s) written in
(5.7) satisfies (C∗

2 ) the choice of [a, b] is at our disposal. Now let A be of bounded
variation. To verify (C3) we have to show that

K(s) =
∫ 1

0
k(t, s)dA(t) ≥ 0.

Thus we want

(1 − s)
∫ s

0
t dA(t) + s

∫ 1

s

(1 − t) dA(t) ≥ 0. (5.8)

This is as claimed above in (5.6). The condition 0 ≤ Γ < 1 is (5.5). We do
not state the obvious theorems which follow directly by applying the results of
section 4.

We give an explicit example in the continuously distributed case.

Example 5.1 Let α(t) = − cos(2πt). Then dA(t) := α(t) dt changes sign on [0, 1]
and satisfies (5.8).

In fact, by integration by parts,

(1 − s)
∫ s

0
t dA(t) + s

∫ 1

s

(1 − t) dA(t) = s

∫ 1

0
A(t) dt −

∫ s

0
A(t) dt,

where A(t) =
∫ t

0 dA(s). In our example this is

s

(
cos(2π) − 1

4π2

)
+

1 − cos(2πs)
4π2 =

1 − cos(2πs)
4π2 ≥ 0.

Also we have

Γ =
∫ 1

0
tdA(t) =

∫ 1

0
−t cos(2πt) dt = 0.

This means we have verified all the hypotheses, so Theorem 4.2 can be applied
once the constants have been calculated. Of course, we can obtain many more
examples of the form h(t) − cos(2πt), where h(t) ≥ 0 and

∫ 1
0 th(t) dt < 1.

Example 5.2 A discrete (4-point) problem. Consider the BC

u(0) = 0, u(1) = α1u(η1) + α2u(η2), where 0 < η1 < η2 < 1.

We will determine the restrictions to be placed on α1, α2 so that our hypotheses
are satisfied.
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We have α[u] = α1u(η1) + α2u(η2). Then Γ = α1η1 + α2η2 so we want

0 ≤ α1η1 + α2η2 < 1. (5.9)

Also K(s) = α1k(η1, s) + α2k(η2, s). Thus for K(s) ≥ 0 we need

α1s(1 − η1) + α2s(1 − η2) ≥ 0 for 0 ≤ s ≤ η1

α1η1(1 − s) + α2s(1 − η2) ≥ 0 for η1 < s ≤ η2

α1η1(1 − s) + α2η2(1 − s) ≥ 0 for s > η2.

The total requirement is therefore

0 ≤ α1η1 + α2η2 < 1, and (5.10)
α1(1 − η1) + α2(1 − η2) ≥ 0. (5.11)

This defines a region in the α1, α2-plane which is much larger than the ‘obvious’
region defined by

α1 ≥ 0, α2 ≥ 0, 0 ≤ α1η1 + α2η2 < 1. (5.12)

The conditions (5.10), (5.11) were given by a much longer method in [5] working
directly with the explicit directly derived form of the kernel kS . Applying our
method developed here, we can easily write down the conditions for the general
m-point problem, but we do not list these. Positivity of the coefficients αi, as in
(5.12), was used in [14] where the existence of one positive solution was shown
when f is either sub- or super-linear, and in [22] where one or two positive solutions
was obtained using hypotheses on f similar to, but more restrictive than, those
in the first part of Theorem 4.2. A result for three positive solutions has been
given in [13] (but one of these might be zero), by a direct, more complicated
method, again assuming the coefficients are positive and using conditions on f
stronger than those in (S1) in Theorem 4.2. Sign changing coefficients have been
allowed previously for m-point problems, for example in [4], but not for existence
of positive solutions.

For this problem the constants can be calculated, when g ≡ 1 the eigenvalue
can be easily calculated numerically, e.g. by Maple. But it is not clear whether
(UPE) holds; this was shown in [21] for the m-point problem when all the αi are
positive, as in (5.12), but the sign changing case remains open.

