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Global Regular Axially-Symmetric Solutions to the Navier—Stokes Equations
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Abstract. Axially symmetric solutions to the Navier—Stokes equations in a bounded cylinder are considered. On the boundary
the normal component of the velocity and the angular components of the velocity and vorticity are assumed to vanish. If
the norm of the initial swirl is sufficiently small, then the regularity of axially symmetric, weak solutions is shown. The key
tool is a new estimate for the stream function in certain weighted Sobolev spaces.
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1. Introduction

In this work we consider axially-symmetric solutions to the Navier-Stokes equations in bounded cylin-
drical domains  C R? with the boundary S := 9.

To describe the problem we transform the Cartesian coordinates x = (x1,22,23) into cylindrical
coordinates by the relation

T1 =Tcosp, To=rsinp, T3=2=z.
This relation determines the orthonormal basis (€, €, €;), where
e = (cosp,sinp,0), &, = (—sinp,cosp,0), e.=(0,0,1)

are unit vectors along the radial-, the angular-, and the z-axes, respectively.
Using this orthonormal basis we can decompose the velocity vector v as follows

Vv =0,(r,2,t)8 + v,(r, 2, )8, + v.(1, 2, 1)E,.

For the vorticity vector w = rot v we have the expression
1
w = —Vy (1,2, 1) + wy(r, z,t)e, + ;(rvw),r(r, z,t)e,.

Here w, can be computed explicitly, i.e. wy, = vy, — v, .
Let R,a > 0. Then, we define

Q={zecR® r<R, |z|<a}
and by 02 = 51 U Sy we denote the boundary of 2, where
Si={zeR* r=R, |z| <a},
Sy={zeR®: r<R, z€{-a,a}}.

This article is part of the Topical collection Ladyzhenskaya Centennial Anniversary edited by Gregory Seregin, Konstantinas
Pileckas and Lev Kapitanski.
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The system of equations we investigate reads

vi+(v-V)v—vAv+Vp="f
divv =0

v-n=20

wy, =10

Vp =

Vli=o = VO

where 72 is the unit outward normal to S vector.
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in Q7 = Q% (0,7),

in QT
on ST =8 % (0,T),
- (1.1)
on S,
on ST,
in Q x {t =0}

To present our main result we need to introduce the quantity

U =TVyp.

It is called the swirl and is a solution to the problem

2
u7t+V-Vu—VAu+—Vu7r=rf¢Ef0 in Q,
T

u=0
u|t:0 = 1v,(0) = u(0)

on ST,

in  x {t =0}.

We have to emphasize that the boundary conditions (1.1)3 4 were introduced by Ladyzhenskaya in [1].
Condition (1.1)4 is necessary for solvability of some initial-boundary value problems for w, (see (1.15)s).

Theorem 1 (Main result). Fiz 0 < rq < R. Let

2 2 2
DY=30E12, o an +2IVO)2, 0 < oo,

Ds = [ follr, 0,6:0. ) + 12(0)ll (o) < o0

Let us introduce

2

2

[ 4 wy (0)
M(t)=c 7@ +||fga||L4(Qt)+ WT
La(0,t5L () L2(Q)
’U4 0 D10D8 DlODS
+/ LP(2 )dx>—|—c 1162 EM’(t)-i—c 1162 (14)
o T o o
Let
a(t,rg) = ”uH2Loo(SZ‘TO) ; where Qg = {z € Q: 17 <o},
M = M(T),
M’ = M'(T).

Assume that v > 1 and «a(t,ro) is so small that
Oé(t,?“o) < 6(7 - 1)M

NE 2 -
| vM D3 + DI (vM)? + (vM)? exp (c(vM)?) ve(0) + fe
" s " 1Ly (0.6:L5(2)
= o(M).
Then
Wy |2 W |2
EL Y Y w
T HLo(0,t;L2(82)) T ULy (0,t;H(2))
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Consider now the case rg = R, thus Qr = ). Suppose that

a(t, R) < |lfollr, 0,00 @) + 140l (@) = 2(M).
Then

< ~yM. (1.6)

2
= +[5]
7 Loo(0,6;L2(92)) r o

2
Lo (0,t;H*(Q))

One may wonder what is the difference between (1.5) and (1.6). Careful comparison shows that (1.5)
is obtained provided that «(t,rg) = ||u|\i (¢ y is sufficiently small in the neighborhood of r = 0.
oo (O,

In (1.6) we do not need any smallness restrictions. This might suggest that we can take rg = R and
without any restrictions show the regularity of weak, axially symmetric solutions with non-vanishing
v, (0). Unsurprisingly, this is not true: (1.6) does not exist without obtaining (1.5) first. We will see later
in the proof that we approach certain integral differently when r is close to 0 and when 0 < 79 < r, where
1o is fixed. Unfortunately, as (1.4) shows, passing with o — 07 is not possible.

