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Exact Results for a Toy Model Exhibiting
Dynamic Criticality

David C. Kaspar and Muhittin Mungan

Abstract. We discuss a one-dimensional, periodic charge density wave
model, and a toy model introduced in Kaspar and Mungan (EPL
103:46002, 2013) which is intended to approximate the former in the case
of strong pinning. For both systems an external force may be applied,
driving it in one of two (±) directions, and we describe an avalanche
algorithm producing an ordered sequence of static configurations leading
to the depinning thresholds. For the toy model these threshold configu-
rations are explicit functions of the underlying quenched disorder, as is
the threshold-to-threshold evolution via iteration of the algorithm. These
explicit descriptions are used to study the law of the random polarization
P for the toy model in two cases. Evolving from a macroscopically flat ini-
tial state to threshold, we give a scaling limit characterization determines
the final value of P . Evolving from (−)-threshold to (+)-threshold, we use
an identification with record sequences to study P as a function of the
difference between the current force F and the threshold force Fth. The
results presented are rigorous and give strong evidence that the depinning
transition in the toy model is a dynamic critical phenomenon.

1. Introduction

Models consisting of an infinite chain of particles connected by springs, where
each particle is exposed to a randomly shifted periodic potential, have served
as phenomenological models for charge density waves, a quantum phenomenon
observed in certain materials at low temperature [1]. More recently these are
considered model problems in the study of elastic manifolds in disordered
media; see [2–4] for reviews.

Under the influence of an external driving force, the particles comprising
the chain move, perhaps within the same wells of the substrate, or they move
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from some wells to others. If the external force is not too strong, the chain
will (after some change in shape) come to rest; in this situation we say that
the system is pinned, as there are positions for the particles on the substrate
which prevent the force from advancing it further. If, on the other hand, the
force is very strong, no arrangement of the particles on the substrate is able
to arrest its progress, and we have entered the sliding regime. For the models
we discuss, the transition from one regime to the other occurs at a critical
value of the driving force known as the threshold force Fth, which is uniquely
determined by the random environment. The behavior of the system near
threshold, and in particular the depinning transition from static to dynamic
states, has been a subject of interest in diverse areas, such as flux line lattices
in type II superconductors [5], fluid invasion in porous media [6], propagation
of cracks [7,8], models of friction and earthquakes [9], as well as plastic flows in
solids, where dislocational structures depin under increasing shear load [10,11].

Fisher [12,13] has argued that this depinning transition is an example of
a dynamic critical phenomenon, a phase transition with the external force as
the control parameter. There is evidence to support this claim:

• analysis [14,15] of a different simplified model [16] for sliding particles with
random friction, showing the divergence of strains at the depinning thresh-
old,

• functional renormalization group calculations [17–19], and
• extensive numerical simulation in dimensions 1, 2, and 3 [20–26].

This evidence shows or strongly suggests that certain properties of the system
near threshold exhibit scaling behavior. On the other hand, there are few
rigorous results to rely upon.

In a short paper [27], the authors introduced a toy version of a CDW
model in one dimension which is exactly solvable: the threshold state is an
explicit function of the underlying disorder, as is the externally forced evolution
to threshold through intermediate static configurations. This permits a precise
examination of certain observables, particularly the cumulative avalanche size,
which is related to the CDW polarization, and here we find the tell-tale signs
of a critical phenomenon. In this article, we provide the proofs and further
details concerning the results stated in [27].

This paper is organized as follows. In Sect. 2 we describe two models,
the Fukuyama–Lee–Rice (FLR) model for CDWs in the periodic case and
the toy version of this from [27]. We specialize on a potential which admits an
explicit formula for the positions of the particles, given the disorder and integer
quantities associating the particles with particular wells of the potential. Two
(equivalent) variational problems for the full FLR model and one for the toy
model are introduced. In Sect. 3 we present an algorithm which produces
a sequence of totally ordered static configurations leading ultimately to the
solutions to the variational problems. Section 4 focuses on the toy model, where
an explicit characterization for the threshold configuration is available. We use
this to derive an exact result for the flat-to-threshold polarization and make
predictions for the the one-dimensional marginals of the threshold-to-threshold
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polarization process. These predictions are well-matched by numerics [27]. Our
results are rigorous; for everything stated as a Theorem, Lemma, Corollary,
etc. we provide proofs in Appendix A. Some notes about the implementation
of the numerics used in [27] are given in Appendix B.

2. The Models

Before we define the models and problems we consider, we first recall the
Fukuyama–Lee–Rice [28,29] description of CDWs, specializing on a particular
external potential which (following [30]) leads to a useful representation of
configurations. The Fukuyama–Lee–Rice model is analogous to a bi-infinite
chain of particles connected by springs, where each particle is subject to a
randomly shifted potential. We allow also an external force acting uniformly
on all the particles. A formal Hamiltonian for such a system is

H(y) =
∑

i∈Z

1
2
(yi − yi−1)2 + V (yi − αi) − Fyi. (2.1)

Each particle i is constrained to move in only one direction; we call its location
along this line yi, and write y = (yi)i∈Z. We have assumed the springs are
Hookean and normalized their common stiffness. The potential V is 1-periodic,
and each particle sees a different random translate of it; the random variable
αi determines the shift for the ith particle, and (in light of the periodicity of
V ) we may as well assume |αi| ≤ 1

2 . F is the driving force applied uniformly
to all the particles.

As in [17,30], we select a special potential V :

V (y) =
λ

2
(y − �y�)2, (2.2)

where �y� denotes the integer nearest to y. The parameter λ > 0 reflects the
relative strength of the potential V compared with that of the springs. Figure 1
illustrates the situation.

Static Configurations

Other investigations [20–22,25,29] of the FLR model have followed a dynamic
approach, associating with the system inertialess ODE. Here we work exclu-
sively with static configurations. Let us write Δ for the discrete Laplace oper-
ator on sequences given by

Δyi ≡ yi−1 − 2yi + yi+1. (2.3)

The virtue of specializing on V in the form (2.2) is that static configurations
obtained from

∂yi
H(y) = −Δyi + V ′(yi − αi) − F = 0 for all i, (2.4)

satisfy nice algebraic formulas. Given y we will write

mi ≡ �yi − αi� ∈ Z (2.5a)

ỹi ≡ yi − αi − mi ∈ (− 1
2 ,+ 1

2

]
(2.5b)
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(a)

(b)

Figure 1. Illustration a shows the shape of the potential
V (x), while b visualizes a portion of the bi-infinite chain of
particles. In b the particles are marked with blue dots and the
“springs” connecting them are dashed red lines. The vertical
black lines show the sequence of potential wells seen by parti-
cle i, with horizontal markings to indicate the cusps of V . An
arrow indicates the direction of the external force F exerted
on the particles (color figure online)

for i ∈ Z. We refer to mi and ỹi respectively as the well number and well
coordinate of yi, the former indicating which parabolic well contains the par-
ticle and the latter the displacement of the particle from the center of its well.
Using this notation, (2.4) is equivalent to

(λ − Δ)y = λ(m + α + F/λ), (2.6)

and implies
λỹ = Δy + F. (2.7)

We note first that the linear equation (2.6) can be solved for y; see also [30],
which presents and uses (2.9) below.

Proposition 2.1. Suppose that f is a bi-infinite vector which grows subexpo-
nentially at ±∞:

lim
|i|→∞

e−c|i|fi = 0 for all c > 0. (2.8)

Then (λ−Δ)y = λf has a unique solution y which also grows subexponentially,
and this is given by

yi =
1 − η

1 + η

∑

j∈Z

η|i−j|fj , (2.9)
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where
η =

2
2 + λ +

√
λ2 + 4λ

∈ (0, 1). (2.10)

We have also a formula for Δy,

λ−1Δyi =
η

1 − η2

∑

j∈Z

η|i−j|Δfj . (2.11)

If the random environment α is known and we specify any sequence m of
well numbers which grows subexponentially, we can thus invert (2.6) to obtain
y. Namely, with f = m + α + F/λ, Proposition 2.1 determines both y and ỹ
[via (2.7) and (2.11)] in terms of m, α, and F :

yi =
1 − η

1 + η

∑

j∈Z

η|i−j|(mj + αj) +
F

λ
, (2.12a)

ỹi =
η

1 − η2

∑

j∈Z

η|i−j|(Δmj + Δαj) +
F

λ
. (2.12b)

However, the result may or may not be meaningful, depending on whether the
computed values yi satisfy �yi − αi� = mi.

Definition 2.2. We say that a bi-infinite integer sequence m is admissible for
given α and F if

(i) m satisfies the growth condition (2.8), and
(ii) y given by (2.12a) satisfies (2.5a), or (equivalently) ỹ defined by (2.12b)

has all its components the interval (− 1
2 ,+ 1

2 ].
For some positive integer L, we say that m is L-admissible if m is both
admissible and L-periodic: mi = mi+L for all i ∈ Z.

Remark. We see here the advantage of the piecewise-parabolic potential V : the
set of static configurations y can be parametrized by some discrete variates
m, and simple formulas (one linear, the other involving only rounding) relate
the two. The nonlinearity of the system takes the form of the consistency
condition (ii) of the definition above, which demands that m actually specifies
the correct well numbers for y.

Variational Problems

For the classic Frenkel–Kontorova model many of the questions one asks con-
cern identification of ground states, which minimize the energy within a certain
admissible class of configurations. By contrast, the questions we would like
to answer about the periodic FLR system have a one-sided, �∞ formulation,
described in the following problem. To avoid significant technical burdens, we
confine our attention to the periodic case.

Problem 2.3 (Variational problem for the full FLR model). Given a positive
integer L and L-periodic sequence α (all of whose terms have absolute value
bounded by 1

2 ), determine
(a) the value

sup{F ≥ 0 : there exists an L-admissible m for α and F}, (2.13)
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(b) and the value

inf{sup
i

ỹi : ỹ given by (2.12b) with F = 0,

where m is L-admissible for α and F = 0}. (2.14)

In both cases, we also wish to know whether the extrema are achieved, and if
so, the sets of well numbers m achieving them.

Using (2.12a) we check that m = 0 is admissible at F = 0. Using |αj | ≤ 1
2

we see that

|yi − αi| =

∣∣∣∣∣∣
1 − η

1 + η

∑

j �=i

η|i−j|αj +
(

1 − η

1 + η
− 1
)

αi

∣∣∣∣∣∣
≤ 2η

1 + η
<

1
2

(2.15)

if we restrict to λ > 4
3 , so that η < 1

3 . For such λ this shows nonemptiness of
the sets in (a) and (b) whose supremum, respectively infimum, we are taking.
We can use (2.7) to see that for (a) the set is also bounded above by λ

2 ;
since we are dealing with periodic configurations only, Δy cannot be negative
everywhere, and F > λ

2 would force ỹ to be larger than 1
2 at an index where

Δy is positive. The set in (b) is bounded below by − 1
2 using the definition of

well coordinates.
With more work, we can see that in fact the optima are achieved, and

achieved by the same configurations in both parts (a) and (b); this is the
content of the next lemma. The proof uses the tools developed in the next
section and, like those of the other results to come, is found in Appendix A.

Lemma 2.4. Assume that λ > 4
3 and the law of α over a single L-period is

absolutely continuous with respect to Lebesgue measure on (− 1
2 ,+ 1

2 )L. Then
(i) There exists a vector of well numbers m+ corresponding to configurations

which achieve the extrema of both parts (a) and (b) of Problem 2.3, and
this property is unique to the family m+ +Z1. Here 1 denotes the vector
with all components equal to one.

(ii) Write F+ and ỹ+
max for the values of the solutions of Problem 2.3 parts

(a) and (b), respectively. Then F+ and ỹ+
max are related by

F+ = λ

(
1
2

− ỹ+
max

)
. (2.16)

Despite this, our understanding of Problem 2.3 remains partial. We prove
existence and (essential) uniqueness results, and later give an algorithm suit-
able for use on a computer which will determine the solution, but presently
lack more concrete characterizations of the optimal configuration.

