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Abstract—We here analyze a new model of transients of pore

pressure p and solute density q in geologic porous media. This

model is rooted in the nonlinear wave theory, its focus is on

advection and effect of large pressure jumps on strain. It takes into

account nonlinear and also time-dependent versions of the Hooke

law about stress, rate and strain. The model solutions strictly relate

p and q evolving under the effect of a strong external stress. As a

result, the presence of quick and sharp transients in low perme-

ability rocks is unveiled, i.e., the nonlinear ‘‘Burgers solitons’’. We,

therefore, show that the actual transport process in porous rocks for

large signals is not only the linear diffusion, but also a solitons

presence could control the process. A test of a presence of solitons

is applied to Pierre shale, Bearpaw shale, Boom clay and Oznam-

Mugu silt and clay. An application about the presence of solitons

for nuclear waste disposal and salt water intrusions is also dis-

cussed. Finally, in a kind of ‘‘theoretical experiment’’ we show that

solitons could also be present in higher permeability rocks (Jordan

and St. Peter sandstones), thus supporting the idea of a possible

occurrence of osmosis also in sandstones.

Key words: Transients in porous rocks, solitons in geologic

porous media, nonlinear Burgers shock waves.

1. Introduction

Recent research of geologic porous media has

revealed how semi-permeable membranes can create

chemical gradients, generated by osmosis (Marine and

Fritz 1981; Alexander 1990; House and Pritchett 1995;

Nunn 1997; Neuzil 2000; Neuzil and Provost 2009; Hart

2012). This process occurs not only in low permeability

rocks (e.g., clay, shale….), but also in limestone, dolo-

mite and low permeability concrete. To quantify the

effect of chemical gradients, Ghassemi and Diek (2003,

hereafter GD03) developed non-Osanger (Onsager

1931) analytical models to describe fluid transport

forced by osmosis and pore pressure unbalances around

a borehole. Then, Merlani et al. (2011, MSV in the

following) analyzed a nonlinear version of the GD03

equations with full consideration of advection. Among

the solutions of a nonlinear version of the GD03 model,

MSV found quick and sharp transients of p and q, the

‘‘Burgers solitons’’ (Whitham 1974).

The purpose of this research is to examine the

evolution of p and q in homogeneous geologic porous

media, to establish whether or not such solitons are

present. The hypothesis of homogeneity of the matrix

implies to disregard the natural rock variability, but

allows a much simpler analysis. To address this topic,

we here analyze the evolution of q and p in clay,

shale, silt and finally sandstones to validate if solitons

can occur also in these rocks.

In earlier studies of geologic porous media, soli-

tons were cited to explain the transport of magma in

the crust (Scott and Stevenson 1984; Wiggins and

Spiegelman 1995), a bradysism in Campi Flegrei

(Bonafede 1991) and also of fluids in sedimentary

basins (Connolly and Podladchikov 1998, 2014). The

occurrence of solitons indeed can support the pres-

ence of osmosis in geologic porous media, not only in

low permeability deposits, but also in highly perme-

able rocks, such as sandstones.

In this paper, we first describe the early GD03 and

MSV models (Sects. 2, 3) and in Sect. 4 we analyze

the case of pressure transients strong enough to

deform the matrix. We briefly analyze also the case
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of long-time clay consolidations. A completely novel

viewpoint is, therefore, presented in this paper, con-

sidering nonlinear effects such as advection, rock

deformation due to a large pore pressure or time-

delayed clay consolidations. In Sects. 5, 6, 7, 8, 9 and

10, we present the applications of our model to Pierre

shale, Bearpaw shale, Boom clay and Oxnard-Mugu

silt and clay. Finally, we use our model in Sect. 11 to

determine the possible occurrence of solitons, i.e.,

revealing osmosis phenomena in sandstones.

2. The Early Models

Analysis of transients in porous rocks is a classi-

cal problem. Rice and Cleary (1976) analyzed the

transport processes in homogeneous porous media

with a linear model of isothermal pressure transients.

Mc Tigue (1986) added the temperature T to the

above model. In a further development, Bonafede

(1991) used a similar model for the analysis of waves

of p and T in homogeneous porous rocks. Natale and

Salusti (1996) analyzed nonlinear effects due to

convective transport in these models.

The conceptual model considered in this study is

that of GD03 concerning equations which describe

the isothermal evolution of q and p, but in the non-

linear version of MSV. We indeed investigate the

isothermal case of one pollutant dissolved in the fluid,

with density q, in geologic systems where tempera-

ture gradients do not play a critical role.

In this context, Mc Tigue (1986) demonstrated that in

1-D problems the stress rij is constant in homogeneous

rocks, a fundamental assumption. The property of rock

homogeneity allows simplified computations, while the

effect of a realistic rock heterogeneity implies a much

more complex 3-D analysis, where also the stress plays a

role. In addition, it is only in such 1-D context that MSV

obtained an equation relating 1-D gradients of p and q in

homogeneous rocks, i.e., our first equation

o p

o t
þ E

o q
o t

þ F
o2p

o x2
þ H

o2q
o x2

¼ 0 ð1Þ

where we call E = � x0

a2þKV
ð1
�q � 1

�qD
Þ � �105 , H =

k H�qf R�T K
l MSða2 þK VÞ ð 1

�qD
þ 1

�qÞ � 103 and F = �ðk
l K þ

kHK �qf

l �qD
Þ/(a2 ? VK) & -10-5 in SI.