5.2 The BCs (1.3)

We briefly indicate how our results apply to these BCs and give an example of
the numbers that arise in the continuously distributed case. This BC has been
studied extensively in the 3-point case, references may be found in [7, 14, 19].
A more general set of BCs for m-point BVPS has been studied in [12, 16], the
former allowing singularities in f in the u variable. Our general approach gives
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completely new results for both m-point and integral BCs without the type of
calculation seen in these papers. For this BC, γ ≡ 1 and

k(t, s) =

{
1 − t, if s ≤ t,

1 − s, if s > t.

For this kernel, [a, b] may be chosen arbitrarily in [0, 1). The condition K(s) ≥ 0
now means

(1 − s)
∫ s

0
dA(t) +

∫ 1

s

(1 − t)dA(t) =
∫ 1

s

A(t) dt ≥ 0.

Some examples of sign changing measures that lead to K(s) ≥ 0 are given by
α1(t) = sin(2πt) with Γ1 = 0 and α2(t) = cos(πt) with Γ2 = 0. For the 4-point
problem

u′(0) = 0, u(1) = α[u] := α1u(η1) + α2u(η2), where 0 < η1 < η2 < 1,

we want
0 ≤ Γ < 1, that is 0 ≤ α1 + α2 < 1.

For K(s) ≥ 0, as in Lemma 5.1 we obtain the conditions

α1(1 − η1) + α2(1 − η2) ≥ 0, α1 + α2 ≥ 0.

The total requirement is

0 ≤ α1 + α2 < 1, α1(1 − η1) + α2(1 − η2) ≥ 0,

again a much larger region than the part in the first quadrant. These conditions
were found in [5] by a longer calculation. A direct application of the results of
Section 4 give improvements on those in [5], while other authors have assumed
positivity of the coefficients.

Example 5.3 Consider the differential equation with g ≡ 1 and with the BCs
u′(0) = 0, u(1) =

∫ 1
0 α u(s) ds, where α is a constant.

Then Γ = α so we need 0 ≤ α < 1. Also, we have

K(s) =
∫ 1

0
αk(t, s) dt = α

(∫ s

0
(1 − s) dt +

∫ 1

s

(1 − t) dt

)

=
α

2
(1 − s2) ≥ 0.

We use the conditions (and the notation) of Theorem 3.3. Since t → k(t, s) is
decreasing, we have

1
m

= max
t∈[0,1]

k(t, s) ds =
∫ 1

0
k(0, s) ds =

1
2
.
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1
M(a, b)

= min
t∈[a,b]

k(t, s) ds =
∫ b

a

k(b, s) ds = (b − a)(1 − b).

M(a, b) is minimized by taking a = 0, b = 1/2 and M(0, 1/2) = 4. For this choice
of [a, b], Φ(s) = 1 − s and c1 = 1/2, c2 = 1. The conditions (3.5), (3.6) now read

f0,ρ
( α

1 − α

1
3

+
1
2

)
≤ 1,

fρ,ρ/c

( α

1 − α

11
48

+
1
4

)
≥ 1.

For example, taking α = 1/2 we get the numbers

f0,ρ ≤ 6/5 = 1.2, fρ,ρ/c ≥ 48/23 � 2.087.

The ‘eigenvalue’ µ1 is found by looking for solutions of −u′′ = ω2u. The nonzero
solutions are cos(ωt) and µ1 = ω2, where ω is the smallest positive root of the
equation

cos(ω) =
∫ 1

0
α cos(ωt) dt = α sin(ω)/ω.

When α = 1/2, we find, using Maple, that µ1 � 1.359 (rounded to 3 decimal
places). This ties in with our general assertion that mS < µ1 < MS (for a
nonconstant eigenfunction) and shows that using µ1 gives stronger results.

5.3 The BCs (1.4)

For this BC, γ(t) = t and

k(t, s) =

{
s, if s ≤ t,

t, if s > t.

In this case [a, b] may be chosen arbitrarily in (0, 1]. The condition K(s) ≥ 0
means ∫ s

0
t dA(t) +

∫ 1

s

s dA(t) ≥ 0.

An example of a sign changing measure that gives K(s) ≥ 0 is α(t) = − cos(πt)
with Γ = 2/π2.