Note, however, that when m is admissible for given α and F = 0, we
have

ỹi = η(Δmi + Δαi) + O(η2). (2.17)
In the strongly pinned case, the potential strength λ is large and η is small. This
leads us to consider a simplified model which will admit an explicit solution
leading to the primary results of this paper:
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Problem 2.5 (The toy variational problem). Given α as in Problem 2.3, deter-
mine

inf{sup
i

zi : z = Δ(m + α) where m is

an L-periodic integer sequence}, (2.18)

and any1 periodic m which achieves this.

Motivation

To motivate our consideration of Problems 2.3 and 2.5 we begin by making
explicit the connection between the variational problems introduced above and
the usual CDW terminology.

Definition 2.6. We refer to well numbers m+ which are L-admissible and opti-
mal in Problem 2.3 or L-periodic and optimal in Problem 2.5 as threshold
configurations for these respective models.

Problem 2.3 (a) is a very natural question in the context of CDW systems:
we seek the largest value of the external force F at which a static configuration
exists. This critical value Fth = F+ is known as the threshold force, and the2

well numbers m+ corresponding to static configurations at all forces infinites-
imally weaker than Fth is the threshold configuration. That we have phrased
Problem 2.3 (a) in terms of well numbers m is merely a convenience afforded
by our choice of potential V : given any L-periodic static configuration y, we
can subtract α and round to recover an L-admissible m.

Problem 2.3 (b) is relevant precisely because it is equivalent to (a). Its
centered (F = 0) description simplifies the presentation of Algorithm 3.1 in the
next section. Our interest in Problem 2.5 stems from a desire to gain intuition
useful for study of the full model, at least when the pinning parameter λ is
large, in a setting which is more analytically tractable.

To motivate the algorithm of the next section, we briefly recall the
dynamic approach to forced CDW systems. It is usual [20–22,25,29] to impose
an inertialess dynamics, namely

ẏ = −∇H(y) = −∇yH(y;α, F ) (2.19)

where the environment α remains fixed (i.e. quenched disorder) and the force
F = F (t) may be varying with time. To identify the depinning threshold force
and configuration shape within this framework, one would begin with some
initial configuration at F (0) = 0, for example, and then let F (t) increase very
slowly until all particles have been displaced from their original position by at
least the length of a period of V .

The principal advantage of such dynamics is a monotonicity property
known as Middleton’s no passing rule [25,31]. Namely, consider two initial

1 The rationale for dropping the admissibility requirement will become clear later, but for
now observe that as η decreases, the requirement |ỹi| < 1

2
for ỹ given by (2.12b) is easier to

satisfy.
2 We use the definite article, in light of the essential uniqueness result of Lemma 2.4.
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configurations y1(0) and y2(0) in the same environment α, driven by forcing
F 1(t) and F 2(t) such that

y1(0) ≤ y2(0) and F 1(t) ≤ F 2(t) for all t > 0, (2.20)

where the vector inequality is understood componentwise. Then, evolving
according to (2.19), we have y1(t) ≤ y2(t) for all t > 0, because at any time
t0 and index i for which y1

i (t0) = y2
i (t0) and y1

j (t0) ≤ y2
j (t0) for all j,

ẏ2
i − ẏ1

i = (y2
i−1 − y1

i−1) − 2(y2
i − y1

i ) + (y2
i+1 − y1

i+1) + (F 2 − F 1) ≥ 0. (2.21)

So, if there exist static configurations

y1 ≤ y2 ≤ · · · ≤ yn stable at forces 0 < F 1 < F 2 < · · · < Fn, (2.22)

and we begin evolving an initial state y(0) ≤ y1 according to (2.19) with
F (t) ≤ F k for some k, we see in particular that y(t) cannot cross yk.

If F (t) is increased extremely slowly, we expect that y(t) will also vary
slowly except when particles fall from one well into the next. If we can identify
the forces F k immediately preceding these topplings, and static configura-
tions yk corresponding to these, we could achieve an adequate understanding
of the deformation and depinning process given only these static states. Our
approach determines these: the next section introduces an algorithm produc-
ing just such a sequence. That this algorithm has a monotonicity property
analogous to (2.19) will be essential, and iterating the process leads eventually
to the optimizers of Problems 2.3 and 2.5, as we show in Lemma 3.4.

3. The Avalanche Algorithm

The avalanche algorithm described below is useful both for simulation and
proving rigorous results. It takes as input an L-admissible configuration (with
its environment α and F ≥ 0) and produces another which may be admissible
for larger values of F than the original. For the full model, the process is
intended to mimic the result of increasing the force precisely to bring one L-
periodic equivalence class of particles to the +1

2 edge of their wells, kicking
them over the cusp into the next well, and determining the long-time limiting
arrangement under the relaxational dynamics (2.19). For both the full model
and toy model in the periodic case, the process can be described using the
well numbers m and well coordinates ỹ (full) or z (toy). We will assume, as
in the statement of Lemma 2.4, that the disorder α within a single period is
absolutely continuous with respect to Lebesgue measure.

Algorithm 3.1. The avalanche algorithm:
Input – an L-periodic environment α, a force F ≥ 0, and well numbers m
which are

full: L-admissible for α and F toy: L-periodic

Output – m∗ in the same class as above, and having the following properties:
(i) m ≤ m∗ ≤ m+1, the inequality holding componentwise, and
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(ii) the maximum well coordinate does not increase:

full: ỹ∗
max ≤ ỹmax toy: z∗

max ≤ zmax.

Process – Let m∗ = m initially, do likewise for the corresponding well coordi-
nates,

full: ỹ∗ = ỹ toy: z∗ = z = Δ(m + α)

(A1) Select3

full: j = arg max
i

ỹ∗
i toy: j = arg max

i
z∗
i .

Increment m∗ by 1 in position j and its mod-L equivalents,
and adjust the well coordinates ỹ∗ for the full model according
to

ỹ∗
i → ỹ∗

i +

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

−2η

1 + η
+

1 − η

1 + η

2ηL

1 − ηL
for i = j

1 − η

1 + η

η|i−j| + ηL−|i−j|

1 − ηL
for j < i < j + L,

(3.1)

or the corresponding variates z∗ for the toy model according
to

z∗
i → z∗

i +

{
−2 for i = j

+1 for i = j ± 1,
(3.2)

extending by L-periodicity for both models. We will call the
changes in (3.1) and (3.2) the jump responses for their respec-
tive models, as these give the response4 of the well coordinates
to incrementing m in the components i + LZ.

(A2)(A3) If

full: ỹ∗
i > ỹmax toy: z∗

i > zmax

for any index i, goto (A1).

Remark. The relationship between this algorithm and dynamically driving a
FLR configuration is more explicit if, prior to applying the algorithm above,
we were to increase F in (2.12b) by the exact amount required to bring one
equivalence class of particles to the +1

2 edges of their respective wells. Then
the avalanche amounts to pushing this particle over the edge into the next
well, and which may pull others over as well, until things finally resolve with
another L-admissible configuration. It is evident, however, that the avalanche
algorithm commutes with a uniform translation of well coordinates, which
(again due to V ) is the only difference between two configurations with the

3 A straightforward consequence of assuming that the law of α within a single period is
absolutely continuous is that this maximum is almost surely achieved by a unique mod L
class of indices. The proof of Lemma 2.4 addresses a similar issue.
4 The expressions on the right-hand side of (3.1) are obtained by summing and simplifying
the change in the right-hand side of (2.12a) resulting from incrementing m in the indicated
components.
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same well numbers but subject to different forces. This permits us to fix F = 0
for all our analysis.

Remark. The comments above reflect that the FLR model exhibits both
reversible and irreversible behavior, whether we follow a dynamic approach
or a static one. The result of changing F is reversible so long as no particles
change wells, but may be irreversible once the well numbers have changed.

For Algorithm 3.1 to be well-defined, we must verify that it terminates.
The following result indicates that it does, and establishes other basic proper-
ties.

Proposition 3.2. The following are true for Algorithm 3.1:
(i) It terminates after at most L iterations of step (A2).
(ii) In executions of (A1) after the first, we can select instead any j for which

ỹ∗
j > ỹmax (full) or z∗

j > zmax (toy) without changing the result.
(iii) The output m∗ has all of the stated properties.

Noncrossing

The next result is both technically useful and an indication that the avalanche
algorithm is the correct analogue for static configurations of the inertialess
dynamics of (2.19). More generally, monotonicity results are usually essential
for studying arrangements of chains of particles.5

Lemma 3.3. (Noncrossing) Let m1 ≤ m2 be two configurations for either the
full or toy model sharing the same environment α (and F , for the full model),
and let m1∗ and m2∗ be the results of applying the avalanche algorithm to each
of these.

(i) If maxi ỹ1
i > maxi ỹ2

i (full) or maxi z1i > maxi z2i (toy), then m1∗ ≤ m2.
(ii) If maxi ỹ1

i = maxi ỹ2
i (full) or maxi z1i = maxi z2i (toy), and m1

j < m2
j for

j = arg maxi ỹ1
i , then m1∗ ≤ m2.

(iii) If maxi ỹ1
i ≥ maxi ỹ2

i (full) or maxi z1i ≥ maxi z2i (toy), then m1∗ ≤ m2∗.

We note two immediate consequences of the above lemma:
• The avalanche algorithm finds the smallest (in the sense of total ordering

in the components) configuration m∗ which is larger than m, strictly in
the location of the maximum well coordinate, and L-admissible for forces
at least as large as those for which m is L-admissible. This explains
the relevance of the avalanche algorithm to the Motivation subsection of
Sect. 2.

• If we start with a generic L-admissible configuration, repeated application
of the avalanche algorithm will yield eventually the threshold configura-
tion. After all, we cannot cross the optimum without becoming optimal,
while each iteration must increase at least one well number.

The next result shows that the avalanche algorithm determines optimizers of
Problems 2.3 (both parts) and 2.5.

5 Consider as a prominent example the Aubry–Mather treatment of the Frenkel–Kontorova
model, reported concisely by Bangert [32].
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Lemma 3.4. For either the full model or the toy model, suppose that m 
→ m∗

under an application of Algorithm 3.1.
(i) If m is optimal, then m∗ is also optimal. When the law of α is absolutely

continuous so that almost sure uniqueness holds, m∗ = m + 1 a.s.
(ii) If m∗ = m + 1, then m is optimal.

The results of this section establish an algorithm for determining the
threshold configuration, but do not immediately reveal the properties of this
configuration. The remainder of this article concerns the toy model, where an
explicit description of the optimum is available.

4. Exact Results for the Toy Model

Recall for the toy model that a jump at site j, as in step (A2) of Algorithm 3.1,
results in

mj → mj + 1, zj → zj − 2, zj±1 → zj±1 + 1. (4.1)

Here we find a strong similarity between the toy model and sandpile mod-
els (see [33] for an introduction), as already noted by other authors working on
similar CDW systems [22,26,34]. Indeed, for one-dimensional sandpile models,
the change to z in (4.1) is precisely the result of toppling at site j. The existing
literature on sandpiles is extensive; see [35] for a survey, and note that mod-
els with continuous heights have been considered previously [36]. The model
evolves under extremal dynamics [37]: avalanches are initiated by the site with
largest z value. In this context there is some similarity with the Bak–Sneppen
[38] and Zaitsev [39] models, where the update of a site involves the site itself
and its nearest-neighbors. However, in both of these models the amounts of
the updates are randomly chosen. What we call the toy model does not exactly
match any of these cases: as noted in [27], the toy model has periodic bound-
ary, conserves the sum of z, evolves deterministically, changes by integers only,
and preserves the fractional parts of the components of Δα.

However, the similarity between the toy model and a sandpile system
is a sign to expect exact results; the behavior of the one-dimensional abelian
sandpile is (unlike its higher-dimensional relatives) very easy to describe. One
would hope that the toy model’s persistent disorder does not add so much
complexity that things become intractable. The primary result of this section
confirms this: the solution of Problem 2.5 can be expressed explicitly.