In Eq. (1) �a is the average of a, k is the intrinsic

permeability, l is the fluid viscosity, H is the stan-

dard solute reflection coefficient (0\H\ 1, GD03),

K is the bulk modulus, R* is the universal gas con-

stant, a is the Biot coefficient, qD is the solvent

density & 1000 in SI, qf is the fluid density, x0 is the

swelling coefficient, Ks is the bulk modulus of the

solid matrix, Kf the fluid bulk modulus, D is the

solute diffusion coefficient, u is the rock porosity,

V ¼ a�/
Ks

þ /
Kf
� x0

K
MS

R�T �qD
and MS is the molar mass of

the solute, often NaCl.

In (1), the parameter H/E & -10-8 in SI is the

solute diffusion coefficients if T and p are constant,

F & -10-5 in SI is the classical pressure diffusion

coefficient. In the following, we moreover show

that—E & 105 in SI is the ratio between pressure

and solute density, i.e., the two components of a

transient.

Equation (1) essentially relates variations of q and

p in isothermal processes. In more detail, if a process

has no initial gradients of pressure, or solute, then in

(1) the system evolution is only described by the

classical diffusion equation. However, in the presence

of gradients of q and p the result is a transient of both

these quantities strictly related in their concomitant

evolution.

Following GD03 and MSV, our second equation

is the solute mass conservation

o q
o t

þ M
o p

o x

o q
o x

þ N
o q
o x

� �2

þS
o2 q
o x2

þ U
o2 p

o x2
¼ 0

ð2Þ

where in SI we have M = � k
/l

1
�qf
þ H

�qD

h i
�qf �

�10�12 N = k
l/H

R�T
MS

1
�qD
þ 1

�q

h i
�qf � � 10�12

S = -D
/ � � 10�18 and U = MSD �q

R�T /�qf
� 10�14 :

In (2), the ‘‘nonlinear’’ parameters M (if p is not

constant) and N (for constant p) determine the effect

of advection while S is the solute diffusion parameter

if p is constant. Tables 1 and 2 also demonstrate the

intrinsic relation

F=H ¼ M=N ð3Þ

of importance to simplify some formulas.

As initial/boundary conditions in the above stud-

ies are often considered a fluid saturated porous-

permeable homogeneous rock (for x\ 0,
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contaminant q0 ? q* and pressure p0 ? p* at t & 0)

as the ‘‘source’’. The transient is assumed to move

towards an adjacent homogeneous porous rock

(x[ 0, contaminant q0 and pressure p0 at t & 0).

These initial values q* and p* will play a fundamental

role in this model.

We note that Greenberg et al. (1973) obtained

similar equations but with a more complex mathe-

matical structure.

3. The ‘‘Burgers Solitons’’

Assuming, as in MSV, the ansatz that

F
o2p

o x2
þ H

o2q
o x2

¼ � d

d t
f ðtÞ ð4Þ

from (1) we obtain that p ? Eq = f(t), i.e., a function

of time only. Such ansatz is suggested by a mathe-

matical analysis of Merlani et al. (2001) about

symmetry properties of the Eqs. (1) and (2). It iden-

tified solutions as functions of (x2/t), classical for

diffusive phenomena, or of (x - Ut) of less interest

since it describes rigid translations only.MSV

obtained from (1), (2) and (4) a Burgers-like equation

oq
o t

þ A
oq
o x

� �2

�Z
o2q
o x2

¼ 0 ð5Þ

calling A = N - EM and Z = UE - S. The Rey-

nolds number

R ¼ ð2Aq�Þ=Z ð6Þ

is fundamental (Fig. 1) to distinguish between linear

and nonlinear solutions of (5) (Whitham 1974;

Caserta et al. 2013). Indeed if R[ 8–10 as for a

strong initial density, the solution of (5) is

q ¼ q0 þ q� x\ 0

q ¼ q0 þ x2

4A t
x\ xB tð Þ\

ffiffiffiffiffiffiffiffiffiffiffiffi
4Aq�t

p

q ¼ q0 x [ xBðtÞ
ð7Þ

for t[ t* (Fig. 2). In (7) the time t* is necessary to

avoid mathematical pathologies since for t & 0 the

solution of (7) diverges. On physical grounds, t* can

be seen as a small initial delay related to the arrival of

a realistic transient (MSV). It is also important to note

how the solute density (Fig. 2) has a front at

x = xB(t) (Appendix A). The corresponding pressure

for 0\ x\ xB and t[ t* is

p ¼ p0 þ p� x\ 0

p ¼ p0 � E x2

4A t
þ EF�H

2A
ln t

t�

� �
x\ xB tð Þ \

ffiffiffiffiffiffiffiffiffiffiffiffi
4Aq�t

p

p ¼ p0 x [ xBðtÞ
ð8Þ

as a strict consequence of (4). In turn the Darcy fluid

velocity is (Fig. 3)

