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Abstract. We give a characterization of the Gram matrices of spherical and finite-volume
hyperbolic polytopes of a given combinatorial type. This is done in terms of the signs of
certain minors of the Gram matrix.

Introduction

Coxeter [Co] and Lann´er [La] gave a complete description of the possible dihedral an-
gles of arbitrary dimensional simplices with angles not exceedingπ/2 in a space of
constant curvature. This produces a description of all spherical and bounded euclidean
polytopes with dihedral angles not exceedingπ/2, since these polytopes are direct prod-
ucts of simplices [Co]. Andreev [An1], [An2] established the analogous description
for finite-volume hyperbolic polytopes of dimension three (i.e., polyhedra): for a given
combinatorial type of polyhedron, not a simplex, he determined necessary and sufficient
conditions on the dihedral angles under which there exists a finite volume hyperbolic
polyhedron with angles not greater thanπ/2 and with the given combinatorial type. All
these conditions are just linear inequalities. A reason to describe polytopes from their
dihedral angles is that bounded hyperbolic polytopes of dimension greater than two with
dihedral angles not exceedingπ/2 are determined by their dihedral angles up to isometry
[An1]. This is mainly deduced from Cauchy’s lemmas [Ca] (see also [Al] and [RH] for
proofs and other uniqueness results).

Any hyperbolic or spherical polytope can also be determined up to isometry by its
Gram matrix(except one indeterminacy case, see Section 1). Each dihedral angle of the
polytope is in correspondence with a specific entry of this matrix, namely, this entry
is equal to minus the cosine of the dihedral angle. According to a result of Andreev
[An3], all off-diagonal entries of the Gram matrix of a polytope with dihedral angles
not greater thanπ/2 are nonpositive. Using the properties of matrices with nonnegative
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entries (essentially the Perron–Fr¨obenius Theorem), Vinberg characterized the Gram
matrices of polytopes of arbitrary dimension with dihedral angles not exceedingπ/2
[Vi1], [Vi3]. He also described the combinatorial type of the polytope corresponding to
such a matrix in terms of the signs of principal minors of this matrix.

When there is no restriction on the values of the dihedral angles, the characterization
of Gram matrices ofsimplices is easily established in terms of the signs of certain
minors (see [Vi2] or [Mi]). For an arbitrary combinatorial type of polyhedron, Rivin
characterized the dihedral angles ofidealhyperbolic polyhedra (i.e., with all their vertices
on the sphere at infinity) of a given combinatorial type [Ri1], [Ri2]. As in Andreev’s
theorems, Rivin’s conditions form a system of linear inequalities.

In this paper we give a characterization of the Gram matrices of spherical and finite-
volume hyperbolic polytopes of a given combinatorial type, without any restriction on
the dihedral angles. As in the case of simplices, this is done in terms of the signs of certain
(not only principal) minors of the Gram matrix. Both characterizations are consequence
of a general result (Theorem 4.1) for cones over polytopes (polyhedral cones) in a vector
space with a quadratic form given in it. This directly produces the result for spherical
polytopes. For the hyperbolic case, it is still necessary to study the relative position
between the polyhedral cone and the hyperbolic space. Therefore, extra conditions are
required in order to obtain a finite-volume polytope (Theorem 4.4). The classical result
for simplices can be easily obtained as a corollary (Corollary 4.5). The techniques in
the proof of these results are based on a combinatorial description of the orientation of
a polytope by means of what we callmaximal oriented cycles(see Section 2). These
cycles will be used to determine the combinatorial type of the polytope (see Section 3).

The organization of this paper is as follows. In Section 1 we review some general facts
on polyhedral cones. In Section 2 we study different aspects (topological, combinatorial,
and vectorial) relative to orientations on polytopes and prove Proposition 2.4 relating
these concepts. This result is used for proving the necessary condition of Theorem 4.1.
Section 3 is devoted to the proof of Proposition 3.3, which gives sufficient conditions for
two sets of vectors to determine the facets (i.e., maximal dimensional faces) and vertices
of a polytope of a given combinatorial type; this is used to prove the sufficient condition
of Theorem 4.1. In Section 4, we state and prove our main results. Finally, we comment
on some applications in Section 5 and give an example to illustrate how to use our results
to characterize the dihedral angles of a hyperbolic or spherical polytope.

1. Polyhedral Cones

We recall some basic definitions concerning polytopes and polyhedral cones. See [Gr],
[BL], [Vi1], and [Vi3] for more details.

Definitions. A polytope(or affine polytope) is a bounded subsetP ⊂ Rd defined as
the intersection of finitely many closed halfspaces. Thedimensionof the polytope is the
dimension of its affine span. A polytope of dimensiond is called ad-polytope. We use
the termpolyhedronto refer to a 3-polytope. Afaceis the intersection of the polytope
with a hyperplane which bounds a halfspace containing the polytope. This includes the
empty set. By convention,P will also be a face. These two faces are calledimproper,
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and the remaining faces are calledproper. Faces are also polytopes;verticesare faces
of dimension zero, and proper faces of maximal dimension are calledfacets. If F and
F ′ are faces ofP, we write F ≺ F ′ to denote thatF is contained inF ′. The set of all
faces of a polytopeP exceptP itself, with this order relation, is a lattice, called the
combinatorial type of Pand denoted byP. We always consider polytopes with labeled
faces, that is, we number the facets. Two polytopes have thesame combinatorial type
if there is a lattice isomorphism between the corresponding combinatorial types which
preserves the numbering of the facets.

We use italic capital lettersP, F,C,V, . . . for affine polytopes and their faces, and
caligraphic lettersP,F, C,V, . . . for the corresponding elements of the combinatorial
type of the polytope.

The following result is readily verified [Gr]:

Lemma 1.1. Let P be a polytope. Then

(C1) any face is contained in some facet;
(C2) any face of dimension d− 2 is contained in exactly two different facets;
(C3) any two facets F, F ′ can be joined by a chain of adjacent facets(i.e., there exists

a finite sequence F= F1, . . . , Fr = F ′ of facets such that, for all i , Fi ∩ Fi+1

is a facet of both Fi and Fi+1).

If we embedRd as an affine subspace of the vector spaceRd+1 not containing the
origin, then the (positive) cone over a polytopeP is called a polyhedral cone. More
precisely we have the following:

Definitions. A polyhedral conein the vector spaceRd+1 is a subset of the form

P̂ =
n⋂

i=1

Ĥ−i ,

where Ĥ−i is a closed halfspace bounded by the linear hyperplaneĤi and such that
the intersection of the hyperplaneŝHi is the origin ofRd+1. It can be seen that this
lastnondegeneracycondition assures that there exists an affine hyperplaneA such that
P = P̂∩A is bounded, and therefore a polytope. We always assume thatP̂ has nonempty
interior and that none of the halfspacesĤ−i contains the intersection of the others. The
facesof a polyhedral conêP are defined to be the cone over the faces of the polytope
P = P̂ ∩ A. Thecombinatorial typeof P̂ is defined to be that ofP.

Let f be a nondegenerate quadratic form (we also denote byf the associated bilinear
form). We say thatf (v) is thenorm of the vectorv ∈ Rd+1. A subspaceĤ ⊂ Rd+1

is calledlightlike if the quadratic formf restricted to it is degenerate. Anorthogonal
transformationis a linear isomorphism that preservesf . We call the pair(Rd+1, f ) a
geometric space.

If the hyperplaneĤi is not lightlike, then theoutward normal vectorto the halfspace
Ĥ−i is the unique vectorei with f (ei ) = ±1 and verifying

Ĥ−i = {x ∈ Rd+1 | f (x,ei ) ≤ 0}.
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Let P̂ = ⋂n
i=1 Ĥ−i be a polyhedral cone such that nôHi is lightlike. TheGram matrix

of P̂ is defined to be the matrix of inner products of the outward normal vectors to the
halfspacesĤ−i , that is,

G(P̂) = ( f (ei ,ej )
)

i, j=1,...,n .