Theorem 4.1. Assume that the law of α over one L-period is absolutely con-
tinuous with respect to Lebesgue measure on (− 1

2 ,+ 1
2 )L. Let S =

∑L−1
i=0 �Δαi�.

The a.s. unique threshold configuration for the toy model m+ satisfies

Δm+
i = −�Δαi� + J+

i − δik+ (4.2)

where J+ is an integer vector selected as follows:
• Case S ≥ 0. J+

i = 1 for the S+1 positions i which have smallest Δαi−�Δαi�
and J+

i = 0 otherwise.
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• Case S < 0. J+
i = −1 for the |S| − 1 positions i which have largest Δαi −

�Δαi� and J+
i = 0 otherwise.

and k+ is an index defined by

k+ =
L−1∑

i=0

i(−�Δαi� + J+
i ) (mod L). (4.3)

The proof of the theorem will use some notation which will also be needed
elsewhere. Let us write

ωi = Δαi − �Δαi� (4.4)

for the fractional part of Δαi, and let σ be the permutation of {0, 1, . . . , L−1}
which orders ω:

ωσ(0) < ωσ(1) < · · · < ωσ(L−1). (4.5)

Using this terminology, Theorem 4.1 gives the analogue of the threshold force
explicitly.

Corollary 4.2. For the toy model, the maximum (rescaled) well coordinate
z+max = maxi z+i for the threshold configuration m+ is

z+max =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

ωσ(S) + 1 if S ≥ 0 and k+ �= σ(S)
ωσ(S−1) + 1 if S > 0 and k+ = σ(S)
ωσ(L−1) if S = 0 and k+ = σ(0)
ωσ(L−|S|) if S < 0 and k+ �= σ(L − |S|)
ωσ(L−|S|−1) if S < 0 and k+ = σ(L − |S|).

(4.6)

Later in this section, we will consider statistical questions when the com-
ponents of α are distributed uniformly on (− 1

2 ,+ 1
2 ). We will see in this case

that the events k+ = σ(S) and k+ = σ(L − |S|) have probability tending to 0
as the system size L → ∞.

Polarization

We wish to understand not only the threshold configuration but the behavior
of the system as we approach it. The noncrossing property Lemma 3.3 of the
avalanche algorithm implies that we may take any L-admissible configuration
and by iteration we are guaranteed to arrive at the threshold state. During this
process, we track certain quantities associated with the system’s evolution.

Of particular interest is the observable known as polarization, as this
has been the subject of several previous studies in CDW and related models
[17,22,26]. Given an initial state corresponding to some well numbers m0, an
avalanche produces a sequence of configurations (essentially) terminating with
m+, the minimal threshold configuration with m+ ≥ m0 componentwise.
Suppose that we record these configurations, calling them mτ for τ in some
ordered set T . Then the polarization is the function of τ given by

P (τ) ≡ 1
L

L−1∑

j=0

(mτ
j − m0

j ). (4.7)
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We write also Σ(τ) = LP (τ), and call Σ(τ) the cumulative avalanche size. In
either case, the quantity under consideration is the total number of particle
jumps which have occurred in the process of evolving from the initial state m0

to the current state mτ .
Among all possible initial conditions m0, two seem particularly natural

from a macroscopic perspective: we might begin with flat well numbers, m0
i = 0

for all i, or we might take the negative threshold configuration, m0 = m−,
defined precisely below. In the flat case we have only obtained statistics for
the final polarization, without intermediate values, using Corollary 4.8 in the
next subsection. For the threshold-to-threshold evolution, on the other hand,
there is a nice interpretation, in terms of record sequences, for each step of the
evolution, which we now develop.

Given a realization α, write m+ for a threshold configuration as previ-
ously defined, referring to this now more specifically as a (+)-threshold con-
figuration. Define also a (−)-threshold configuration m−, which achieves

max
m

min
i

zi (4.8)

for z the well coordinates in the toy model corresponding to m. We can adapt
(4.2) to produce the negative threshold configuration explicitly. Define J− and
k− as follows:

(i) Case S > 0. J−
i = 1 for the S − 1 positions i which have smallest ωi,

J−
i = 0 otherwise;

(ii) Case S ≤ 0. J−
i = −1 for the |S| + 1 positions i which have largest ωi,

J−
i = 0 otherwise;

and k− is given by (4.3) using J− instead of J+.
In the toy model, several successive applications of the avalanche algo-

rithm may have initial jumps occurring at the same site. This behavior will be
especially prevalent for the threshold-to-threshold evolution. It will be useful
both intuitively and technically to view these transitions in aggregate.

We continue to assume the law of the random environment α is absolutely
continuous, so that arg max z is single-valued. For a given non-threshold con-
figuration m with corresponding z, write i = arg maxk zk and let iL and iR
be the indices of sites closest to i on the left and right, respectively, for which

ziL + 1 ≤ zi and ziR + 1 ≤ zi. (4.9)

Define sets of indices W1, . . . ,Wn for6 n = (i − iL) ∧ (iR − i), by

Wj = {iL + j, iL + j + 1, . . . , iR − j − 1, iR − j}. (4.10)

Proposition 4.3. The first n avalanche iterations applied to m and z as above
cause jumps at sites with indices in W1, . . . ,Wn, respectively. We call this
sequence a completed avalanche, the individual iterations avalanche waves,
and iL, iR the left and right extents of the avalanche.7 Throughout this process,
site i remains the location of the maximum, and the original zi remains the
maximum value, at least until after the nth iteration. It follows that

6 We use the notation a ∧ b = min(a, b) and a ∨ b = max(a, b). Likewise, x+ = 0 ∨ x.
7 The wave terminology has been borrowed from sandpile models [40].
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Figure 2. Evolution of m under Algorithm 3.1 starting from
the negative threshold configuration (blue). The sequence of
intermediate configurations resulting from various completed
avalanches is shown in red. The topmost configuration is the
positive threshold configuration. The inset displays the trape-
zoidal change resulting from one of the completed avalanches
(color figure online)

(i) The total number of jumps in the completed avalanche is (i− iL)(iR − i).
(ii) The resulting changes in the configuration (m,z) are:

ziL → ziL + 1 (4.11a)

ziR → ziR + 1 (4.11b)

zi → zi − 1 (4.11c)

ziL+iR−i → ziL+iR−i − 1 (4.11d)

and mj is replaced by
mj + (j − iL)+ − (j − i)+ − (j − i − iR + iL)+ + (j − iR)+. (4.11e)

In the case where i − iL = iR − i, the net effect of (4.11c) and (4.11d) is
zi → zi − 2.

Note the change δm in m shown in (4.11e) is trapezoidal; Fig. 2 dis-
plays the changes resulting from several completed avalanches. To explain the
threshold-to-threshold evolution for the toy model, it is convenient to define

ζi = ωi + J−
i (4.12)

and the permutation π that orders ζ:

ζπ(0) < ζπ(1) < · · · < ζπ(L−1). (4.13)

Note ζπ(L−1) − ζπ(0) < 1. The (±)-threshold configurations have

z−
i = ζi + δik− (4.14)

z+i = ζi + δiπ(0) + δiπ(1) − δik+ , (4.15)

and, using the divisibility condition (4.3), k± are related by8

k+ = π(0) + π(1) − k−. (4.16)

8 Here and in the the following addition and subtraction of indices are mod L.
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We first explain how the ranks π−1 of the components of ζ suffice to
determine the first completed avalanche’s initial site and extents, and how the
ranks and some {−1, 0,+1}-values determine all of the completed avalanches.
We represent a given configuration’s well coordinates z by displaying the rank
π−1(j) of ζj and using over- or underlines to indicate additions by ±1 which
are acquired as a result of jumps:

s ↔ zπ(s) = ζπ(s) + 1,

s ↔ zπ(s) = ζπ(s) − 1.
(4.17)

As in [27], an example clarifies things. Suppose that z− has the rank
representation

. . . 0 10 12 17 15 16 18 11 13 1 . . .

so that k− = π(15). The extents of the first avalanche wave are k− − iL =
2, iR − k− = 3 and after the sites ranked 17, 15, 16, and 18 have jumped, the
resulting configuration is

. . . 0 10 12 17 15 16 18 11 13 1 . . . .

In the second wave, k− (rank 15) and k− + 1 (rank 16) jump again, yielding

. . . 0 10 12 17 15 16 18 11 13 1 . . . ,

and the avalanche is complete. The remaining complete avalanches begin at the
sites ranked 12, 11, and 10; the result is the positive threshold configuration,

. . . 0 10 12 17 15 16 18 11 13 1 . . . .

This example illustrates that the important sites in the threshold-to-
threshold evolution are the lower records [41,42]: given a sequence of values
X1,X2, . . ., we say that Xi is a lower record if Xi = min{Xj : j ≤ i}. Using
(4.9) and Proposition 4.3 we see that completed avalanches are determined by
the locations of the lower records of the sequences

JL = ζk− , ζk−−1, ζk−−2, . . . , ζπL
, (4.18)

and JR = ζk− , ζk−+1, ζk−+2, . . . , ζπR
, (4.19)

where {πL, πR} = {π(0), π(1)} are the termination sites. The evolution from
negative to positive threshold terminates when the avalanches reach πL and πR.

We are motivated by other CDW work to understand the dependence of
the polarization on Fth − F , the difference between the current force and that
at (+)-threshold. For the zero-force description in the toy model, the quantity
that serves this purpose is X ≡ zmax − z+max, the maximum well coordinate of
the current configuration minus that of the (+)-threshold configuration. We
parametrize the configurations we see in the threshold-to-threshold evolution
by a nonnegative real quantity x: mx is the first configuration obtained by
avalanche iteration for which X ≤ x. Note that this has the effect of skip-
ping over the results of the individual avalanche waves, because only complete
avalanches give a strict decrease in X.
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By shifting indices, we can make k− = 0; let jL(x) and jR(x) be the
(noninclusive) left and right extents of the interval of sites which have jumped
to achieve X ≤ x. We select periodic representatives so that

− L + jR(x) < jL(x) ≤ 0 ≤ jR(x) < jL(x) + L. (4.20)

Note that jL(x) and jR(x) are indices of the lower records from the sequences
(4.18) and (4.19), respectively. In the threshold-to-threshold evolution, jL(x)
and jR(x) are sufficient to characterize the shape of mx − m0, because this
remains trapezoidal. This follows because
• by Proposition 4.3 the result of any complete avalanche is a trapezoidal

change, and
• it is straightforward to verify that during the threshold-to-threshold evolu-

tion, completed avalanches (after the first) begin at one of the convex corners
of the existing trapezoidal displacement, and terminate (on one side) at one
of the concave corners.

Then the corresponding cumulative avalanche size Σ(x) and polarization P (x)
are

Σ(x) = |jL(x)|jR(x) (4.21)

P (x) =
Σ(x)

L
. (4.22)

To understand the threshold-to-threshold polarization as a function of x
amounts to understanding the random pair jL(x), jR(x). We turn next to sta-
tistical questions.

Statistics

We now consider a specific form of the disorder α, which is (mathematically)
the most natural special case. All of the remaining results in this section require
the following assumption.

Assumption 4.4. The components of α within a single L-period are i.i.d. uni-
form on the interval (− 1

2 ,+ 1
2 ).

We begin by characterizing the variates ωi = Δαi − �Δαi� introduced
previously, as the (±)-threshold configurations are explicit functions of these.
The following proposition is not interesting itself, but gives some indication
how the choice we have made for the disorder enables the subsequent results.

Proposition 4.5. The random variables ωi = Δαi − �Δαi�, i = 0, . . . , L − 1,
are such that the following are true.

(i) The L-dimensional vector ω is distributed according to the (normalized)
surface measure on the intersection of the cube (− 1

2 ,+ 1
2 )L with the family

of planes x0 + x1 + · · · + xL−1 ∈ Z.
(ii) For any I ⊂ {0, 1 . . . , L − 1} with fewer than L elements, the variables

{ωi : i ∈ I} are i.i.d. uniform (− 1
2 ,+ 1

2 ).

