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Natural Extensions of Electroweak
Geometry and Higgs Interactions

Daniel Canarutto

Abstract. We explore the possibility that the Higgs boson of the standard
model be actually a member of a larger family, by showing that a more
elaborate internal structure naturally arises from geometrical arguments,
in the context of a partly original handling of gauge fields which was
put forward in previous papers. A possible mechanism yielding the usual
Higgs potential is proposed. New types of point interactions, arising in
particular from two-spinor index contractions, are shown to be allowed.

Introduction

The standard model does not fix all the properties of the Higgs boson, nor
does experiment. Accordingly, various extensions and variations of the exist-
ing theory have been explored [1–10]. Recent results give us hope that fresh
experimental evidence may allow finer discrimination among physical theories.

In this paper we will undertake a further exploration and show that
a possible larger internal structure of electroweak geometry naturally arises
from geometrical arguments, in the context of a partly original handling of
gauge fields which was described in previous papers [15,17]. We start from the
observation that a matter field, in classical field theory, is described as a section
of some bundle over spacetime, while a gauge field is a connection of that
bundle. Now a linear connection, possibly preserving some fibered algebraic
structure, can also be seen as a section of a finite-dimensional bundle, but not
of a vector bundle. A field to be quantised, however, must be a section of a
vector bundle, as one obtains the related quantum bundle via tensor product
by a certain (infinite dimensional) Z2-graded algebra [19]; the need for gauge
fixing can be viewed as stemming from this difficulty.

This author’s views about such issues tend towards a somewhat radi-
cal ansatz1 of the kind ‘the system defines the geometry’. As a provisional,

1 Described in a short essay [16] partly inspired by ideas of Penrose [21].
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middle-of-the-way attitude, here we explore an approach in which all integer-
spin bundles arise as tensor products of half-spin bundles, and interactions
are described by fiber contractions, possibly in all allowed ways. The underly-
ing idea is that the various tensor factors could be seen as roughly analog to
‘chemical bonds’. Accordingly, we view gauge fields and connections as different
though related notions, and regard connections as background ‘macroscopic’
structures, on the same footing of fields describing a fixed gravitational back-
ground. The relation between gauge fields and connections depends on gauge
freedom, which can be seen to arise in a natural way from the geometry of
two-spinors (Weyl spinors). This point of view allows new interactions to be
considered, which in general do not preserve gauge symmetry in a strict sense;
gauge symmetry is still preserved, however, by the standard interactions.

The above said procedure for producing integer-spin sectors actually
turns out to yield all the sectors of the standard electroweak theory, and some
more. One may object that the Standard Model looks already sufficiently com-
plicated as it is; only experiment, however, can eventually tell us what to drop.
In particular, we will see that one new sector is involved in a proposed mecha-
nism for recovering the Higgs potential, which is usually inserted ‘by hand’; we
suggest that this mechanism is related to the question of ‘breaking of dilatonic
symmetry’.

We also exhibit various further interactions, related to 2-spinor geometry,
in the context of an extended Higgs sector which arises again from our general
procedure. Indeed, 2-spinors can be regarded as fundamental building blocks,
rather than just the basis of a useful formalism.

1. A Geometric Setting for Gauge Field Theories

1.1. Remarks about Classical and Quantum Gauge Theories

We begin by expanding some of the preliminary observations made in the
introduction. A ‘matter field’ in a classical field theory is a section of a vector
bundle E � M over the spacetime manifold M . Linear connections can be
seen as sections of an affine bundle Γ � M . Actually, denoting by JE � E
the first jet bundle, we find that Γ ⊂ JE ⊗M E∗ � M is the affine sub-
bundle projecting over the identity 1E . Its derived vector bundle (the bundle
of ‘differences of linear connections’) is DΓ = T∗M ⊗M EndE.

Symmetries in such theories are usually treated in terms of matrix groups
and principal bundles. Let me propose a somewhat different (though eventually
equivalent) description. First, note that EndE ∼= E ⊗M E∗ has the sub-bundle
AutE over M whose fibers are the groups of all fiber automorphisms (i.e.,
invertible endomorphisms), and that the fibers of EndE, with the product
given by the ordinary commutator, are the Lie algebras of the fibers of AutE.
Now suppose that the fibers of E are smoothly endowed with some algebraic
structure; this selects the sub-bundle G ⊂ AutE whose fibers are constituted
by all automorphisms which preserve that structure. This is a possibly non-
trivial Lie group bundle, whose Lie algebra bundle is a sub-bundle L ⊂ EndE.
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If we restrict ourselves to consider connections which make the fiber struc-
ture covariantly constant, then the difference of any two such connections is
L-valued. Accordingly, such a connection is a section of an affine sub-bundle
Γ

G
⊂ Γ, whose derived vector bundle is DΓ

G
= T∗M ⊗M L. Locally, we recover

the usual matrix formalism by fixing any special frame of E, that is a frame
which is ‘adapted’ to the fiber structure.

The basic example is that when E is a complex vector bundle with a
Hermitian scalar product in the fibers; then the fibers of L are constituted
by all anti-Hermitian endomorphisms, and the special frames apt to simplify
calculations are the orthonormal frames. Another important case is that of
spinor bundles [14]; in the Dirac bundle, in particular, one uses Weyl and
Dirac frames. Similar considerations can be made about the related bundle
H � M , introduced in Sect. 1.2, whose fibers are naturally endowed with a
Minkowskian structure, as well as about the tangent bundle TM .

As a previous paper [19] discussed to some extent, one can only quan-
tise classical fields which are sections of a vector bundle, since the procedure
requires constructing a new ‘quantum bundle’ obtained from the classical bun-
dle by tensorializing its fibers by a certain ‘operator space’ O (a Z2-graded
infinite-dimensional algebra). Hence, one resorts to gauge fixing, namely the
local choice of a flat connection γ0; any other connection γ is then characterized
by the difference α ≡ γ − γ0 : M → T∗M ⊗M L.

