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The purpose of this note is to fix two gaps in the construction of Schwartz spaces
of semi-algebraic stacks in [4], and to strengthen some statements, replacing quasi-
isomorphismsbyhomotopy equivalences. I amgrateful toAvrahamAizenbud, Shachar
Carmeli, and Dmitry Gourevitch for pointing out the gaps, and suggesting the stronger
statements.

The first gap is in the proofs of Propositions 3.1.2 and 3.1.4, where I misquote
[3, Theorem A.1.1] and write a Schwartz function as a product of two Schwartz
functions. There is also an obvious typo in the statement of Proposition 3.1.4: the

sequence appearing should end with
∂0−→ S(Y ) → 0. Moreover, with this gap cor-

rected, a stronger statement is actually proven in these two propositions than claimed.
Namely, the sequence of Proposition 3.1.4 (with the aforementioned typo corrected)
is not just strictly exact, but homotopic to zero. I formulate this here as a proposition,
which supersedes both of Propositions 3.1.2 and 3.1.4 in the paper, and indicate the
corrections needed for a complete proof.

Proposition 1 Let π : X → Y be a smooth surjective morphism of Nash manifolds.
Let [X ]nY = the fiber product of n copies of X over Y (whose projection map to Y is
still denoted by π ), and consider the complex

(S([X ]nY ))n : · · · → S([X ]3Y ) → S([X ]2Y ) → S(X) → 0,
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with differentials ∂n : S([X ]n+1
Y ) → S([X ]nY ) induced from the alternating sum of

push-forwards when a copy of X is deleted, as in [4, Proposition 3.1.4]. Consider
S(Y ) as a complex in degree zero, and the morphism of complexes

π! : (S([X ]nY ))n → S(Y )

induced by the push-forward π! : S(X) → S(Y ). This morphism is a homotopy
equivalence.

Proof [3, Theorem A.1.1] states that any f ∈ S([X ]nY ) can be written as a finite sum

f (x) =
m∑

i=1

φi (π(x)) fi (x),

where φi is a Schwartz function on Y and fi ∈ S([X ]nY ). Over an Archimedean field
it is not true, in general, that it can be written as a product φ · f0, as claimed in [4].

But now, assuming, as in the proofs of [4, Propositions 3.1.2 and 3.1.4], that the
differential ∂n−1 f ∈ S([X ]n−1

Y ) vanishes, an extra complication arises, because only
the sum

∑m
i=1 φi (π(x))∂n−1 fi (x) vanishes, not each term ∂n−1 fi individually. The

next step in the proofs is to disintegrate φ to an element h of some space of “relative
Schwartz measures” S ′(X) (whose push-forwards to Y are Schwartz functions—see
the proof of [4, Proposition 3.1.2] for details). For the argument to go through as
stated, we need to do this compatibly for all φi ’s. Namely, let us assume that the base
field is F = R (because in the non-Archimedean case there is no issue, and in the
complex case we may work by restriction of scalars overRwithout changing the final
statement).

Let us first discuss the special case where the morphism X → Y admits a Nash
section σ : Y → X , which, in addition, extends to a tubular neighborhood ι :
Y × Br ↪→ X , where r is the relative dimension of the map π , and Br is the open unit
ball inRr . Then, choosing a Schwartzmeasureμ ∈ S(Br )with totalmass 1, we can set
hi := ι!(φi ⊗μ) ∈ S ′(X). Then π!hi = φi , and

∑
i hi (x0)∂n−1 fi (x1, . . . , xn−1) = 0;

the proofs of the two Propositions now go through as stated. Moreover, the tubular
neighborhood gives rise to an embedding, again to be denoted by the same letter:

ι : [X ]nY × Br ↪→ [X ]n+1
Y

(with Br determining the last coordinate), and a choice of μ as above allows us to
define linear maps

Hn : S([X ]nY ) → S([X ]n+1
Y )

by Hn( f ) = ι!(μ ⊗ f ). This includes the case of H0 : S(Y ) → S(X), which is
a section for the push-forward map. One then easily checks that Hn is a homotopy
between H0 ◦ π! and the identity on the complex (S([X ]nY ))n ; in other words, π! :
(S([X ]nY ))n → S(Y ) is a homotopy equivalence.
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We have up to now assumed that the morphism X → Y admitted a section with a
tubular neighborhood. Such tubular neighborhoods exist locally over Y [2, 2.4.3], [1,
Theorem 3.6.2]. The last step to correct the proof is to show that all statements are
local over Y (in the semi-algebraic topology). For this, given a (finite) semi-algebraic
open cover Y = ∪ j Y j , we use the “Schwartz partition of unity” of [1, Theorem 4.4.1],
which is a collection of tempered functions u j , with u j supported on Y j ,

