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1. Introduction

We thank Nina Zorboska for pointing out an error in the proof of [2, Propo-
sition 3.1]; a faux pas in our application of Julia’s Theorem. Indeed, we find
that Proposition 3.1 does not hold in general (see Example 2.4 in this erra-
tum). This impacts two operator-theoretic results in Section 3 of [2]; namely,
Theorems 3.5 and 3.7. Theorem 3.5 (in [2]) does not hold in general. While
statements (i) and (ii) of Theorem 3.7 are equivalent (cf. [1, Theorem 2.4]),
statement (iii) implies, but is not a consequence of (i) and (ii) (in general).
Both of these theorems hold under an additional hypothesis. We make all of
this clear in our work here. And, although [2, Corollary 3.6] was established
using Theorem 3.5, we find that this corollary holds in general; see the proof
of Corollary 1.6 in this erratum. In order that our presentation be somewhat
self-contained, we begin by reviewing the terminology of [2]. Let D denote
the unit disk {z : |z| < 1} and let T denote its boundary {z : |z| = 1}. Let A
denote normalized two-dimensional Lebesgue measure on D and let m denote
normalized Lebesgue measure on T; normalized so that these are probability
measures. The Bergman space A

2 is the Hilbert space of functions f that are
analytic in D such that

||f ||2
A2 :=

∫

D

|f |2 dA < ∞.

The online version of the original article can be found under doi:10.1007/
s00020-010-1806-7.
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And the Bloch space B is the Banach space of functions f that are analytic
in D such that

‖|f ||B := |f(0)| + sup
z∈D

(1 − |z|2)|f ′(z)| < ∞.

A function ϕ that is analytic in D and that satisfies ϕ(D) ⊆ D is called an
analytic self-map of D. Any such function gives rise to a bounded composition
operator Cϕ(f) := f ◦ ϕ on both A

2 and B. With ϕ as above, and for ε > 0,
let Ωε = {z ∈ D : 1−|z|2

1−|ϕ(z)|2 > ε}, let Λε = {z ∈ D : (1−|z|2)|ϕ′(z)|
1−|ϕ(z)|2 > ε}, let

Gε = ϕ(Ωε), let Fε = ϕ(Λε) and let K = T ∩ Ωε. By Julia’s Theorem (cf. [9,
page 63]), ϕ has a nontangential limit ϕ∗(ζ) at each point ζ in K and by the
Julia-Carathéodory Theorem (cf. [9, page 57]), ϕ has an angular derivative
ϕ′(ζ) at every such point; bounded above, in modulus, by 1/ε. For any point
ζ in T and any θ, 0 < θ < π, let S(ζ, θ) denote the interior of closed convex
hull of {ζ} ∪ {z : |z| ≤ sin( θ

2 )}; the so-called Stolz region based at ζ with
vertex angle θ. For such θ, define Wε(θ) by:

Wε(θ) =
⋃

ζ∈K

S(ζ, θ);

and let Wε denote Wε(π
2 ). For any point z in D and any s, 0 < s < 1, let

D(z, s) = {w ∈ D : ρ(z, w) < s}, where ρ(z, w) := | z−w
1−wz | is the pseudohy-

perbolic distance between z and w. One may consult [3], [4] or [7] as good
general references for material related to our work here.

As we mentioned earlier, the proof of [2, Proposition 3.1] has an error
in it relating to our application of Julia’s Theorem. The statement of this
proposition is as follows.

Proposition 1.1. Given the terminology of the above discussion, ϕ is contin-
uous on Ωε and ϕ′ is continuous on K.

The continuity of ϕ on Ωε is not in question here, as it was established
in [1]; see Remark 2.6 in this reference. If |ϕ′| were continuous on K, then,
by the continuity of ϕ on Ωε, we would find that ϕ′ itself is continuous on
K. By the Julia-Carathéodory Theorem, |ϕ′| is lower semi-continuous on K;
but no more can be said than this, in general (see Example 2.4 in this erra-
tum). However, if K is the union of finitely many closed subarcs of T, then
ϕ′ is continuous on K and [2, Proposition 3.1] holds, as does [2, Theorem
3.4], whose statement is given below; see the proof of Theorem 2.1 in this
erratum.

Theorem 1.2. Assuming the terminology of Discussion 3.2, ϕ′ is continuous
on W ε.

Two operator-theoretic results (in Section 3 of [2]) are effected by our
revision of [2, Proposition 3.1]; namely, Theorems 3.5 and 3.7. Their state-
ments are as follows.