According to the standard procedure, one derives particle interactions
from the various terms in the Lagrangian density of the theory under consid-
eration. In momentum formulation one directly recovers the interactions by
replacing the curvature tensor of γ with the “curvature-like” tensor

ρ[α] := i p∧ α + α � α,

where p is the gauge boson’s momentum and the notation α � β stands for
exterior product of L-valued forms together with composition (if α and β are
L-valued 1-forms then (α � β) i

ab = ci
jkα j

a β k
b where ci

jk ≡ [lj , lk]i are the
‘structure constants’ in the chosen special frame

(
li
)

of L). We observe that
the replacement α → p⊗ χ+α, with χ : M → L, preserves ρ(α). Moreover by
examining point interactions in terms of 2-spinors [18] one can show that such
replacement does not affect scattering matrix calculations. Hence, the physical
meaning of the gauge field is encoded in its equivalence class, α and α′ being
equivalent if their difference is of the kind p⊗ χ.

On the other hand, a particle’s momentum is strictly related to its spin,
so in a sense (to be made more precise) we may see it as an ‘internal’ prop-
erty, thus inviting us to view all possible particle interactions as dictated by
contractions among tensor factors in the fibers. Indeed, the Lagrangian den-
sity itself is essentially dictated by the underlying bundle geometry; viewing
the ‘chemical bond’ approach as fundamental, we are encouraged to take all
contractions into account. Eventually, of course, we will be able to include
all of them in a suitable extension of the usual Lagrangian. Furthermore, the
possible arrangements of involved tensor factors may yield natural extensions
of the usually considered sectors.
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The role of a classical connection, in the above sketched scheme, may
be thought of as that of a background macroscopic structure, analogous to
gravity.

1.2. Two-spinors and Einstein–Cartan–Maxwell–Dirac Field Theory

A partly original approach to 2-spinors, discussed in previous papers [11,12,
14], turns out to be convenient for an integrated treatment of classical Einstein–
Cartan–Maxwell–Dirac fields starting from minimal geometric assumptions.
We first summarize the basic algebraic results.

If V is a complex vector space and V is its conjugate space, then Her-
mitian transposition is a natural anti-linear involution of V ⊗V , which can be
decomposed into the direct sum of its Hermitian and anti-Hermitian real sub-
spaces. Starting from a 2-dimensional complex vector space S, with no further
assumption, one gets a rich algebraic structure:
• The Hermitian subspace of ∧2S ⊗∧2S is a real 1-dimensional vector

space with a distinguished orientation; its positively oriented semispace
L
2 (whose elements are of the type w ⊗ w̄, w ∈ ∧2S) has the square root

semispace L, which can be identified with the space of length units.2

• The 2-spinor space is defined to be U := L
−1/2 ⊗S. The space ∧2U is

naturally endowed with a Hermitian metric, namely the identity element
in3

H[(∧2U�)⊗ (∧2U�)] ∼= L
2 ⊗ H[(∧2S�)⊗ (∧2S�)],

so that normalized ‘symplectic forms’ ε ∈ ∧2U� constitute a U(1)-space4

(any two of them are related by a phase factor). Each ε yields the isomor-
phism ε� : U → U� : u 	→ u� := ε(u, ).

• The identity element in H[(∧2U�)⊗ (∧2U�)] can be written as ε⊗ ε̄ where
ε ∈ ∧2U� is any normalized element. This natural object can also be seen
as a bilinear form g on U ⊗U , via the rule g(u ⊗ v̄, r ⊗ s̄) = ε(u, r) ε̄(v̄, s̄)
extended by linearity. Its restriction to the Hermitian subspace H ≡
H(U ⊗U) turns out to be a Lorentz metric. Null elements in H are of
the form ±u ⊗ ū with u ∈ U (thus there is a distinguished time orienta-
tion in H).

• Let W ≡ U ⊕ U�. The linear map γ : U ⊗U → End(W ) : y 	→ γ(y)
characterized by

γ̃(r ⊗ s̄)(u, χ) =
√

2
(〈χ, s̄〉 r, 〈r�, u〉 s̄�

)

is well-defined independently of the choice of the normalized ε ∈ ∧2U�

yielding the isomorphism ε�. Its restriction to H turns out to be a Clif-
ford map. Thus one is led to regard W ≡ U ⊕ U� as the space of

2 For a review of unit spaces see e.g., [12,17,20].
3 We distinguish between the complex dual, indicated by the symbol �, and the real dual,
indicated by a regular asterisk ∗.
4 Differently from the usual 2-spinor formalism, no symplectic form is held fixed. Also note
that no Hermitian form on S or U is assigned; actually, because of the Lorentz structure
of H (below), the choice of such an object turns out to be equivalent to the choice of an
‘observer’.
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Dirac spinors, decomposed into its Weyl subspaces. The anti-isomorphism
W → W� : (u, χ) 	→ (χ̄, ū) is the usual Dirac adjunction (ψ 	→ ψ̄ in tradi-
tional notation), associated with a Hermitian product having the signature
(+,+,−,−).

We now consider a complex vector bundle S � M with 2-dimensional
fibers. By performing the above sketched constructions fiberwise we obtain
various vector bundles, which are denoted, for simplicity, by the same sym-
bols. We observe that some appropriate topological restrictions are implicit in
what follows; we will assume the needed hypotheses to hold without further
comment.

A linear connection �Γ on S determines linear connections on the associ-
ated bundles, and, in particular, connections G of L, X of ∧2U and Γ̃ of H;
on turn, it can be expressed in terms of these as

�Γ A

a B = (Ga + iXa)δA

B + 1
2 Γ̃ AȦ

a BȦ

(dotted indices refer to components in conjugate spaces).
If M is 4-dimensional, then a tetrad (or a soldering form) is defined to

be a linear morphism Θ : TM → L ⊗H. An invertible tetrad determines, by
pull back, a Lorentz metric on M and a metric connection of TM � M , as
well as a Dirac morphism TM → L ⊗ EndW .