For the 4-point problem

u(0) = 0, u′(1) = α[u] := α1u(η1) + α2u(η2), where 0 < η1 < η2 < 1,

we want
0 ≤ Γ < 1, that is 0 ≤ α1η1 + α2η2 < 1.
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For K(s) ≥ 0, as in Lemma 5.1 we obtain the conditions

α1η1 + α2η2 ≥ 0, α1 + α2 ≥ 0.

The total requirement is

0 ≤ α1η1 + α2η2 < 1, α1 + α2 ≥ 0.

We do not state the obvious theorems that follow from an application of
Theorem 4.2. The authors of [8] study a problem with more complicated BCs
which in their concluding remarks are noted to include (1.4) under some condi-
tions, but they do not have theorems comparable with ours. As far as we know,
this is the first time the conditions for these 4-point problems (and similarly m-
point problems) have been determined.

Three other BCs are equivalent to the three we have just considered via the
change of variable t → 1 − t. These are:

u(0) = α[u], u(1) = 0;
u(0) = α[u], u′(1) = 0;
u′(0) + α[u] = 0, u(1) = 0.

Results for these BCs follow immediately from our theorems. Many other BCs
can also be treated by our methods, we have merely indicated some of these to
which our general method applies.

6 More general equations

We shall show how our general approach can be applied to equations of the form

Pu(t) := −(p(t)u′(t))′ + r(t)u(t) = g(t)f(t, u(t)), t ∈ (0, 1) (6.1)

where p(t) > 0, r(t) ≥ 0 subject to the same types of BCs as studied above. The
equation

a(t)u′′(t) + b(t)u′(t) + c(t)u(t) + g(t)f(t, u(t)) = 0

can be transformed into the form in (6.1) by multiplying by

1
a(t)

exp
(∫ t

0

b(s)
a(s)

ds

)
.

Since typically we suppose g ∈ L1, a(t) could possibly be 0 at some points.
We briefly indicate how the method applies to the BCs u(0) = 0, u(1) = α[u]

when α[u] =
∫ 1
0 u(s)dA(s) for a signed Stieltjes measure.

We suppose that the BVP

Pu = y, u(0) = 0, u(1) = 0
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has a unique solution given by u(t) =
∫ 1
0 G(t, s)y(s) ds where G is the Green’s

function which can be expressed in the form

G(t, s) =
1

p W

{
φ1(s)φ2(t) if s ≤ t,

φ1(t)φ2(s) if s > t,

where φ1 is the unique positive solution of Pφ1 = 0, φ1(0) = 0, φ1(1) = 1 and
φ2 is the unique positive solution of Pφ2 = 0, φ2(0) = 1, φ2(1) = 0, W (φ1, φ2) is
the Wronskian, and p W is a (positive) constant by Abel’s formula. If we define
an operator G by Gu(t) :=

∫ 1
0 G(t, s)g(s)f(s, u(s)) ds, then

P (Gu)(t) = g(t)f(t, u(t)), Gu(0) = 0, Gu(1) = 0.

We can then find solutions of the BVP

P (u)(t) = g(t)f(t, u(t)), u(0) = 0, u(1) = α[u]

as fixed points of
Tu(t) = φ1(t)α[u] + Gu(t).

By our general theory we need the following conditions to be satisfied:

0 ≤ α[φ1] < 1, KG(s) =
∫ 1

0
G(t, s) dA(t) ≥ 0.

Since these are integral (or sum) conditions, this certainly allows some sign changes
as previously. Ma and Ren [17] treated the m-point problem with positive coef-
ficients and obtained results on the existence of one and two positive solutions
using the methods of [10, 11]. We therefore have several types of improvement
on these results: we can allow coefficients that change sign, or have continuously
distributed signed measures, or a combination of these, and we allow weaker con-
ditions on the nonlinearity using ‘eigenvalues’, etc.

Similarly we can treat the other BCs listed above. We do not state the
plethora of results that can now be proved by a simple application of Theorems 4.1,
4.2, and their extensions, even though our results for measures are completely new.

The disadvantage of studying the general form of equation (6.1) is that one
cannot check the conditions unless φ1 and G(t, s) are known explicitly. This is
why we have concentrated on the problems where we can verify the hypotheses.
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