Theorem 1.3. Let ϕ be an analytic self-map of D. If Cϕ is closed-range on
A

2, then there exist ε and s, 0 < ε, s < 1, such that {z : s ≤ |z| < 1} ⊆ Fε.
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Theorem 1.4. Let ϕ be an analytic self-map of D. Then the following are
equivalent.

(i) Cϕ is closed-range on A
2.

(ii) There exist ε, s and c, 0 < ε, s, c < 1, such that

A(Gε ∩D(z, s)) ≥ cA(D(z, s)),

for all z in D.
(iii) There exist ε and s, 0 < ε, s < 1, such that {z : s ≤ |z| < 1} ⊆ Gε.

The first of these does not hold in general; see Example 2.4 in this
erratum. The equivalence of statements (i) and (ii) in the second holds in
general; this is the content of [1, Theorem 2.4]. And, in general, statement
(iii) implies statements (i) and (ii). But the converse of this does not hold
in general; once again, see Example 2.4 in this erratum. Under an additional
and quite natural hypothesis (see “Additional Hypothesis” and Remark 1.5
below), these results (i.e., Theorems 3.5 and 3.7 of [2]) hold. We proceed to
describe this additional hypothesis, beginning with the assumption that Cϕ

is closed-range on A
2, which we know is equivalent to: there exist ε, s and

c, 0 < ε, s, c < 1, such that

A(Gε ∩D(z, s)) ≥ cA(D(z, s)),

for all z in D. From this we find that ϕ has an angular derivative at every point
of K := T ∩ Ωε that is bounded above, in modulus, by 1/ε and ϕ∗(K) = T;
for this, see in [1] both the proof of Theorem 2.5 and Remark 2.6.

Additional Hypothesis. If one can choose ε > 0 sufficiently small so that K
contains finitely many closed subarcs {Jν}N

ν=1 of T such that ϕ∗(∪N
ν=1Jν) =

T, then the conclusion of [2, Theorem 3.5] holds as does statement (iii) of [2,
Theorem 3.7]; see Theorem 2.1 in this erratum and the proof of [2, Theorem
3.5].

Remark 1.5. Let B be a Blaschke product and let σB be the compact subset
of T consisting of the set of accumulation points of the zeros of B. If I is a
component of T \ σB , then I is an open subarc of T and so also is B∗(I);
see the proof of [1, Lemma 3.1]. Therefore, if B∗(T \ σB) = T, then, by a
compactness argument, there are finitely many components {Iν}N

ν=1 of T\σB

such that B∗(∪N
ν=1Iν) = T. Now any closed subarc Jν of Iν (1 ≤ ν ≤ N) is

contained in K := T ∩ Ωε, provided ε > 0 is sufficiently small. Therefore, if
B∗(T \ σB) = T, then one can choose ε > 0 sufficiently small so that K con-
tains finitely many closed subarcs {Jν}N

ν=1 of T such that B∗(∪N
ν=1Jν) = T.

Thus, the conclusion of [2, Theorem 3.5] holds as does statement (iii) of [2,
Theorem 3.7], if ϕ is a Blaschke product B satisfying: B∗(T \ σB) = T.

In [2], the authors made use of Theorem 3.5 (i.e., Theorem 1.3 above)
to prove Corollary 3.6; whose statement appears below.

Corollary 1.6. Let ϕ be an analytic self-map of D. If Cϕ is closed-range on
A

2, then it is also closed-range on B.

This corollary holds in general; without any modifications. We now give
a proof of this result that is independent of the work in [2, Section 3].
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Proof. Since Cϕ is closed-range on B if and only if Cϕα◦ϕ is, where ϕα(z) :=
α−z
1−ᾱz for some point α in D, we may assume that ϕ(0) = 0. Now, suppose
that Cϕ is closed-range on A

2. Then, by [1, Theorem 2.4], there exist ε, s and
c, 0 < ε, s, c < 1, such that

A(Gε ∩D(a, s)) ≥ cA(D(a, s)), (1.6.1)

for any point a in D. By [2, Corollary 2.3], our goal is reached if we show that
there is a positive lower bound for

||ϕα ◦ ϕ||B/C := sup
z∈D

|(ϕα ◦ ϕ)′(z)|(1 − |z|2),

independent of α in D. To this end, choose α in D and let Δα = {z ∈ Ωε :
ϕ(z) ∈ D(α, s)}. Now,

||ϕα ◦ ϕ||B/C = sup
z∈D

|ϕ′
α(ϕ(z))||ϕ′(z)||(1 − |z|2)