A non-singular field theory in the above geometric environment can be
naturally formulated [11] even if Θ is not required to be invertible everywhere.
If the invertibility requirement is satisfied then one gets essentially the stan-
dard Einstein–Cartan–Maxwell–Dirac theory, but with some redefinition of
the fundamental fields: these are now the 2-spinor connection �Γ, the tetrad Θ,
the Maxwell field F and the Dirac field ψ : M → L

−3/2 ⊗W . Gravitation is
represented by Θ and Γ̃ together. G is assumed to have vanishing curvature,
dG = 0, so that we can find local charts such that Ga = 0 this amounts to
‘gauging away’ the conformal ‘dilaton’ symmetry. Coupling constants arise as
covariantly constants sections of L

r (r rational). One then writes a natural
Lagrangian which yields all the field equations: the Einstein equation and the
equation for torsion; the equation F = 2dX, whence dF = 0 (thus X is essen-
tially the electromagnetic potential), and the other Maxwell equation; finally,
one gets the Dirac equation [12].

1.3. On Gauge Freedom in QED

We work in a context where the gravitational field is treated as a fixed back-
ground structure; this means that the tetrad Θ and the gravitational part of
the spin connection are fixed (rather than ‘field variables’). If no confusion
arises, using Θ we make the identification TM ∼= L ⊗H, and view 1-forms of
M as scaled sections M → L

−1 ⊗H∗.
Besides the Weyl decomposition, in QED one needs the Dirac decom-

position. Consider the sub-bundle Pm ⊂ T∗M over M whose fibers are the
future hyperboloids (‘mass-shells’) corresponding to mass m ∈ {0} ∪ L

−1. If
p ∈ (Pm)x, x ∈ M , then we have
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Wx = W+
p ⊕ W−

p , W±
p := Ker(γ[p#] ∓ m),

where p# ≡ g#(p) ∈ L
−2 ⊗ TM is the contravariant form of p. Thus we

obtain 2-fibered bundles W±
m � Pm � M , called the electron bundle and the

positron bundle, where

W±
m :=

⊔

p∈Pm

W±
p ⊂ Pm ×

M

W .

This splitting has an interesting two-spinor description [14]. If ψ ≡ (u, λ̄) ∈ W
then

τ ≡ 1√
2 |〈λ,u〉| (u ⊗ ū + λ# ⊗ λ̄#) ∈ H

is a unit future-pointing time-like vector (here λ# ≡ ε#(λ) where ε# is the
inverse isomorphism of ε�, see Sect. 1.2). By a straightforward calculation one
sees that γ[τ ]ψ = ±ψ if and only if 〈λ, u〉 ∈ R

±. Conversely, it can be proved
that if τ ′ ∈ H is such that γ[τ ′]ψ = ±ψ, then necessarily τ ′ = τ . It follows
that internal states of free electrons and positrons carry the full information
about their momenta.

The interaction between the Dirac field and the e.m. potential can be
deduced from the Dirac Lagrangian by writing X = eA, where A is a true 1-
form, via the choice of an e.m. gauge. Somewhat differently we can see the inter-
action as directly deriving from the underlying geometric structure, namely as
the natural contraction

�int : W ⊗H ⊗W → C : (ψ̄, A, ψ′) 	→ −e 〈ψ̄, γ[A]ψ′〉.
We can also see �int as a tensor field M → W� ⊗H∗ ⊗W�. From this, using
the algebraic structures of the fibers of the involved bundles, we can obtain
eight tensor fields of different index types; these correspond to different combi-
nations of particle absorption and emission, respectively, represented by covari-
ant and contravariant indices.

In two-spinor terms, if ψ = (v, μ̄) and ψ′ = (u, λ̄) we get

〈ψ̄, γ[r ⊗ s̄]ψ′〉 =
√

2
(〈μ, r〉 〈λ̄, s̄〉 + ε(u, r) ε̄(v̄, s̄)

)

≡
√

2 g
(
r ⊗ s̄ , u ⊗ v̄ + μ# ⊗ λ̄#

)
,

hence, in general 〈ψ̄, γ[A]ψ′〉 =
√

2 g
(
A#, u ⊗ v̄ + μ# ⊗ λ̄#

)
. The kernel of the

map

〈ψ̄, γ[ ]ψ′〉 : C ⊗H∗ → C : A 	→ 〈ψ̄, γ[A]ψ′〉
is then constituted by all covectors orthogonal to

u ⊗ v̄ + μ# ⊗ λ̄# ∈ U ⊗U = C ⊗H.

By 2-spinor algebra calculations [18] one then checks that the interaction
is unaffected by adding the algebraic sum of the interacting fermions’ momenta
to the internal photon state. As observed in Sect. 1.1, from a certain point of
view this fact can be seen as the basis of gauge freedom. Furthermore, the
above argument is easily extended to non-abelian theories in the setting we
are going to describe.
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1.4. Two-spinors and Non-abelian Gauge Theories

We generalize the fermion bundle of electrodynamics (Sects. 1.2, 1.3) by allow-
ing an extended fiber structure which may violate the symmetry between right-
handed and left-handed sectors. The new fermion bundle Y � M is given
by

Y ≡ YR ⊕ YL ≡ (FR ⊗U) ⊕ (FL ⊗U�),

where FR � M and FL � M are complex vector bundles (describing the
internal fermion structure besides spin) endowed with fibered Hermitian struc-
tures.

