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Introduction

Nicomachus of Gerasa has gained a position of importance in the history of ancient
mathematics due in great measure to his Introduction to Arithmetic [Nicomachus 1938]. This
book is one of the only surviving documentations of Greek number theory. Little is known about
the life of Nicomachus, and the period of his life can only be estimated to lie between the middle
of the first century and the middle of the second century AD, making him contemporary with
Theon of Smyrna and Ptolemy. I will discuss a pair of tables of integers found in the Arithmetic
and show how they lead to a general theory of proportion. These include the system of musical
proportions developed by the neo-Platonic Renaissance architects Leon Battista Alberti and
Andrea Palladio, the Roman system of proportions described by Theon of Smyrna, and the
Modulor of Le Corbusier. My interest in this article is to show how all of these systems are derived
naturally from the Nicomachus tables. Although the architectural details have been discussed
elsewhere, I will describe the Roman system of proportions in some depth.

This essay should not be looked at as an historical study. M.L. D’Ooge [Nicomachus 1938]
has admirably presented Nicomachus’s treatise in an historical context, and I have nothing to add.
Rather I shall take a single theme found in the Arithmetic and look at it with the lens of a
mathematician. Nicomachus also wrote another surviving manuscript, The Manual of Harmonics
[Nicomachus 1994], and one of his tables leads naturally to a representation of the musical scale
of Pythagoras. However, I will leave the discussion of such matters to a future article.

Nicomachus sequences

The following pair of double geometric series appear in the Introduction to Arithmetic and will
be referred to as Nicomachus sequences:
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Table 1. Table 2.

1 2 4 8 16 32 64 … 1 3 9 27 81 243 729 …
3 6 12 24 48 96 … 4 12 36 108 324 972 …

9 18 36 72 144 … 16 48 144 432 1296 …
27 54 108 216 … 64 192 576 1728 …

81 162 324 … 256 768 2304 …
1 2 243 486 … 1 3 1024 3072 …

3 729 … 4 4096 …

These tables follow a kind of Pascal’s law in which each number is the sum of the two above
it. Note that in Table 1 each column ends when the integer is no longer divisible by 2, while the
second table ends when integers are no longer divisible by 3. The motif of each table is expressed
by the triangle of numbers shown to the left. Successive elements in the rows of Table 1 (Table
2) are in the ratio of 1:2 (1:3) while rows successive elements in each column are in the ratio of
2:3 (3:4). Also successive numbers on right leaning diagonals are in the ratio 4:3 (9:4).

Tables 1 and 2 are generalized to any real number x as shown in Table 3.

Table 3.

1 x x2 x3 x4 …
x+1 x2+x x3+x2 x4+x3

x2+2x+1 x3+2x2+x x4+2x3+x2

1 x x3+3x2+3x+1 x4+3x3+3x2+x
x+1 x4+4x3+6x2+4x+1

Again each column ends when an element is not divisible by x. The terms of the geometric
series on the diagonal are seen to be (1+x)n for n=0,1,2,… The triangle of numbers, 1, x, x+1
can be looked at as the transformation,

x:1 –> 1:(1+x) and x:(1+x)

Nicomachus actually thought of this relationship as a transformation and says in Chapter
XXIII of Book I,

The multiple superpartients* and superpartients of other kinds are made to appear — out
of the superpartients; for example, from the superbipartient relation arranged so as to begin
with the smallest term (5:3 or 1 + 2:3) comes the double superbipartient (8:3 or 2 + 2:3),
but arranged so as to start with the greatest, the superpartient ratio (8:5 or 1 + 3:5). Thus
from (ratio x:1 = 3:5) comes either 25,40,64 (ratio 1:(1+x) = 5:8) 9,15,25 or 9,24,64
(ratio x: (1+x) = 3:8).