≥ sup
z∈Δα

|ϕ′
α(ϕ(z))||ϕ′(z)||(1 − |z|2)

≥ sup
z∈Δα

ε|ϕ′
α(ϕ(z))||ϕ′(z)||(1 − |ϕ(z)|2)

≥ β · sup
z∈Δα

|ϕ′(z)|,

where β is a positive real number independent of α. We proceed to show that
there is a positive lower bound for supz∈Δα

|ϕ′(z)|, independent of α in D.
Let cα = supz∈Δα

|ϕ′(z)|2. Now, by (1.6.1),

cA(D(α, s)) ≤ A(ϕ(Δα)) ≤
∫

Δα

|ϕ′(z)|2dA(z) ≤ cαA(Δα). (1.6.2)

Claim. There is a positive constant M , independent of α, such that

A(Δα) ≤ M ·A(D(α, s)).

To establish this claim we turn to the discussion on page 313 of [10] to find
that C∗

ϕCϕ is the Toeplitz operator Tμ on A
2 whose symbol μ is the Borel

measure on D given by: μ(E) := A(ϕ−1(E)). Clearly Tμ is bounded on A
2,

since it is the composition of two bounded operators. Thus, by [10, Theorem
7.5], μ is a Carleson measure for A

2. Hence, by [10, Theorem 7.4], and since
Δα ⊆ ϕ−1(D(α, s)), there is a positive constant M , independent of α, such
that

A(Δα) ≤ A(ϕ−1(D(α, s))) = μ(D(α, s)) ≤ M ·A(D(α, s)).

So, our claim holds and hence, by (1.6.2), there is a positive lower bound for
cα, independent of α; which completes our proof. �

The rest of [2, Section 3], which includes the examples given there, still
stands and needs no revision. The same applies to the results in Sections 2
and 4 of [2], all of which were established independent of the aforementioned
results of Section 3.
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2. A Resolution of Things Pertaining to Ωε

In this, the last section of the erratum, we establish results that support the
revisions we outlined in Section 1; keeping the same notation.

Theorem 2.1. Let ϕ be an analytic self-map of D and let F be a compact
subset of T where ϕ has an angular derivative ϕ′(ζ) at each point ζ in F ,
such that |ϕ′| is bounded on F . If F can be expressed as a finite union of
closed subarcs of T and ϕ∗(F ) = T, then there exist ε and s, 0 < ε, s < 1,
such that

{w : s < |w| < 1} ⊆ Gε.

Proof. We use the assumption that F can be expressed as a finite union of
closed subarcs of T to show that ϕ′ is continuous (and more) on F . Paradox-
ically, Julia’s Theorem plays a central role in this. For 0 < θ < π, let

WF (θ) =
⋃
ζ∈F

S(ζ, θ).

Claim. For any θ, 0 < θ < π, there exists ε > 0 such that WF (θ) ⊆ Ωε.

By our hypothesis, there is a constant M > 1 such that |ϕ′(ζ)| ≤ M , for all
ζ in F . For any particular point ζ in F , the nontangential limit of ϕ exists
at ζ and its value ξ := ϕ∗(ζ) ∈ T. By the Julia-Carathéodory Theorem (cf.
[9, page 57]) and Julia’s Theorem (cf. [9, page 63]), ϕ(H(ζ, λ)) ⊆ H(ξ,Mλ)
for any λ > 0; where H(ζ, λ) := {z : |1 − zζ̄|2 < λ(1 − |z|2)} is a horodisk
based at ζ. Notice that for 0 < λ ≤ 1, there is a single point in ∂H(ζ, λ)
of smallest modulus and its distance from T is 2λ

1+λ . For 0 < λ ≤ 1
M , let

Γλ(ζ, θ) = S(ζ, θ) ∩ ∂H(ζ, λ). By basic geometric considerations, there is a
positive constant c, depending only on θ, such that 1 − |z| ≥ 2cλ/(1 + λ) for
all z in Γλ(ζ, θ). Since ϕ(H(ζ, λ)) ⊆ H(ξ,Mλ) and ϕ is continuous on D, we
find that ϕ(Γλ(ζ, θ)) is contained in the closure of H(ξ,Mλ) and hence:

1 − |z|
1 − |ϕ(z)| ≥ c

M
,

whenever z ∈ Γλ(ζ, θ) and 0 < λ ≤ 1
M . From this it follows that there exists

a, 0 < a < 1, such that {z ∈ WF (θ) : a < |z| < 1} ⊆ Ω c
2M

. Thus, if ε > 0
is sufficiently small, then WF (θ) ⊆ Ωε; and our claim holds. Notice that this
claim holds whether or not F is a finite union of closed subarcs of T. Define
ϕ̃ on Ωε by: ϕ̃(z) = ϕ(z), if z ∈ D and ϕ̃(ζ) = ϕ∗(ζ) if ζ ∈ T. Now, since
F ⊆ WF (θ) ⊆ Ωε and ϕ̃ is continuous on Ωε (see [1, Remark 2.6]), ϕ∗ is
continuous on F . Therefore, since ϕ∗(F ) = T, we may assume that each of
the finitely many closed subarcs of T whose union is F is nondegenerate;
that is, of the form: J := {eit : t1 ≤ t ≤ t2}, where 0 < t2 − t1 ≤ 2π.
Since ϕ is an analytic self-map of D, it can be expressed as a product fSμB,
where f is an outer function whose modulus on D is bounded by 1, Sμ is
a singular inner function and B is a Blaschke product. And since ϕ has an
angular derivative at each point in J, μ(J) = 0 and |f∗(ζ)| = 1 for all ζ in J .
Moreover, by our claim above, WF (θ) contains at most finitely many zeros
of B. Thus, ϕ has an analytic continuation to Od := {reit : 1

d < r < d and
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t1 < t < t2}, for some constant d > 1. Let ζ0 be one of the endpoints of J ,
either eit1 or eit2 . By the Julia-Carathéodory Theorem (cf. [9, page 57]), ϕ
as an analytic self-map of D is conformal at ζ0. But also, by [8, Proposition
4.9], ϕ as a function on Od is conformal at ζ0. This tells us that ϕ(WF (θ))
contains a set of the form {reit : b < r < 1 and eit ∈ ϕ∗(J)}, for some
constant b, 0 < b < 1. Piecing these things together, there exists s, 0 < s < 1,
such that {w : s < |w| < 1} ⊆ ϕ(WF (θ)) ⊆ Gε; and hence our proof is
complete. �

Corollary 2.2. Let ϕ be an analytic self-map of D. If there exists ε > 0 such
that T∩Ωε contains a compact set F that is the union of finitely many closed
subarcs of T, such that ϕ∗(F ) = T, then there exist ε∗ > 0 and s, 0 < s < 1,
such that {w : s < |w| < 1} ⊆ Gε∗ .

Proof. Now, by the Julia-Carathéodory Theorem (cf. [9, page 57]), ϕ has an
angular derivative ϕ′(ζ) at each point ζ in F , and |ϕ′| is bounded on F by
1/ε. We can now apply Theorem 2.1 above to find ε∗ > 0 and s, 0 < s < 1,
such that {w : s < |w| < 1} ⊆ Gε∗ . �

Remark 2.3. Under the hypothesis of Theorem 2.1 above, we find that ϕ′

is continuous on WF (θ); review the proof of this result. Therefore, Corol-
lary 2.2 not only gives us conditions under which [2, Theorem 3.7] holds, but
also conditions under which [2, Theorem 3.5] holds.

We end our analysis of Ωε by showing that the “finitely many” assump-
tion in the results above is sharp. In fact, the example we give shows that
this and another assumption in a quite separate result are both sharp. Recall
that if ϕ is a univalent analytic self-map of the unit disk, then Cϕ is closed-
range on A

2 if and only if ϕ has the form: ϕ(z) = eiθ α−z
1−ᾱz , where α is some

point in D; cf. [1, Theorem 2.5]. Therefore, in the case that ϕ is univalent,
[2, Theorems 3.5 and 3.7] hold with a vengeance. Our next example shows
that there is a two-valent analytic self-map ϕ of the unit disk for which [2,
Theorem 3.5] does not hold and for which statement (iii) of Theorem 3.7 (in
[2]) is not equivalent to statements (i) and (ii); and by two-valent we mean
that ϕ−1({w}) contains at most two points, for every point w in D. We add in
passing that, for any analytic self-map ϕ of the unit disk and for any ε > 0, ϕ
is boundedly-valent on Ωε; that is, there is a positive integer N such that
for any point w in D,Ωε ∩ϕ−1({w}) contains at most N points. This follows
quite easily from the definition of Ωε and the fact that Nϕ(w) = O(1 − |w|),
where Nϕ is the Nevanlinna counting function of ϕ.