We should emphasize that Theorem 1 does not directly imply the regularity of weak solutions but we
may quickly deduce it following the reasoning from Lemma 2.9. Instead, we utilize one of many Serrin-
type regularity criteria, e.g. [2, Theorem 3.(ii)], which states that if w, € Loo(0,¢; L2(2)), then a weak
solution v to (1.1) is regular. Inequality (1.6) yields exactly

lwoglls 0,150y < M
which for v/ = (v,,v,) yields
”V/HLOO(O,t;Hl(Q)) <M’ (1.7)
and eventually
lorllz o 0,0 m60)) T 102l 20,6526 0)) < €M (1.8)

In light of [3, Theorem 1] the above inequality also implies the regularity of a weak solution v to (1.1).
In fact, there are many auxiliary results that could be utilized here. For a brief summary of Serrin-type
regularity criteria for axially symmetric solutions to the Navier—Stokes equations we refer the reader to
the introductions in e.g. [4,5] and [6]. Lots of regularity criteria in terms of angular component of the
velocity or of the swirl were established in e.g. [7-13].

In general, the problem of regularity of weak solutions to the Navier-Stokes equations in R® has a
long history. In 1968 it was shown independently by Ladyzhenskaya [1] and Ukhovskii et al. [14] that
in class of axially symmetric solutions any weak solution is regular provided that v,(0) = 0. Shortly
after Ladyzhenskaya wrote a book [15] which laid foundations for intensive research on regularity of weak
solutions.

Before describing the steps of the proof of Theorem 1 let us briefly discuss recent results. In [16] the
case = R? is studied. Lei et al. show that if sup,~ [u(r, z,t)| ~ O (ln_2 r) (see Corollary 1.3), then v is
global and regular axially symmetric solution to (1_.1)172,6. This is an improvement over Wei’s result (see

[17]), where O (1117% 7") is needed. These two results were recently improved in [18], where the condition

lu(r, z,t)| < Ne~elnrl”
implies the regularity of weak solutions. Here 0 < r < i and 7 is any number from (0, 1), ¢, N are some

constants. Our result is somehow comparable—(1.4) suggests that |u(r, z,t)| ~ e 7o

We have to emphasize that in papers [8,10,13] smallness condition looks very complicated and depends
not only on the swirl but also on e.g. vorticity. In [19] to prove the regularity of weak, axially symmetric
solutions we assume either v, € Loo(0,1; L3(€2)) or < € Loo(0,8; L3 (€2)). In both cases some smallness
conditions are needed but they depend explicitly on the constant from the Poincaré inequality.

To the best of our knowledge that are not that many results concerning the regularity of weak, axially
symmetric solutions to the Navier—Stokes equations in bounded cylinders (see e.g. [20]). Our main result
is not only new but it also uses non-trivial weighted estimates for the stream functions. To explain this
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technique, we go back to (1.1) and following e.g. Ladyzhenskaya [1] or How et al. (see [21]) we rewrite it
in the form

1 1
Vot + V- Vo, — I/(A — 2)1)4, + -vv, = f, in or,
r r
v Vi, v (A L) w4t (v2)
wWet +v-Vw, —v 2 )wet o), .
) in Q°,
+-vrw, = Fy,
) r (1.9)
—(A—Tz)d)zww in Q7
oy T
Vo =w, =19 =0 on S°,
v‘/"t:O = v,(0) in Q x {t =0},
Wel,g = we (0) in € x {t = 0},
where F, =rotf - e, and 9 is the stream function such that
1
Vp ==, Uy =—(r¢),. (1.10)
r
We recall that in (1.9) and whenever cylindrical coordinates in this manuscript are used we have
1
V =¢&,.0, +¢,0, and A=0%+-0,+ 0% (1.11)
r
To derive energy type estimates for the velocity we prefer (1.1); 2 in the form
1 1,
Ut + V- Vo, —v | Av, — —Ur | — =V, +Dpr= frs
r r
1 1
Vot + V- Vo, —v | Av, — 2% + SUrlp = fos (1.12)
Uyt TV Vv, —vAuv, +p.= fz
(rvg) » + (rv,) . = 0.
Moreover, we have the following boundary
UT|S1 =0, ’UZ’SQ =0, vp|g=0, vrz—Vsr|g=0 (1.13)
and initial conditions
U"|t:0 = vr(0), UV”t:O = v,(0), UZ‘t:O = v:(0).
It is also convenient to introduce the quantities
v w F,
Ulziv wlzﬁv ¢1:%7 flzfia Flzi (114)
r r r r r