The nondegeneracy condition on the polyhedral cone implies that rkG(P̂) = d+1, and
so the Gram matrix determines the polyhedral cone up to orthogonal transformation.

We are mainly interested in two particular values of the signature off , those defining
either the spherical or hyperbolic geometry. Iff is the usual euclidean inner product, then
thed-dimensional sphereSd is the setf −1(1). A spherical polytopeis the intersection
of the sphere with a polyhedral cone.

Similarly, for hyperbolic geometry, we takef to have signature(d,1). More precisely,
let (x1, . . . , xd, xd+1) be the coordinates of the vectorx with respect to the canonical
basis ofRd+1 and let f be the quadratic form defined byf (x) = x2

1 + · · · + x2
d − x2

d+1.
Then the hyperbolic space is the upper sheet of the hyperboloidf −1(−1):

Hd = {x ∈ Rd+1 | f (x) = −1, xd+1 > 0}.
The sphere at infinity, denoted∂Hd, is the set of rays of the set{x ∈ Rd+1 | f (x) =
0, xd+1 ≥ 0}. A hyperbolic isometryis an orthogonal transformation that preservesHd.
A hyperbolic polytopeis the intersection of a polyhedral coneP̂ = ⋂n

i=1 Ĥ−i with Hd,
i.e.,

P =
(

n⋂
i=1

Ĥ−i

)
∩ Hd =

n⋂
i=1

H−i ,

where all the facets of̂P, Ĥi ∩ P̂, have nonempty intersection withHd (we have used
the notationH−i = Ĥ−i ∩ Hd).

A hyperbolic polytopeP = P̂ ∩ Hd has finite volume if and only if the polyhedral
cone P̂ is contained in the set{x ∈ Rd+1 | f (x) ≤ 0, xd+1 ≥ 0}. Thecombinatorial
typeand theGram matrixof a spherical or hyperbolic polytope are the combinatorial
type and the Gram matrix of the polyhedral cone mentioned above. We note that all the
diagonal entries of this matrix are equal to one. Finite-volume hyperbolic polytopes are
determined up to isometry by their Gram matrices.

In the remainder of this section we discuss the method we use to determine the vertices
of a given polyhedral cone. Recall that ifP̂ = ⋂n

i=1 Ĥ−i ⊂ (Rd+1, f ) is a polyhedral
cone over an affine polytopeP, then avertexof P̂ is the rayv̂ spanned by a vertexv of
P. By abuse of notation, any nonzero vector in this ray is also called vertex.

It is convenient later to choose a single vector (in fact, one of the two rays) in the line
L(v) = L(ei1, . . . ,eid)

⊥, in the same way as the vector product inR3 determines a single
vector orthogonal to two given vectors. We do it by using theHodge star operator. We
recall its definition and some properties (see, for instance, [Iv]).

First recall the quadratic form
∧m f defined in the space

∧m Rd+1 as follows:(
m∧

f

)
(e1 ∧ · · · ∧ em, v1 ∧ · · · ∧ vm) = det( f (ei , vj ))i, j=1,...,m.



A Characterization of Gram Matrices of Polytopes 585

We fix an orientation inRd+1 and call it positive. For eachm, theHodge star operator
is an isomorphism? between the spaces

∧m W and
∧d+1−m W. For m = d + 1, this

isomorphism is determined by the condition that, for any positively oriented orthonormal
basisu1, . . . ,ud+1 of Rd+1, it holds that?(u1 ∧ · · · ∧ ud+1) = 1. We observe that
?(e1∧ · · · ∧ ed+1) is equal to the determinant of the matrix of coordinates of the vectors
ei with respect to any positively oriented orthonormal basis ofRd+1.

For m≤ d, the Hodge star operator? is defined by the composition∧m W
ψ−→

(∧d+1−m W
)∨ τ−1−→∧d+1−m W,

whereV∨ denotes the dual space of the vector spaceV andψ andτ are the isomorphisms
defined by

ψ(e)(w) = ?(e∧ w) for e∈
m∧

W, w ∈
d+1−m∧

W,

τ (v)(w) =
(

d+1−m∧
f

)
(v,w), for v,w ∈

d+1−m∧
W

(i.e.,τ is the polarity for the quadratic form
∧d+1−m f ). The vector?(e1 ∧ · · · ∧ ed) is

orthogonal to eachei and its norm is equal to the norm ofe1∧· · ·∧ed, up to the sign. Also,
the orientation of the basise1, . . . ,ed, ?(e1∧· · ·∧ed) (whenever

∧d f (e1∧· · ·∧ed) 6= 0)
depends on detf and the sign of

∧d f (e1∧ · · · ∧ ed), where we have denoted by detf
the determinant of the matrix off with respect to any orthonormal basis. This is precisely
stated in the following lemma.

Lemma 1.2. Let e1, . . . ,ed, v1, . . . , vd ∈ Rd+1; then:

(a) f (?(e1 ∧ · · · ∧ ed), v) = ?(e1 ∧ · · · ∧ ed ∧ v),
(b) (

∧d f )(v1∧· · ·∧vd,e1∧· · ·∧ed) = (det f ) ? (v1∧· · ·∧vd∧?(e1∧· · ·∧ed)),
(c) (

∧d f )
(
e1∧· · ·∧ed, v1∧· · ·∧vd

) = (det f ) f (?(e1∧· · ·∧ed), ?(v1∧· · ·∧vd)).

2. Orientation

We recall [BL] that acomplete flagB on the combinatorial typeP of a d-polytope is a
family ∅ = F−1 ≺ F0 ≺ · · · ≺ Fd−1 of faces such that there is a face of each dimension
and the faceFi of dimensioni is contained in the faceFi+1 of dimensioni + 1.

Let B : ∅ = F−1 ≺ F0 ≺ · · · ≺ Fd−1 be a complete flag. For alli = 0, . . . ,d − 1
we take a vertexVi ∈ Fi \Fi−1 and consider a vertexVd /∈ Fd−1. We callV0, . . . ,Vd a
basis ofP associatedto the flagB.

Definition. Two complete flagsB : ∅ ≺ F0 ≺ · · · ≺ Fd−1 andB′ : ∅ ≺ F ′0 ≺
· · · ≺ F ′d−1 on the combinatorial type of ad-polytope differ by anelementary step
if they only differ in a face, namely, there exists a labeli ∈ {0, . . . ,d − 1} such that
Fi 6= F ′i andFj = F ′j for all j 6= i . A chainof complete flags oflength mis a finite
sequenceB0,B1, . . . ,Bm of complete flags such that any two consecutive flags differ by
an elementary step.



586 R. Dı́az

Remarks. If two complete flagsB andB′ differ by an elementary step, then, by
Lemma 1.1 (C2),B′ is completely determined byB and the dimension of the faces
that are different. Using Lemma 1.1 (C3) and an easy induction argument on the dimen-
sion of the polytope, it is not difficult to check that given two complete flags there is
always a chain joining them.

Definition. (a) LetP be the combinatorial type of ad-polytope. Amaximal oriented
cycleis a familyC1, . . . , Cd, Cd+1 of d+ 1 ordered facets ofP which “meets a complete
flag”; this means that settingFi = C1 ∩ · · · ∩ Cd−i for i = −1, . . . ,d − 1, thenB :
∅ = F−1 ≺ F0 ≺ · · · ≺ Fd−1 is a complete flag. We also say thatC1, . . . , Cd, Cd+1

is a maximal oriented cycleincident to the flagB or to the vertexF0. Equivalently,
C1, . . . , Cd, Cd+1 is a maximal oriented cycle incident to the flagB if C1 = Fd−1 and, for
i = 2, . . . ,d + 1, the facetCi containsFd−i but does not containFd−i+1.