(*In order to represent fractions, Greek arithmetic employed a system in which ratios were
referred to as: multiples, mn:n; superparticulars, as 1 + 1:n; superpartients, as 1 + k:n, k>1;
multiple superparticulars, as m + 1:n, m>1; multiple superpartients, as m + k:n, both m and k
being greater than 1.)
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He then goes on to cite another example: from 16, 28, 49 (ratio 4:7) comes either 16, 44,
121 (ratio 4:11) or 49,77,121 (ratio 7:11).

Apart from the archaic language, this transformation appears to relate to the Farey sequence
shown in Table 4. 

Table 4. Farey Sequence 

0/1 1/1
Row 0 1/2
Row 1 1/3 2/3
Row 2 1/4 2/5 3/5 3/4
Row 3 1/5 2/7 3/8 3/7 4/7 5/8 5/7 4/5

…

Farey sequences are, in turn, related to representations of rational numbers as continued
fractions with applications to dynamical systems [Beck, Gleicher, and Crowe 1969; Kappraff
2001]. They also have applications to musical tuning systems [Rasch 1988; Kappraff ]. The
numerator (N) and denominator (D) of any rational number in the Farey sequence is gotten by
adding the numerators and denominators of the two terms that brace it from the rows above it,
e.g., 3/5 is braced by 1/2 and 2/3 so 3/5 = (1+2)/(2+3). In the Farey sequence each rational
number x = N/D in one row gives rise to two rationals, 1: (1+x) = D/(N+D) and x:(1+x) =
N/(N+D) in the next row, e.g., 2:5 –> 2:7 and 5:7. In this sense, Nicomachus indicates an early
awareness of the concepts underlying the Farey sequence which has become an important tool
of modern mathematics and music.

Figure 1 indicates a geometrical construction leading from x to 1 : (1+x) and x : (1+x). A line
is drawn from the lower left hand corner of a rectangle to the point x = N/D on a number line
superimposed on the top edge of the rectangle. At the point where this line crosses the diagonal
draw a vertical line. The vertical line marks the number line at x/(1+x) = N/(N+D). Next rotate
Figure 1 by a halfturn; the vertical line intercepts a number line on the rotated edge of the
rectangle at 1/(1+x) = D/(N+D). This construction is also inherent in the ability of the eight-
pointed star discovered by Tons Brunés [Brunés 1967; Kappraff 2000] and illustrated in Figure
2, to divide lines into 2,3,4,5,…,8 equal line segments. Brunés claims that he saw this star in a
temple in Pompeii that was dated sometime in the first century AD. Is it possible that
Nicomachus was aware of this star?

A system of proportion based on Nicomachus’s sequences

If Tables 1 and 2 are rewritten with elements in rows past the first shifted one element to the
right, notice that each element of a given row has a value between the values of the two elements
bracing it from above.
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Figure 1. 
A geometrical construction leading from x to 1: (1+x) and 1:(1+x). A line is drawn from the lower left hand

corner of a rectangle to the point x = N/D on a number line superimposed on the top edge of the rectangle. At
the point where this line crosses the diagonal draw a vertical line. The vertical line marks the number line at

x/(1+x) = N/(N+D). Next rotate Figure 1 by a halfturn; the vertical line intercepts a number line on the rotated
edge of the rectangle at 1/(1+x) = D/(N+D).

Figure 2.
The eight-pointed star discovered by Tons Brunés can be used to divide lines 

into 2,3,4,5,…,8 equal line segments.
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Table 5. Table 6.

1 2 4 8 16 32 … 1 3 9 27 81 243 …
3 6 12 24 48 4 12 36 108 

9 18 36 16 48 144
27 54 64 192

Table 5 nicely reflects the three means that pervade mathematics, the geometric, arithmetic,
and harmonic means. Given the sequence: a c b,

• the geometic mean of a and b is c = √ab
• the arithmetic mean is defined as: b-c = c-a or c = (a+b)/2
• the harmonic mean is defined as : (b-c)/b = (c-a)/a or c = 2ab/(a+b).

Notice in Table 5 that each element is the geometric mean of the elements to the left and right
of it; an element of a given row is the arithmetic mean of the two elements that brace it from above;
while a given element fits between the two numbers in the row below as the harmonic mean.