) Birkhauser
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Then, system (1.9) finally reads

2
urs +v-Vuy —v (Am + r“l,r) =2u1¢1. + f1 in Q7
2 T
wit+ v -V —v|Aw + —wi,r | =2wu . + 1 on
T
2
— A1 — =1 =w in QT (1.15)
T
up =wy =Y = on ST,
uy|,_, = u(0) in Q x {t =0},
wi],_y = w1(0) in Qx {t =0}

4

Systems (1.15) and (1.9) are similar. Our main focus will be concentrated on [, ”7:—‘2” dzdt’. To handle
this integral we need estimates for solutions to both (1.15) and (1.9). These estimates are presented in
Sects. 2, 3 and 4. Finally, in Sect.5 we eventually combine them. Apart from various energy estimates we
also need two non-trivial estimates in weighted Sobolev spaces for solutions to (1.14)s (see Corollaries 2.10
and 2.11). Due to the order of the weight, we need to adjust the order of singularity of ¥; near r = 0. In
Lemma 2.8 we will see that 1)1 ~ O(1), thus ¢ ¢ HZ(Q) (see Sect.2). Therefore, we subtract from v, as
much as it is needed for this difference to belong to HZ (). This idea is motivated by Kondratev’s work
(see [22]) and discussed in a separate manuscript (see [23]).

2. Notation and Auxiliary Results

First we introduce the function spaces

Definition 2.1. Let Q be a cylindrical axially symmetric domain with axis of symmetry inside. We use
the following notation for Lebesgue and Sobolev spaces:

lall, o) = lelpo Tl oy = uly.o

ullz, ,@0) = Null 062,00 = [Wpgqr

where p, ¢ € [1,00], Q replaces either Q or S.
lull =gy = llully o,  where H*(Q) = W3(Q),

lllyrs @y = el p -

”u”Lq(Oi:W;ﬁ“(Q)) = llullyp,q,0 » [l p e = l1llg p.qe

where s,k € R}r.

Finally, similarly to Definition 2.1 in [23] we introduce weighted spaces L, ,(2), p € R!, p € [1,00],
and

with the norm
1
P
lullp, @ = (/Q |U|p7"p“dx>
2

o= (5 [ 0t rtesn-tas)
la|<k /<

where Dy, = 071092, |a] = a1 + g, |af <k, a; € Ng ={0,1,2,...},7=1,2, k € Ng and p € R. In fact,
we only use H3(Q2) and HZ(Q2) and these symbols should not be mixed with Sobolev spaces with zero
trace.
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We use notation: r.h.s—right-hand side, 1.h.s.—left-hand side.
By ¢ we denote generic constants. They are time-independent but they may depend on R. If a constant

depends on a quantity ! and this dependence needs to be tracked we write ¢(l). This means that ¢(l) ~ c-l.
c

Similarly ¢ (%) ~ 7.

Lemma 2.2 (Hardy’s inequality). Suppose that f >0, p > 1 and r # 0. Then

</0°° </O$ f(y) dy>pzrldx)1/p < g </OOO |yf(y)pyrldy>1/p'

Lemma 2.3. Let £ € Lo (), v(0) € Lao(Q). Assume that UW’S =0, n- V’s =0, wg,‘s = 0. Then,
solutions to (1.1) satisfy the estimate

V13, + ¥ Jor (IV0r]? + [Vog|? + [Vo.]?) dedt’
2
+ 0 Jor (% + %) deat’ < D}, (2.1)

Proof. Multiplying (1.12); by v, (1.12)3 by v, (1.12)3 by v, adding the results, integrating over € and
using (1.13) yields
1d

e 3+2+§d—/
thQ(U 1}4/J ’U)$ VS

2 ’U2
o [ (9 190+ 9y e [ (%45 ) 0o
@ Q

vy rv,dST — 1// Vp 2 UrdS2
1 Sa

r2

1 1
Jr/Q (Tvivr + T”’"”i) dz + /Q (pror +p20;) do
= ,/Q (frvr + fgovgo + fzvz) dzx. (22)

In view (1.13) the boundary terms in (2.2) vanish. The last term on the L.h.s. of (2.2) vanishes in virtue
of (1.13) and the equation of continuity (1.12)4.
Using that |v|* = v2 + v2 4 v2, we rewrite (2.2) the form