Table 1

Estimated values of relevant rock parameters in SI

Parameters Pierre

shale

Bearpaw

shale

Boom

clay

Oxnard-Mugu

silt and clay

St. Peter

sandstone

Jordan

sandstone

Units

Rock porosity (u) 0.3 0.4 0.4 0.36 0.27 0.31 –

Intrinsic permeability (k) 10-18 5 9 10-21 5 9 10-18 10-16 5 9 10-14 5 9 10-12 m2

Solute reflection coefficient (H) 0.25 0.25 0.3 0.15 0.2b 0.2 b –

Solute diffusion coefficient (D) 10-8 5 9 10-10 4 9 10-6 10-8 4 9 10-7 2 9 10-9 m2/s

Solute molar mass (Ms) (NaCl) 0.06 0.06 0.06 0.06 0.06 0.06 kg/mol

Biot coefficient (a) 0.7 0.6 0.6 0.45/0.63 0.5 0.5 –

Swelling coefficient (x0) 105 2 9 106 5 9 105 2 9 105 105b 8 9 104b Pa

Bulk modulus (K) 4 9 106 4 9 106 8 9 106 107 2 9 107 2 9 107 Pa

Bulk modulus of the matrix (Ks) 107 1.5 9 107 2 9 107 2 9 107 4 9 107 2.2 9 109 Pa

Estimated solute density (�q) 1 16/33 5 1.34–1.92 0.25–0.5 0.5 kg/m3

Estimated pore pressure (p) 105 2.4 9 105 2 9 105 3 9 105 3 9 105 b 4 9 105b Pa

In addition to this table, the quantities discussed in the text are the fluid viscosity l & 3 9 10-5, q the solute intrinsic mass fluid density; the

solvent fluid intrinsic mass density qD & 103 and Kf & 109 the fluid bulk modulus in SI
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uD ¼ � k

l/
o p

o x
¼ E k

/l
o q
o x

ð9Þ

where k, l…. are in Table 1. We also note how the

pressure has a component EF�H
2A

ln ð t
t� Þ that somehow

reminds the formulation of Sorek (1996), is rather

small, has no effect on the fluid velocity, is difficult to

be related to physical effects and in the following will

be disregarded.

In comparison with the usual diffusion front

velocity
ffiffiffiffiffiffiffiffiffiffiffiffiffi
4pD=t

p
, the nonlinear front velocity

is
ffiffiffiffiffiffiffiffiffiffiffiffi
Aq�=t

p
if R[ 8–10.

Since R depends also from the initial density jump

q*, it can be very large for large initial conditions p*

or q*. On practical grounds, q* can therefore play a

fundamental role, also to reveal if in a given rock can

occur a low classical diffusion or a quick solitons

related to osmosis.

It is moreover important to stress how the ansatz

(4) is verified in the solutions (7) and (8).

The parameters E, F…, U, A and Z are rather

poorly known quantities and therefore they must be

considered critically, as discussed in the Appendix B.

4. The Effect of Generalized Hooke Relations: Large

Initial Pressure and Time Variability

4.1. Large Initial Pressure

We now discuss the case of a large initial

pressure: in Eq. (1) we consider a pressure

p ? U(p) = p ? g*p2 with a quadratic correction

of the linear ‘‘Hooke law’’ of GD03. This g* could be

very small for elastic or brittle behaviors but for a

ductile zone g*\ 0, which must simulate the profile

of Fig. 4.

The equations of the novel model, therefore, are

E
oq
o t

þ oU ðpÞ
o t

þ F
o2p

o x2
þ H

o2q
o x2

¼ 0

oq
o t

þ M
o p

o x

oq
o x

þ N
oq
o x

� �2

þS
o2q
o x2

þ U
o2p

o x2
¼ 0

8>>><
>>>:

ð10Þ

To check if the terms in S and U can be again

disregarded in comparison with the nonlinear terms,

we repeat the previous estimate and find that

Figure 1
Qualitative sketch of the solutions of Burgers equation, with R = 1

for curve 1; R = 5 for curve 2; R = 9 for curve 3; R = 25 for

curve 4

Figure 2
Intuitive sketch of the variation of q with distance at different

increasing times

Figure 3
Intuitive sketch of the variation of u(x, t) with distance at various

increasing times
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Rnl =
N

o q
o xð Þ2�M E

oUðqÞ
o x

o q
o x

S
o2q

o x2 �E U
o2q

o x2

� Nq=S plays a role similar

to R in (5), and thus we will again disregard S and

U if Rnl[ 8–10 (Whitham 1974).

To solve the system (10), we assume

p = C(q) ? X for a yet undetermined but very

general function X, as somehow suggested by (4).