∑
j u j = 1,

and the property that multiplication by u j turns a Schwartz function (or measure) on Y
to a Schwartz function (or measure) on Y j . Multiplication by such a partition of unity
gives, in the usual way, a homotopy equivalence between S(Y ) and the Čech complex
of Schwartz spaces associated to the cover, and similarly for (S([X ]nY ))n and the total
complex of the associated Čech bicomplex. Of course, multiplication by u j ◦ π will
not change the property ∂n−1 f = 0 (of f ∈ S([X ]nY )), so we are reduced to the case
where a section with a tubular neighborhood exists. �	

The second gap is in the proof of functoriality in Theorem 3.3.1. Again, once the
gap is fixed, a stronger statement is actually proven:

Theorem 2 Let X be a Nash stack. For any two presentations X1 → X, X2 → X, the
Schwartz complexes

(S([Xi ]nX))n : · · · → S([Xi ]3X) → S([Xi ]2X) → S(Xi ) → 0

(i = 1, 2) are canonically homotopy equivalent, and hence can be denoted by S•(X).
The association X 
→ S•(X) is functorial with respect to smooth 1-morphisms of

Nash stacks, up to homotopy.

Proof For notational simplicity, let us in the proof denote X1 by X , X2 by Y , and
X (i)Y ( j) := [X ]iX ×X [Y ] jX. We also denote X (1)Y (1) by RXY , X (2) by RX , and Y (2)

by RY ; hence, for i, j ≥ 1 we have

X (i)Y ( j) = [RX ]i−1
X ×X RXY ×Y [RY ] j−1

Y . (1)

This is a unique Nash manifold up to unique isomorphism, once the Nash manifolds
RXY , RX , RY (with their morphisms to X ,Y ) have been fixed. The “presentations”
X → X,Y → X implicitly include the groupoids RX ⇒ X , RY ⇒ Y , but the gap in
the proof of Theorem 3.3.1 is that it is not taken into account that RXY is only defined
up to automorphisms over X × Y . Thus, we need to make sure that, in the proof of
Theorem 3.3.1, composition with automorphisms τ : RXY → RXY over X × Y does
not change the homotopy class of the equivalence (S(X (n)))n

∼−→ (S(Y (n)))n .
We revisit the proof, in order also to explain that it can be strengthened to a homotopy

equivalence. The essential statement is that, if we consider the total complex TXY

associated to the bicomplex (S(X (i)Y ( j)))i, j≥1, its natural push-forward maps to the
complexes (S(X (i)))i≥1, (S(Y ( j))) j≥1 are homotopy equivalences.

Let us briefly see why: Applying Proposition 1 above, for any i , the natural push-
forward

(S(X (i)Y ( j))) j −→ (0 → S(X (i)) → 0)
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is a homotopy equivalence. The construction of a homotopy inverse relied on choosing,
locally, a section with a tubular neighborhood:

X (i) × Br ↪→ X (i)Y (1).

In our setting, we can choose once and for all a section with a tubular neighborhood

ι : X × Br ↪→ RXY , (2)

at least locally on X . (It is clearly enough to work locally over X here, in order to
prove the homotopy equivalence of the total complex with (S(X (i)))i .) This induces
sections

X (i) × Br = [RX ](i−1)
X ×X X × Br ↪→ X (i)Y (1) = [RX ](i−1)

X ×X RXY

for all i ≥ 1; the resulting homotopy inverses constructed in the proof of Proposition
1 (denoted by H0 there) will now be, by construction, chain maps of complexes:

H0 : (S(X (i)))i≥1 → (S(X (i)Y (1)))i≥1 ↪→ TXY .

Thus, the statement of Proposition 1 extends to themorphism of complexesTXY →
(S(X (i))i≥1, and shows that it is a homotopy equivalence.

Let us now assume that τ : RXY → RXY is an automorphism over X × Y ; by
(1), it induces automorphisms τ! of all Schwartz spaces S(X (i)Y ( j)), i, j ≥ 1. I claim
that the composition τ! ◦ H0 is still a homotopy inverse to the push-forward map
pX : TXY → (S(X (i)))i≥1. Indeed, in the construction of this homotopy inverse,
τ just modifies the tubular neighborhood (2), that is, τ!H0 is obtained by the same
construction, using the tubular neighborhood τ ◦ ι. Thus, it is homotopy inverse to the
canonical push-forward map pX .

But τ! ◦ H0 is also homotopy inverse to the composition pX ◦ τ−1
! . We deduce that

the morphisms pX and pX ◦ τ−1
! are homotopic. The same holds for the analogous

morphisms pY and pY ◦ τ−1
! ; thus, the homotopy class of the equivalence of Schwartz

complexes

(S(X (i)))i≥1
∼−→ (S(Y ( j))) j≥1

is fixed under automorphisms of X ×X Y . �	
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