Example 2.4. We now construct an example of a two-valent analytic self-
map ϕ of D, such that Cϕ is closed-range on A

2 and yet {w : s < |w| < 1} �⊆
ϕ(D)—whence, {w : s < |w| < 1} �⊆ Fε ∪ Gε—for 0 < s < 1 (and ε > 0).
This function ϕ is the square of a univalent analytic self-map φ of D. Before
we describe the image of D under φ, we need to establish some preliminaries.
In what follows, let H denote the upper half-plane {w : Im(w) > 0} and let
E be the closed subset of C given by:

E = {w : |w − i/2| ≤ 1/4} ∪ {w : 0 ≤ Im(w) ≤ 1/2 and − δ ≤ Re(w) ≤ δ},
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Figure 1.

where δ is some very small positive constant (e.g., 10−3). Notice that ∂(H\E)
is piecewise smooth and has four “corners”, that are located at junction points
of {w : 0 ≤ Im(w) ≤ 1/2 and − δ ≤ Re(w) ≤ δ} with {w : |w − i/2| ≤ 1/4}
and with the real line R. For any complex number a and any r > 0, let
Δ(a, r) = {w ∈ C : |w−a| < r}. For the same very small positive constant δ,
let E = {w ∈ H\E : Δ(w, δ) ⊆ H\E} and let V1 = ∪w∈EΔ(w, δ). Notice that
V1 is the same as H \E, but with the four aforementioned corners smoothed.
For 0 < r ≤ 1, let Vr = rV1 := {rw : w ∈ V1} and let Ur = S(Vr), where
S(w) := i−w

i+w . Thus, Ur is a smoothly bounded Jordan subregion of D that is
symmetric with respect to R and that looks like D with a “lollipop” Lr (of
diameter 6r/(4 + 3r)) deleted at 1 (see Fig. 1). Since Ur is symmetric with
respect to R and contains 0, there is a conformal mapping σr from Ur onto
D such that σr(z̄) = σr(z) on Ur, σr fixes −1 and 0, and σ′

r(0) > 0. Now,
by smoothly bounded we mean that the Jordan curve under consideration
is C1+α, for some α > 0; see the definition of this on page 62 of [6]. Since
∂Ur consists of finitely many arcs of circles joined at points of tangency, ∂Ur

is in fact C1+1 and thus [6, Theorem 4.3, page 62] tells us that σ′
r extends

continuously to Ur and is nonzero there.

Lemma 2.5. Using the notation above, there is a constant C > 1, independent
of r > 0, such that

1/C ≤ |σ′
r(z)| ≤ C,

for all z in Ur.

Proof. Since σ′
r extends continuously to Ur (and is nonzero there), we need

only establish this inequality for all z in Ur. By [6, Theorem 4.3, page 62],
there is a constant M > 1 such that

1/M ≤ |σ′
1(z)| ≤ M, (2.5.1)

for all z in U1. Notice that σr = Sr ◦ σ1 ◦ Tr, where Tr(z) := z−ar

1−arz with

ar = 1−r
1+r , and Sr(z) := z−σ1(−ar)

1−σ1(−ar)z . Therefore, by (2.5.1),

|σ′
r(z)|= |S′

r ◦ σ1 ◦ Tr(z)||σ′
1 ◦ Tr(z)||T ′

r(z)| ∼ |S′
r ◦ σ1 ◦ Tr(z)||T ′

r(z)|,
(2.5.2)

in Ur; where we use the symbol “∼” to indicate bounded equivalence, inde-
pendent of r. We now look for a good approximation to σ1(−ar). Notice that
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σ−1
1 is an analytic self-map of D that fixes 0 (and −1), but is not equal to z.

Therefore, by Schwarz’s Lemma, |σ−1
1 (z)| < |z| in D. Moreover, by the geom-

etry of U1, we can apply the Schwarz Reflection Principle to find that σ1 has
an analytic continuation across the relative interior of T∩∂U1, which contains
−1. It now follows that β := σ′