(b) LetC1, . . . , Cd, Cd+1 be a maximal oriented cycle incident to a flagB : ∅ = F−1 ≺
F0 ≺ · · · ≺ Fd−1. The familyC1, . . . , Cd is called anoriented cycleincident toB or to
the vertexF0; for r = 1, . . . ,d− 1, the familyC1, . . . , Cr is called atruncated oriented
cycleincident to the faceFd−r . Note that we can consider oriented cycles and maximal
oriented cycles as truncated cycles incident, respectively, to a vertex or the empty set.

We can also regardP as a linear convex cell complex in the sense of piecewise-linear
topology (see, for instance, [Hu] and [RS]). In this context, acell is the same as an affine
polytope, and alinear convex cell complex(or simplycell complex) K is a finite set of
cells in someRm satisfying

(i) if A ∈ K andB ≺ A, thenB ∈ K ,
(ii) if A, B ∈ K , thenA∩ B is a face of bothA andB.

We refer to the faces of maximal dimension of a complexK as itsfacets. We will
see now how an oriented cycle induces a topological orientation on the underlying space
|P| of P, which is a sphere of dimensiond − 1, and so an orientable manifold. Given
two embeddings ofh1, h2 of [−1,1]m in the interior of a connectedm-manifoldM , then
h1 is ambient isotopic to eitherh2 or h2 ◦ r , wherer is a reflexion of [−1,1]m (Disk
Theorem, see [RS]). Therefore, there are one or two equivalence classes of embeddings
of I m = [−1,1]m in M , up to ambient isotopy. A manifoldM is orientableif there are
two equivalence classes, and, hence,h andh◦ r are not ambient isotopic. Anorientation
on an orientablem-manifold M is the choice of one equivalence class.

Lemma 2.1. LetP be the combinatorial type of a d-polytope. Then:

(a) A complete flag onP induces an orientation on|P|.
(b) If two complete flagsB,B′ differ by an elementary step, then they induce different

orientations on|P|.
(c) Two complete flagsB,B′ induce the same orientation on|P| if and only if they

can be joined by a chain of even length.

Proof. (a) We regardI d−1 as a polytope and, from now on, we fix a complete flag
∅ ≺ I 0 ≺ · · · ≺ I d−2 on I d−1. Given a complete flagB : ∅ ≺ F0 ⊂ · · · ≺ Fd−1 onP,
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we consider an affine embeddingϕ: I d−1 → |P| such thatϕ(I i ) ⊂ |Fi | for all i . Such
an embedding always exists and two such embeddings are easily shown to be ambient
isotopic. So they induce the same orientation on|P|. We callϕ anassociatedembedding
toB.

(b) LetB : · · · ≺ Fs ≺ · · · andB′ : · · · ≺ F ′s ≺ · · · be two complete flags onP which
differ by an elementary step, sayFs 6= F ′s. For the cases< d−1, let Js be thes-face of
I d−1 different from I s, containingI s−1 and contained inI s+1, and letr be the (unique)
reflexion of I d−1 fixing I s−1 pointwise and mappingI s to Js. Now considerϕ to be an
associated embedding toB such thatϕ(Js) ⊂ |F ′s|. Thenϕ′ = ϕ ◦ r is an associated
embedding toB′ and thereforeϕ andϕ′ induce different orientations on|P|. If s= d−1,
we taker ′ to be the reflexion ofI d−1 such thatI d−2 andr ′(I d−2) are disjoint. Ifϕ is an
associated embedding toB, then it can be easily seen thatϕ ◦ r ′ is ambient isotopic to
an associated embedding toB′. Hence againB andB′ induce different orientation.

Part (c) follows inmediately from (a) and (b).

Using the previous lemma we can give the following definition.

Definition. Two oriented cycles on the combinatorial type,P, of a polytope have the
same orientationif the complete flags that they determine induce the same orientation
on |P|.

Concepts asflags, cycles, same orientation, . . . , defined for combinatorial types of
polytopes can also be defined for affine polytopes and for polyhedral cones in the obvious
way. We distinguish each case by using the appropriate notation.

The following lemmas and proposition establish relations among oriented cycles of
polyhedral cones and the orientation of certain bases of the vector spaceRd+1. For the
remainder of this section we considerP̂ = ⋂n

i=1 Ĥ−i to be a polyhedral cone of maxi-
mal dimension,d, in a geometric space(Rd+1, f ). We suppose that nôHi is lightlike,
and denote byei the outward normal vector tôH−i . Finally we writeĈi = Ĥi ∩ P̂.
If Ĉi1, . . . , Ĉid , Ĉid+1 is a maximal oriented cycle on̂P, then for all j it holds that
dim(Ĥi1 ∩ · · · ∩ Ĥi j+1) = dim(Ĥi1 ∩ · · · ∩ Ĥi j )− 1. Therefore, the vectorsei1, . . . ,eid+1

are linearly independent, so that they form a basis ofRd+1. We refer to this as thebasis
corresponding to the maximal cyclêCi1, . . . , Ĉid , Ĉid+1.

Lemma 2.2. Let B̂ be a complete flag on̂P and letĈi1, . . . , Ĉid , Ĉid+1 andĈj1, . . .,Ĉjd ,
Ĉjd+1 be maximal cycles incident tôB (therefore, by definition, these cycles have the same
orientation). Then the bases corresponding to these cycles have the same orientation.

Proof. First we observe that, for allk = 1, . . . ,d+1, the linear spanL(ei1, . . . ,eik) of
{ei1, . . . ,eik} is equal toL(ej1, . . . ,ejk). In fact, both subspaces are equal to the subspace
L(F̂d−k)

⊥, whereF̂d−k is the face of dimensiond − k of the flagB̂.
We denote byEk the subspaceL(ei1, . . . ,eik) = L(F̂d−k)

⊥. Then E1 ⊂ · · · ⊂
Ed+1 = Rd+1 and Ek is a hyperplane ofEk+1 for eachk = 1, . . . ,d. We prove that
eik+1 andejk+1 are in the same halfspace ofEk+1 determined byEk. For this purpose we
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choose a basisv0, . . . , vd of P̂ associated to the complete flagB̂, that is,vh ∈ F̂h\F̂h−1

for all h = 0, . . . ,d− 1, andvd /∈ F̂d−1. These vectors are linearly independent, so that
L(v0, . . . , vk) = L(F̂k). In particular, we can write

Ek = {w ∈ Ek+1| f (w, vd−k) = 0}.

Now eik+1 ∈ Ek+1\Ek and f (eik+1, vd−k) < 0, becausevd−k is a vertex of the polyhedral
coneP̂ and for the same reasonf (ejk+1, vd−k) < 0. Hence,eik+1 andejk+1 are in the same
halfspace ofEk+1 determined byEk.

Summing up we haveei1 = ej1, becausêCi1 = Ĉj1 = F̂d−1; alsoei2 = ej2, because
Ĉi2 = Ĉj2. We assume, by induction, that{ei1, . . . ,eik} and{ej1, . . . ,ejk} have the same
orientation. Then, sinceeik+1 andejk+1 are in the same halfspace ofEk+1 determined
by Ek, it is easily seen that the bases{ei1, . . . ,eik+1} and{ej1, . . . ,ejk+1} have the same
orientation.

Lemma 2.3. Let B̂ andB̂′ be complete flags on̂P which differ by an elementary step.
Then there exist maximal oriented cyclesĈ1, . . . , Ĉd+1 andĈ′1, . . . , Ĉ

′
d+1 respectively

incident toB̂ andB̂′ (therefore these cycles have different orientation) such that the cor-
responding bases ofRd+1, {e1, . . . ,ed+1} and{e′1, . . . ,e′d+1}, have different orientation.

Proof. We write B̂ : ∅ ≺ F̂0 ≺ · · · ≺ F̂d−1 and B̂′ : ∅ ≺ F̂ ′0 ≺ · · · ≺ F̂ ′d−1 and

suppose that̂Fr 6= F̂ ′r (consequently the rest of the faces ofB̂′ are equal to the faces of
the same dimension of̂B). We choose a maximal oriented cycleĈ1, . . . , Ĉd+1 incident
to the complete flaĝB and with the additional condition that̂Cd−r+1 contains the face
F̂ ′r (this is possible becausêF ′r contains the facêFr−1).