1d 2 2 2 2 v vl
35 M v [ (F0 P+ 90,4 Vo) dot [ (%42 ) do
= /Q (frUT + ftpvtp + fzvz) dx. (23)
Applying the Hélder inequality to the r.h.s. of (2.3) yields
d
a ||V||L2(Q) < HfHLQ(Q)V (2.4)

where we used that [f|> = f2 + 2+ 12
Integrating (2.4) with respect to time implies
VOl o) < IEllL,, @0 + VO, @) - (2.5)
Integrating (2.3) with respect to time, using the Hoélder inequality in the r.h.s. of (2.3) and using (2.5)
we obtain
1 2 2 2 2 / vy vl /
3 V(O 2,0 —i—l//Qt (Vo + [Vve? + [V |?) dzdt +V/Qt (7‘2 + r2> dxdt

1 2
< fllz, , 0, (||f||L2,1(Qt) + ||V(0)||L2(Q)) t3 IV(OIZ, @) -

The above inequality implies (2.1) and concludes the proof. O

2,1(0t
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Lemma 2.4. Consider problem (1.3). Assume that fo € Lo 1(2), u(0) € Loo(2). Then
w0 < Do (2.6)

Proof. Multiplying (1.3); by u|u|*~2, s > 2 integrating over {2 and by parts and using that u’s =0, we

obtain

1d dv(s —1) 2 v
52 ‘ s

—— lullz, @) +

5/2‘
s dt ’VM

/(|u\s)7r drdz:/f0u|u|572dz, (2.7
Q Q

Ly(Q) 8

a

ool |::? dz. From [24] it follows that u|T:0 = 0. Since

where the last term of (2.7) equals I = ¥
u|T: r = 0 and using the boundary condition vw| ¢ = 0 we conclude that I = 0. Then, we derive from
(2.7) the inequality

d
a HUHLS(Q) < HfO”LS(Q)' (2.8)

Integrating (2.8) with respect to time and passing with s — oo we derive (2.6) from (2.8). This ends the
proof. O

Lemma 2.5. Let estimates (2.1) and (2.6) hold. Then

1/2 1/2
logll 0y < D1/2D5". (2.9)

Proof. We have
4 5 2 U7 2 v 22
/Qt [v,|* dedt’ = /Qt r Uwr—“; dzdt’ < [lrvell7 o /Qt ng dzdt’ < D;D7.
This implies (2.9) and concludes the proof. O
Lemma 2.6. Let wy € Lo(Q)). Then solutions to (1.15)s satisfy
ol + | 3004z < el (2.10)
where 11(0) = ¢1|r=0. In addition, if wi € Ly ,(Q), p € (0,1) then
2 2 “ 2
[1llz, ) T 11l + [ $1(0)dz < cllwrllz, ) (2.11)
where ¥1(0) = 1 |r—o.
Proof. Multiply (1.15)3 by 1, integrate over  and use boundary condition (1.15)4. Then we obtain
||v7//1||%,2(9) _/ar’l,[}% drdz = / wld)l dzx. (212)
Q Q

Applying the Hélder inequality to the r.h.s. of (2.12), using the Poincaré inequality and boundary condi-
tion (1.3)4 we obtain (2.10).
Using weighted spaces we can estimate the r.h.s. of (2.12) by

lwillz, @ 1¥1ll, @) -

By the Hardy inequality (see Lemma 2.2) and p € (0,1), r < R, we get

/ [1]2r 2 da < c/ [y 2?2 de < CRQ_Q”/ |Vapy|? da.
o Q Q

Since p € (0,1) the bound [, 1|72 dz < oo does not imply wl’r:(} = 0. Then (2.11) holds. This
concludes the proof. O

T Birkhauser
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Lemma 2.7. Assume that u1(0) € Loo(2), f1,%1,. € L1(0,t; Loo(2)). Then for solutions to (1.15) the

following inequality

t
Ol < e ([ 00y 07 D
holds.

Proof. Multiply (1.15); by u1|u;|*~2 and integrate over Q. Then we have

dv(s—1) 2
52 ’

= ujdx +/ wilda.
L2(©) /le, e |, S
Applying the Hélder inequality to the r.h.s. of (2.14) and simplifying we get

%

—||lu

e '
Integrating with respect to time yields

Vi

1d .
Sd@ luillz, @) +

Lo < el o) llullz, @) + 11l @) -

t
lur (D), (@) < exp (A 11, ()20 dt') (”fl”Ll(O,t;LS(Q)) + ”ul(O)HLs(Q)> :

Passing with s — oo we derive (2.13). This concludes the proof.
Lemma 2.8. Let 11 be a solution to
—Agy — %wl,r =w infl,
P11 =0 on S.
Suppose that wy € La(2). Then, any solution vy to (2.17) satisfies
||7/’1||2,Q < C|W1|2,Q'

Proof. We start with rewriting (2.17); in the form

3
_¢1,TT - wl,zz - ;’@[11,7’ = wi.