What about the mean relations expressed by Table 6? Again each row is a geometric
progression and again each element of a given row fits between the two numbers in the row
above and below. However, an element of a given row is now a kind of generalized arithmetic
mean defined by c=(a+b)/3 while a given element fits between two numbers in the row below it
as a generalized harmonic mean c = 3ab/(a+b). These mean relations can be generalized to Table
3 where now the generalized arithmetic mean ca is defined as ca = (a+b)/x and the harmonic
mean ch as ch =xab/(a+b). However, there is now an important restriction. In order for the means
to lie between their respective pairs of numbers, x must satisfy the inequality x>φ where φ =
(1+√5)/2, the golden mean. This result can be stated as a theorem (the proof is given in the
Appendix). I will refer to this as Nicomachus’s Theorem although Nicomachus was certainly not
aware of the golden mean as we think of it today.

NICOMACHUS’S THEOREM:
If b = ax and x ≥ φ, then a ≤ ca < b and a < ch ≤ b where ca = (a + b)/x and ch = xab/(a + b).
For the elements in Table 2, we can define another table in which each element is the

common (not generalized) arithmetic mean of the two elements above it while each element is
the common harmonic mean of the two elements below it as shown in Table 7.

Table 7.

1 3 9 27 81  243 …
6 18 54 162 …

36 108 … 

A similar table for the geometric series based on 1:x can be created, although the table for x=2
is, of course, identical with the original and the table for x = φ collapses into a single row with
the other rows repetitions of this row.
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There is one noteworthy relation tying the common and generalized means for a given x
together. Place the corresponding arithmetic and harmonic means, both common and
generalized, between any pair of elements from Table 1 and 2, e.g., the sequence of common and
generalized means between 6 and 12 for Table 1 and 12 and 36 for Table 2 are: 

6      8      9      12 12      16      18      24      27      36 
3:4    8:9    3:4 3:4     8:9     3:4     8:9     3:4

The ratio of successive integers in this sequence are written below, and the product of these
ratios equals 1/2 for the 1:2 sequence and 1/3 for the 1:3 sequence. In a similar manner, it can
be shown that the product of the ratios for a 1:x sequence is 1/x.

Figure 3. 
Depressing the string of a monochord at its midpoint and sounding it

with a bow yields a tone one octave above the fundamental tone
characteristic of the whole string. The fifth and fourth correspond to

bowed string lengths of 2/3 and 3/4 of the length of the fundamental.
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Alberti’s system of musical proportions

Any system of proportions useful for architecture should have additive properties so that the
parts of a plan can be made to add up to the whole, and it should have a repetition of key ratios
so that the design exhibits harmony in which the various parts relate to each other. We have seen
that Nicomachus’s tables all have additive properties. And while it might appear speculative that
Alberti based his proportions on this classic mathematician, we know for a fact that Alberti held
Nicomachus in great esteem, holding him up as an example of a great mathematician in his
treatise De re aedificatoria [Alberti 1988: 317].

Table 5 was the basis of the system of musical proportions used by Leon Battista Alberti in
Renaissance Italy [Wittkower 1971; Kappraff 1996]. The ratio of numbers in the rows of Table

Figure 4.
The geometrical construction referred to by Tons Brunés, a Danish engineer and student of ancient

geometry. When the point of a compass is placed at one vertex of a square and an arc is swept out, the
edge of the square is cut by a factor of 1/√2, the “sacred cut”. Four sacred cuts mark the vertices of a

regular octagon and lead to a subdivision of the square into three species of rectangles: a square of
proportion 1:1; a square root rectangle of proportion 1:√2; and a rectangle of proportion 1: q, referred