We now takeĈ′d−r = Ĉd−r+1, Ĉ′d−r+1 = Ĉd−r , andĈ′i = Ĉi for all i 6= d−r,d−r+1.

ThenĈ′1, . . . , Ĉ
′
d+1 is a maximal oriented cycle incident tôB′.

These two maximal cycles differ only in the transposition of two facets; so the corre-
sponding bases have different orientation.

Combining the previous two lemmas and using the fact that two complete flags
with the same orientation can be joined by a chain of even length (Lemma 2.1(c)), we
immediately obtain the following proposition.

Proposition 2.4. Let Ĉi1, . . . , Ĉid , Ĉid+1 and Ĉj1, . . . , Ĉjd , Ĉjd+1 be two maximal cy-
cles with the same orientation. Then the corresponding bases, {ei1, . . . ,eid ,eid+1} and
{ej1, . . . ,ejd ,ejd+1}, have the same orientation.

3. Combinatorial Type of Polyhedral Cones

In this section we prove Proposition 3.3, which gives a sufficient condition for two sets
of vectors to be, respectively, the outward normal vectors to the facets and the vertices
of a polyhedral cone of a given combinatorial type. We first need some lemmas.
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Lemma 3.1. Let K and K′ be cell complexes and letϕ: K → K ′ be a map satisfying

(a) ϕ is injective,
(b) ϕ preserves cell dimensions,
(c) Cs ≺ Cm if and only ifϕ(Cs) ≺ ϕ(Cm).

Thenϕ(K ) is a subcomplex of K′.

Proof. Let C′m be anm-cell of K ′ such thatC′m ∈ ϕ(K ), and letC′s ≺ C′m; we have to
show thatC′s ∈ ϕ(K ). We proceed by induction on dimensionm of the cell.

For m = 1, consider a 1-cellC′1 of K ′ with C′1 ∈ Imϕ; let C1 be the (unique, since
ϕ is injective) cell ofK verifying thatϕ(C1) = C′1. As ϕ preserves cell dimensions,
C1 is also a 1-cell; letV1,V2 be the two vertices ofC1. Thenϕ(V1), ϕ(V2) are different
vertices ofC′1 by (a), (b). Then all the faces ofC′1 belong to Imϕ.

We assume that the statement holds for allk-faces withk < m, that is, for eachCk ∈ K ,
all the faces ofϕ(Ck) belong toϕ(K ). Consider anm-cell C′m of K ′ with C′m ∈ Imϕ.
It is enough to see that all the facets ofC′m are contained inϕ(K ), for if C′s ≺ C′m and
s< m− 1, then there exists an(m− 1)-cell C′m−1 such thatC′s ≺ C′m−1 ≺ C′m, and we
apply the induction hypothesis toC′m−1.

So letC′m−1 be a facet ofC′m. Let Cm be them-cell of K with ϕ(Cm) = C′m and
consider an arbitrary facetCm−1,0 of Cm. Then the faceϕ(Cm−1,0), denoted byC′m−1,0,
is a facet ofC′m (by (b) and (c)). We consider a chain of facets inC′m,

C′m−1,0,C
′
m−1,1, . . . ,C

′
m−1,k = C′m−1,

and setC′m−2,i = C′m−1,i ∩ C′m−1,i+1.
We will prove that ifC′m−1,i ∈ Imϕ, thenC′m−2,i ∈ Imϕ andC′m−1,i+1 ∈ Imϕ; since

C′m−1,0 ∈ Imϕ, we will finally have thatC′m−1 ∈ Imϕ.
So supposeC′m−1,i ∈ Imϕ. First, sinceC′m−2,i ≺ C′m−1,i , it follows by induction that

C′m−2,i ∈ Imϕ.
LetCm−2,i be the(m−2)-cell such thatϕ(Cm−2,i ) = C′m−2,i . By (c),Cm−2,i ≺ Cm−1,i .

Let Cm−1,i+1 be the unique facet ofCm containingCm−2,i and different fromCm−1,i .
The image ofCm−1,i+1 is an(m− 1)-cell of C′m, different fromϕ(Cm−1,i ) = C′m−1,i ,
and containsϕ(Cm−2,i ) = C′m−2,i . Then we conclude thatϕ(Cm−1,i+1) = C′m−1,i+1, and
soC′m−1,i+1 ∈ Imϕ.

Lemma 3.2. Let P and P ′ be the combinatorial types of two d-polytopes and let
ϕ: P → P ′ be a map satisfying(a), (b),and(c) of Lemma3.1.Suppose thatP andP ′
have the same number of facets. Thenϕ is bijective(and hence an isomorphism).

Proof. By Lemma 3.1,ϕ(P) is a subcomplex ofP ′. SinceP andP ′ have the same
number of facets, all the facets ofP ′ belong toϕ(P). Finally, since any face ofP ′ is
contained in some facet (Lemma 1.1 (C1)), we haveP ′ = ϕ(P).

Definition. (a) LetP be the combinatorial type of a polytope withn numbered facets
C1, . . . , Cn and r verticesV1, . . . ,Vr . The incidence matrixof P is then × r matrix
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L(P) = (l i j ) defined by

l i j =
{

0 if Vj is a vertex of the facetCi ,
1 otherwise.

(b) We say that a real matrixH = (hi j ) has thesame combinatorial typeasL(P) if
it verifies thathi j = 0 if and only if l i j = 0.

The incidence matrix determines the combinatorial type of the polytope up to iso-
morphism, since it is completely determined by its facets, its vertices, and the incident
relations among them [Gr].

Proposition 3.3. LetP be the combinatorial type of a d-polytope with n facetsC1, . . . ,

Cn, and r vertices, V1, . . . ,Vr , and letL(P) be its incidence matrix. Let (Rd+1, f ) be a
geometric space and take e1, . . . ,en ∈ Rd+1 andv1, . . . , vr ∈ Rd+1 such that

(a) for any oriented cycleCi1, . . . , Cid onP the rank of{ei1, . . . ,eid} is equal to d;
(b) the matrix L1 = ( f (ei , vj ))i, j has the same combinatorial type asL(P);
(c) L1 is totally nonpositive(i.e., all non-zero entries of L1 are negative).

Denote byĤ−i the outward orthogonal halfspace to ei , and byP̂ the intersectionĤ−1 ∩
· · · ∩ Ĥ−n . Then P̂ is a polyhedral cone that has the same combinatorial type asP.
Moreover, v1, . . . , vr are precisely the vertices of̂P, and Ĥi ∩ P̂ (i = 1, . . . ,n) its
facets.

Proof. The proof is divided into several steps.
(I) First, we prove that rk{e1, . . . ,en} = d + 1 and thereforêP is a polyhedral cone.

Indeed, we takeVi to be an arbitrary vertex ofP and letCi1, . . . , Cid , Cj be a maximal
oriented cycle incident toVi . By hypothesis (a), we have that rk{ei1, . . . ,eid} = d, that
is, dim(Ĥi1 ∩ · · · ∩ Ĥid) = 1. By hypothesis (b),f (eik , vi ) = 0 for all k = 1, . . . ,d, and
f (ej , vi ) 6= 0. This implies thatvi ∈ Ĥi1∩· · ·∩ Ĥid andvi /∈ Ĥj . SoĤj ∩ Ĥi1∩· · ·∩ Ĥid =
{0} and hence rk{ei1, . . . ,eid ,ej } = d + 1, which implies rk{e1, . . . ,en} = d + 1.