Multiplying this equality by %?/11,7« and integrating over € yields

',

The first term on the r.h.s. of (2.19) equals

1 1Lt
_/wlrrwlrdrdz:_f/8T’(/}%rdrdzz_f/ w%'r’ 7RdZEll.
o 2 Jq ’ 2 ), "hrir=o0

2
1
7'(/11,r
r

Integrating with respect to z in the second term on the r.h.s. of (2.19) yields

—/ (V1,291,0) d?"dz—i—/ P1,291,- drdz,
Q Q

where the first term vanishes because ¥1 |.c{—a,a} = 0 and the second equals

1 e r=R
IQ = 5/ wiz|r:O dZ

Using the boundary condition (2.17)3 we obtain
11,
IQ = 75 1a¢172|7':0dz'

) Birkhauser
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Q r Q r Q T

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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From [25, Remark 4] we have
’l/) = a1 (T, 2, t) |7.:0T + a3 (7", 2, t) ’T=07"3 + O(T4)7
1?1 =ax (Tv 2, t) ‘r:() + ag(T, Z, t) ’T:()TQ =+ O(Tg)v

thus
10|,y =0. (2.20)
Using (2.20) in I yields
11 5
Il :_5 17T|T=Rdz.

Applying the Holder and Young inequalities to the last term on the r.h.s in (2.19) and combining it with
I; and I we obtain

1 1 1 /¢ 1 [ 2
5 /Q ﬁwiT dz + 5 [a 1/}%7T|7‘:R dz + 5 [a wiz|r:0 dz <c |W1|27Q . (221)
Since the last two termns on the 1.h.s. are positive we conclude that
1
/ —Ui,de < clwily g - (2.22)
orl

Now we can rewrite (2.17) in the form

2
—AY) = wi + ;wu in Q,

(2.23)
P =0 on S
and consider it as the Dirichlet problem for the Poisson equation. Thus
[Y1llg0 < clorly g, (2.24)
where (2.22) was used. This ends the proof. O

Lemma 2.9. Assume that s € (1,00). Suppose that f € L1(0,t; Ls(2)) and u1(0) € Ls(?). Then

t
2
o < esp (e [ 10 @) (51l pn.ion + 1Ol o)

Proof. In (2.14) we integrate by parts, use the boundary conditions (1.3)4 and apply the Holder and
Young inequalities

1d s 4(s —1)v s/9l?
t|U1|€’Q+T/§;‘V|U1| /2’ d.’E

sdt
2
2 Cc 2 -1
<elo.t|) +Slunleglnlio+Ifilghnlig (2.25)
For sufficiently small € we get
1d 2 —1
sdt |U1|ZQ <cs |¢1|OO,Q |U1|:Q + \f1|s,9 |U1|:Q : (2.26)
Hence, we have
d 2
a |u1|5,Q <cs ‘w1|oo,ﬂ |u1|s,Q + |f1|s,Q .
Since € = 2(5;721)'/, then € = % < cs. Integrating with respect to time yields
t
2
|u1|S,Q < exp (CS/O |1/J1(t/)|oo,ﬂ dt/> (|U1(0)|S,Q + |f1|5,1,9t) : (2.27)

T Birkhauser
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Using Lemma 2.8
|w1|oo Q> CH¢1”2 o< C‘Wlbﬂ

we obtain

t
o< esp (e [ @0 @t ) (0] a+ lfiloao)- (2.28)
0

This concludes the proof. (Il

Corollary 2.10 (Theorem 1.3 in [23]). Suppose that 1 is a weak solution to (1.15)s34. Let wq € Lo(S2)
and introduce

x(r,z) = /OT 1,-(1+ K(7))dr,

where K(7) is any smooth function with a compact support such that

lim K(r)

= ¢cp < O0Q.
r—0t 12

Then

2 2
11 = ¥10) = XLy (—asaimz0,m)) T V1,20l 2,0

2 2
+ ||¢1,ZZ||L2(Q) <c ”(-‘JlHLz(Q) ’

Corollary 2.11 (Theorem 1.4 in [23]). Let ¢y be a weak solution to (1.3)34. Let wy € HY(Q). Then

/”1/’1 ¥1(0) = nllzz3 e, ) dz+// (In2l”  or,ean” + 2] ) rrdz
R JR,

< C||W1HH1(Q),

where
" 3
n(r,z) = —/ (r—m) (1/1177 + 1,2, + w1> (1+ K(r))dr
0 T

and K is the same as in Corollary 2.10.