Intuitively, the law of ω is the result of taking i.i.d. uniform (− 1
2 ,+ 1

2 )
random variables and conditioning these to sum to an integer.
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Using part (ii) of the above proposition, we may apply the central limit
theorem for L − 1 of the variables that constitute ω. Note that the variate
omitted can alter the sum by at most 1

2 . We find that the number of sites in
each L-period where z differs from ω is typically of order L1/2.

Corollary 4.6. As L → ∞,

L−1/2S = L−1/2
L−1∑

i=0

�Δαi� (4.23)

converges in distribution to a normal random variable with mean 0 and vari-
ance 1/12.

Recall that the rescaled well coordinates z+ for the toy model at threshold
are obtained by the modification of ω described in (4.2) and (4.3). This modi-
fication does not preserve all the properties of ω, but a particularly important
one is left intact.

Theorem 4.7. The components z+i of the vector z+ of centered, rescaled well-
coordinates at threshold are exchangeable.

This leads quickly to a nice macroscopic description of the threshold
configurations as L → ∞. First, some physical motivation: the strains, which
are the displacements between successive particles, are expected to diverge at
threshold [14,15] in CDW systems. This is possible because we have assumed
that the interaction between the particles can survive any stress applied to
it. This is of course unphysical and one expects that beyond a certain strain,
plastic effects become dominant. In the case of CDW systems, this plasticity
gives rise to phase slips: in terms of the analogous system of particles this
means the springs yield once the strain reaches a certain value. Such springs
have been introduced for example in the automaton models of Salman and
Truskinovsky [10,11] simulating plastic flow in solids under shear loading. If
we intend to use the toy model to understand plastic behavior, we need to
understand how the strains build up as a function of the external force. At
present, we can at least characterize the strains at threshold in a precise way.

Write si = mi+1−mi, i = 0, . . . , L−1, for the strains in the configuration
indicated by m. Also let

s(L)(t) ≡ (12/L)1/2s�Lt	 (0 ≤ t ≤ 1) (4.24)

be the càdlàg process obtained from s after central limit rescaling. A well-
known limit theorem for exchangeable variates (found for instance in [43])
gives the distributional limit of the processes s(L).

Corollary 4.8. With m = m+ and the corresponding threshold strains s, as
L → ∞ the processes s(L) converge distributionally in the Skorokhod space
D([0, 1]) (equipped with the J1-topology [43]) to a periodic Brownian motion
with zero integral:

B0(t) ≡ B(t) −
∫ 1

0

B(r) dr (0 ≤ t ≤ 1), (4.25)
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where B(t) is a standard Brownian bridge. The process B0 is Gaussian with
zero mean and stationary under periodic translations of the interval [0, 1], with
covariance given by

EB0(0)B0(t) =
1
12

(1 − 6t + 6t2) (0 ≤ t ≤ 1). (4.26)

Simulations of full9 CDW systems [17,26] suggest that the total polariza-
tion scales like P ∼ L3/2. The scaling limit of Corollary 4.8 allows us to deduce
this scaling for the total polarization from flat initial condition (m = 0) to
threshold. We compute

P =
1
L

L−1∑

i=0

m+
i =

∫ 1

0

m+
�Lt	 dt =

∫ 1

0

⎧
⎨

⎩

�Lt	∑

i=0

si − min
0≤r≤1

�Lr	∑

i=0

si

⎫
⎬

⎭ dt

= L

∫ 1

0

{∫ t

0

s�Lu	 du − min
0≤r≤1

∫ r

0

s�Lu	 du

}
dt

= L3/2

{∫ 1

0

∫ t

0

L−1/2s�Lu	 du dt − min
0≤r≤1

∫ r

0

L−1/2s�Lu	 du

}

=
L3/2

√
12

{∫ 1

0

s(L)(t)(1 − t) dt − min
0≤r≤1

∫ r

0

s(L)(t) dt

}

The functional on D([0, 1]) given by

ψ(t) 
→
∫ 1

0

ψ(t)(1 − t) dt − min
0≤r≤1

∫ r

0

ψ(t) dt (4.27)

is continuous, and continuous mappings preserve distributional convergence
[43], so this yields a distributional limit for L−3/2P .

The distributional limit for
√

12/L3P can be re-expressed in terms of
Brownian bridge:
∫ 1

0

B0(t)(1 − t) dt − min
0≤r≤1

∫ r

0

B0(t) dt = max
0≤r≤1

∫ 1

0

B(t)φ(t − r) dt, (4.28)

writing φ(t) = 1
2 − t for 0 ≤ t < 1, and extending so that φ is 1-periodic. The

desired distribution is that of

max
0≤r≤1

∫ 1

0

B(t)φ(t − r) dt = max
0≤r≤1

∫ 1

0

B(t + r)φ(t) dt, (4.29)

extending B(t) to be 1-periodic. Noting that B(· + r) − B(r) has the same
distribution as B(·), and that φ(t) is orthogonal to constant functions, we find
that

G(r) =
∫ 1

0

B(t)φ(t − r) dt (4.30)

is a mean zero, stationary Gaussian process. A straightforward calculation
gives

EG(0)G(r) =
1

720
(1 − 30r2 + 60r3 − 30r4) (0 ≤ r ≤ 1). (4.31)

9 i.e. Without truncating to nearest-neighbor jump responses as in the toy model.
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Figure 3. Simulated distribution for the flat-to-threshold
polarization, rescaled by L−3/2, for various L. The distrib-
utions were obtained from 106 random realizations for each
size

In particular, E(G(r) − G(0))2 ∼ r2 as r → 0, and a result of Weber [44]
applies to show there exists a constant c > 0 so that

c−1t
√

720Ψ(t
√

720) ≤ P

{
max
0≤r≤1

G(r) > t

}
≤ ct

√
720Ψ(t

√
720) (4.32)

for all t ≥ 0. Here Ψ(x) is the probability that a standard normal random
variable exceeds x. It follows that the distributional limit of L−3/2P has sub-
Gaussian tail. We are unable to describe the distribution more precisely, and
in general distributions of maxima of Gaussian processes are known explicitly
in only a handful of cases [45]. See Fig. 3 for simulation results.

For the threshold-to-threshold polarization in the toy model, our desired
description is considerably more detailed: instead of a single quantity P , we
have a function P (x) defined in (4.22) with a parameter x indicating how close
we are to the threshold (x = 0). Interestingly, we will see that the threshold-
to-threshold polarization P (0) ∼ L, not L3/2.

We have a prediction for the one-dimensional marginals of a rescaling of
P (x) as L → ∞. This prediction is not an exact calculation for the toy model
but is matched very well by numerics. We begin with the following calculation,
which admits an exact description of the limit.

Proposition 4.9. Suppose that the random pair (t, t̂) is uniformly distributed
over the set

{(i, j) ∈ Z
2 : i ≥ 0, j ≥ 0, i �= j, i + j < L}, (4.33)

and let
X0,X1, . . . and X̂0, X̂1, . . . (4.34)

be sequences of uniform (0, 1) random variates which are independent of (t, t̂)
and each other except that we couple X0 = X̂0. Define for 0 ≤ x ≤ 1 the
stochastic processes

r(x) = min{i ≥ 0 : Xi ≤ x} ∧ t

r̂(x) = min{j ≥ 0 : X̂j ≤ x} ∧ t̂.
(4.35)
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Then for all fixed u ≥ 0, the random variables L−2r(u/L)r̂(u/L) converge in
distribution as L → ∞ to a random variable ς(u) on [0, 1

4 ] with density

pu(s) =
∫ 1

2
√

s

dz e−zu 4 + 8u(1 − z) + 2u2(1 − z)2

(z2 − 4s)1/2
. (4.36)

In particular,

Φ(u) ≡ lim
L→∞

L−2
E[r(u/L)r̂(u/L)] =

6 − 4u + u2 − 6e−u − 2ue−u

u4
. (4.37)

We now explain why we expect this should describe the limiting behavior
of the genuine rescaled polarization

L−1P (u/L) = L−2Σ(u/L) =
|jL(u/L)|

L
· jR(u/L)

L
. (4.38)

Recall that jL(x) and jR(x) are the location of records in the sequences JL

and JR of (4.18) and (4.19). The components of ζ of (4.12) are evidently
exchangeable, so the unordered pair {πL, πR} is uniformly distributed over all
pairs of distinct mod L equivalence classes of indices. Using Lemma A.2 as in
the proof of Theorem 4.7, we find that k− for the (−)-threshold configuration is
distributed uniformly over all indices, independent of {πL, πR}. By translation,
we can arrange k− = 0, and then select representatives of πL �= πR satisfying

πR − L < πL ≤ 0 ≤ πR < πL + L. (4.39)

In light of the above, the pair (−πL, πR) is uniformly distributed over the same
set as (4.33).

Considering limL→∞ L−1P (u/L) when u = 0, only πL and πR are rel-
evant, and in this case (4.36) and (4.37) describe the limiting distribution
exactly. When u > 0, we do not know whether the result is exact, but consider
that as L → ∞,
• ζ of (4.12) differs from ω in a fraction of indices tending to zero, and
• the distributions of ζπ(0) and ζπ(1) are converging to point masses at − 1

2 .
We therefore expect that the limiting behavior should be similar (or possibly
the same) if we replace all but the final components of JL and JR with i.i.d.
uniform (− 1

2 ,+ 1
2 ) variates and make ζπL

= ζπR
= − 1

2 deterministically. Fig-
ure 4 compares the prediction thus obtained with simulation results, which
match very closely.

Some remarks are needed to interpret the estimated scaling behavior of
P (x) given by Proposition 4.9. First note that there is no singularity in (4.37):
writing series for the exponentials,

Φ(u) =
1
12

− u

30
+

u2

120
− u3

105
+ O(u4) (4.40)

for 0 < u � 1. For u � 1 we have

Φ(u) ∼ u−2. (4.41)

Noting the definition (4.37), this shows that Σ (and not P , [27]) exhibits
finite size scaling behavior: i.e. the graphs of L−2

E[Σ] vs. u = xL for various L
asymptotically collapse to the graph of the scaling function Φ(u) and moreover,
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Figure 4. Numerical results for the expected cumulative
jump size Σ(X) vs. the reduced and rescaled force, u = XL,
in the evolution from the negative to positive threshold con-
figuration. Symbol colors refer to different system sizes L, as
indicated in the legend, with accompanying numbers of real-
izations in parentheses. The blue dashed line indicates a power-
law with exponent −2, while the black line is the horizontal
asymptote E(Σ)L−2 = 1/12. The solid line is the theoretical
finite-size scaling function Φ(u) of (4.37) (color figure online)

in the scaling regime u � 1, the dependence on L drops out. This is indeed
confirmed by the results of numerical simulations shown in Fig. 4. The finite
size scaling behavior implies that the correlation length ξ scales as

ξ = X−1. (4.42)

In terms of the underlying record process we can motivate this as follows. For
a sequence of independent uniform (0, 1) random variables, given a current
(lower) record X, the next record will occur on average after 1/X sites. Since all
sites within this range are forced to jump once the current record site initiates
the next avalanche, this defines the correlation length ξ ∼ X−ν , with exponent
ν = 1. The crossover to the saturated regime occurs when ξ is comparable to
L, namely u = XL ∼ L/ξ ∼ 1. From (4.21), the cumulative avalanche size is
the product of the left and right extents of sites which have jumped, and thus
scales as X−2. This exponent is traditionally denoted as −γ + 1 [13,26], so
that γ = 3. The crossover behavior is clearly visible in Fig. 4.

Two observations can be made about the distribution of ς(u). We first
identify a rescaling demonstrating its scale-free behavior within the scaling
regime, and then simplify (4.36) in the case u = 0. In each case, the results
take familiar forms. Making a change of variable

t = uz − 2u
√

s,

the integral (4.36) becomes

pu(s) = e−2u
√

s

∫ u(1−2
√

s)

0

dt e−t 4 + 8(u − t − 2u
√

s) + 2(u − t − 2u
√

s)2√
t(t + 4u

√
s)

.