(II) All the vectorsv1, . . . , vr are vertices ofP̂. To see this, we consider an oriented
cycleCi1, . . . , Cid of P incident toVi . We have just seen that̂Hi1 ∩ · · · ∩ Ĥid = L(vi ); on
the other hand, by (c),f (vi ,ej ) ≤ 0 for all j = 1, . . . ,n. These conditions imply that
the vectorvi is a vertex ofP̂.

(III) Let Vj0, . . . ,Vjd be a basis of vertices ofP associated to the complete flag
B : ∅ ≺ F0 ≺ · · · ≺ Fd−1. Then the corresponding verticesvj0, . . . , vjd are linearly
independent. To prove this, we take an oriented cycleCi1 · · · Cid of P incident toB. By
hypothesis (a), rk{ei1, . . . ,eid} = d, and if we call

Ĝd−k = Ĥi1 ∩ · · · ∩ Ĥik , Ĝd = Rd+1,

we have the sequence of linear subspacesĜ0 ⊂ · · · ⊂ Ĝd−1 ⊂ Ĝd, with dim Ĝd−k =
d − k + 1. Since the relation between an oriented cycle and its corresponding basis of
vertices is

Vjk ∈ Fk\Fk−1 = (Ci1 ∩ · · · ∩ Cid−k)\(Ci1 ∩ · · · ∩ Cid−k+1),
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hypothesis (b) then implies thatvjk ∈ Ĝk\Ĝk−1, for all k = 0, . . . ,d. Hence we conclude
thatvj0, . . . , vjd are linearly independent.

(IV) Let Fr be anr -face ofP and letCi1, . . . , Cid−r be a truncated oriented cycle
incident to it. We claim that

F̂r = Ĥi1 ∩ · · · ∩ Ĥid−r ∩ P̂

is anr -face of P̂; in particular,Ĥi ∩ P̂ will be a facet ofP̂. To see this, we enlarge
the cycleCi1, . . . , Cid−r to an oriented cycle incident to some complete flag (hence, this
flag contains the faceFr ); let V0, . . . ,Vd be a basis associated to this flag. We have
dim(Ĥi1 ∩ · · · ∩ Ĥid−r ) = r + 1 (by (I)), v0, . . . , vr ∈ F̂r (by hypothesis (b)), and these
vectors are linearly independent (by (III)). This is enough to prove thatF̂r is anr -face.

The polyhedral conêP has the combinatorial typeP ′ of a certaind-polytope. Using
(IV), we define the mapϕ(F) = F̂ , which verifies:

(i) ϕ preserves face dimensions (by (IV)).
(ii) Fr ≺ Fs if and only if ϕ(Fr ) ≺ ϕ(Fs). Indeed, take a complete flag containing
Fr andFs and letCi1, . . . , Cid+1 be a maximal oriented cycle incident to this flag.
Then, by (IV),ϕ(Fr ) = Ĥi1∩· · ·∩ Ĥid−r ∩ P̂ andϕ(Fs) = Ĥi1∩· · ·∩ Ĥid−s∩ P̂.
Soϕ(Fr ) ≺ ϕ(Fs) if and only if r ≤ s, that is,Fr ≺ Fs.

(iii) ϕ is injective (inmediate using (ii) above).

Also, by (IV),P ′ hasn facets, which is the same number of facets asP. By Lemma 3.2,
we conclude thatϕ is an isomorphism betweenP andP ′.

4. Main Results

General Hypotheses. For the statements in this section we assume thatP is the com-
binatorial type of ad-polytope withn ordered facetsC1, . . . , Cn; G is a real symmetric
matrix of ordern and rankd + 1; and(Rd+1, f ) is a geometric space.

We say that a polyhedral conêP ⊂ (Rd+1, f ) realizesP andG if it has the same
combinatorial type asP and its Gram matrix is equal toG. We assume that the canonical
basis ofRd+1 is orthonormal forf , and coordinates of vectors are taken with respect to
this basis. We denote byF the matrix of the inner products of this basis and by detf the
determinant ofF .

Notation. Given a matrixG, we denote byG
[ i1···i r

j1··· js
]

the submatrix ofG obtained by
taking the rowsi1 · · · i r and the columnsj1 · · · js; for square submatrices we denote by
G
( i1···i r

j1··· js
)

the determinant of that submatrix. For brevity, we writeGi1,···,i r = G
(i1···i r

i1...i r

)
.

Theorem 4.1. Suppose that the signature of G equals the signature of f and that
gii = ±1 for all i = 1, . . . ,n. Then there exists a polyhedral conêP ⊂ (Rd+1, f )
which realizesP and G if and only if the following conditions hold:

(R) (Rank) Given an arbitrary vertex ofP and all the facetsCi1, . . . , Cim incident
to it, the submatrix G

[i1···im
i1···im

]
has rank less than or equal to d.
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(Pd+1) (Principal minors of order d+1) If Ci1, . . . , Cid+1 is a maximal oriented cycle
ofP, then Gi1···id+1 det f > 0.

(Md+1) (Mixed minors of order d+ 1) If Ci1, . . . , Cid , Cid+1 andCj1, . . . , Cjd , Cjd+1 are

two maximal oriented cycles with the same orientation, then G
( i1···idid+1

j1··· jd jd+1

)
det f

> 0.

Moreover, if these conditions hold, the polyhedral conêP is unique up to an orthogonal
transformation of(Rd+1, f ).

Proof. We first prove the “only if” part. So supposêP = ⋂n
i=1 Ĥ−i ⊂ (Rd+1, f ) is a

polyhedral cone realizingP andG. We consider the outward normal vectorsei of the
halfspacesĤ−i , so thatG = G(P̂) = ( f (ei ,ej )).

ConsiderCi1, . . . , Cim as stated in(R). SinceP̂ has the same combinatorial type as
P, the vectorsei1, . . . ,eim span a linear subspace of dimensiond and so rkG

[i1···im
i1···im

] ≤ d

(the inequality being strict when the subspace spanned byei1, . . . ,eim is lightlike). So
we have proved(R).

Similarly, if Ci1, . . . , Cid+1 is a maximal oriented cycle, then the vectorsei1, . . . ,eid+1

are linearly independent and so the matrixG
[i1···id+1

i1···id+1

]
has a signature equal to the signature

of f . It follows thatGi1···id+1 det f > 0, and we have(Pd+1).
Finally, let us see(Md+1). Let {ei1, . . . ,eid ,eid+1} and{ej1, . . . ,ejd ,ejd+1} be the bases

corresponding to two maximal cycles with the same orientation. Denote byE[i1 · · · i r ]
the matrix whose columns are the coordinates of the vectorsei1, . . . ,eir . We have

G
( i1···idid+1

j1··· jd jd+1

)
det f = det(E[i1 · · · i did+1]tFE[ j1 · · · jd jd+1])det f

= (det f )2 detE[i1 · · · i did+1] detE[ j1 · · · jd jd+1].

Hence, detG
( i1···idid+1

j1··· jd jd+1

)
det f > 0 if and only if the two previous bases have the same

orientation and this is true by Proposition 2.4.
For the “if” part, by the hypotheses onG, there exists a(d+1)×n matrix E such that

EtFE = G. We writee1, . . . ,en for the column vectors ofE and consider the exterior
halfspacesĤ−i to these vectors. We will prove that̂P = ⋂n

i=1 Ĥ−i is a polyhedral cone
that realizesP andG. By construction, the Gram matrix of̂P is equal toG.

First, since rk(EtFE) = d+ 1, then rkE ≥ d+ 1 and so rkE = d+ 1. Hence there
ared+1 linearly independent vectors amonge1, . . . ,en and this implies nondegeneracy,
thus P̂ is a polyhedral cone.

We use Proposition 3.3 to see thatP̂ has the same combinatorial type asP. Then we
must check that the hypotheses of that proposition hold.