to as a Roman rectangle.
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5 are in proportion 1:2, which represents the musical octave. Depressing the string of a
monochord at its midpoint and sounding it with a bow yields a tone one octave above the
fundamental tone characteristic of the whole string (see Figure 3). The integers on the left leaning
diagonal are in the ratio 2:3 representing the musical fifth, i.e., if the fundamental is a C, the fifth
is a G (five tones from C to G [CDEFG]), while the integers on the right leaning diagonal are in
the ratio 3:4, a musical fourth, i.e., if the fundamental is C the fourth is an F (CDEF). The fifth
and fourth correspond to bowed string lengths of 2/3 and 3/4 of the length of the fundamental
as shown in Figure 3. Alberti’s system of proportions was built upon the neo-Platonic ideas of the
times in which the pair of geometric series framing the edges of Table 5 correspond to Plato’s
lambda figure alluded to in Timaeus and referred by Plato as the “world soul”:

1
2        3

4               9
8                    27

A “hexagon” of numbers was chosen within Table 5 (that is, numbers chosen so that they
appear to form the vertices of a hexagon, such as 8-16-24-18-9-6, with 12 in the middle), in
which adjacent numbers represented the ratio of length, width, and heights of architectural
spaces such as walls, ceilings, doors, etc. That this system of proportions exhibits harmony is
illustrated by taking a pair of integers from a given row, e.g., 6 and 12 and interspersing it with
its arithmetic and harmonic means. 

6       9      12      and      6      8       12
2:3     3:4                         3:4     2:3

Notice that the arithmetic and harmonic means insure the repetition of the ratios 2:3 and 3:4
to which they correspond . Also 2/3 x 3/4 = 1/2, i.e., octave is obtained by summing the intervals
of a fifth and a fourth. Similar harmonic relationships hold for Tables 6 and 7. For example,
place the generalized arithmetic and harmonic means between 12 and 36 in Table 6 and the
common arithmetic and harmonic means between 18 and 54 in Table 7. 

12      16      36      12      27      36      and      18      36      54      18      27      54
3:4      4:9             4:9      3:4                           1:2      2:3             2:3      1:2

We have a repetition of the ratios 3:4 and 4:9 in the first case and 1:2 and 2:3 in the second.
Also, note that 3/4 x 4/9 = 1/2 x 2/3 = 1/3. This repetition of ratios holds for the general case
of the 1:x sequence with the multiplication of ratios equaling 1/x.

The Roman system of proportions

The system of proportions based on x = θ where θ = 1 + √2 is of particular interest. An integer
version of this system was used in ancient Roman architecture and was written about by Theon of
Smyrna, a second century A.D. mathematician and Platonist philosopher and a contemporary of
Nicomachus, in a book entitled The Mathematics Useful for Understanding Plato [Theon 1979].
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Figure 5. 
The algebraic properties of the Roman system can be made palpable by considering the equivalent

geometric properties based on the interrelation of the proportions: 1, √2, and q. For example, if S is
either removed or added to SR, this results in RR, as Figure 5a illustrates. This is equivalent to

Properties 2 and 3. That 2S +RR = RR is equivalent to Property 1 (see Figure 5b). Finally, if SR is cut
in half it forms two SR at a smaller scale (Figure 5c), while two SR added together form an enlarged SR

(see Figure 5d) as predicted by Property 4, the doubling property of Table 8.
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This proportional system used for the design of the design of the Garden Houses of Ostia, the port
city of the Roman Empire, according to a study by Donald and Carol Watts [Kappraff 1996;
Watts and Watts 1986]. The key to understanding the Roman system of proportions is a
geometrical construction referred to by Tons Brunés, a Danish engineer and student of ancient
geometry, known as the sacred cut. When the point of a compass is placed at one vertex of a square
and an arc is swept out, the edge of the square is cut by a factor of 1/√2, “sacred cut”. Four sacred
cuts mark the vertices of a regular octagon as shown in Figure 5 and lead to a subdivision of the
square into three species of rectangles: a square (S) of proportion 1:1; a square-root rectangle (SR)
of proportion 1:√2; and a rectangle of proportion 1: θ, referred to as a Roman rectangle (RR). 

What is noteworthy about this system is that the table of generalized means and the one of
common means result in a single table rising and falling from the initiating double geometric
sequence as shown in Table 8.