According to our view (Sects. 1.1), particle interactions should be related
to contractions in the fibers; we assume that the fundamental bosons, rather
than being directly derived from connections of the fermion bundle sectors, are
described as sections of vector bundles arising from expanding Y ⊗Y , namely

Y ⊗Y ∼= (YR ⊗YR) ⊕ (YL ⊗YL) ⊕ (YR ⊗YL) ⊕ (YL ⊗YR)
∼= (FR ⊗FR ⊗U ⊗U) ⊕ (FL ⊗FL ⊗U� ⊗U�)

⊕ (FR ⊗FL ⊗U ⊗U�) (FL ⊗FR ⊗U� ⊗U).

The standard electroweak interactions will be seen (Sect. 2.1) to arise naturally
from this scheme.

Next we observe that the Hermitian structures of FR and FL determine
fibered isomorphisms FR

∼= F�
R and FL

∼= F�
L , and by definition we have

U ⊗U ∼= C ⊗H , U� ⊗U� ∼= C ⊗H∗.

Furthermore, the Lorentz metric yields the isomorphism H ↔ H∗, and the
tetrad Θ yields the scaled isomorphism H∗ ↔ L ⊗ T∗M . Hence, after rear-
ranging the order of some tensor factors, sections M → L

−1 ⊗YR ⊗YR and
M → L

−1 ⊗YL ⊗YL can be seen as fields

M → T∗M ⊗FR ⊗F�
R

∼= T∗M ⊗ EndFR,

M → T∗M ⊗FL ⊗F�
L

∼= T∗M ⊗ EndFL,

respectively, and are obvious candidates for the role of gauge fields provided we
restrict the targets to T∗M ⊗LR and T∗M ⊗LL, where LR ⊂ EndFR and LL ⊂
EndFL are the sub-bundles constituted by anti-Hermitian endomorphisms.

The case of sections

M → YR ⊗YL
∼= FR ⊗FL ⊗U ⊗U�, M → YL ⊗YR

∼= FL ⊗FR ⊗U� ⊗U

is somewhat different. We have

U ⊗U� ∼= EndU , U� ⊗U ∼= EndU ,

so that we can consider, in particular, those sections which are proportional
to the identity of U or U ; the Higgs field of the electroweak theory can be
seen to arise exactly in this way (Sect. 2.1). Further possibilities arise from
considering all fibered tensor products between any two of the bundles Y ,
Y , Y � and Y �, though of course various isomorphisms limit the number of
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independent cases. If we follow this thread, eventually we may have to deal
with several more particle types and interactions than would be implied by a
näıf application of “quantization rules” based on the underlying classical field
structure, in which the fundamental bosons are derived from a connection. In
particular, from Y ⊗Y � and Y ⊗Y � we get sectors

EndFR ⊗ EndU , EndFL ⊗ EndU , EndFR ⊗ EndU , EndFL ⊗ EndU ,

whose sub-bundles proportional to 1U and 1U can play the role of ghost and
anti-ghost bundles.

Summarizing, we can identify sections of the above said sectors as follows:
• the matter field is a section Ψ ≡ (ΨR, ΨL) : M → Y ≡ YR ⊕ YL;
• gauge fields are sections AR : M → T∗M ⊗LR and AL : M → T∗M ⊗LL;
• the extended Higgs and anti-Higgs fields are sections

Φ : M → FL ⊗F�
R ⊗ EndU , Φ̄ : M → FR ⊗F�

L ⊗ EndU ;

in the sub-sectors proportional to the identity we write Φ ≡ φ⊗1U and
Φ̄ ≡ φ̄⊗1U , with φ and φ̄ playing the role of the usual Higgs and anti-Higgs
fields

• ghosts are sections ωR : M → LR and ωL : M → LL;
• anti-ghosts are sections �R : M → L∗

R and �L : M → L∗
L.

Ghosts and anti-ghosts precisely describe the notion of “infinitesimal gauge
transformations”. They are mutually independent fields, as one sees at once
from the different ways in which they appear in the ghost Lagrangian [19], the
natural isomorphisms L ∼= L∗ notwithstanding.

We could also consider extensions of ghost and anti-ghosts similar to the
extensions introduced in the case of Higgs fields. Then we would see the above
as the particular cases ωL ⊗1 and the like.

Finally, we note that in actual theories one considers scaled fields
(Sect. 2).

Remark. While we have isomorphisms F�
R

∼= FR and F�
R

∼= FR, the 2-spinor
bundle U is not endowed with an analogous structure. Hence, Y �

� Y .

1.5. Symmetry Breaking

As an added feature of the underlying geometric structure we consider a fixed
section

H0 : M → FL ⊗F�
R ,

called the “vacuum value” of the Higgs field. This determines a splitting

FL = F ′
R ⊕

M

F⊥
R , F ′

R ≡ H0(FR).

Let us assume that H0 is of maximal rank dimFR, namely that FR is isomorphic
to its image F ′

R ≡ H0(FR) ⊂ FL. Then the fermion field can be decomposed as

Ψ ≡ (ΨR, ΨL) = (ΨR, Ψ′
R, Ψ⊥

R) ≡ (ψ, ν),

ψ ≡ (ΨR, Ψ′
R) : M → (FR ⊗U) ⊕ (F ′

R ⊗U�) ∼= FR ⊗W ,

ν ≡ Ψ⊥
R : M → F ′

R ⊗U� ⊂ FL ⊗U� .
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It is also natural to assume that H0 has the further property of being
conformally isometric, namely

hL ◦ (H̄0, H0) =
μ2

dimFR

hR, μ ∈ R,

where hL : M → F�
L ⊗F�

L and hR : M → F�
R ⊗F�

R denote the Hermitian
metrics of FR and FL. We note that this condition implies 〈H̄0, H0〉 = μ2, so
that H0 is a minimum of the “Higgs potential” λ (2μ2 〈φ̄, φ〉−〈φ̄, φ〉2), λ ∈ R

+.
The H0-splitting of FL, together with the metric hL, yields a splitting

F�
L = F ′

R
� ⊕ F⊥�

R , so that

LL ⊂ EndFL = (F ′
R ⊕ F⊥

R )⊗ (F ′
R� ⊕ F⊥�

R )

= (F ′
R ⊗F ′

R�) ⊕ (F⊥
R ⊗F ′

R�) ⊕ (F ′
R ⊗F⊥�

R ) ⊕ (F⊥
R ⊗F⊥�

R ).