First, for hypothesis (a), letCi1, . . . , Cid be an oriented cycle ofP incident to a vertex
V. We choose a facetCj not containingV, so thatCi1, . . . , Cid ,Cj is now a maximal
oriented cycle. By hypothesis(Pd+1), Gi1···i d j 6= 0 and this implies thatei1, . . . ,eid ,ej

are linearly independent. It follows that rk{ei1, . . . ,eid} = d. Moreover, ifCi1, . . . , Cim
are all the facets incident toV, then the set of vectors{ei1, . . . ,eim} also has rankd.
Indeed, letCi k be any facet incident toV; if ei1, . . . ,eid ,eik were linearly independent, its
matrix of inner products would have rankd + 1, in contradiction with hypothesis(R).
Henceeik ∈ L(ei1, . . . ,eid).
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Now we take a vector inRd+1 for each vertex ofP. In order to do this, for every
vertexVi we choose an oriented cycleCi1, . . . , Cid incident to it and with the property
that all these cycles have the same orientation. We associate to the vertexVi the vector
vi defined by

vi = ?(ei1 ∧ · · · ∧ eid).

(Though it will not be needed in what follows, it can be shown using(Md+1) that the
choice of a different cycle incident toVi yields a vector in the same ray asvi .) The
vectorvi is nonzero sinceei1 ∧ · · · ∧ eid 6= 0 and? is an isomorphism. Also, by the last
paragraph and the properties of the Hodge star operator (see Lemma 1.2),f (vi ,eik) = 0
for all the facetsCi k incident toVi .

We will see now that the vectorsvi verify hypotheses (b) and (c) of Proposition 3.3.
To this end, consider the matrixL1 = ( f (eh, vi )). Suppose first that the entry(h, i ) of
the matrixL(P) is zero. This means thatVi ∈ Ch and, as seen before, it isf (eh, vi ) = 0.
Hence the entry(h, i ) of the matrixL1 is equal to zero. Conversely, suppose that the
entry (h, i ) of the matrixL(P) is nonzero, or equivalentlyVi 6∈ Ch. We consider an
oriented cycleCi1, . . . , Cid incident toVi , so thatCi1, . . . , Cid , Ch is a maximal oriented
cycle. By hypothesis(Pd+1) we have thatGi1···idh 6= 0, which means thatei1, . . . ,eid ,eh

are linearly independent. Asf (eik , vi ) = 0 for k = 1, . . . ,d andvi 6= 0, it follows that
f (eh, vi ) 6= 0. This shows that the matricesL(P) andL1 have the same combinatorial
type.

Finally, we see that hypothesis (c) is verified. We consider two nonzero entries
L1(h, i ) = f (eh, vi ) and L1(k, j ) = f (ek, vj ) of L1, and we check that they have
the same sign, or, equivalently,f (eh, vi ) f (ek, vj ) > 0. Using properties of the star
operator, we easily have

f (eh, vi ) f (ek, vj ) = G
( i1···idh

j1··· jdk

)
(det f ).

Since we have chosenCi1, . . . , Cid andCj1, . . . , Cjd with the same orientation, then hy-
pothesis(Md+1) implies the desired inequality.

Hence all nonzero entries ofL1 have the same sign. If this is negative, we are done.
Otherwise, the vectors−vi verify Proposition 3.3.

As particular cases of the previous theorem, we obtain a characterization of Gram
matrices of spherical and finite-volume hyperbolic polytopes of a given combinatorial
type.

Theorem 4.2. Suppose that all the diagonal entries of G are equal to one. Then there
exists a polytope P⊂ Sd realizingP and G if and only if the following conditions hold:

(R) (Rank) Given an arbitrary vertex ofP and all the facetsCi1, . . . , Cim incident
to it, the submatrix G

[i1···im
i1···im

]
has rank equal to d.

(Ps) (Principal minors of order s) If 2 ≤ s ≤ d + 1, Fd−s is a (d − s)-face
of P, and Ci1, . . . , Ci s is a truncated oriented cycle incident toFd−s, then
Gi1···i s > 0.
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(Md+1) (Mixed minors of order d+1) If Ci1, . . . , Cid , Cid+1 andCj1, . . . , Cjd , Cjd+1 are
two maximal cycles with the same orientation, then G

( i1···i did+1

j1··· jd jd+1

)
> 0.

Moreover, the polytope P is unique up to a spherical isometry.

Proof. For the “if” part we only need to observe that conditions(Ps) imply thatG is
positive definite. Then Theorem 4.1 applies.

For the hyperbolic case, the polyhedral cones obtained in Theorem 4.1 do not neces-
sarily produce finite-volume hyperbolic polytopes. In fact,P = P̂∩Hd has finite volume
if and only if all the vertices ofP̂ meetHd or ∂Hd. Thus, essentially, the inner product
of any two of these vertices must be negative. This is the meaning of conditions(Pd)

and(Md) in Theorem 4.4 below. Before stating it, we give the following lemma which
establishes that the vertices of a polyhedral cone can be determined (from its facets) by
taking cycles with the same orientation and applying the Hodge star operator.

Lemma 4.3. Let P̂ ⊂ (Rd+1, f ) be a polyhedral cone of dimension d; let V1, . . . ,Vr ∈
Rd+1 be its vertices and let e1, . . . ,en be the outward normal vectors to its facets. For
each vertex Vi we choose a cyclêCi1, . . . , Ĉid incident to it and such that all these
cycles have the same orientation. Definevi = ?(ei1 ∧ · · ·∧eid). Then there exist positive
constantsλ1, . . . , λr andε = ±1 such thatλi Vi = εvi , for all i = 1, . . . , r .

Proof. The vectorvi = ?(ei1 ∧ · · · ∧ eid) is orthogonal to the vectorsei1, . . . ,eid ; in
order to prove thatvi = λi Vi , with λi > 0, it suffices to see thatf (vi ,eh) < 0 for all h
such thatVi /∈ Ch.

Let Vj be any vertex ofP̂ and letĈj1, . . . , Ĉjd be the cycle chosen in the statement.
Consider facetŝCh, Ĉk respectively not incident toVi ,Vj . Then, using the same notation
as in the proof of Theorem 4.1, we havef (vi ,eh) = detE[i1 · · · i dh] and f (vj ,ek) =
detE[ j1 · · · jdk].

By Proposition 2.4, the bases{ei1, . . . ,eid ,eh} and {ej1, . . . ,ejd ,ek} have the same
orientation and sof (vi ,eh) f (vj ,ek) > 0. Consequently, iff (vi ,eh) < 0, then we have
λi Vi = vi for all i , and otherwise we haveλi Vi = −vi for all i .

Theorem 4.4. Suppose that all the diagonal entries of G are equal to one. LetW be
a subset of the set of vertices ofP. Then there exists a finite-volume polytope P⊂ Hd

realizingP and G, and whose vertices on∂Hd correspond to those inW, if and only if
the following conditions hold:

(R) (Rank) Given an arbitrary vertex ofP and all the facetsCi1, . . . , Cim incident
to it, the submatrix G

[i1···im
i1···im

]
has rank less than or equal to d.

(Ps) (Principal minors of order s) If 2≤ s ≤ d, Fd−s is a (d − s)-face ofP, and
Ci1, . . . , Ci s is a truncated oriented cycle incident toFd−s, then Gi1···i s ≥ 0
and the equality holds if and only if s= d andF0 is a vertex inW.

(Pd+1) (Principal minors of order d+1) If Ci1, . . . , Cid+1 is a maximal oriented cycle
ofP, then Gi1···id+1 < 0.
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(Md) (Mixed minors of order d) If Ci1, . . . , Cid andCj1, . . . , Cjd are two cycles ofP
with the same orientation and incident to different vertices, then G

( i1···id
j1··· jd

)
> 0.

(Md+1) (Mixed minors of order d+ 1) If Ci1, . . . , Cid , Cid+1 andCj1, . . . , Cjd , Cjd+1 are
two maximal oriented cycles with the same orientation, then G

( i1···i did+1

j1··· jd jd+1

)
< 0.

Moreover, P is unique up to a hyperbolic isometry.