From the second equation of (10), we thus have

o q
o t

þ M
o ½CðqÞ þ X�

o x

o q
o x

þ N
o q
o x

� �2

¼ o q
o t

þ N
o q
o x

þ M o ½CðqÞ þ X�
o q

	 

o q
o x

� 0

ð11Þ

for a large Rnl. By multiplying this (11) for N þ
M o

o q ½C ðqÞ þ XÞ � we obtain the solution

N qþ M½CðqÞ þ X� ¼ Nq þ M p

¼ x2

4 t
þ cos t ð12Þ

By replacing this (12) in (10) and applying (3),

one finally obtains

� EM

N

o p

o t
þ o U ðpÞ

o t
þ E x2

4N t2
þ F

o2p

o x2

þ H
o2q
o x2

¼ � EM

N

o p

o t
þ o U ðpÞ

o t
þ E x2

4N t2
þ 2H

Nt
¼ 0

ð13Þ

In this way, the cumbersome system (10) becomes

just a simple equation. Its solution is

p2 þ A p=g�N þ Ex2=4g�N t ¼ ð2H =Ng�Þ ln t=t�ð Þ
ð14Þ

Disregarding again the small term with (2H/

Ng*)ln(t/t*), we approximately obtain

p � � E x2

4 A t
� g�E2N

16 A

x4

t2
þ . . .. . .: ð15Þ

Since g*\ 0, the first-order correction for a large

pressure input, therefore, is a pressure increase

� g�E2N

16 A

x4

t2
ð16Þ

We also remark how often in these rocks

N & A & 10-7 in SI, while E & -105 (Tables 1,

2) and, therefore, we approximately obtain

p � � E x2

4 A t
� g�E2

16

x4

t2
þ � � �

� 1012 x2

t
� 108g�

x4

t2
. . .. . .. . . ð17Þ

which shows the importance of g* for short times.

This assumption p ? U(p) = p ? g*p2 can, how-

ever, give only a partial response to rock deformation

processes since the concomitant evolution of porosity

and permeability can play a relevant role. On the

other hand, it is known that u and k are remarkably

pressure dependent (Bonafede 1991; Shapiro and

Dinske 2009). Therefore, the comparison between

these two approaches can be seen as an interesting

open question for future studies.

4.2. Time-Dependent Hooke Law

In the preceding analyses, we consider a time

independent Hooke relation, but in many overcon-

solidated clays the stress–strain relation is strongly

time dependent (Yin and Graham 2011; Lerouel et al.

1985). Indeed significant time-delayed consolidations

are evident in clays, often seen as various steps of the

whole clay consolidation process. All of this has an

important practical application, for example for

sequestration of CO2 or radioactive waste disposal

(Erol 1977; Fabre and Pellet 2006).

Among many models proposed for practical

application, Lerouel et al. (1985) in the version of

Yin and Graham (2011) is somewhat similar to our

model. Indeed, in a generalized Hooke law they

consider also the effect of a time-dependent strain

‘‘rate’’, i.e., the time derivative of the volume

Figure 4
Two typical stress–strain curves are schematically shown: a ductile

behavior and b brittle behavior, for materials under uniaxial tension

4188 A. Caserta Pure Appl. Geophys.



fraction, here expressed as a linear combination of p

and q (GD03, MSV). We can, therefore, analyze a

stress–strain–rate relation as the origin of some

subsequent clay consolidations. Thus, the novel

version of our Eq. (10) is

E
oq
o t

þ o p

o t
þ m

o2p

o t2
þ n

o2q
o t2

þ F
o2p

o x2
þ H

o2q
o x2

¼ 0

oq
o t

þ M
o p

o x

oq
o x

þ N
oq
o x

� �2

þS
o2q
o x2

þ U
o2p

o x2
¼ 0

8>>><
>>>:

ð18Þ

To analyze the solutions of (18), we here discuss a

simple solution, assuming m and n constant and

q = x2 r(t) and p = x2p(t), as suggested by (4). Then,

from (18) we have

E x2 d ðr þ n o r
o t
Þ

d t
þ x2 d ðp þ m o p

o t
Þ

d t
þ 2 F p

þ 2H r ¼ 0

x2 d r

d t
þ 4M x2 d p

d t

d r

d t
þ 4N x2 d r

d t

� �2

þ 2 S r

þ 2 U p ¼ 0

8>>>>>>>><
>>>>>>>>:

ð19Þ

This in turn implies that the solution describing

the arrival of a p and q transient in clays is

E
d ðr þ n o r

o t
Þ

d t
þ

d ðp þ m o p
o t
Þ

d t
¼ 0

4M
d p
d t

þ 4N
d r

d t
¼ 0

8>><
>>:

ð20Þ

and consequently Er þ En dr=dt þ pþ m dp=dt ¼
const0 and M=N pþ r ¼ const00. This finally gives

that the solutions p(t)and r(t) are just time exponen-

tials for m and n constants.

In the following, we apply these ideas to

low permeability geologic rocks, generalizing an

early study about Perre shales (Caserta et al.

2013).