Now consider the decomposition of any ξ ∈ LL as

ξ = ξ′ + ξ+ + ξ− + ξ⊥ ∈ L′
R ⊕ L+

R ⊕ L−
R ⊕ L⊥

R ,

where

L′
R = u(F ′

R) ⊂ F ′
R ⊗F ′�

R , L⊥
R = u(F⊥

R ) ⊂ F⊥
R ⊗F⊥�

R ,

L+
R ≡ F⊥

R ⊗F ′�
R , L−

R ≡ F ′
R ⊗F⊥�

R .

We easily realize that L+
R and L−

R are anti-isomorphic by Hermitian adjunction,
and any ξ ∈ LL (being anti-Hermitian) fulfills (ξ−)† = −ξ+. Hence, we get a
splitting

LL
∼= L′

R ⊕ L+
R ⊕ L⊥

R
∼= L′

R ⊕ L−
R ⊕ L⊥

R .

Accordingly, symmetry breaking yields decompositions of the left sector
gauge field, and of the ghost and anti-ghost sectors.

2. Extended Electroweak Geometry and Fields

2.1. Standard Electroweak Geometry Revisited

Electroweak geometry can be seen [15] as a specialization of the scheme pre-
sented in Sect. 1.4, where FR and FL are both constructed from one main
ingredient: a complex vector bundle I → M , called the isospin bundle, whose
2-dimensional fibers are endowed with a Hermitian metric h. Namely we set
FR ≡ ∧2I and FL ≡ I, so that the fermion bundle is

Y ≡ YR ⊕ YL ≡ (∧2I ⊗U
) ⊕ (

I ⊗U�)
.

With respect to said general scheme we will now consider scaled fields:
the fermion field

Ψ ≡ ΨR + ΨL : M → L
−3/2 ⊗ (YR ⊕YL),

gauge fields

X ≡ AR : M → L
−1 ⊗H∗ ⊗LR, W ≡ AL : M → L

−1 ⊗H∗ ⊗LL,

LR ⊂ ∧2I ⊗∧2I�, LL ⊂ I ⊗ I�,
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and the Higgs and anti-Higgs fields

φ : M → L
−1 ⊗∧2I ⊗ I ∼= L

−1 ⊗ I ⊗∧2I�,

φ̄ : M → L
−1 ⊗∧2I ⊗ I ∼= L

−1 ⊗∧2I ⊗ I�.

Remark. In the usual presentations of the electroweak theory the left and right
sectors are linked through a “charge formula” which, in practice, determines
the relation between the covariant derivatives in these sectors. This relation
can be exactly recovered by the assumption FR ≡ ∧2I,FL ≡ I, if we use the
connection of ∧2I naturally determined by the connection of I. As for the rela-
tion between the fields X and W above, we note that the Hermitian metric of
I determines the Hermitian metric of ∧2I, and any anti-Hermitian endomor-
phism Ξ of I determines an anti-Hermitian endomorphism Ξ̂ of ∧2I. Hence,
we may consider, in particular, gauge fields such that AR ≡ ÂL. Furthermore,
we note that the fibers of LR are isomorphic to iR, because the fibers of ∧2I
are 1 dimensional.

Let
(
ξα

)
, α = 1, 2, be an h-orthonormal local frame of I � M (isospin

frame), and
(
ξα

)
its dual frame. We have the induced frames ξ̂ ≡ ξ1 ∧ ξ2 of

FR
∼= ∧2I, ξ̂∗ ≡ ξ1 ∧ ξ2 of ∧2I�, and

(
ιμ

) ≡ (
σ α

μ β ξα ⊗ ξβ
)

of iLL, where
(
σμ

)
are the Pauli matrices. Accordingly, we write the fields’

coordinate expressions as5

Ψ = ΨA ξ̂ ⊗ ζA + Ψα
Ȧ ξα ⊗ ζ̄Ȧ,

X = i q Xλ τλ, W = i
2 q Wμ

λ ιμ ⊗ τλ, q ∈ R
+,

φ = φα ξα ⊗ ξ̂∗, φ̄ = φα ξ̂ ⊗ ξα,

where
(
ζA

)
and

(
τλ

)
are a two-spinor frame and the related Pauli frame (Sect.

1.2). The scaling is carried by the field’s components. Note that the condition
X = Ŵ reads Xλ = W 0

λ . Furthermore, note that Wμ
λ ιμ is Hermitian, as W is

anti-Hermitian valued by definition.

2.2. EW Symmetry Breaking and Standard Higgs Interactions

The special section H0 : M → L
−1 ⊗ I ⊗∧2I� is a minimum of the ‘Higgs

potential’

V [φ] := λ (2m2 〈φ̄, φ〉 − 〈φ̄, φ〉2),
with m ∈ L

−1 and λ ∈ R
+. This determines an h-orthogonal decomposition

I = I1 ⊕ I2 characterized by H0 : M → L
−1 ⊗ I1 ⊗∧2I�. We can choose the

h-orthonormal isospin frame
(
ξα

)
in such a way that H0 = mξ1 ⊗ ξ̂∗. Then we

write the coordinate expressions

5 The constant q is useful for a closer comparison with the formulas found in the literature,
where it is usually denoted as g.
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φ = (m + H + iφ0) ξ1 ⊗ ξ̂∗ + φ+ ξ2 ⊗ ξ̂∗,