1(−1) exists, and 0 < β ≤ 1. Thus, σ1(z) ≈
β(z+1)−1, for z in D near −1. Consequently, σ1(−ar) ≈ β(−ar+1)−1. Thus,
there exists t (independent of r), 0 < t < 1, such that ρ(−ar, σ1(−ar)) ≤ t.
So, if we let τr = T−1

r , then we find that |S′
r(z)| ∼ |τ ′

r(z)| in D and hence (by
(2.5.2)):

|σ′
r(z)| ∼ |τ ′

r ◦ σ1 ◦ Tr(z)||T ′
r(z)| = |τ ′

r ◦ σ1 ◦ Tr(z)|/|τ ′
r ◦ Tr(z)|,

in Ur. What remains to be shown is that |τ ′
r ◦ σ1(w)| ∼ |τ ′

r(w)|, in U1. Now
τr(w) = w+ar

1+arw and so we need only show that there is a constant N > 1
(independent of r, 0 < r < 1) such that

|1/ar + w|/N ≤ |1/ar + σ1(w)| ≤ N |1/ar + w|,
for all w in U1. And this only needs to be shown for small values of r and for
w in U1 near −1. For such w, σ1(w) ≈ β(w+ 1) − 1, where 0 < β ≤ 1. Thus,
for such w,

4|1/ar + w| ≥ 2|1/ar + σ1(w)| = 2|σ1(w) − (−1/ar)|
≥ 2|σ1(w) − [β(−1/ar + 1) − 1]|
≥ β|1/ar + w|;

and so our goal is reached. �

Remark 2.6. (Concerning harmonic measure) Let G be a bounded region in
C for which the Dirichlet problem is solvable, and suppose z0 ∈ G. Define Υz0

on CR(∂G) by: Υz0(u) = û(z0), where û is the continuous function on G that
is harmonic in G and has boundary values u. By the Maximum Principle,
Υz0 defines a bounded (positive) linear functional (of norm 1) on CR(∂G).
Thus, by the Riesz Representation Theorem, there is a unique positive Borel
(probability) measure ω(·, G, z0) supported in ∂G such that

û(z0) =
∫

∂G

u(ζ)dω(ζ,G, z0)

for all u in CR(∂G). This measure is called harmonic measure on ∂G for
evaluation at z0. If w0 is any other point in G, then, by Harnack’s Inequality,
ω(·, G,w0) is boundedly equivalent to ω(·, G, z0) on ∂G. Let H be another
bounded region for which the Dirichlet problem is solvable such that G ⊆ H,
and let B be a Borel subset of (∂G)∩(∂H). Then, by the Maximum Principle,
ω(B,G, z0) ≤ ω(B,H, z0). We now suppose that G is a smoothly bounded
Jordan region. In this case, dω(ζ,G, z0) = |f ′(ζ)||dζ|/2π, where f is a confor-
mal mapping from G onto D that sends z0 to 0. Let H be another smoothly
bounded Jordan region such that z0 ∈ G ⊆ H. If f and g are conformal
mappings from G and H (respectively) onto D such that f(z0) = g(z0) = 0,
then, by our discussion above, |f ′| ≤ |g′| on (∂G) ∩ (∂H). Lastly, we recall
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a well-known probabilistic description of the distribution of harmonic mea-
sure. If G is any bounded region for which the Dirichlet problem is solvable,
z0 ∈ G and B is a Borel subset of ∂G, then ω(B,G, z0) is the probability
that a Brownian motion path starting at z0 will first exit G through a point
in B. Interpreting Lemma 2.5 in these terms gives us: for any Borel subset B
of ∂Ur, the probability that a Brownian motion path starting at 0 will first
exit Ur through a point in B is boundedly equivalent to the Hausdorff-one
measure of B; where the bound is independent of r.

We need one more preliminary result to help us with the construction,
whose proof makes use of Lemma 2.5 and another basic inequality. Sup-
pose that 0 < θ2 − θ1 ≤ π/2, and let I be the closed subarc of T given by
I := {eiθ : θ1 ≤ θ ≤ θ2}. For each θ, θ1 ≤ θ ≤ θ2, the horodisk H(eiθ, 1/2) :=
{z : 2|1− ze−iθ|2 < 1−|z|2} is just the open disk of radius 1/3 whose bound-
ary is internally tangent to T at eiθ; namely, Δ(2eiθ/3, 1/3). Let PI be the
smoothly bounded Jordan region:

PI :=
⋃

θ∈[θ1,θ2]

H(eiθ, 1/2).