5. Pierre Shale

The Pierre shale is a low permeability formation

of Upper Cretaceous age. This dark-gray shale is

fossiliferous, has maximum thickness of about

210 m and overlies sandstone aquifer systems

(Bredehoeft 1983). The Pierre shale is correlated

with other marine shales that occur farther west,

such as the Bearpaw shale in United States and

Canada (Caserta et al. 2013). The data discussed in

Table 1 were obtained in central South Dakota,

USA (Barbour and Fredlund 1989; Neuzil 2000;

Simm 2007; Neuzil and Provost 2009; Sarout and

Detournay 2011). Its mineralogy is 70–80% of clay,

of which about 80% is a mixed layer of smectite-

illite. The shale, at this site, is saturated at the depth

of *75 m.

To estimate the swelling coefficient x0, we com-

pare the Sarout and Detournay (2011) with GD03

articles and obtain an average value x0 & 105 Pa.

The other data in the Table 2 show that for Pierre

shales A = N - M E & 10-7 and Z = EU -

S & 3 9 10-8 in SI (Tables 1, 2). This gives a small

R & 3q*; therefore, solitons can be present if ini-

tially q*[ 3 in SI, or equivalently the initial pressure

p*[ 106 in SI.

Since g*\ 0, a strong initial pressure implies a

positive pressure variation as large as

� g�E2N
16 A

x4

t2 � � 108 g� x4

t2 .

6. Bearpaw Shale

The Bearpaw Formation, also called the Bearpaw

shale, is a sedimentary rock found in Northwest

Saskatchewan, east of the Rocky Mountains. To the

east and south it blends into the Pierre shale. The data

reported here were measured near Saskatoon, Sas-

katchewan, Canada (Cey et al. 2001). This site

consists of a *76 m thick, massive and plastic

marine clay (about 5% sand, 38% silt and 57% clay)

deposited approximately 70 million years before

present, at a depth of about 88–123 m.

The mineralogy of the Bearpaw shale is claystone,

somehow similar to Pierre shale but with total clay of

*57%, of which 50–60% is smectite with lesser

amount of illite (10–20%). Indeed Pierre shale and

this Bearpaw shale are somehow similar rocks from a

mineralogy and origin point of view (Barbour and

Fredlund 1989; Cey et al. 2001; Simm 2007; Neuzil

and Provost 2009). Therefore, some not well-known

values are tentatively assumed to be as those of Pierre

shale.
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From Tables 1 and 2 for an average solute den-

sity & 25 kg/m3 in the Bearpaw shale, we have

A = N - M E & 3 9 10-11 and Z = EU - S &
10-9 in the SI and thus R & 3 q* 10-2.

To have a soliton, it is therefore necessary to have

a very large value q* & 300, much larger than that

of Pierre shale.

All of this implies that if a waste disposal facility

placed in Bearpaw shale would enter in contact with

some external fluid, a larger impact of pressure in

comparison with those for the Pierre shale is neces-

sary to generate large and quick transients.

For a strong initial pressure, one has again a

positive jump

� g�E2N

16 A

x4

t2
� �108 g�

x4

t2
: ð21Þ

7. Boom Clay

The Oligocene Boom clay is silty clay of marine

origin occurring in north-eastern Belgium. It is

plastic clay (19–26%) with total porosity of

0.35–0.40. The average clay mineral content

(phyllo-silicates) is 60% water in weight and the

clay mineralogy is dominated by illite/smectite

mixed layers with a detail mineralogy of clay

30–70%, smectite 10–30%, mixed layer smectite-

illite 5–50%, illite 10–30%, and chlorite 1–5%

(Helgerud et al. 1999; Garavito et al. 2007; Neuzil

and Provost 2009; Delage et al. 2010).

From the values in Table 2 we obtain A = N –

EM & 10-7 and Z = EU - S & 10-5 and, there-

fore, R is about 0.01 q*. Also in this case shock

solitary waves are possible, but for a very large initial

q* & 103 or an external pressure p* about 107 in SI.

One can, therefore, have Burgers solitons, but for

very large values of q*. All of this implies that if a

radioactive disposal facility placed in Boom shale

would be in contact with some external fluid, in

comparison with those for the Pierre shale a really

larger impact of pollutants would be necessary to

generate such transients (Henrion et al. 1990).

Again a strong initial pressure implies a positive

variation very similar to those already found for

Pierre shale � g�E2N
16 A

x4

t2 � �108 g� x4

t2 .

8. Underground Waste Isolation in the Boom Clay

Clay-rich deposits are usually considered to be

good natural media for underground waste isolation

because of their low permeability (Garavito et al.

2007). In the absence of water conductive features,

these deposits provide the environment required for a

fully reliable waste containment. Indeed in these

deposits the diffusion seems to be the dominant

transport process because clay minerals retard the

movement of contaminants by ion exchange, sorption

and ultra-filtration (De Cannière et al. 1996; Cey

et al. 2001). The clay deposits in the total absence of

fluid conductive features are, therefore, key barrier

for ensuring the long-term safety of a disposal sys-

tem. In more realistic situations where some amount

of water is present, the comprehensive understanding

of the physical and chemical processes controlling

the water and solute transport through low perme-

ability clay type formations is a key step for assessing

their suitability as host rocks (Garavito et al. 2007).