φ̄ = (m + H − iφ0) ξ̂ ⊗ ξ1 + φ− ξ̂ ⊗ ξ2 , φ− ≡ φ+ ,

where the Higgs ghosts φ0 and φ± are, respectively, real and complex.
We will use the shorthand E ≡ End I ∼= I ⊗ I�. Symmetry breaking,

together with the choice of a new constant θ ∈ (0, π/2) (the Weinberg angle),
determines the decomposition E = E′ ⊕ E′′ ⊕ E+ ⊕ E−, where

E′ ≡ I1 ⊗ I�
1 , E+ ≡ I2 ⊗ I�

1 , E− ≡ I1 ⊗ I�
2 ,

and E′′ ⊂ (I1 ⊗ I�
1 ) ⊕ (I2 ⊗ I�

2 ) is generated by

e′′ ≡ − sin θ tan θ ι0 + cos θ ι3 = sec θ
[
cos(2θ) ξ1 ⊗ ξ1 − ξ2 ⊗ ξ2

]
.

Together with e′′, the sections

e′ ≡ − sin θ (ι0 + ι3) = −2 sin θ ξ1 ⊗ ξ1,

e+ ≡ 1√
2 (ι1 − i ι2) =

√
2 ξ2 ⊗ ξ1, e− ≡ 1√

2 (ι1 + i ι2) =
√

2 ξ1 ⊗ ξ2,

constitute a (not orthogonal) frame of E adapted to the above splitting. We
then write the gauge field in the left-handed sector as W = i

2 q τλ ⊗ Wλ with

W = i
2 q τλ ⊗ (

Wμ
λ ιμ

)
= i

2 q τλ ⊗ (
Aλ e′ + Zλ e′′ + W+

λ e+ + W−
λ e−)

.

A Fermion field splits as Ψ ≡ ΨR + Ψ′
R + Ψ⊥

R ≡ ψ + ν;ψ ≡ ΨR + Ψ′
R is

the electron field and ν ≡ Ψ⊥
R is the neutrino.

The standard procedure for determining the interactions consists in view-
ing gauge fields as connections, and examining a Lagrangian density writ-
ten in terms of curvature tensors and covariant derivatives of the matter
fields. The Higgs field interacts with the fermion field through the term
−(〈Ψ̄L φ ΨR〉 + 〈Ψ̄R φ̄ ΨL〉)√

|g| d4x; its interactions with the gauge fields and
itself are extracted from the ‘Higgs Lagrangian’ Lφ = �φ d4x, where

�φ =
(
gλμ ∇λφ̄α ∇μφα + V [φ]

) |det g|1/2.

Here g is the spacetime metric, and ∇φ must be intended as covariant deriv-
ative with respect to a connection Γ0 + W where the ‘gauge’ Γ0 is a locally
chosen flat connection (Sect. 1.1). We get ∇φ = ∇λφα dxλ ⊗ ξα ⊗ ξ̂∗ with

∇λφ1 = ∂λH + i ∂λφ0 − i
2 q sec θ (m + H + iφ0)Zλ − i√

2 q φ+ W−
λ ,

∇λφ2 = ∂λφ+ − i sin θ q φ+ Aλ + i
2 sec θ cos(2θ) q φ+ Zλ

− i√
2 q (m + H + iφ0)W+

λ .

Let us now make the replacements ∂λH → i pλ H and the like, where p is the
appropriate 4-momentum. Then from �φ we indeed get the standard Higgs
interactions as listed for example in Veltman [22], Appendix E.2 (allow for dif-
ferent conventions). Similarly, we can recover all interactions of the electroweak
theory [15].
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2.3. Further Scalar Invariants from Higgs geometry

Accepting the idea about gauge fields discussed in Sect. 1.1, and treating the
gauge fields of electroweak theory as sections M → H∗ ⊗ I ⊗ I� rather than
connections of I � M , we find several more scalars and, consequently, point
interactions, than are derived from the usual Lagrangian. The full gauge invari-
ance of the Lagrangian is broken by such terms, but is preserved by fermion
interactions, which, at least in the standard theory, determine the relation
between gauge fields and connections. Speculating further, a possible breaking
of the bond between gauge field and classical connection, in the extended the-
ory, would not be necessarily to rule out, and could have interesting physical
consequences, though of course various issues could arise in this scenario, in
particular with regard to renormalization.6

Consider the tensor field W ⊗W ⊗φ⊗ φ̄, which has the component
expression7

W α
λ α′ W β

μ β′ φγ φ̄γ′ .

Hence, the contraction

I1 ≡ gλμ W α
λ α′ W β

μ α φα′
φ̄β

is now an invariant (and also a term in �φ). Since we view W as an uncon-
strained tensor field, we can obtain more scalars by isospin index permutations
in I1. Explicit calculations show that there are only three distinct such scalars,
namely

gλμ W α
λ α′ W β

μ β φα′
φ̄α, gλμ W α

λ α W β
μ β φγ φ̄γ , gλμ W α

λ β W β
μ α φγ φ̄γ ,

which we denote, respectively, as I2, I3 and I4 (for brevity we do not write
down their explicit expressions). Moreover they are not all independent, as a
straightforward calculations yields

2 I1 − 2 I2 + I3 − I4 = 0.

We obtain still more invariants by considering the complex ‘symplectic’
structure in the fibers of I, analogous to the 2-form ε considered (Sect. 1.2)
for the 2-spinor bundle, and denoted here, for simplicity, by the same symbol.
We find three distinct invariants, namely

J1 ≡ gλμεαβ εα′β′
W α

λ α′ W β
μ β′ φγ φ̄γ ,

J2 ≡ gλμεαγ εα′γ′
W α

λ α′ W β
λ β φγ φ̄γ′ ,

J3 ≡ gλμεαγ εβ′γ′
W α

λ β W β
λ β′ φγ φ̄γ′ .