(4.43)
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Figure 5. Numerical cumulative avalanche size distribution
for various L and u. For large u, the distributions collapse
when avalanche sizes are scaled as a = u2s. The solid line is
(4.36). Symbol colors refer to different L, as indicated in the
legend and the numbers of realizations are shown in paren-
theses. Symbol shapes refer to the different values of u chosen
(color figure online)

Scaling ς(u) such that
lim

u→∞ u2ς(u) ≡ a, (4.44)

the right endpoint of the interval of integration in (4.43) tends to ∞, and
the numerator of the fraction in the integrand is 2u2 to leading order. By
dominated convergence as u → ∞, the density p(a) = P(a ∈ da) of the rescaled
avalanche size a is

p(a) = 2 e−2
√

a

∫ ∞

0

dt
e−t

√
t(t + 4

√
a)

= 2Ko(2
√

a), (4.45)

where Ko is the modified Bessel function, which decays at large values of its
argument as e−2

√
a/(2

√
a)1/2. For the u-values shown in Fig. 5, the asymptotic

form (4.45) is indistinguishable from (4.36) explaining the collapse of the data.
The form of the scaling variable a can be understood by noting that a = u2s =
X2Σ = Σ/ξ2; thus the avalanche sizes are measured in units of ξ2.

Next, the density p0(s) for the complete threshold-to-threshold polariza-
tion simplifies,

p0(s) = 2 ln
1 +

√
1 − 4s

1 − √
1 − 4s

. (4.46)

The distribution (4.46) matches exactly the limiting avalanche size distribution
of Dhar’s Abelian sandpile model in 1d [46–48]. This is not a coincidence, as
we now explain.

In the traditional one-dimensional sandpile model, the heights hi can take
only nonnegative integer values, and a configuration is stable only if hi ∈ {0, 1}
for all i. Given a 1d sandpile of length L with sites labeled 1 to L and some
stable initial configuration, a site i is selected at random and a grain of sand
is added so that hi → hi + 1. The toppling rules of the model are as follows:
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(i) Find any j such that hj ≥ 2, set hj → hj − 2, and hj±1 → hj±1 + 1.
(ii) If hi ≥ 2 for some i, goto (i).

It is useful to add pockets, sites i = 0 and i = L + 1, which we do not consider
as part of the sandpile. One of the grains which topples from site 1 or L will
fall into a pocket and be lost. We fix h0 = hL+1 = 0.

The set of recurrent states R consists of the L + 1 configurations which
have hi = 1 for all but at most one site (where it is 0). It can be shown
[33,46,47] that:

(a) Starting with any configuration in R and adding 1 at any site, the sand-
pile algorithm produces a result in R.

(b) Under dynamics which consist of adding 1 at a site chosen uniformly at
random and stabilizing, the uniform distribution on R is invariant.

Starting with a recurrent state and adding a grain at site k with hk = 1, we
define the active region where topplings occur as the interval containing k and
bounded by the closest sites i, possibly pockets, to the left and right of k at
which hi = 0. As the boundaries σL, σR are excluded from the interval for
the toy model, so are the boundaries where hi = 0 excluded from the active
region.

As we have seen in the previous sections, the evolution of the toy model
under the avalanche algorithm can be understood in terms of moving over-
or underlines in the rank diagram. Starting from a negative threshold config-
uration and evolving towards positive threshold, we encounter three types of
sites, those with an overbar (corresponding to h = 2 sites), those without a
bar (h = 1 sites), and those with an underbar (h = 0 sites). After aligning the
active regions of both models, which have identical size if we set L = L − 2,
we obtain a correspondence between a positive threshold configuration of the
toy model and a recurrent state of the sandpile. We observe also the equiv-
alence of the total threshold-to-threshold evolution of the toy model and the
stabilization of a recurrent sandpile configuration upon addition of a single
grain.

The key point is that iterating the avalanche algorithm to threshold pro-
duces the same result as a single sandpile resolution [27]. Specifically, if we set
z+max = maxj z+j , the maximum height of the positive threshold configuration,
and then jump all sites which have zj > z+max, then:

• all particles in the active region will be forced to jump at least once,
• the order in which those sites with zj > z+max are jumped is immaterial if

we are concerned only with the final result, and
• the positive threshold configuration is ultimately reached.

This is equivalent to running the BTW/Dhar sandpile algorithm on the sites
with overbars, which preserves the correspondence between sandpile and toy
model configurations. However, this map discards the ordering and values of
the well coordinates zi, which in turn drive the evolution towards threshold
by avalanches and thereby give rise to a family of distributions (4.36).
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5. Conclusion and Further Questions

The CDW toy model introduced in [27] and studied in this article exhibits a
critical depinning transition. It retains similarities with the untruncated CDW
model, while admitting some explicit formulas which make rigorous analysis
possible. However, it does not appear to be completely trivial. Our under-
standing of the threshold-to-threshold evolution is rather complete, as the
changes are confined to a single active region growing in a simple way, but
the flat-to-threshold evolution has so far resisted nice analytical characteri-
zations. In simulations we see multiple regions of activity, which grow and
merge. This can be understood by noting that the initial well-coordinates are
distributed within an interval of width larger than 1. The evolution towards
positive threshold via avalanches, while conserving the fractional part of the
well-coordinates, gradually reduces this width by successively pruning the inte-
ger parts of the well coordinates. This means that while completed avalanches
terminate at sites with low well-coordinates, these values are often so low, that
their increments by +1 at the completed avalanche termination, as prescribed
by Proposition 4.3 (ii), will not make them avalanche initiation sites for the
next avalanche. Rather, there will be other sites with higher z-values that serve
as avalanche initiators. This situation will continue until such sites have been
depleted sufficiently that the termination sites of the previous avalanches are
precisely the initial sites for the next avalanche. This is the major difference
from the threshold-to-threshold evolution where—due to the nature of the ini-
tial configuration—this termination/initiation pattern is observed immediately
from the start. It was this observation that allowed for a description in terms
of a record-breaking process. The behavior of the evolution starting from a
flat initial configuration is more interesting, but also more difficult to describe
precisely.

Another set of interesting questions relate to hysteretic behavior as the
force is raised and lowered, a feature previously observed in CDW simulations
[25]. For his recent master’s thesis, Terzi [49] studied numerically hysteresis
in the toy model. In the toy model this occurs when the external force goes
through a sequence of force increments and decrements after which it returns
to its initial value. In terms of the avalanche evolution this amounts to running
this algorithm in the backward direction: Algorithm 3.1 with obvious modifica-
tions corresponding to force applied in the negative direction. Starting from a
(±)-threshold configuration and applying sequences of forward and backward
avalanches, Terzi finds that the total number of reachable configurations scales
like Lα. The exponent can be calculated exactly, yielding α = (

√
17−1)/2[50].

Terzi has further shown that the hysteretic behavior of the toy model exhibits
the return point memory effect [49,50]. This is a direct consequence of the no
crossing property of the evolution [51], which for our model is guaranteed by
Lemma 3.3.

The approach to the depinning transition using renormalization group
ideas [17–19] suggests universality of the behavior, near the transition. In par-
ticular it is believed that the values of the scaling exponents should depend
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little on the microscopic details of the underlying model. The toy model serves
as a good example to test these assumptions. Here we find that depending on
the initial configuration chosen, the evolution to threshold and the correspond-
ing scaling behavior is markedly different. While in the threshold-to-threshold
evolution the correlation length near threshold diverges as ξ ∼ X−1 and the
quantity that exhibits scaling is the cumulative avalanche size Σ which scales
as Σ ∼ X−2, in the evolution from a flat initial condition to threshold we
find numerical results consistent with ξ ∼ X−2 and P ∼ X−3, which more-
over agrees with the renormalization group based prediction of Narayan et al.,
[17,26]. The toy model illustrates that the choice of initial condition can result
in dramatically different dynamics, leading to these disparate exponents.

Another type of universality is the robustness of our results when we
change the law of the underlying disorder. Theorem 4.1 can address immedi-
ately any randomness which is absolutely continuous with respect to Lebesgue
measure. One can thus ask whether scaling still holds for nonuniform distri-
butions, and if so, how the scaling exponents characterizing the correlation
length and the cumulative avalanche sizes, depend on the probability laws for
the underlying disorder.

Generalization to higher dimensions is a more serious undertaking, as
the traditional two-dimensional sandpile is already much more intricate than
its one-dimensional relative [33]. On the other hand, the randomness could
conceivably be helpful: the size of the set of recurrent sandpile configurations
should be smaller if the sites on the lattice are no longer identical. The authors
hope to consider this matter, and others mentioned above, in future work.
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Appendix A. Proofs

Proposition 2.1. By hypothesis, for any c > 0 we may choose K depending on
c so that |fj | ≤ Kec|j| for all j ∈ Z. We find that for any i ∈ Z,

∑

j∈Z

η|i−j||fj | ≤ K
∑

j∈Z

η|i−j|ec|j|. (A.1)

So long as c < − log η the latter converges, ensuring the sum in (2.9) also
converges. The summation in the upper bound above can be performed by
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splitting Z at j = 0 and j = i, forming at most three subsets on which we have
geometric series; the result is

K

(
η|i|+1

η − e−c
+

ecη|i|

η − e−c
+

(η − η−1)ec(|i|+1)

(1 − ecη−1)(1 − ecη)

)
. (A.2)

As we may select c arbitrarily close to 0, we have shown that yi is well-defined
by (2.9) and has subexponential growth in i at ±∞.

As the formula (2.9) is a convolution, to show this yields the solution it
suffices to verify that (λ − Δ)y = λf in the case fi = δi0, where δij denotes
the Kronecker delta.10 For this case, straightforward algebra shows that when
yi = 1−η

1+η η|i| we do have (λ − Δ)y = f .
Again for general f satisfying the stated growth condition, any other

solution ŷ must differ from y by a solution of the recurrence relation

− xi−1 + (2 + λ)xi − xi+1 = 0. (A.3)

Using standard results for constant coefficient linear recurrences, all solutions
of this take the form aηi + bη−i for constants a and b, where η is given by
(2.10). But since 0 < η < 1, this grows exponentially as i → −∞ if a �= 0
and as i → +∞ if b �= 0. We conclude (2.9) gives the unique solution with the
desired growth property.

The formula for λ−1Δy can be derived by hand from that for y, or by
noting that Δ commutes with the inverse we have chosen for (λ − Δ). �
Lemma 2.4. Part (ii) is immediate from (i). We must have ỹmax = + 1

2

computed for m+ at force F+; otherwise the force could be increased by
λ( 12 − ỹmax), rigidly translating the configuration according to (2.12b), show-
ing admissibility at larger force.

Computing ỹ+
max from m+ at F = 0 amounts to a rigid translation of well

coordinates by −F+/λ from force F+, so in light of the above, (2.16) holds.
(i) To see that the extrema are achieved, we show that one can effec-

tively restrict to a (nonempty, by the remarks preceding the statement of the
Lemma) finite domain of m. Recall from (2.12b) that the well coordinates ỹ
of a configuration corresponding to m can be expressed in terms of the Lapla-
cians Δm and Δα. It will suffice to check that we can restrict to a set of m
whose image under Δ is a finite set.

Using (2.7) and writing y in terms of m, α, F , and ỹ, we have

λỹi = Δmi + Δαi + Δỹi + F. (A.4)

For an L-admissible configuration m we have |ỹi| ≤ 1
2 , |Δαi| ≤ 2, |Δỹi| ≤ 2,

and |F | ≤ λ/2. Hence |Δmi| ≤ 4 + λ for all i. Since Δm must also be L-
periodic and integer-valued, the number of possible Δm is bounded above by
[2(4 + λ) + 1]L.

We next show that the extrema for each of (a) and (b) are achieved
uniquely, modulo uniform integer translation of well numbers. (The issue of
equality between the solutions to the two problems will come after this.) The
arguments for cases (a) and (b) are identical; suppose that for either of these

10 The symbol δij is defined to be 1 when i = j and 0 otherwise.
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problems we have two optimizers m1 and m2 which do not differ by an element
of Z1. Since overall translation does not change Δm we may assume that
mini(m2

i − m1
i ) = 0 and m1 �= m2.