3. Estimate for wq

Lemma 3.1. Assume that w1(0) € Ly(Q), u1 € Ly(), F € Lgs52(Q"), t < T. Then the following

inequality holds
1 /
wida + |Vw1| dzdt’ +v _odzdt
2 Q —a
1
< ;/ uf dzdt’ +(:|F1|6/5 2.0t +/ 2(0) de. (3.1)
Qt

Proof. Multiply (1.15)2 by w, integrate over €, integrate by parts. Next, integration with respect to time
implies (3.1). This ends the proof. O

) Birkhauser
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4. Estimate for the Angular Component of Velocity

Consider problem (1.9)

Lemma 4.1. Assume that f, € La('), v,(0) € Ly _1/5(Q),

4

Ur
2 dzdt’ 4.1
ot T 12 * (41)
Then, any solution to (1.9) satisfy
2
LI g, 3 [ g% dmdt’+5/ ”i’r dzdt’
4 QT2 4 Ot T 2 Q! T
3 v 1 114(())
<z t 2 dadt + — 2t dzdt! / dz. 4.2
- 2/Qt o *1 / fo T 2 (4.2)

'US
Proof. Multiply (1.9); by —% (see expansion (4.4) of v, near the axis of symmetry) and integrate over .
Then we have

4dt‘/('zid1'+\/ .vrvkpidx_y/Avw dx—*—]j‘/ﬂ—tpdl"‘r r 7"2d /pr Lpd,fL’ (4‘?))

The second term in (4.3) equals

1 4,2 1 4,2 1 4,-3 L[ o :‘3
1/QV~V%7" dx:Z/QVoV(vgpr )dm+§ erv¢r dx:i T r2d

where we used that v - 7_1|S =0 and divv = 0.
Integrating by parts in the third term on the Lh.s. of (4.3) yields

/V’ULPVU r 2dx—|—/ vav Vr~ 2d33—3/ @|Vv¢|2 2dx—2/v¢rvir Sdx

/|VU 2 _de—f/av r~2drdz
=3 a ) drd srdrdz =1
=1/ - = rdz — var rdz = 1.

The first term in I equals

2 2
3 v, 1 3 v2 3 v2 1
b L _ 2l de=Z 2 de— = A v |
4/er UWVT x 4/er T 2/QVT v¢er
2
3/ 2 3 V2 3 vZ o2
+- UV dx:f/ V-2 dx—i—f/(‘)T d + - /‘ de = J.
4 Jo| 7 T 4 Jo r 2 Jo Q

The middle term in J can be written in the form

a ’U4 r=R
/8 Lpdrdz—f/ —‘5 dz=L.
—a T r=0
From [25, Remark 4] it follows that v, behaves as
v, = a1 (r, 2, t)|r=0r + as(r, z, t)’rzor?’ + o(rt), r =0, (4.4)

for some functions a; and as. Since UW‘T: r=0 the second terms in I and L vanish.
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Using the above calculations in (4.3) yields

—dx + V/
o [ Bt [

Applying the Holder and Young inequalities to the r.h.s. of (4.5) and integrating the result with respect
to time imply (4.2). This concludes the proof. O

U?o @ 3 ”4 ¢
VT dz + I// —dx+2 ; 7“7‘2 /fw dz. (4.5)

5. Global Estimate

Multiplying (3.1) by % and adding (4.2) we obtain

2 3 1 4t
V—/w%(t)dx—l-i/ |Vw1|2dxdt’—|—f/ e )dx
s Jo 8 Jo 2 ),

2

3v vi , v Uw 3 vp U g,
+— V—=| dedt’ 4+ — 2| dedt’ < = dzdt’
4 Jou| T 4 Jor | T 2 Jogr 7 2
2 2 4 p4 v (O)
+el [Filg/s0,00 + wi(0)]50 + r fo dadt’ + r2 dx ). (5.1)
o Q

Therefore, we have to estimate the first term on the r.h.s. of (5.1). To examine it we introduce the sets
Qpy ={z€Q:r<rp}, Qny ={z€Q:r>1r}, (5.2)

where rg > 0 is given.
We write the first term on the r.h.s. of (5.1) in the form