Example of such host rock is an overconsolidated

marine Oligocene deposit, the Boom Clay (Garavito

et al. 2007). In addition, it is often considered as a

reference host formation for waste disposal in Bel-

gium because of its favorable characteristics. Indeed

extensive hydraulic, geo-mechanical and geo-chemi-

cal research has been carried out for more than

25 years on the Boom Clay at the HADES Under-

ground Research Laboratory (URL) in Mol

(Belgium). The primary objectives of these experi-

ments have been to characterize the in situ

hydrogeological conditions, to determine the

hydraulic parameters and to study the mechanisms

controlling the chemistry and the composition of the

Boom Clay pore water (Baeyens et al. 1985; Henrion

et al. 1990; De Cannière et al. 1996).

In situ data shown in Tables 1 and 2, however,

confirm the occurrence of some chemical osmosis in

low permeability plastic formations, such as those

present in the Boom Clay. The osmotic efficiency of

Boom Clay is high under undisturbed chemical con-

ditions, but rapidly decreases when the dissolved salts

concentration increases. The semi-permeable mem-

brane behavior of the high efficiencies Boom Clay is

actually considered most important for waste

disposal.

4190 A. Caserta Pure Appl. Geophys.



In such complex situation, our model is directly

applicable to waste isolation in underground con-

trolled facilities. The rocks under consideration for

repositories must indeed have extremely low perme-

ability and to avoid complex thermal effects the

convective heat transfer must be minimal. If the

temperature changes at short distance away from a

heat-producing waste canister are small, the

assumption of constant material properties may be

considered as appropriate.

We now test the flexibility of our model with a

theoretical simulation, i.e., we compute the variations

of Table 1 as if the solute in Boom Clay is not the

usual NaCl but a material with a larger solute molar

mass, say, Ms = 0.18, to simulate dangerous nuclear

waste as Cesium 137 clorure. This could somehow

simulate the eventual propagation of rather heavy,

soluble material when in contact with the deposit

boundary. We also tentatively assume the same

increase of about 300% for the values of the solute

density and solute reflection coefficient, following the

assumption that such coefficients may follow the

solute molar mass increase while the permeability

k and the diffusion D can be considered inversely

dependent, for the same 300% estimated value (not

shown).

With these heuristic estimates we find that

A = N - EM & 2 9 10-8 and Z = EU - S is

about 2 9 10-6 and, therefore, A/Z is as small as

&0.02 and also R is a small &0.02 q*. Also in this

case shock solitary waves are possible in this model,

but for a very large initial stress q* & 5 9 102 or an

external pressure stress p* & 108. This confirms the

wise choice of this kind of rock for deep nuclear

deposit.

9. Oxnard-Mugu Silt and Clay

The late Pleistocene Oxnard-Mugu silt and clay

deposits occur in Oxnard coastal basin, Ventura

County (California). A confining bed, consisting of

silt and clay, separates the Oxnard and Mugu aqui-

fers. These sediments have maximum thickness of

46 m, are well stratified and the strata are composed

mainly of silty material. The lateral extent of these

rocks is approximately 20–30 km (California

Department of Water Resources 1971).

Laboratory investigation of the pore fluids in such

silt and clay strata (Greenberg et al. 1973) indicated

NaCl concentrations of 1.3/1.9 and in our analysis we

thus assume the average q & 1.6. Coupled salt and

water flows have indeed been observed through this

low permeability material (i.e., the confining bed,

consisting of silt and clay), but no detail mineralogy

is studied (Delage et al. 2010; Helgerud et al. 1999).

Since some detailed mineralogy for this basin is not

available, we heuristically assume for a and H an

average of the same values provided for shales and

clays.

The values of Table 2 give A = N - ME & 10-6

and Z = S - E U & 3 9 10-8 and, therefore, the

corresponding R & 102q*. In these rocks, one can

easily have cases of solitary waves also for small values

of q*. A strong initial pressure again gives a similar

positive variation � g�E2N
16 A

x4

t2 � � 108 g� x4

t2 .

10. Sea Water Intrusion in the Oxnard Coastal Basin

The groundwater structure in the Oxnard coastal

basin is a multiple aquifer system of successive

confining beds and aquifers, described by Greenberg

et al. (1973). The Oxnard aquifer, which is at a depth

of about 49 m and was the principal producing

aquifer in the basin, has been intruded since years

1930 by seawater because of a general lowering of

groundwater levels. This seawater intrusion, which

now extends several miles inland, poses a serious

threat to the water resources of the region since the

Oxnard aquifer has been the principal source of water

for the Oxnard area.

Where water from the Oxnard can no longer be

used because of the seawater intrusion, wells have

been drilled to the deeper Mugu aquifer, which is

separated from the Oxnard by an aquitard layer of

fine-grained material. The possible consequences of

the seawater diffusion are discussed by Greenberg

et al. (1973), and are:

1. the above salt intrusion, since E\ 0, gives a

pressure increase in the aquifer and in turn a

consolidation of the aquitards. This can lead to
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surface subsidence since in this basin the coeffi-

cient of compressibility is am & 3.5 9 10-6 in SI.