The avalanche algorithm permits us to reduce, as follows, to considera-
tion of the case where m2 ≤ m1 + 1. Apply the avalanche algorithm to m1,
producing m1∗, also optimal, and m1∗ ≤ m1 + 1. Write j1 = arg maxi ỹ1

i .
If m1

j1
< m2

j1
, we have m1∗ ≤ m2 by Lemma 3.3. We rule out m1

j1
= m2

j2
because it forces

ỹ2
j > ỹ1

j = max
i

ỹ1
i , (A.5)

in which case m2 is (a) not admissible at the current force or (b) not optimal.
Thus m1∗ is optimal and has m1 ≤ m1∗ ≤ m1 + 1 and m1

j1
< m1∗

j1
. We may

as well assume that m2 has these properties.
Let j2 = arg maxi ỹ2

i . Since m1
j1

< m2
j1

and m2 ≤ m1 + 1, using (2.12a)
we have ỹ1

j1
> ỹ2

j1
, so j2 �= j1. Now consider the underlying randomness α: for

ỹ1
j1

= ỹ2
j2

we must have, using (2.12b),
∑

i∈Z

(η|i−j2| − η|i−j1|)Δαi =
∑

i∈Z

η|i−j1|Δm1
i − η|i−j2|Δm2

i . (A.6)

Recalling that we’re dealing with a periodic system, so that the above may be
replaced with a finite sum, and that for threshold configurations the number
of possible values for Δm is finite, we see that ỹ1

j1
= ỹ2

j2
requires that a

nondegenerate linear functional of α takes one of finitely many values, which
happens with probability zero.

Finally we turn to equality (modulo translation by Z1) of the optimizers
ma and mb of parts (a) and (b), respectively. We know that the avalanche
algorithm maps ma to ma +1 in light of essential uniqueness for (a), so there
is a permutation ν of {0, . . . , L − 1} with ν(0) = arg max ỹa

i and

ỹa
ν(i) +

1 − η

1 + η

∑

t∈Z

i−1∑

j=0

η|ν(i)−ν(j)−Lt| > ỹa
max = +

1
2

(A.7)

for all i = 1, . . . , L − 1. The double summation above is always bounded by
2η/(1 + η), so we find

min
i

ỹa
i >

1
2

− 2η

1 + η
> 0 (A.8)

using η < 1
3 for λ > 4

3 . Since F+/λ < 1
2 , it follows immediately that (mini ỹa

i )−
F+/λ > − 1

2 and ma is L-admissible for F = 0. On the other hand, we know
that the avalanche algorithm maps ma to ma +1 at F = 0 because it does so
at F = F+; an overall translation of the well coordinates does not affect the
sequence of jumps which must occur. It follows that ma is optimal for problem
(b), and by (essential) uniqueness of the latter, mb − ma ∈ Z1. �

Proposition 3.2. Part (i) is immediate from m∗ ≤ m + 1, which we check
below.

In the toy case (ii) is exactly a statement about sandpile resolution, and
the argument of [33, Lem. 3.1] applies immediately to show that the order
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of jumps is irrelevant so long as we only jump those particles which exceed
the critical well coordinate. For the full model, the argument can be adapted:
let us write R = (rij) for the components (indexed by i) of the response
(3.1) to a jump at j. This plays the role of the toppling matrix in the sandpile,
which describes the change in the number of grains at each site when there is a
toppling at j. That rij > 0 for i �≡ j (mod L) and rii < 0 for all i is sufficient to
run the argument of [33, Lem. 3.1]. The result is that any set of indices arising
from a sequence of jumps at sites with well coordinates above ỹmax is a subset
of those indices which jump when we follow the stated algorithm (jumping the
arg max each time, running until termination). The reverse containment holds
also if the former sequence reaches the termination condition of the algorithm.

Finally, we check (iii), that the output has the stated properties. That
ỹ∗
max ≤ ỹmax (full) or z∗

max ≤ zmax (toy) is necessary for the algorithm to have
terminated. L-admissibility consists of periodicity, which is respected by the
algorithm, and having ỹ∗

i ∈ (− 1
2 ,+ 1

2 ] for all i. We have maxi ỹ∗
i ≤ ỹmax ≤ 1

2
by L-admissibility of the input. We can only have ỹ∗

i < ỹi if particle i has
jumped, in which case there are some indices j1, . . . , jn so that

ỹi +
1 − η

1 + η

∑

t∈Z

n∑

k=1

η|i−jk−Lt| > ỹmax. (A.9)

This double sum is strictly less than 2η
1+η , so ỹ∗

i ≥ ỹmax − 2η
1+η ≥ ỹmax − 1

2 . For
F ≥ 0 we have ỹmax ≥ 0, so ỹ∗

max > − 1
2 .

Trivially we have m∗ ≥ m, as the algorithm begins with well numbers
m and only increments these. To see that m∗ ≤ m + 1, we argue inductively:
suppose that after some execution of (A2) we have well numbers m′ and well
coordinates ỹ′, and that m′ ≤ m+1. If maxi ỹ′

i ≤ ỹmax (full) or maxi z′
i ≤ zmax

(toy) we are done, so suppose that ỹ′
k > ỹmax (full) or z′

k > zmax (toy) for some
index k. We claim m′

k = mk, i.e. site k has not yet jumped. For the full model,
observe that the jump response (3.1) has components which sum to zero over
a period:

[ −2η

1 + η
+

1 − η

1 + η
· 2ηL

1 − ηL

]
+

L−1∑

i=1

[
1 − η

1 + η
· ηi + ηL−i

1 − ηL

]
= 0. (A.10)

The first bracketed term above is negative, and all the terms in the summation
over i are positive. We see that any particle which has jumped sees a decrease
in its well coordinate which can be matched, but not exceeded, by the increases
it sees from all other particle jumps which occur. It follows that any particle
which has jumped has well coordinate at most what it was initially, less than
ỹmax. The same is true for the toy model: a particle which has jumped sees a
decrease of −2, and both neighbors can contribute at most +2. In either case,
m′

k = mk follows, and m′ + δk ≤ m + 1. �
Remark. The matrix R above is not a toppling matrix in the sense of [33],
because it does have integer entries and the diagonal entries are not bounded
below by the number of neighbors (in this case, 2), but it is symmetric and
weakly dissipative. We note that the unsatisfied criteria are not necessary to
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prove Proposition 3.2, and in particular that strong dissipation is not necessary
when (iii) limits the number of jumps that may occur.

Lemma 3.3. Suppose we are applying the avalanche algorithm to m1 and that
m′ is either equal to m1 or an intermediate configuration obtained after some
execution of (A3) for which m1 ≤ m′ ≤ m2. For any j such that m′

j = m2
j ,

ỹ′
j =

1 − η

1 + η

∑

i∈Z

η|i−j|(m′
i − m′

j + αi − αj) +
F

λ

≤ 1 − η

1 + η

∑

i∈Z

η|i−j|(m2
i − m2

j + αi − αj) +
F

λ
= ỹ2

j

in the case of the full model, and

zj = η(m′
j−1 − 2m′

j + m′
j+1)

≤ η(m2
j−1 − 2m2

j + m2
j+1) = z2j

for the toy model. We explain how the results follow from these for the full
model; the argument for the toy case is analogous.

If (i) maxi ỹ1
i > maxi ỹ2

i , then ỹ′
j < maxi ỹ1

i , and site j will not jump. Thus
the next iteration of (A2), if any, will produce m′′ which still has m′′ ≤ m2.

If (ii) maxi ỹ1
i = maxi ỹ2

i , then ỹ′
j ≤ max ỹ1

i and site j will only jump if
m′ = m1, i.e. in (A1), and j = arg maxi ỹ1

i . If m1
j < m2

j , this jump does not
cause a crossing.

Since m2 ≤ m2∗ and maxi ỹ2
i ≥ ỹ2∗

i trivially, and having established (i)
and (ii), for (iii) we need only consider the case where

max
i

ỹ1
i = max

i
ỹ2∗

i = max
i

ỹ2
i (A.11)

and m1
j = m2

j for j = arg maxi ỹ1
i . As in the proof of (i), we find ỹ1

j ≤ ỹ2
j , so

j = arg maxi ỹ2
i as well, so that m2∗

j = m2
j + 1 > m1

j . Invoking (ii), we are
done. �

Lemma 3.4. (i) is immediate from the fact that maxi ỹi (full) and maxi zi (toy)
are nonincreasing under the action of the avalanche algorithm. For (ii), choose
an optimal configuration m+ which touches m from above: mini(m+

i −mi) = 0.
(This is always possible due to L-periodicity and the easy fact that if m+ is
optimal, so are m+ + Z1.) Since m∗ = m + 1, we have crossed m+, which is
only possible if maxi ỹi ≤ maxi ỹ+

i (full) or maxi zi ≤ maxi z+i (toy), i.e. m is
optimal.

In preparation for the proof of Theorem 4.1, we need a means to verify
that (4.2) gives a legitimate vector m+ of well numbers.11 �

Lemma A.1. A vector f ∈ Z
L is equal to Δm for some m ∈ Z

L if and only if
both of the following hold:

11 This elementary criterion for integral invertibility of the Laplacian is most likely known,
but we are unable to locate a reference.
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(i)
∑L−1

i=0 fi = 0
(ii)

∑L−1
i=0 ifi ≡ 0 (mod L)

Proof. That Δ on Q
L with periodic boundary is self-adjoint, together with

standard linear algebra (namely the identification of the kernel of the adjoint
with the orthogonal complement of the range) shows that condition (i) is neces-
sary and sufficient for Δm = f to have a solution m ∈ Q

L. The only question
is whether there is a solution with integer entries. For this it is necessary and
sufficient that a solution m ∈ Q

L have m1 − m0 ∈ Z. Necessity is obvious
and sufficiency follows if we set m0 = 0, m1 according to the known difference
m1 − m0, and repeatedly use mi+1 = −mi−1 + 2mi + fi to obtain the other
entries, which will be integers.

An easy induction shows that for k ≥ 2,

mk = −(k − 1)m0 + km1 +
k∑

i=1

(k − i)fi. (A.12)

Setting k = L in the above, recalling m0 = mL, and rearranging we find

L(m0 − m1) =
L∑

i=1

(L − i)�i. (A.13)

From this, we see m0 − m1 ∈ Z if and only if
∑L

i=1(L − i)fi is a multiple of L,
which is easily shown to be equivalent to (ii). �

Proof of Theorem 4.1. Lemma A.1 guarantees that the specification given for
Δm+ can be inverted to obtain m+ ∈ Z

L. To verify the optimality of m+,
we invoke Lemma 3.4, claiming that Algorithm 3.1 applied to m+ produces
m+ + 1.

We claim that z+i + 1 > z+max for all i �= k+ and z+k+ + 2 > z+max.
Since a jump at site i increases zi±1 by 1, each jump that occurs, starting
at arg maxi z+i , causes both its neighbors to jump except possibly if one of
those neighbors is site k+. Due to periodicity, both k+ ± 1 will jump, increas-
ing z+k+ by 2, and it must jump as well. Verifying the claim will prove the
theorem.