Table 8.

θ6/2√2   θ5/2√2 …
θ4/2    θ5/2    θ6/2 …

θ2/√2   θ3/√2   θ4/√2   θ5/√2 …
1   θ θ2 θ3 θ4 θ5 …

θ√2   θ2√2   θ3√2   θ4√2 … 
2θ2 2θ3 2θ4

2√2θ3 2√2θ4 …

Beginning with the 1: θ geometric series on the central row of this table, each element below
the center is the generalized arithmetic mean of the pair above it ; each element above the center
is the ordinary arithmetic mean of the pair below it, e.g.,

(θ + θ2)/θ = θ√2 while (θ + θ2)/2 = θ2/√2.

Also, each element below the center is the generalized harmonic mean of the pair below it;
each element above the center is the ordinary harmonic mean of the pair above it, e.g.,

θ(θ)(2θ)/(2+2θ ) = θ√2, while 2(θ/√2 )(θ2/√2 )/( θ/√2+θ2/√2) = θ.

The algebra to carry out these operations can be seen more clearly by comparing the θ-
sequence with the discrete version of this sequence known as Pell’s sequence.

1  3  7  17  41  99  …      (1a) 1  θ√2 θ2√2 θ3√2 θ4√2  …      (1b)
1  2  5  12  29  70  … 1  θ θ2 θ3 θ4   θ5 …

Both of these triples of sequences have the Pell’s sequence property : an+2 = 2an+1 + an and the
ratio of successive terms of Sequences 1a approaches θ in a limit sense as n–>oo. Any algebraic
operation that holds for the integer sequence also holds for the θ-sequence. This sequence has
many additive properties, although we list only the four fundamental properties from which the
others can be derived.
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i) Each Pell sequence has the defining property,

x x x   Property 1: a + 2b = c , e.g., 1 + 2x2 = 5 and 1 + 2θ = θ2
a b c

ii, iii) Other additive properties are,

a b 
x x   Property 2: a + b = d, e.g., 2 + 5 = 7 and 1 + θ = θ√2
x x   Property 3: a + c = b, e.g., 2 + 3 = 5 and q√2 + θ = θ2

c d

iv) Property 4: Any element is the double of the element two rows above it. 

Also, the ratio of any term from Sequence 1b to the one above it equals √2 while the ratio of
any integer from Sequence 1a to the one above it approximates √2 with the approximation
asymptotically approaching √2 as n–>oo. It should be noted that since the sum of two integers
in any row equals an integer from the row above it, an infinite number of rows are needed to
insure that this proportional system has additive properties.

The algebraic properties of the Roman system can be made palpable by considering the
equivalent geometric properties based on the interrelation of the proportions: 1, √2, and θ.
These relationships are shown in Figure 5. For example, if S is either removed or added to SR,
this results in RR, as Figure 5a illustrates. This is equivalent to Properties 2 and 3. That 2S +RR

Figure 6. 
A rectangle subdivided by sixteen subrectangles with dimensions from Table 8.
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= RR is equivalent to Property 1 (see Figure 5b). Finally, if SR is cut in half it forms two SR at
a smaller scale (Figure 5c), while two SR added together form an enlarged SR (see Figure 5d) as
predicted by Property 4, the doubling property of Table 8.

The architectural system based on these proportions has many additive properties in which a
small number of modules are able to fit together in countless ways. Figure 6 shows the
breakdown of a square of dimensions θ3xθ3 into nine subrectangles with lengths and widths
from Table 8 satisfying,

θ3 = 1 + 2θ + 2θ + θ√2
θ3 = θ√2 + 2θ + θ + θ√2 (2)

It is a good exercise to verify Equations 2 using Properties 1-4 of the Roman system. Because
of the additive properties, these rectangles can be rearranged in many ways to tile the same
rectangle. This versatility is illustrated in the design in Figure 7 by Mark Bak which contains S,
SR, and RR at three different scales.