Since ∂PI consists of I (an arc of T) along with three arcs of circles of radius
1/3, joined at points of tangency, there is a constant R > 1, independent of
I (as above) and independent of θ, θ1 ≤ θ ≤ θ2, such that

1/R ≤ dω(ζ, PI , 2eiθ/3)/|dζ| ≤ R, (*)

on ∂PI ; cf. [6, Corollary 4.7, page 65]. That R can be chosen independent of
θ, θ1 ≤ θ ≤ θ2, is by Harnack’s Inequality and that it can be chosen indepen-
dent of I follows from the fact that ∂PI is essentially the same, independent
of I. Indeed, one can obtain (*) in a more elementary way via Harnack’s
Inequality, the conformal invariance of harmonic measure and Remark 2.6.

Lemma 2.7. There is an absolute constant Q > 1 such that the following holds.
Let J be a smoothly bounded Jordan subregion of D that contains Δ(0, 2/3)
and let I be a closed subarc of T that traces out at most π/2 radians and that
contains a point η in its relative interior. Further, suppose that PI ⊆ J and
that (∂J )∩(D\PI) is a positive distance from PI . Then, for sufficiently small
r > 0, any conformal mapping f from the (Jordan) region J # := J ∩ ηUr

onto D that fixes zero, satisfies: for z in P I ∩ ∂J # (= P I ∩ ∂(ηUr)),

1/Q ≤ |f ′(z)| ≤ Q.

Proof. Since η is in the relative interior of I and PI ⊆ J , we find that, for
sufficiently small r > 0,J # is itself a smoothly bounded Jordan subregion of
D. One can establish this lemma via a Brownian motion argument that incor-
porates Lemma 2.5 and the discussion above. We outline a more elementary
approach here. Recall that σr maps Ur conformally onto D, fixes zero and
satisfies: σ′

r(0) > 0. By the Schwarz Reflection Principle, a Riemann sphere
version of Theorem 1 on page 55 of [5] and the special geometry of Ur, σr(z)
converges uniformly to z on Ur, as r → 0. Hence, σr,η(z) := ησr(η̄z) con-
verges uniformly to z on the closure of ηUr, as r → 0. Among other things,
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this tells us that Ir := σr,η(P I ∩ ∂(ηUr)) converges to I, as r → 0. There-
fore, since (∂J ) ∩ (D \ PI) is a positive distance from PI , we find that, for
sufficiently small r, PIr

⊆ σr,η(J #); and also that Δ(0, 1/2) ⊆ σr,η(J #).
Therefore, by (*), Remark 2.6 and Harnack’s Inequality, there is a constant
M > 1 (dependent only on r > 0 being sufficiently small), such that if g is a
conformal mapping from σr,η(J #) onto D that fixes zero, then

1/M ≤ |g′(z)| ≤ M,

for all z in Ir. Since g ◦ σr,η maps J # onto D and fixes zero, we can now
apply Lemma 2.5 and find that Q := CM satisfies the conclusion of this
lemma. �

We now have the tools we need to construct our univalent, analytic
self-map φ of D such that ϕ := φ2 satisfies: Cϕ is closed-range on A

2 and
yet, for 0 < s < 1, {z : s < |z| < 1} �⊆ ϕ(D). We proceed to describe the
image of D under φ. Recall that Ur is the unit disk with a “lollipop” Lr

deleted. The radial projection of Lr on T has the form: {eiθ : −θr ≤ θ ≤ θr},
for some (small, positive) value θr. Let U∗

r be the rotation of Ur given by:
U∗

r = ei(π+θr)Ur. Then, Ur ∩ U∗
r is the unit disk D with two equally sized

lollipops deleted; one based at 1 and the other “nearly” based at −1. For
positive integers n, let θn = π/2 − π/2n, and let {rn}∞

n=1 be a decreasing
sequence in the interval (0, 1], that converges quickly to zero; where the rate
of convergence shall be specified later. Let U be the (Jordan) subregion of D

given by:

U :=
∞⋂

n=1

eiθn [Urn
∩ U∗

rn
];

Figure 2.
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see Fig. 2. And, for any positive integer N , let UN be the smoothly bounded
(Jordan) subregion of D:

UN :=
N⋂

n=1

eiθn [Urn
∩ U∗

rn
].