4
/ ilrgd wdt! = / l;ﬁd wdt' + / “j;’d wdt! =T+ J. (5.3)
Qt QL QL

Lemma 5.1. Under the assumptions of Lemmas 2.3 and 2.5 we have

’U2 1 DlODS
|J] Ssl/ 0,—2| dzdt’ +625up|wm|29—i-c lfﬁ. (5.4)
Ot r €’ 62 7o
70
Proof. Since %= = —1); ., we have

T

2

v
0, _¥
r

|J] = '/ V1,2 Lpdo:dt

<& [
Qf“o

In view of Lemma 2.5 the second term in J; is bounded by
1 D?D2 D?D2
— w?vidmdt/ S 14 2 up,(/}Q S c 14 2
To Jar, To ar

2 1 1)4
dedt’ + ¢ () P72 dadt’ = Jy.
€1 Qg‘o T

3 1
sup V215 0 ¥15q = Ja.

Note that all consideration are either a priori or performed for regular, local solutions. Then, derivation
of regular, global solutions can be achieved by extension with respect to time. Since 1 is a solution to
the problem

—A1/J+%=w in QT
r

=0 on ST,

2
/|V¢|2d$+/%d$§/v'2dx§cD%.
Q Q Q

we have
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Then J, is bounded by

2
5 Di-

1) D8DS
To

Jo < g9 sup |wm|§ otec <
t ’ €2
Using estimates for J; and Jo we derive (5.4). This ends the proof. O

Lemma 5.2. Let the assumptions of Lemma 2.3 hold. Additionally, assume that v,(0) € L4(Q), u €
Loo(92Y), |ulyg qr < Da. Then I from (5.3) satisfies

2
2
v 1
N<alo2 o) i, (D9l
2,0t 3
70
4 2 2 2 2
13 o D3 + (JUa (), + 1l 1.00) 3 e exp (clwnl3r ) ) - (5.5)

Proof. We have

2 4

v2 v
9,2 dxdt’+c(1/{—:3)/ 1/1%% dzdt = I + Is.
r Ot r
0

t
0

ERY)
Q
We estimate I, by
2 ’Ué / 2 ’Ué / 2 Ué /
B [ o i) P dedt + [P dedt 4 [ (0 dade
Ot r Ot r Ot T
) 0 0
=0+ 15+ 13,
where 1 (0) = 1y ‘r:O and 7 is defined in Corollary 2.11. Using this Corollary we have
|91 — 1(0) — > rPvg
I = /Q 2 dadt!

76 r

t
0

— 1(0) — n|?
< csup |ul* [ wlg )=l dzdt’ < esup |ul* |[Vwr ] o -
t r Ot ’

t
2 0

0

Consider I3,

3
dadt’

Ve
T

I3 < sup |41 (0) 2 sup |4 /
Q. at, at,

2
V,|v
=Sup|¢1(0)|28up|u|/ —2 | £ | dzdt’
IS Ot ot T r
0 0 o
2
Ssup|¢1|2sup|u|’vi‘ vi‘
QLo Qt, rolaor b rol2ot

Vg |4 1 4 212
<e|+ +c | = ) sup|wily o sup |ul*D7,
T 4,930 € t ’ oL,

where we used Lemmas 2.3 and 2.8.
Consider I3. To simplify presentation we express 7 in the short form

0= [ = nsear

where f replaces (24p1, + 1.2 +wi) (14 K(r)).
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2 _
B
QL

< sup IUIQ/
at, ot

Using the Holder inequality in L; implies

t
e [ ]
"0 Jo Q

where 1/p+1/p = 1.
Applying the Hardy inequality for the middle term in Lo, gives
1

/Ot (/Q T/Or(r — 1) f(r)dr de:c>22p ar
c/ot (/Qm 2pdm> g d¢’
< c/ot </Qo /OTWLTT + 1 - K(7))dT

Then

/Or(r —7)f(r)dr

1/Ot(r —7)f(r)dr :

r

1/(:(r —7)f(r)dr

r

2% 2/2p
2 _
dz dtsup |ui 5, gr = Lo,
t "o

0

2p 2l
dx) At = L,

where we used that

[= _wl,rr (1 + K(T)) :
To apply the Hardy inequality we use the formula

/(’I“—T dT—//f )dr do.