These turn out to be not all independent, too, as we find

J1 − 2J2 + 2J3 = 0.

6 For a deeper examination of the physical consequences one may also consider possible
extensions of the ghost Lagrangian, for example by adding terms such as one obtains by
various contractions of quantities of the type ω ⊗ � ⊗ φ ⊗ φ̄.
7 Since iW is Hermitian valued, W and W̄ can be seen, in practice, as the same field. In this
expression primed indices are just regular isospin indices: the primes allow us not to use too
many greek characters.
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By a careful examination one can also show that there is no further non-
trivial vanishing linear combination

∑
i xi Ii +

∑
j yj Jj .

2.4. Higgs Potential Revisited

Recalling Sects. 1.4 and 2.1 we see how the sectors of standard electroweak
geometry can be recovered as sectors of Y ⊗Y . Following our point of view
we now look for further sectors by considering Y ⊗Y �. Besides ghost and
anti-ghost sector, we also find

FL ⊗F�
R ⊗U� ⊗U� ≡ FL ⊗F�

R ⊗H∗.

In the electroweak case we then consider fields

Ω : M → I ⊗ ∧2I� ⊗H∗ , Ω̄ : M → ∧2I ⊗ I� ⊗H∗.

Note how these are analogous to the Higgs field in that they mix the right-
handed and left-handed sectors, but they are actually spin-1 fields. As usual
we denote 2-spinor indices by Latin capitals, and conjugated indices as dotted
indices, so that the above fields’ components are written as Ωα

AȦ
and Ω̄αAȦ, or

as Ωα
λ and Ω̄αλ when we use spacetime indices λ, μ ... We remark that, even

if the components have three indices, these actually represent particles with
four ‘chemical bonds’, the fourth being related to the 1-dimensional fiber type
of ∧2I.

We now aim at seeing in which ways, from these fields, one can form
scalars that can be possibly added to the total Lagrangian. Our first obser-
vation is that if m ∈ L

−1 then m (Ω, Ω̄) can be seen, via the tetrad, as a
1-form valued into the endomorphisms of FR ⊕M FL ≡ ∧2I ⊕M I, as well as
(AR, AL). Hence, we may use m (Ω, Ω̄) to modify the covariant derivative of
the Higgs field in the Higgs Lagrangian gλμ ∇λφ̄α ∇μφα, obtaining non-kinetic
terms such as −m2 gλμ φ̄α φβ Ω̄βλ Ωα

μ and −m2 gλμ φ̄α φα Ω̄βλ Ωβ
μ. However, we

wish to explore the various possibilities a little more systematically, begin-
ning with considering isospin and spacetime index contractions (later we will
enlarge our list by considering 2-spinor index contractions). Furthermore we
will consider the possibility that Ω be either of bosonic type or of fermionic
type; actually, though the usual Lagrangians are essentially unchanged when
one assumes the fields to be valued into the Z2-graded operator algebra, the
situation we are exploring may turn out to be slightly more intricate in some
cases.

We use the shorthands

M β
λμα ≡ m2 Ω̄λα Ω β

μ , Mλμ ≡ M α
λμα ,

M β
α ≡ gλμ M β

λμα , M ≡ M α
α = gλμ Mλμ,

and note that

M β
λμα M α

νρβ = ±M α
λρα M β

νμβ ≡ ±Mλρ Mνμ
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(the minus signs holds if Ω and Ω̄ are fermion fields). Considering all possi-
ble contractions we essentially obtain five distinct scalars containing four Ω
factors:8

S1 ≡ gλμ gνρ Mλμ Mνρ ≡ M2,

S2 ≡ gλν gμρ Mλμ Mνρ,

S3 ≡ gλρ gμν Mλμ Mνρ,

S4 ≡ gλμ gνρ εαα′
εββ′ M β

λμα M β′
νρα′ ,

S5 ≡ gλν gμρ εαα′
εββ′ M β

λμα M β′
νρα′ .

Here we used again (see Sect. 2.3) the isospin “symplectic” form ε, which is
unique up to a phase factor so that εαα′

εββ′ is independent of it.
By a straightforward calculation we find the identity

S1 ∓ S3 − S4 = 0.

We also find that S5 vanishes in the bosonic case, but not in the fermionic
case, in which one has the further identity

2S2 − S5 = 0.

It is interesting to observe that in the fermionic case there are vanishing
combinations of the five terms Si, with integer coefficients all different from
zero. The simplest such combinations are

S1 + S3 − S4 ± (2S2 − S5),

and one finds more combinations by allowing greater coefficients. In other
terms, we could have a theory in which the potentials of all point self-
interactions of Ω sum up to zero. Extending our speculations we may suppose
that this situation triggers a symmetry breaking mechanism in which some
non-zero vacuum value of Ω is selected.

What can then be said about the Higgs Lagrangian? In the standard
theory this is obtained by adding the usual Higgs potential to the expression
gλμ ∇λφ̄α∇μφα containing the kinetic terms. Now suppose we rather add the
sum of all remaining 4-factor scalars involving φ and Ω, namely the term −|φ|4
minus the sum of the terms

S ′
1 ≡ m2 Ω2 |φ|2 ≡ m2 gλμ Ω̄λα Ω α

μ φ̄β φβ ,

S ′
2 ≡ gλμ M β

λμα φ̄β φα ≡ m2 gλμ Ω̄λα Ω β
μ φ̄β φα,

S ′
3 ≡ gλμ εαα′

εββ′ M β
λμα φ̄α′ φβ′ ≡ m2 gλμ εαα′

εββ′ Ω̄λα Ω β
μ φ̄α′ φβ′

.

However, a straightforward calculation shows that actually S ′
2 + S ′

3 = S ′
1 (this

is true in both cases, bosonic and fermionic), so that eventually we get a
potential

−|φ|4 − (S ′
1 + S ′

2 + S ′
3) = −(|φ|4 + 2m2 Ω2 |φ|2).