Bonafede (1991) discussed similar phenomena in

connection with the bradyseismic crisis in the

CampiFlegrei.

2. the increase of NaC1 concentration in the Oxnard

aquifer would tend to drive NaCl into and through

the adjacent aquitard by diffusion or advection.

Thus, NaCl would contaminate adjacent aquitard

and the contiguous Mugu aquifer.

To review the above points, we state that the

presence of the marine salt in the upper layer, with a

density q* * 1.6, gives a very large R * 400. Our

model thus can allow a tentative forecast, since the

geological properties of the basin allow the presence

of transients of salt density: a rather sharp and quick

movement of marine salt can probably take place in

these basins.

11. A ‘‘Theoretical Experiment’’ About Osmosis

in Sandstones

Our model can be tentatively applied to rocks

where osmosis has not yet been measured but could

potentially occur, following Alexander (1990), Neu-

zil and Provost (2009), Hart (2012) among others.

We, therefore, focus on effects revealing its eventual

presence in St Peter Sandstone and Jordan Sandstone.

We consider their x0 and H to be b times the values

already found for shales. Then, we analyze the new

model and its solutions to check if a possible pres-

ence of solitons could reveal osmotic properties also

in sandstones.

11.1. St. Peter Sandstone

The St. Peter Sandstone is an Ordovician forma-

tion. The formation spans north–south from

Minnesota to Missouri and east–west from Illinois

into Nebraska in the Midwest of United States. The

data discussed here (Tables 1, 2) were obtained from

the regional studies in Minnesota, USA (Kanivetsky

1978; Kanivetsky and Walton 1979; Freeze and

Cherry 1979). This sandstone consists of massive,

fine-to-medium-size, well-rounded quartz grains,

well sorted and friable, saturated at 50–60 m depth

(Kanivetsky 1978; Kanivetsky and Walton 1979). Its

mineralogy is of almost pure Quartzite.

From Tables 1 and 2, we obtain for St. Peter

Sandstone a small A = N - EM & 10-7 - b/

100 & 10-7 in SI for a small b and again a small

Z = EU - S & 10-6. This gives R & bq*/10 and

this shows that solitons can be present for a large

initial q*[ 100/b in SI.

11.2. Jordan Sandstone

The late Cambrian Jordan Sandstone Formation is

composed of a white to yellow, quartzose, fine- to

coarse-grained sandstone, varying from friable to

well cemented. The Jordan Sandstone is one of the

major sources of groundwater in the Midwest and its

extension is similar to that of St. Peter Sandstone.

The mineralogy of these rocks is dominated by quartz

(90% in weight). The sandstone is saturated at

70–80 m depth. The data discussed here were again

obtained in Minnesota (Kanivetsky 1978; Kanivetsky

and Walton 1979; Freeze and Cherry 1979).

From Tables 1 and 2 for Jordan Sandstone, we

have A = N - EM & 0.5 - 0.5 b & 0.5 and

Z = EU - S & 6 9 10-9 while R & b q*108. Fol-

lowing Alexander (1990), Neuzil (2000), Neuzil and

Provost (2009) among others, solitons can therefore

be present for q*[ 10-7/b, certainly much more

frequently than in St Peter sandstone. Consequently,

our ‘‘theoretical experiment’’ confirms that in sand-

stones one can find shock solitary waves. It is,

however, rather surprising that solitons can be present

for such small b. In synthesis, these findings support

the idea of some presence of osmosis also in

relatively higher permeability rocks.

12. Discussion and Conclusions

In this paper, we analyze the effect of a strong

external stress on the dynamics of nonlinear tran-

sients of q and p in geologic porous media, under the

local action of pore pressure and osmosis. In partic-

ular, we first focus on the role of advection in low

permeability homogeneous rocks. We thus obtain a

nonlinear model (i.e., two equations in 1-D)
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describing the evolution of transients of related q and

p. These nonlinear model solutions unveil the pres-

ence of quick large shocks, the ‘‘Burgers solitons’’

(Whitham 1974), ruled by a Reynolds number

R = 2Aq*/Z and characterized by a sharp front.

These solutions describe transients quicker and

sharper than those predicted by linear models, per-

turbation theories or scale analyses. In particular,

since R is proportional to q*, a strong initial stress is

needed to obtain that R[ 8–10, i.e., the necessary

condition for the presence of solitons (Whitham

1974; Fig. 1).

This model is then applied to low permeability

rocks, where osmosis is known to play an important

dynamical role. In this way, we can compute the

initial stress necessary to have solitons, the Reynold

number R, the front velocity for Pierre shale, Bear-

paw shale, Boom shale, Oxnard-Mugu silt and clay.

On more practical grounds, our model moreover

allows also a quick estimate of an eventual soliton

transports in porous media. Indeed when we com-

puted R for the various shales and clays, we also

found a surprising large R variability in rocks that are

usually considered to be similar, from about 100 q* to

about q*/100. But we also observed that R is roughly

proportional to just the ratio of permeability over

diffusivity k/D. Such k/D is a function of the rock

origin, depositional environment and subsequent

evolution among other porous media, and is not

related to any model characteristics. Thus, one can

have a first quick estimate whether or not solitons can

probably be present in a given rock just from this k/D.