Then, we use the following Hardy inequality (see e.g. [26, Ch. 1, Sec. 2.16])

To |1 r o 2p % o 2p ﬁ
/ — / / f(rydrdo| rdr <c / rdr .
o ITJo Jo 0

Integrating the result with respect to z we derive the first inequality in Ls. Continuing,

t r 2p 2/2p
L3 S C/ (/ (|'l/11,r|2p + ‘ / wLTTK(T)dT > d.%') dtl = L4.
0 Qry 0

/ Y1, K(T)dT = 91, K (1) —/ 1, K -dr
0 0

Using

in Ly implies

¢
L4 <c
0
1
t r 2p P
+ ( / <|¢1,TK<7~>|2P+ ’ JR ) dx>
0o \Ja, 0
¢
<c dt' = Ls,
0
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where the properties of K are used. Finally, for p < 3 and Lemma 2.8
L5 § C |w1|;7950 .

Summarizing

2 2 2
122 < c|u|oo’m0 (‘ul(o)bp’,ﬂro + ‘f1|2p’,179’r’0>

t
2
- exp <C/ ‘wl(t,)b,gm dt,) |"L’1|§,Qg,0 )
0

where p’ > % and Lemma 2.8 was used.
Using estimates of I3, I3, I3, we obtain

2 2 2 4
I < clulleqp (10, [V01f3 g0+ w1l3 o 0 DF
2 2 2 2
+ (O 0, + 115001, ) 150 exp (clonlzar))
Exploiting the estimate in the bound of I we obtain (5.5). This concludes the proof. O

Proof. (r) Using (5.3) and estimates (5.4) and (5.5) in (5.1) and assuming that ; and e3 are sufficiently
small we obtain the inequality

2 2 2 2 4
|W1|2,oo,m + Hw1||L2(o,t;H1(Q) < C|u|oo,QfT'0 (DS |VW1|2,Qt + D% |w1|2,oo,Q‘

2
+ (1O g, + 1110, ) o e (clonlla) )+ M(t), (5.6)
where M (¢) is introduced in (1.4).
Let
2 2
X(t) = |wil3, 00,00 + lw1ll7, 0,001 - (5.7)

In view of this notation, (5.6) takes the form

X(t) <c |u|§omo (D3X + DIX?

+ X2exp (eX?) (Jua (O g + 1[0, ) ) + M) = F(X(0) + M), (5.8)
Consider the equality
X'(t) = eF (X'(t)) + M(t). (5.9)

Using the method of successive approximations we will show that there exists a solution X’(¢) and
determine the magnitude of € which ensures the existence of this solutions.
Suppose that

X, () = eF (X, (t) + M(2). (5.10)
Let v > 1. Recall that M = M(T) and assume that
IX4()] < 4M. (5.11)

Then from (5.10) and (5.8) we obtain
X0 2(8)] < elulg g (D3(YM) + DI (yM)?
+(M)? exp (c(yM)?) (Jur (O3 + 115 1.0r ) ) + M. (5.12)
Assume that
[0y < ey = DM - (yMD3 + DAy MY + (M2 exp (e(3M)?) ([ O)F, o + Il 10 ) )
Then

| X7 (8)] < M. (5.13)
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Let now wq(0) be given. Let @; be an extension of w;(0) such that |JJ1|§’OO(W) + H‘DIH?,Q,W < oo and
&1|t=0 = w1(0). Let
Xy = ‘@1‘3700(Qt) + ||5J1H?,279t <7yM. (5.14)
Then, (5.11), (5.13) and (5.14) imply that
|X)| <~yM  for all n € Ny.
It remains to check the convergence of X/ . Let
Yi=X, - X0

Then, (5.10) implies
Y/

ntl = C|U|O<>,Qt (D%Yé + D} (X;LQ - Xf—l)z
+ (X7 exp (cX77) — X2y exp (eX]2 1)) (|U1(0)|§,Q + |f1|§,17sz;,0>> : (5.15)
Continuing, we have
Y| < clulg o (DYl + DYV (IX5] + [ X5 ]) + (07 = X024) exp (eX77)
+ (X2 — X2 ) exp (eX2 ) + X724 (exp (¢X[?) —exp (eX[2 1))
(O 0+ 1A, )

< cful oo (D311 +290M D} [, + (¥, 2vM exp (e (vM1)?)
+ (M) exp (e (M%) [Vi129M) (1 )3 + i)
= clul o o (Dg + Di2yM + 2yM (eXp (c (VM)2)) +2(vM)? exp (C(VM)Z))

(ka0 + 1A10; ) 1Yl

Hence, the sequence converges if

|ul oo e (D5 + D3 (2yM) + (2vM exp(c(yM)?)

+ 2(:M)° exp(e(rM)?) (O + 11l 1.0 )) < 1
This ends the proof. O

As explained after Theorem 1 we have to emphasize that (1.6) is crucial for deducing the regularity
of weak solutions to problem (1.1).
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