Using the notation of (4.4),

z+i = ωi +

{∑S
j=0 δiσ(j) − δik+ if S ≥ 0

−∑|S|−1
j=1 δiσ(L−j) − δik+ if S < 0

(A.14)

with all ωi ∈ (− 1
2 ,+ 1

2 ). Suppose S > 0. If i ∈ {σ(0), . . . , σ(S)}\{k+}, then

z+i + 1 = (ωi + 1) + 1 > z+max, (A.15)

and if i ∈ {σ(S + 1), . . . , σ(L − 1)}\{k+}, then

z+i + 1 = ωi + 1 > z+σ(S−1) ∨ z+σ(S) = z+max. (A.16)

If k+ ∈ {σ(0), . . . , σ(S)} then

z+k+ + 2 = ωk+ + 2 > z+σ(S−1) ∨ z+σ(S) = z+max, (A.17)
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but if k+ ∈ {σ(S + 1), . . . , σ(L − 1)} then

z+k+ + 2 = ωk+ + 1 > z+σ(S−1) ∨ z+σ(S) = z+max. (A.18)

We omit the verification in the cases S = 0 and S < 0, these being similar
exercises in checking cases. �

Proposition 4.3. We argue by induction on n. When n = 1, we are only char-
acterizing the result of a single avalanche iteration. It is straightforward to
verify that the set of sites that jumps is W1: the site i itself makes the first
jump, increasing the height of each neighbor i ± 1 by one, these will jump if
and only if zi±1+1 > zi. This outward moving wave terminates when the sites
iL + 1 and iR − 1 have jumped, as the additions to their neighbors to the left
and right, respectively, are by definition not sufficient to force these to jump.
We see immediately that the number of jumps is

(iR − 1) − (iL + 1) + 1 = iR − iL − 1.

Since n = 1, we know that either i − iL = 1 or iR − i = 1; by symmetry, we
may as well assume the former. Then

(i − iL)(iR − i) = iR − i = iR − (iL + 1),

and (i) is satisfied. For (ii), we observe that the result of an interval of sites
jumping is as follows:

iL iR
jumps : · · · 0 0 1 1 1 · · · 1 1 0 0 · · ·
change in z : · · · 0 1 −1 0 0 · · · 0 −1 1 0 · · ·

We see that ziL → ziL + 1 and ziR → ziR + 1, as needed. Again assuming that
i − iL = 1, we find zi → zi − 1. Since we have

iL + iR − i = iR − 1,

so ziL+iR−i → ziL+iR−i − 1.
Now consider general n > 1, assuming the result holds for smaller values.

Following the same reasoning as above, the sites W1 jump in the first appli-
cation of Algorithm 3.1, but now i − iL > 1 and iR − i > 1, so both i ± 1
jump, and the value of zi is unchanged, hence still the maximum. Regarding
the configuration after jumping sites W1 as the new starting point, we have
the same i and zi, and i′L = iL + 1 and i′R = iR − 1. Applying the inductive
hypothesis, we know the effect of iterations 2, . . . , n. The number of jumps is
therefore

[(iR − 1) − (iL + 1) + 1] + (i − i′L)(i′R − i) = (i − iL)(iR − i).

The changes in z for iteration 1 consist of

ziL → ziL + 1 ziR → ziR + 1 (A.19)

ziL+1 → ziL+1 − 1 ziR−1 → ziR−1 − 1. (A.20)
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The changes due to iterations 2, . . . , n are

ziL+1 → ziL+1 + 1 ziR−1 → ziR−1 + 1 (A.21)

zi → zi − 1 zi′
L+i′

R−i → zi′
L+i′

R−i − 1. (A.22)

Noting i′L + i′R − i = iL + iR − i, we see that (A.19) and (A.22) are the desired
changes and that (A.20) and (A.21) cancel.

Finally (4.11e) follows from the changes to z obtained above. The change
in z determines the change in Δm. Knowing this, and that the change in m
is a vector with minimum component equal to zero, is enough to recover the
new m. �

Proposition 4.5. For the uniform surface measure on the intersection of the
cube (− 1

2 ,+ 1
2 )L with the planes

∑L−1
n=0 bn ∈ Z, a consequence of |bn| < 1

2 is
that this (broken) surface can be recognized as the graph of a function:

bL−1 = g(b0, . . . , bL−2) ≡
�∑L−2

n=0 bn

�
−∑L−2

n=0 bn (A.23)

is immediate from bL−1 +
∑L−2

n=0 bn =
�∑L−2

n=0 bn

�
, which is forced since the

left-hand side is exactly an integer, and since |bL−1| < 1
2 , it must be the integer

nearest
∑L−2

n=0 bn. The function g has constant gradient (−1, . . . ,−1) where the
gradient exists, and it fails to exist only on the (L − 2)-dimensional set

{
(b0, . . . , bL−2) :

L−2∑

n=0

bn ∈ 1
2

+ Z

}
.

Let random variables {βn}L−1
n=0 be uniform over this broken surface; by the

discussion above, this is equivalent to taking {βn}L−2
n=0 to be i.i.d. uniform and

pushing this measure forward onto the graph of g. When we have shown (i)
that ω and β have the same distribution, part (ii) is immediate from this
characterization, since we have independence of {βi : i = 0, . . . , L − 2} (and
could always relabel).

To compare the distributions we use a calculation with trigonometric
polynomials fn(t) =

∑
|k|≤K f̂n(k) exp(2πikt), K an arbitrary positive integer:

E

L−1∏

n=0

fn(βn) =
∑

|k|≤K

(
L−1∏

n=0

f̂n(kn)

)
E exp[2πik · β], (A.24)

the sum over all integer vectors k with maxn |kn| ≤ K. Writing C for the cube
(− 1

2 ,+ 1
2 )L−2, we see E exp[2πik · β] is given by

∫

C

exp

{
2πi

[
L−2∑

n=0

knbn + kL−1

(�
L−2∑

n=0

bn

�

−
L−2∑

n=0

bn

)]}
db0 · · · dbL−2

=
∫

C

exp

{
2πi

[
L−2∑

n=0

(kn − kL−1)bn + kL−1

�
L−2∑

n=0

bn

�]}
db0 · · · dbL−2
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=
∫

C

exp

{
2πi

[
L−2∑

n=0

(kn − kL−1)bn

]}
db0 · · · dbL−2

= 1(k0 = · · · = kL−1).

Recall that ωi is the representative in
(− 1

2 ,+ 1
2

)
of the equivalence class

of Δαi (mod 1), so it will suffice to understand the law of 1-periodic functions
of {Δαi}. With trigonometric polynomials fn as before, we compute

E

L−1∏

n=0

fn(Δαn) =
∑

|k|≤K

(
L−1∏

n=0

f̂n(kn)

)
E exp[2πik · Δα], (A.25)

the summation over integer vectors k with all components bounded by K, and

E exp[2πik · Δα] = E exp[2πiΔk · α] =
L−1∏

n=0

E exp[2πiΔknαn]

= 1(Δk = 0) = 1(k0 = · · · = kL−1),

since the kernel of the periodic Laplacian consists of constant vectors. Then
(A.25) simplifies as

E

L−1∏

n=0

fn(Δαn) =
∑

|k|≤K

L−1∏

n=0

f̂n(k) (A.26)

where k is now a single integer (corresponding to a vector with components
kn which are identical).

Thus

E

L−1∏

n=0

fn(βn) =
∑

|k|≤K

L−1∏

n=0

f̂n(k) = E

L−1∏

n=0

fn(Δαn), (A.27)

and by Stone–Weierstrass we extend to general 1-periodic functions fn as
needed to verify the proposition. �

Corollary 4.6. Using Proposition 4.5, we have

S =
L−1∑

i=0

�Δαi� =
L−1∑

i=0

Δαi − ωi = −
L−1∑

i=0

ωi (A.28)

for ω0, . . . , ωL−2 i.i.d. with mean 0 and variance 1
12 and |ωL−1| < 1

2 . The
standard central limit theorem then gives the result. �

The exchangeability claimed in Theorem 4.7 requires a more detailed
examination of the threshold configuration. We begin by noting the formula
for Δm at (±)-threshold (4.2) can be viewed as a result of applying two
corrections to the −�Δα� sequence:

Δmi = −�Δαi� + J ′
i + (δi	+ − δi	−), (A.29)
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where

J ′
i =

⎧
⎪⎨

⎪⎩

−1(i ∈ σ{L − |S|, . . . , L − 1}) if S < 0
0 if S = 0
1(i ∈ σ{0, . . . , S − 1}) if S > 0

(A.30)

and �± are selected as follows: for the (+)-threshold configuration, we set

�+ =

⎧
⎪⎨

⎪⎩

σ(L − |S|) if S < 0
σ(0) if S = 0
σ(S) if S > 0

(A.31)

and for the (−)-threshold configuration, we set

�− =

⎧
⎪⎨

⎪⎩

σ(L − |S| − 1) if S < 0
σ(L − 1) if S = 0
σ(S − 1) if S > 0.

(A.32)

In both cases, the choice of �± dictates �∓ via the L-divisibility condition of
Lemma A.1. We thus view the (±)-threshold configurations as “one up, one
down” perturbations of −�Δα� + J ′, with the same spacing

d ≡ �+ − �− (mod L) =
L−1∑

i=0

i(�Δαi� − J ′
i) (mod L) (A.33)

between the ±1, and we insist on choosing �± for the (±)-threshold, respec-
tively.

The location of the negative defect in the (−)-threshold is important for
the threshold-to-threshold evolution, and, in light of the above, this amounts to
understanding d and σ. For this, and the exchangeability result Theorem 4.7,
we need to understand the relationship between d and ω. Fortunately these
interact as nicely as one could hope.

Lemma A.2. The difference d between �± defined by (A.33) is uniform on
{0, . . . , L − 1} and independent of ω.

Proof. We begin with the part of d which depends on �Δα�, claiming that

L−1∑

i=0

i�Δαi� (mod L) (A.34)

is uniform on {0, . . . , L − 1} and independent of ω.
For independence from ω, it is sufficient to consider {ωi}L−1

i=1 , since ω0 is
a function of these. We have

L−1∑

i=0

i�Δαi� =
L−1∑

i=0

i(Δαi − ωi) = L(α0 − αL−1) −
L−1∑

i=0

iωi, (A.35)
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and claim that {α0 − αL−1 mod 1, ω1, . . . , ωL−1} are distributed as i.i.d. uni-
form (mod 1) variates conditioned to have

L(α0 − αL−1) −
L−1∑

i=1

iωi ∈ Z. (A.36)

As in Proposition 4.5, let fn(t) =
∑

|k|≤K f̂n(k) exp(2πikt) and consider

Ef0(α0 − αL−1)
∏L−1

n=1 fn(Δαn):

∑

|k|≤K

L−1∏

n=0

f̂n(kn)E exp[2πik · (α0 − αL−1,Δα1, . . . ,ΔαL−1)]. (A.37)

Write A for the matrix mapping

(α0, . . . , αL−1) 
→ (α0 − αL−1,Δα1, . . . ,ΔαL−1). (A.38)

We need to evaluate

E exp[2πik · Aα] = E exp[2πiAT k · α] = 1(AT k = 0), (A.39)

and therefore require a description of kerAT . We have

A =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 −1
1 −2 1 · · · 0 0
0 1 −2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · −2 1
1 0 0 · · · 1 −2

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

, (A.40)

and see that AT has rows 2 through L − 2 (indexing 0 through L − 1) in
common with the Laplacian; that (Δk2, . . . ,ΔkL−2) = 0 means (k1, . . . , kL−1)
is given by

ki = ai + b, i = 1, 2, . . . , L − 1, (A.41)
for some constants a and b. The second row then gives

0 = −2(1a + b) + 1(2a + b) = −b. (A.42)

The first row gives

0 = k0 + 1a + (L − 1)a = k0 + La, (A.43)

and the last
0 = −(−La) + (L − 2)a − 2(L − 1)a = 0 (A.44)

imposes no additional constraint. Thus AT k = 0 if and only if

k = (k0, . . . , kL−1) = (−La, 1a, 2a, . . . , (L − 1)a) (A.45)

for some constant a.
Compare this with the following: let β1, . . . , βL−1 be i.i.d. uniform on the

interval (− 1
2 ,+ 1

2 ), θ ∈ {0, . . . , L − 1} uniform and independent of the βi, and

γ =
1
L

(
θ +

L−1∑

n=1

nβn

)
(mod 1). (A.46)



2872 D. C. Kaspar and M. Mungan Ann. Henri Poincaré

For f0, . . . , fL−1 as before, we compute

Ef0(γ)
L−1∏

n=1

fn(βn) =
∑

|k|≤K

L−1∏

n=0

f̂n(kn)E exp[2πik · (γ, β1, . . . , βL−1)]. (A.47)

Here

E exp[2πik · (γ, β1, . . . , βL−1)]

= E exp

{
2πi

[
k0
L

(
θ +

L−1∑

n=1

nβn

)
+

L−1∑

n=1

knβn

]}

= E exp

{
2πi

[
k0θ

L
+

L−1∑

n=1

(
nk0
L

+ kn

)
βn

]}

=

(
1
L

L−1∑

t=0

e2πik0t/L

)
E exp

{
2πi

L−1∑

n=1

(
nk0
L

+ kn

)
βn

}
.