This kind of quick information could be of

interest for a number of geological processes,

including hydrocarbon migration (Appold and Nunn

2002; Joshi et al. 2012), development of epikarst

environment (Dragila et al. 2016), nuclear waste

disposal (Kim et al. 2011; Gonçalvès et al. 2012),

borehole drilling (Zhang 2011; Zeynali 2012), CO2

sequestration, etc………
We also discuss a ‘‘theoretical experiment’’ to

analyze whether or notosmotic phenomena can be

present in highly permeable geological porous media

such as sandstones. We assume for sandstones that

the swelling and solute diffusion coefficients (i.e., the

main quantities related to osmosis) are as those for

clay but multiplied by a small, or also very small,

heuristic parameter b. In this way, we can see that

rather large R can hold for Jordan and St. Peter

sandstone, thus supporting the formation of solitons

also in higher permeability rocks.

In conclusion, this heuristic ‘‘experiment’’ can

allow to check if osmotic processes may also occur in

fluid migration (Magara 1974), in nuclear waste dis-

posal (Kim et al. 2011), borehole drilling (Schlemmer

et al. 2003) and shale gas production (Engelder et al.

2014), despite the fact that osmotic constants and

properties of geologic porous media are rather poorly

understood.

In addition, some of our results give origin to

open questions. The effect of a realistic rock

heterogeneity is a very complex problem in 3-D and

cannot be solved with this model.

In addition, when we investigate rock deformation

effects we just consider a nonlinear pressure

p ? U(p) = p ? g* p2 in a generalized Hooke law

for strain, pressure and solute density (GD03). We

obtain a pressure increase � g�E2N
16 A

x4

t2 � � 108

g� x4

t2 . But such rock deformation can also be seen as a

due to a rock parameters variability, like the pressure-

dependent permeability k(p). The relation between

these two different viewpoints remains an open

question.

We also analyze the case of a time-dependent

Hooke law among stress, strain and their rates

(Lerouel et al. 1985; Yin and Graham 2011). Such

time-dependent rates allow investigating time-de-

layed response of clay consolidations to p and q
transients. We sketch the solutions for just a par-

ticularly simple case but the general case is again

an open question.
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Appendix A: The Structure of the Fronts

We here analyze some properties of the Burgers-

like Eq. (5): this is not a formal mathematical

demonstration but just an exact, intuitive sketch.

Consider in general the equation

oT

o t
¼ D

o2T

o z2
þ M T2 ðA1Þ

with D, M constants and define Q = qT/qz. Equa-

tion (A1) becomes

o QðTÞ
o t

� D
o2Q ðTÞ
o z2

� M T2 o QðTÞ2

o z
� N

oQðTÞ
o z

¼ 0

ðA2Þ

Assuming that T = T0 is constant in a small

region around z & a and T = T0 ? TI is again con-

stant around z & b we thus have that

Q(a) = Q(b) = 0 in the above small regions. In turn,

a z-derivative of equation (A2) gives that in small

regions around z = a, b one has
o2Q
o z2 ¼ M2 o ðQ2Þ

oz
¼ oQ

o z
¼ 0. Once integrated

between a and b, the relation (A2) therefore gives

Zb

a

o Q

o t
dz ¼ o

o t

Zb

a

Q dz ¼ o

o t
½TðbÞ � ðTðaÞ� ¼ 0

ðA3Þ

that implies that T(b) - T(a) = T0 ? TI -

T0 = TI = const.

If the solution of (A1) is growing like a polyno-

mial z, z2, …. in the a–b interval and we fix that

a = 0 and b = zB, to satisfy Eq. (A3) we must

assume T(zB,t) = T0 ? TI and just a flat T(z, t) = T0

for z[ zB(t). This in particular implies that

T(zB) = T0 ? TI, in the source for t ? 0 and z ? 0.

Appendix B: Estimate of the Ranges

of the Equations Parameters

A quick analysis of the ranges of the available

data allows to state parameter uncertainties v, often

particularly large as for the rock permeability k, a

strongly pressure-dependent quantity. In addition to

such k(p) variability, a rather rough estimate of the

other parameter variability somehow infer the order

of magnitude of parameter ranges:

1. in Pierre shale k is between 10-16 and 10-20 in SI,

while v & 20% for porosity and solute density.

2. in Bearpaw shale k is between 10-19 and 10-22

while for the other parameters again v & 30% for

solute density and v & 20% for porosity

3. In Boom clay k is between 10-17 and 10-20 while

v & 30% for porosity and solute density. The

permeability uncertainties are larger than in Pierre

shale.

4. for Oxnard-Mugu k is between 10-15 and 10-17,

D & 10-5–10-8 in SI, while for the other param-

eters v & 15–30%.

In synthesis, disregarding such k variability

uncertainties, one can roughly estimate v & 15–30%

for the rock parameters.
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