8 Apparently there is a further possibility, but actually a straightforward calculation yields

gλρ gμν εαα′
εββ′ M β

λμα M β′
νρα′ = ∓S4.
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If the hypothesized vacuum value of Ω is such that Ω2 < 0 we then essentially
recover the usual Higgs potential.

Next we explore the possibilities offered by 2-spinor index contractions.
These include all the above scalars, plus others. Like above, isospin contrac-
tions can be performed essentially in two ways:

Ω̄αAȦ Ωα
BḂ Ω̄βCĊ Ωβ

DḊ
, εαα′

εββ′ Ω̄αAȦ Ωα
BḂ Ω̄α′CĊ Ωβ′

DḊ
.

Multiplying each of these expressions by εAB εCD ε̄ȦḂ ε̄ĊḊ we obtain 2-spinor
index contractions, actually all of them if we consider permutations of the
regular and conjugate indices separately; essentially (taking the positive per-
mutations) we consider products of

εAB εCD, εCA εBD, εAD εBC and ε̄ȦḂ ε̄ĊḊ, ε̄ĊȦ ε̄ḂḊ, ε̄ȦḊ ε̄ḂĊ ,

yielding a total of 9 + 9 = 18 scalars.
Now it can be checked, by straightforward calculations, that the sum of

each 9-uple of scalars identically vanishes; moreover, this is true in the bosonic
case and in the fermionic case as well. Hence, we find again, perhaps even more
naturally, a situation in which the potentials of all point self-interactions of Ω
sum up to zero. The discussion about the recovery of the usual Higgs potential
then follows as above, since 2-spinor contractions do not yield new terms from
Ω̄λ Ωμ φ̄ φ.
Remark. The proposed mechanism yields a ‘breaking of dilatonic symmetry’,
an issue which has been discussed by various authors [3–6]. In a previous
paper [15], I argued that these proposals are essentially equivalent in the sense
that they all require an arbitrary choice of some value to be put in by hand.
While the mechanism proposed here does not determine such value, it may
help to explain how nature eventually chooses one.

Finally, we might speculate that the above results be of some consequence
in a discussion of the problem of dark matter.

2.5. Possible Interactions of the Extended Higgs Sector

In Sect. 1.4 we introduced the notion of an extended Higgs field arising as a
section of the sector FL ⊗F�

R ⊗ EndU , which is one of the sectors of Y ⊗Y . In
the electroweak case, allowing for a necessary scaling, we may consider sections

Φ : M → L
−1 ⊗ I ⊗ ∧2I� ⊗U ⊗U�,

Φ̄ : M → L
−1 ⊗ ∧2I ⊗ I� ⊗U ⊗U�.

Within this setting we may identify the usual Higgs field as φ ≡ Tr Φ, so that
the extension is valued into the traceless endomorphisms of U .

We have

εBD εA C Φ̄ A

α B Φ̄ C

β D
= Tr Φ̄α Tr Φ̄β − Tr(Φ̄α ◦ Φ̄β)

and the like, hence we obtain just four distinct real contractions of four Φ
factors, namely

(Tr Φα Tr Φ̄α)2, Tr Φα Tr Φβ Tr(Φ̄α ◦ Φ̄β),

Tr Φ̄α Tr Φ̄β Tr(Φα ◦ Φβ), Tr(Φα ◦ Φβ) Tr(Φ̄α ◦ Φ̄β).
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Note that the first item in the above list is essentially the quartic term of the
usual Higgs potential. Here, contractions via the isospin complex symplectic
form vanish.

Next we consider scalars obtained as contractions of Φ̄ Φ Ω̄ Ω. Isospin
index contractions yield the three distinct expressions

ΦαȦ

Ḃ Φ̄ A

α B Ωβ
CĊ

Ω̄βDḊ, ΦαȦ

Ḃ Φ̄ A

β B
Ωβ

CĊ
Ω̄αDḊ,

εα′β′
εαβ ΦαȦ

Ḃ Φ̄ A

α′ B Ωβ
CĊ

Ω̄β′DḊ,

each of which yields nine scalars by 2-spinor index contractions. In fact we may
consider separate regular and dotted index contractions via multiplications by

δB

A εCD, δC

A εDB, δD

A εBC and δḂ

Ȧ ε̄ĊḊ, δC

Ȧ ε̄ḊḂ, δḊ

Ȧ ε̄ḂĊ .

Calculations show that, with certain choices of the signs, the sum of the nine
scalars may vanish in each of the three considered cases; furthermore, one may
have a situation in which the three sums do not vanish but the overall sum
does (this is true if Ω is either bosonic or fermionic).

Finally we point out that two-spinor index contractions generate further
possible three-leg interactions depending on momenta. In the usual framework,
point interactions can be directly recovered in momentum representation by
replacing a partial derivative in the Lagrangian, say ∂λφα, by i kλ φα where k
is the momentum of φ. Indeed, this procedure yields all the standard interac-
tions [17].

The expression ∇λφ̄α∇μφα appearing in the standard Higgs Lagrangian
yields no further two-spinor index contractions than those contractions
obtained via multiplication by gλμ. This is not true in the present context
in which we consider an extended Higgs sector, as it can be seen by the follow-
ing example. Expanding ∇λΦ̄α ⊗∇μΦα and using 2-spinor indices one finds,
in particular, terms of the type q WAȦ kBḂ Φ̄ Ċ

α Ḋ
ΦαC

D. Similarly to the above-
considered contractions of Φ̄ Φ Ω̄ Ω, we obtain nine scalars (not all independent)
from this via multiplication by δA

C εBDδȦ

Ċ
ε̄ḂḊ and separate permutations of the

upper regular and dotted indices.
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