Note that e2πik0/L is an Lth root of unity, so the left sum above is zero unless
L divides k0, in which case the sum is L. But if L divides k0, say k0 = −La,
then

E exp

{
2πi

L−1∑

n=1

(
nk0
L

+ kn

)
βn

}
= 1

(
kn =

−nk0
L

for n = 1, . . . , L − 1
)

,

(A.48)
which can be nonzero only if kn = −n(−La)/L = na for n = 1, . . . , L − 1.
Thus

{γ, β1, . . . , βL−1} d= {α0 − αL−1 (mod 1), ω1, . . . , ωL−1}. (A.49)

Now that we know
∑L−1

i=0 i�Δαi� is independent of ω, and that J ′ is a
function of ω, we use the following elementary fact: if X and Y are independent
random variables in Z/LZ and Y is uniform, then X + Y is uniform and
independent of X. Independence of d and ω is immediate. �

Theorem 4.7. Exchangeability of the components ωi of ω is immediate from
Proposition 4.5. We have

z+i = Δmi + Δαi = ωi + J ′
i + δi	+ − δi	− . (A.50)

By construction (A.30) and (A.31), J ′
i and δi	+ are functions of the value

ωi and the unordered set of values {ω0, . . . , ωL−1}. Using the preceding
Lemma A.2, we find �− = �+ −d is uniform on {0, . . . , L−1} and independent
of ω.

We then recognize z+i given by (A.50) as a function of ωi, the set of values
{ω0, . . . , ωL−1}, and �−, the last of which is independent of ω. Exchangeability
of the components of z+ follows. �
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Corollary 4.8. We first use Theorem 4.7 and a standard result (see for example
[52, Thm. 24.2] or [43, Thm. 16.23]) to show that the processes

ŝ(L)(t) ≡ L−1/2

�Lt	∑

i=0

z+i (0 ≤ t ≤ 1) (A.51)

converge in distribution in the Skorokhod space D([0, 1]) to (12)−1/2B(t) where
B(t) is standard Brownian bridge. We claim that we have distributional con-
vergence,
(

L−1/2
L−1∑

i=0

z+i , L−1
L−1∑

i=0

(z+i )2δL−1/2z+
i

)
d→ (0, (12L)−1δ0) ∈ R × M(R),

(A.52)
where M(R) is the space of locally finite measures on R equipped with the
vague topology. In fact, the first component is exactly equal to 0, so we focus
on the second component, which we write as

L−1
L−1∑

i=0

(z+i )2δ0 + L−1
L−1∑

i=0

(z+i )2(δL−1/2z+
i

− δ0). (A.53)

We claim the second sum above can be ignored as L → ∞. Fix a continuous,
compactly supported function f on R, and any ε > 0. Choose L sufficiently
large that |x| < L−1/2 implies |f(x) − f(0)| < ε, and observe that

∣∣∣∣∣

∫
f(x)L−1

L−1∑

i=0

(z+i )2(δL−1/2z+
i

− δ0)(dx)

∣∣∣∣∣ ≤
ε

4
(A.54)

almost surely, since |z+i | ≤ 1
2 . Distributional convergence of the first sum of

measures in (A.53) amounts to distributional convergence of the coefficient

L−1
L−1∑

i=0

(z+i )2 = L−1
L−1∑

i=0

ω2
i + L−1

L−1∑

i=0

(z+ − ωi)(z+i + ωi)
d→ 1

12
. (A.55)

Here we have used the (weak) law of large numbers on
∑L−2

i=0 ω2
i , since removing

one term restores independence, and
∣∣∣∣∣L

−1
L−1∑

i=0

(z+ − ωi)(z+ + ωi)

∣∣∣∣∣ ≤ L−1
L−1∑

i=0

|J ′
i + δi	+ − δi	− |(2)

= 2L−1

∣∣∣∣∣

L−1∑

i=0

ωi

∣∣∣∣∣
d→ 0

again using law of large numbers. The convergence (A.52) holds, and scaling
limit for ŝ(L)(t) follows.

We now return to s(L)(t). Writing ŝi ≡ ∑i
j=0 z+i , a routine calculation

gives

si −
⎛

⎝ŝi − 1
L

L−1∑

j=0

ŝj

⎞

⎠ = αi − αi+1. (A.56)
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In particular, the difference on the left-hand side is bounded by a constant,
and thus disappears in the central limit scaling. Note also that

1
L

L−1∑

j=0

ŝj =
∫ 1

0

ŝ�Lt	 dt, (A.57)

and that integration
∫ 1

0
· dt is a continuous functional on the Skorokhod space

D([0, 1]). The convergence to the distribution of (4.25) follows.
That B0(t) has mean zero is immediate, and that it is Gaussian follows

from easy arguments. The discrete analogue, a Gaussian vector with its sum
subtracted from each component, is of course standard, since (possibly degen-
erate) Gaussian distributions are preserved under affine maps. Working on the
level of continuous processes, we can fix some 0 = t0 < t1 < · · · < tn−1 < tn =
1 and observe using standard properties of Brownian bridge that

∫ 1

0

B(r) dr −
n∑

i=1

1
2
[B(ti−1) + B(ti)](ti − ti−1) (A.58)

is Gaussian and independent of (B(t0), . . . , B(tn)).
Stationarity can be deduced from that of the sequence of strains si, or

from computing the covariance EB0(t)B0(t′) for some t, t′ ∈ [0, 1] and recogniz-
ing this as a function of the difference t′ − t; recall that wide-sense stationarity
and stationarity are equivalent for Gaussian processes. The formula (4.26) is
obtained using Fubini’s theorem and calculus. �

Proposition 4.9. First note that the pair (t, t̂) is uniformly distributed over a
set (4.33) with cardinality (L + 2)(L − 1)/2, so that the event that t = 0 or
t̂ = 0 has probability O(L−1). On this event, r(x)r̂(x) = 0 (and so is bounded)
for all x. We may therefore condition on the event

(t, t̂) ∈ {(i, j) ∈ Z
2 : i ≥ 1, j ≥ 1, i + j < L} (A.59)

without changing the limiting distributional behavior of L−2r(u/L)r̂(u/L),
and we write the rest of the argument as if we had assumed that (t, t̂) were
uniform over (A.59) from the start.

Let us write
r′(x) = min{i ≥ 0 : Xi ≤ x}
r̂′(x) = min{j ≥ 0 : X̂j ≤ x} (A.60)

so that r(x) = r′(x) ∧ t and r̂(x) = r̂′(x) ∧ t̂. Note that r′(x) and r̂′(x) are
simply the hitting times for the respective random sequences and the set [0, x].
We claim that as L → ∞, for any fixed u ≥ 0 we have

(
r(u/L)

L
,
r̂(u/L)

L
,

t

L
,

t̂

L

)
d→ (ρ, ρ̂, τ, τ̂), (A.61)

where d→ indicates convergence in distribution; ρ, ρ̂, and the pair (τ, τ̂) are
independent; ρ, ρ̂ are exponential with rate u; and (τ, τ̂) is uniform over the
triangular region of the plain with vertices (0, 0), (1, 0), and (0, 1).
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To see this, observe first that r′(x) and r̂′(x) are conditionally indepen-
dent given the event r′(x) > 0. For any fixed u the probability that r′(u/L) = 0
tends to 0 as L → ∞ and

P

(
r′(u/L)

L
≤ q

)
=

�Lq	∑

n=0

(
1 − u

L

)n u

L
= 1 −

(
1 − u

L

)�Lq	+1

→ 1 − e−uq

(A.62)
pointwise for all q ≥ 0. That (t/L, t̂/L) converges distributionally to (τ, τ̂)
is immediate, since computing an expectation of any function of (t/L, t̂/L)
amounts to evaluating a Riemann sum over the indicated triangle. Finally, the
mapping (a, b, c, d) 
→ (a∧c, b∧d) is continuous, and distributional convergence
is preserved under continuous maps. The claim follows.

For fixed u we now write γ = ρ∧ τ and γ̂ = ρ̂∧ τ̂ , and consider the distri-
bution of γγ̂. Using the explicit forms of ρ, ρ̂, τ, τ̂ we find by a straightforward
computation that this has density

pu(s) =
∫ 1

0

dx

∫ 1−x

0

dy δ(s − xy)e−u(x+y)

× [2 + 4u(1 − x − y) + u2(1 − x − y)2
]
, (A.63)

where δ(·) is the Dirac delta. Carrying out next the integration over y, making
then a change of variable z = x + s/x in the remaining integral, and taking
care of the integration boundaries we obtain

pu(s) =
∫ 1

2
√

s

dz e−zu 4 + 8u(1 − z) + 2u2(1 − z)2

(z2 − 4s)1/2
, (A.64)

which is supported on [0, 1
4 ]. This is the formula claimed in (4.36). The mean

of this distribution (4.37) can then be computed using Fubini’s theorem and
some repeated integration by parts. �

Appendix B. Numerics

The avalanche algorithm for the toy model has a very fast numerical imple-
mentation which we now describe. For the threshold-to-threshold evolution, the
negative threshold configurations are generated following (4.8), and the ran-
dom permutation π from (4.13) is obtained. The evolution proceeds in units of
completed avalanches using Proposition 4.3 (iii) and the rank representation
of configurations, as outlined in the discussion following the proposition. We
therefore only have to keep track of the locations of the over- and underlines
which involves simple integer arithmetic. This implementation is fast, since
instead of individual jumps we deal with avalanches and the expected number
of avalanches occurring during threshold-to-threshold evolution turns out to
scale as ln L, which is what one expects, since a record breaking process under-
lies the evolution from negative to positive threshold. An explicit formula for
the distribution of the number of steps can be derived [49].

At the end of each avalanche we record various statistics, such as the
maximum of zi, the cumulative number of jumps that have occurred at a
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Figure 6. Numerical results for the expected cumulative
jump size P (X) vs. the reduced and rescaled force XL1/2 in
the toy model’s evolution to threshold, starting from flat ini-
tial conditions, m = 0. Colors refer to different system sizes
L, as indicated in the legend, with accompanying numbers of
realizations in parentheses. The dashed line indicates a power
law with exponent −3 (color figure online)

given site, and the size of the current avalanche. All numerical results presented
here were obtained without parallelization on single processors of an HP Z800
workstation. The longest run of about 262,000 realizations of a size L = 131,072
system took 4 h.

The control parameter for the approach to threshold is the difference
between the sample-dependent threshold force Fth and the current force F .
The appropriate analogue of this for the toy model is

X = max
i

zi − max
i

z+i = max
i

zi − ζπ(1), (B.1)

where the last equality follows from (4.15).
The values of X are recorded at the end of each avalanche. In the course

of threshold-to-threshold evolution, we obtain a decreasing sequence Xτ of
X values, where τ indexes the avalanches. If we want to obtain statistics for
a particular value x, the contributing avalanches τ are those which satisfy
Xτ ≤ x < Xτ−1. This is how the x-dependent avalanche size distributions and
their expectation values have been obtained in Figs. 4 and 5.

We have also simulated the evolution from a flat initial configuration,
m = 0, to positive threshold. The evolution proceeds again by avalanches
and Fig. 6 shows our numerical results. The curves for different system sizes
collapse for values of u = XL < 10 under the scaling of the axes as indicated
in the figure. The scaling of P with L−3/2 at u = 0 is in agreement with
the prediction following Corollary 4.8. The scaling of the abscissa as XL1/2

suggests that the correlation length ξ scales now as ξ ∼ X−2, as was discussed
in the Conclusion.



Vol. 16 (2015) Exact Toy Model for Dynamical Criticality 2877

References
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