All the tones of the Pythagorean scale are based on the ratio of string lengths in which the
numerator and denominator are divisible by primes 2 and 3, e.g., the musical fifth, fourth, and
octave: 2/3, 3/4, and 1/2. The SR rectangle is particularly suited for creating the musical
proportions of the Pythagorean scale, since it has a natural bisecting and trisecting property. By
the construction of Figure 1 an oblique line drawn to the midpoint of the side of a rectangle cuts

Figure 8. 
A square tiled in three ways with the same

species of rectangles whose lengths and widths
are numbers from the Red and Blue sequence. 

Figure 7. 
A design by Mark Bak which contains S, SR,

and RR at three different scales.
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the diagonal of at the trisection point and the bisection of the SR rectangle divides it into two
SR rectangles according to Figure 5c. It has been shown that the Medici Chapel was created with
numerous SR rectangles enabling its design to be embedded with many musical ratios [Kappraff
1996a; Williams 1997].

The Modulor of Le Corbusier.

As we mentioned, if x = φ the Nicomachus sequence collapses to a single line, that of the
Fibonacci sequence known as the f-sequence,

1 φ φ2 φ3 φ4 φ5 …

where φn + φn+1 = φn+2. In order to make the φ-sequence into a system of architectural
proportions, the great 20th-century architect Le Corbusier cleverly adjoined a second series
multiplied by 2 to form so-called “Red and Blue sequences”, which he named the Modulor
[Kappraff 1991; Kappraff 1996b; Le Corbusier 2000]. 

Table 9

Blue 2/φ 2      2φ 2φ2 2φ3 2φ4 2φ5 …
Red 1  φ φ2 φ3 φ4 φ5 φ6 …

Figure 9. 
The exterior of Le Corbusier’s Unité d’Habitation with its windows 

exhibiting the Modulor tiling.
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Each sequence is a geometric series with ratio 1: φ. Each element of one sequence fills the gap
between two elements of the other sequence. Just as for Table 5 based on the ratio 1:2, each
element of the Red sequence is the arithmetic mean of the pair of elements of the Blue series
that brace it, while each element of the Blue series is the harmonic mean of the pair of elements
from the Red series that brace it. Since the sum of a pair of integers from either the Red or Blue
sequence results in another integer in that same sequence, only these two sequences are necessary
to assure that the sequences have additive properties unlike the Roman system which requires an
infinity of sequences.

This system also has many additive properties, which enables a rectangle to be tiled in
countless ways by a small repertoire of modules. Figure 8 shows a square tiled in three ways with
the same species of rectangles whose lengths and widths are numbers from the Red and Blue
sequence. Figure 9 shows the exterior of Le Corbusier’s Unité d’Habitation, built 1947-52 in the
outskirts of Marseille, with its windows exhibiting the Modulor tiling.

Conclusion

I have presented the mathematics behind the Nicomachus sequence and shown it and its
generalizations to be the basis of three successful systems of proportion, the musical system of
proportions of Alberti, the Roman system of proportions, and the Modulor of LeCorbusier. I
have also shown that Farey series and the geometry of the Brunés star is suggested by the
generalizations of Nicomachus sequences. Since Farey series is also fundamental to an
understanding of a modern study of dynamical systems, we see that the voice of Nicomachus
still echoes through the halls of mathematics.

Appendix

Proof of Nicomachus’s Theorem:

Let ca = (a+b)/x where b/a = x. It follows, using algebra, that,

ca = a(1+1/x) = b(1/x +1/x2). (A1)
But,

1/x + 1/x2 = 1 where φ = (1+√5)/2. (A2)

Therefore it follows from Equations A1 and A2 that,

a < ca ≤ b for x ≥ φ

Let ch = xab/(a+b) where b/a = x. It follows, using algebra, that,

ch = a[1/(1/x+1/x2)] = b[1/(1+1/x)]. (A3)

It follows from Equations A2 and A3 that,

a ≤ ch < b for x ≥ φ

First published in the NNJ online October 2000
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