Proof. First, letP = P̂ ∩ Hd be ad-polytope satisfying the hypotheses of the theorem.
We consider the outward normal vectorsei to the facetsCi of P. By Theorem 4.1,(R),
(Pd+1), and(Md+1) hold.

To see(Ps), takeCi1, . . . , Ci s as a truncated oriented cycle incident toFd−s. Since
P has finite volume, the facêFd−s of P̂ corresponding toFd−s either meetsHd or is
a vertex on∂Hd (in the latter case,s = d andF0 belongs toW). Then the quadratic
form f restricted to the orthogonal subspace, spanned byei1, . . . ,eis, is either positive
definite or semidefinite, and so is the submatrixG

[i1···id
i1···id

]
. Hence we have(Ps).

Finally, to see(Md) we considerCi1, . . . , Cid andCj1, . . . , Cjd to be two cycles ofP
with the same orientation and incident to different verticesVi andVj . Let Vi and Vj

be the corresponding vertices ofP̂. By Lemma 4.3, there existλi > 0, λj > 0, and
ε = ±1 such thatVi = ελi ? (ei1 ∧ · · · ∧ eid) andVj = ελj ? (ej1 ∧ · · · ∧ ejd). Applying
Lemma 1.2(c), we have

f (Vi ,Vj ) = λiλj f (?(ei1 ∧ · · · ∧ eid), ?(ej1 ∧ · · · ∧ ejd))

= λiλj (det f )

(
d∧

f

)
(ei1 ∧ · · · ∧ eid ,ej1 ∧ · · · ∧ ejd) = −λiλj G

( i1···id
j1··· jd

)
.

SinceP has finite volume,f (Vi ,Vj ) < 0. Asλiλj > 0, we finally get thatG
( i1···id

j1··· jd
)
> 0.

We now prove the “if” part. Using hypotheses(Ps) and (Pd+1) it is easily
seen that the signature ofG is (d,1). Then, by Theorem 4.1, there exists a polyhe-
dral coneP̂ ⊂ (Rd+1, f ) realizingP andG. In the proof of this theorem we found the
vectorsv1, . . . , vr , which were the vertices of̂P. To finish the proof we must see that the
norm of a vertexvi is zero if it corresponds to a vertexVi ∈W and negative otherwise,
and that f (vi , vj ) < 0 for all i 6= j . So letCi1, . . . , Cid andCj1, . . . , Cjd be cycles with
the same orientation incident to the verticesVi ,Vj . By the choice ofvi , vj and with the
same calculation as in the “only if” part, we have that

f (vi , vj ) = −G
( i1···id

j1··· jd
)
.

Then we have the result, using the hypotheses(Pd) and(Md).

From Theorems 4.2 and 4.4 we obtain the classical result for simplices (see [Vi2] and
[Mi]):

Corollary 4.5. Let G= (gi j ) be a real symmetric matrix with order and rank equal to
d + 1 and gii = 1 for all i . Then

(I) There exists a d-simplex T⊂ Sd realizing G if and only if G is positive definite.
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(II) There exists a compact hyperbolic simplex realizing G if and only if
(Pd+1) detG < 0;
(Pd) all proper principal minors of G are positive;
(Md) all the entries of the matrix G−1 are negative.

5. Applications

1. In order to obtain an analogous result to Theorem 4.4 for general hyperbolic polytopes
(i.e., not necessarily of finite volume), it is necessary to study the relative position of
each face of the polyhedral cone with the hyperbolic space.

2. In Theorem 4.1 we can replace “combinatorial typeP of ad-polytope” by “linear
convex cell complexS, whose underlying space is homeomorphic to a(d−1)-sphere.” It
can be shown that such a cell complexS verifies Lemma 1.1. Then one can immediately
check that an analogous result to Theorem 4.1 is obtained. This result provides a criterion
to decide whether the complexS is polytopal, that is, isomorphic to the boundary of a
polytope. Indeed,S is polytopal if and only if there exists a matrixG verifying all con-
ditions in Theorem 4.1. Cell complexes whose underlying spaces are homeomorphic to
spheres are more general than combinatorial spheres (in the sense of the piecewise-linear
topology, see [Hu]). Using the theory of oriented matroids, Bokowski and Sturmfels [BS]
gave a practical algorithm to decide whether a combinatorial sphere is polytopal or not.

3. The results in Section 4 may also provide a new approach to solving thegeneralized
Andreev’s theoremfor some particular cases of polyhedra: given the combinatorial type
of a polyhedron and a numberαi j ∈ (0, π) assigned to each edge, does there exist a
finite-volume hyperbolic (or spherical) polyhedron with the given combinatorial type
and whose dihedral angles are the given numbers? The way to do this, following our
method, would be: first get all the matricesG = (gi j ) with gi j = − cosαi j and with
rk G = 4; second, check whether some of these matrices verify the conditions in The-
orems 4.4 or 4.2. The first part is, obviously, the most difficult. In [Di] we solved the
generalized Andreev’s theorem for thetetrahedron’s descendants, that is, the polyhedra
obtained by taking an initial tetrahedron and successively truncating vertices. Since tetra-
hedron’s descendants are simple polyhedra (that is, there are exactly three faces incident
to each vertex) it is known from Cauchy’s lemmas that the dihedral angles determine the
polyhedron (see [RH]). Our method provides an alternative proof for this fact. For the
triangular prism, the first polyhedron in this family, we described the space of realizable
dihedral angles by giving the explicit polynomial equalities and inequalities.

Example: the Lambert Cube

We now illustrate the general method with a concrete example. Consider the cube and
assign anglesα, β, γ ∈ (0, π) to the three edges shown in Fig. 1 andπ/2 to the other
edges. The cube marked in this way is called theLambert cube. The Lambert cube is
used, for instance, to give structure of orbifold (or, more generally, of conic manifold)
toP3 with singularity on Borromeo’s link [Th], [HLMW].

A finite-volume hyperbolic Lambert cube is easily seen to be compact and to have
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Fig. 1. The Lambert cube.

anglesα, β, γ less thanπ/2. Thus, all its dihedral angles are nonobtuse and Andreev’s
theorem applies.

Proposition 5.1. There exists a compact hyperbolic Lambert cube with anglesα, β,
andγ if and only ifα, β, γ ∈ (0, π/2).

Proof. Applying Andreev’s theorem [An1], the anglesπ/2, π/2, π/2, α of the quad-
rangular prismatic element determined by the facesC1,C5,C3,C6, sum to less than
2π . Thus,α < π/2. In an analogous way,β, γ < π/2. With this, all the conditions in
Andreev’s theorem are verified.

We give a different proof by using the Gram matrix, which also shows that any
Lambert cube is compact. This also provides a characterization of the angles of the
spherical Lambert cubes.

Proposition 5.2.

(a) There exists a hyperbolic Lambert cube with anglesα, β,γ if and only ifα, β, γ ∈
(0, π/2).

(b) There exists a spherical Lambert cube with anglesα, β, γ if and only ifα, β, γ ∈
(π/2, π).

In the proof we use the following easy lemma.

Lemma 5.3. Let G be a real symmetric matrix of order n. Then:

(a) rkG ≤ m if and only if all principal minors Gi1···i r of order r > m are equal to
zero.

(b) If rk G = m, thenrk(
∧r G) = (mr ), where

∧r G is the matrix of minors of order
r of G.
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Proof of Proposition5.2. The Gram matrix of a hyperbolic or spherical Lambert cube
is 

1 0 u 0 a 0
0 1 0 v 0 c
u 0 1 b 0 0
0 v b 1 0 0
a 0 0 0 1 w

0 c 0 0 w 1

 ,
wherea = − cosα, b = − cosβ, c = − cosγ . We apply Theorem 4.1, either withf
positive definite (for the spherical case) or when the signature off is (3,1) (for the
hyperbolic case).