If φ is a conformal mapping from D onto U (as described above), then
it is straightforward that φ2(D) looks like the unit disk D with a sequence of
holes, starting near 1 and converging to −1. Thus, for 0 < s < 1, {z : s <
|z| < 1} �⊆ φ2(D). What remains to be shown is that if {rn}∞

n=1 converges to
zero sufficiently fast, then Cφ2 is closed-range on A

2. For positive integers n,
let λn = π(2n − 3)/2n+1, let In = {eiθ : λn ≤ θ ≤ λn+1} and let Jn = eiπIn.
Let I0 = {eiθ : −π/2 ≤ θ ≤ −π/4} and let J0 = eiπI0. Notice that eiθn is well
within the relative interior of In, for all positive integers n. And if {rn}∞

n=1

converges to zero at a sufficiently fast rate, then, likewise, ei(π+θn+θrn ) is
well within the relative interior of Jn, for all positive integers n. We choose
{rn}∞

n=1 convergent to zero at a rate sufficiently fast so that, in addition, we
have the following.

(i) PI0 ⊆ U and PJ0 ⊆ U .
(ii) For any positive integer n, PIn

(respectively, PJn
) “contains” just one

lollipop of U ; and the other lollipops have no intersection with P In

(respectively, P Jn
).

(iii) There is a constant λ > 0 such that, for any positive integer N ,

|ψ′
N | ≥ λ on ∂UN ,

where ψN is the conformal mapping from UN onto D that fixes zero and
satisfies: ψ′

N (0) > 0.
Conditions (i) and (ii) are just geometric and they alone force a certain rate of
convergence of {rn}∞

n=1 to zero. Condition (iii) is achievable via (*) above and
an inductive construction using Lemma 2.7. Since UN is smoothly bounded,
ψ′

N extends continuously from UN to its closure and hence, by the Minimum
Modulus Principle, |ψ′

N | ≥ λ on UN . Let ψ be the conformal mapping from
U onto D that fixes zero and satisfies: ψ′(0) > 0. Then ψN converges to ψ
uniformly on compact subsets of U (cf. [5, Theorem 1, page 55]; and thus the
same can be said for ψ′

N and ψ′. Therefore, we find that |ψ′| ≥ λ on U . For
z in U , let d(z) = dist(z, ∂U). For the same very small positive constant δ
mentioned at the beginning of this example, let U# be the subregion of U
given by:

U# := {z ∈ U : d(z)/(1 − |z|) > δ}.
Notice that U# is all of U except for a narrow sheath of points around
each lollipop of U ; where the “thickness” of the sheath around a lollipop
eiθnLrn

(or ei(π+θn+θrn )Lrn
) is no greater than 6δrn/(4 + 3rn) (< 2δrn). Let

φ denote the inverse mapping of ψ from D onto U and let ϕ = φ2. Therefore,
if w ∈ ψ(U#), then d(φ(w))/(1 − |φ(w)|) > δ. So, by the Koebe Distortion
Theorem (cf. [8, Corollary 1.4], or [6, Theorem 4.3, page 19]),

(1 − |w|2)|φ′(w)|/(1 − |φ(w)|2) > δ/2,
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for all w in ψ(U#). Since |φ′| is bounded above by 1/λ on D, we find that

(1 − |w|2)/(1 − |φ(w)|2) > δλ/2,

for all such w. We then have:

(1 − |w|2)/(1 − |ϕ(w)|2) > δλ/4,

for all w in ψ(U#). Thus, ψ(U#) ⊆ Ωδλ/4 := {w ∈ D : 1−|w|2
1−|ϕ(w)|2 > δλ/4}.

Whence, Gδλ/4 := ϕ(Ωδλ/4) ⊇ ϕ(ψ(U#)) = {z2 : z ∈ U#}, which is the unit
disk with a sequence of holes that tend to −1, tangentially. And these holes
are essentially the size of the images of the disk parts of the lollipops under
the mapping z �→ z2. Thus, there is a sequence {zn}∞

n=1 in D that converges
to −1 and there is a constant t, 0 < t < 1, such that each hole is contained
in D(zn, t), for some n, and inf{ρ(zk, zn) : k �= n} −→ 1, as n → ∞. We con-
clude that Gδλ/4 satisfies the reverse Carleson condition, which implies that
Cϕ is closed-range on A

2; cf. [1, Theorem 2.4]. We observe that the image,
under ψ, of the closure of U# in T—which is essentially the set K (corre-
sponding to ϕ) mentioned in the first section of this erratum—is the union of
a countable collection of pairwise disjoint closed arcs of T. Thus, the “finitely
many” assumption of Section 1 is sharp. What is a little less obvious is that ϕ′

fails to be continuous on this image; but that indeed is the case. Summarizing
the main properties here: There is a two-valent analytic self-map ϕ of D such
that Cϕ is closed-range on A

2, yet, for 0 < s < 1, {z : s < |z| < 1} �⊆ ϕ(D).
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