We observe that conditions(P4) and(M4) in Theorem 4.1 can be gathered together
as the entries of a certain submatrixG0 of order 12 of the matrix

∧4 G. Indeed, we
consider the twelve different maximal cycles in the cube (we consider two cycles to be
equal if one is obtained from the other by reordering its faces) and such that all of them
have the same orientation. Then the entries ofG0 are defined to be the minorsG

( i1i2i3i4
j1 j2 j3 j4

)
whereCi1, . . . , Ci4 andCj1, . . . , Cj4 are two of the chosen maximal oriented cycles. With
these conventions, conditions(P4) and(M4) establish that the entries ofG0 are either
strictly positive, for the spherical case, or strictly negative, for the hyperbolic case.

On the other hand, by Lemma 5.3 (b), rkG = 4 if and only if rk(
∧4 G) = 1. Also,

if rk G = 4, all nonzero principal minors of order 4 have the same sign. Thus, assuming
rk G = 4, and sinceG is symmetric, an equivalent condition to conditions(P4) and
(M4) is that one diagonal entry ofG0 and one off-diagonal entry in each row or column
have all the appropiate signs. In our case, we can regard the signs of the following twelve
entries ofG0:

G1254= (1− a2)(1− v2),

G
(1253

1254

) = b(1− a2), G
(1254

1256

) = −vc(1− a2), G
(1253

2354

) = −bu,

G
(1253

2356

) = −aw, G
(2354

3451

) = buv, G
(2356

3456

) = v(w2− 1),

G
(1254

4156

) = c(1− a2), G
(2356

1623

) = a(1− c2), G
(1254

1624

) = w(v2− 1),

G
(2356

2634

) = cvw, G
(1623

3641

) = v(u2− 1).

First, suppose there is a polyhedral coneP̂ ⊂ (R4, f ), with the combinatorial type
of a Lambert cube, and the signature off equal to(3,1). Sincea,b, c ∈ (−1,1),
then conditions(P4) and(M4) of Theorem 4.1 for the twelve minors above imply that
a,b, c < 0, u, v, w < 0, andu2, v2, w2 > 1. Henceα, β, γ < π/2. Moreover, we
can check thatG verifies conditions(P3) and (M3) of Theorem 4.4, whenW = ∅,
and thereforeP̂ ∩ H3 is compact. Similarly, if there is a spherical Lambert cube, then
a,b, c > 0, u, v, w < 0, andu2, v2, w2 < 1 and soα, β, γ > π/2.

Conversely, suppose we are givenα, β, γ ∈ (0, π/2), or equivalentlya,b, c ∈
(−1,0). We will find values foru, v, w in the interval(−∞,−1) and such that rkG = 4.
Then it is easy to see that all the conditions in Theorem 4.4 are verified and hence there ex-
ists a compact hyperbolic Lambert cube with anglesα, β, γ . By Lemma 5.3(a), rkG = 4
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if all the principal minors ofG of order 5 and 6 are equal to zero (and that there is one
nonzero minor of order 4). We compute these determinants:

G12345 = u2v2− u2− v2+ a2v2+ a2b2− a2− b2+ 1,

G12346 = u2v2− v2− u2+ c2u2+ c2b2− c2− b2+ 1,

G12356 = u2w2− u2− w2+ c2u2+ a2c2− a2− c2+ 1,

G12456 = v2w2− v2− w2+ a2v2+ a2c2− a2− c2+ 1,

G13456 = u2w2− u2− w2+ b2w2+ a2b2− a2− b2+ 1,

G23456 = v2w2− v2− w2+ b2w2+ b2c2− b2− c2+ 1,

detG = − u2v2w2+ u2v2+ u2w2+ v2w2− u2− v2− w2+ c2u2+ a2v2+ b2w2

− 2abcuvw − a2b2c2+ a2b2+ a2c2+ b2c2− a2− b2− c2+ 1.

We can determineu, v verifying G12345= 0 andG12346= 0 by computing the resultant
of these two polynomials. We obtain

res(G12345,G12346,u) = res(G12456G23456, w) = q(v)2,

whereq(v) is the biquadratic polynomial

q(v) = a2v4+ (a2b2+ a2c2− 2a2− b2c2)v2+ a2(1− c2)(1− b2).

SettingA = a2, B = a2b2 + a2c2 − 2a2 − b2c2, C = a2(1− c2)(1− b2) = a2b2c2 +
a2− a2c2− a2b2, andD = B2− 4AC, we find the four roots ofq(v):

v1 = −
√
−B+√D

2A
, v2 =

√
−B+√D

2A
,

v3 = −
√
−B−√D

2A
, v4 =

√
−B−√D

2A
.

First we see that the four roots are real numbers, andv2
1, v

2
2 > 1 andv2

3, v
2
4 < 1. This is

done in the following lemma:

Lemma 5.4. We suppose a,b, c ∈ (−1,0) ∪ (0,1); then

(a) B < 0,
(b) D is symmetric in a,b, c and strictly positive; also−B−√D > 0,
(c) v2

1 = v2
2 > 1, v2

3 = v2
4 < 1.

Proof. (a) B = a2b2+ a2c2− 2a2− b2c2 = −a2(1− b2)− a2(1− c2)− b2c2 < 0.
(b) ExpandingD = B2− 4AC we have

B2− 4AC = a4b4+ a4c4+ b4c4− 2a4b2c2− 2a2b4c2− 2a2b2c4+ 4a2b2c2

= (a2b2− a2c2− b2c2)2+ 4a2b2c2(1− c2) > 0
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(the first expression forB2−4AC shows its symmetry). On the other hand, sinceB < 0,
−B >

√
B2− 4AC is equivalent toB2 > B2 − 4AC, which is true sinceA andC are

nonnegative.
(c) v2

1 andv2
3 are the two roots of the quadratic polynomialQ(x) = Ax2+ Bx+ C,

and clearlyv2
3 < v2

1. SinceA = a2 > 0, y = Q(x) is a convex parabola, and we observe
that Q(1) = A+ B+ C = −b2c2(1− a2) < 0. Thus, we deduce thatv2

3 < 1< v2
1.

Since the matrixG must verify conditions(P4) and(M4), vmust be negative and less
than−1. Hence we takev = v1.

Because of the symmetry of the Lambert cube, we obtain in an analogous way that
the only possible values foru andw are

u = −
√
−B′ + √D

2A′
, where A′ = c2, B′ = c2b2+ c2a2− 2c2− b2a2,

w = −
√
−B′′ + √D

2A′′
, where A′′ = b2, B′′ = b2a2+ b2c2− 2b2− a2c2.

It remains to prove that for these values ofu, v, w, the matrixG has rank 4. It can be
checked directly that all principal minors of order 5 are equal to zero. Using this, we get
the following expression for the determinant ofG:

det(G) = −u2v2w2+ u2+ v2+ w2− 2abcuvw − a2b2c2+ a2+ b2+ c2− 2.

Substitutingu, v, w by their values, we obtain

det(G) = P + 4
√

D

4
+ 2abc

√
Q+ P

√
D

8AA′A′′
,

whereP= BB′ +BB′′ +B′B′′ +D andQ = −B B′B′′ − (B+ B′ + B′′)D, and so both
polynomials are positive fora,b, c ∈ (−1,0) (Lemma 5.4). By hypothesis,a,b, c < 0,
so that

√
AA′A′′ = −abc. Then det(G) = 0 is equivalent to

P + 4
√

D =
√

8
√

Q+ P
√

D.

SinceP andQ are positive, the previous expression is equivalent to

(P + 4
√

D)2 = 8Q+ P
√

D

and this is readily seen to hold.
Finally, if we are givenα, β, γ ∈ (π/2, π), then we takev = v3, u =

−
√
(−B′ − √D)/2A′, andw = −

√
(−B′′ − √D)/2A′′, and proceed in an analogous

way to get a matrixG which verifies the conditions of Theorem 4.2. Hence there exists
a spherical Lambert cube with the given angles.
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